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Fermi liquids and their cousins:

• Fermi liquids: Fermionic quasiparticles with a lifetime obeying
1/⌧(") ⌧ |"| and a density of states N(") ⇠ constant as |"| ! 0.

• Non-Fermi liquids: No quasiparticles.
Would-be fermionic quasiparticles have 1/⌧(") � |"| and
a density of states N(") ⇠ constant as |"| ! 0.

• Marginal Fermi liquids: Fermionic quasiparticles with a lifetime
obeying 1/⌧(") ⇠ |"| and a density of states N(") ⇠ constant as
|"| ! 0.

(defined by single-particle properties)
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FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018 MATBG: Jaoui et al. 2021



Nature | Vol 595 | 29 July 2021 | 667

Article

Linear-in temperature resistivity from an 
isotropic Planckian scattering rate

Gaël Grissonnanche1,2,3, Yawen Fang2, Anaëlle Legros1,4, Simon Verret1, Francis Laliberté1, 
Clément Collignon1, Jianshi Zhou5, David Graf6, Paul A. Goddard7, Louis Taillefer1,8 ✉ & 
B. J. Ramshaw2,8 ✉

A variety of ‘strange metals’ exhibit resistivity that decreases linearly with 
temperature as the temperature decreases to zero1–3, in contrast to conventional 
metals where resistivity decreases quadratically with temperature. This 
linear-in-temperature resistivity has been attributed to charge carriers scattering at a 
rate given by ħ/τ = αkBT, where α is a constant of order unity, ħ is the Planck constant 
and kB is the Boltzmann constant. This simple relationship between the scattering rate 
and temperature is observed across a wide variety of materials, suggesting a 
fundamental upper limit on scattering—the ‘Planckian limit’4,5—but little is known 
about the underlying origins of this limit. Here we report a measurement of the 
angle-dependent magnetoresistance of La1.6−xNd0.4SrxCuO4—a hole-doped cuprate 
that shows linear-in-temperature resistivity down to the lowest measured 
temperatures6. The angle-dependent magnetoresistance shows a well de#ned Fermi 
surface that agrees quantitatively with angle-resolved photoemission spectroscopy 
measurements7 and reveals a linear-in-temperature scattering rate that saturates at 
the Planckian limit, namely α = 1.2 ± 0.4. Remarkably, we #nd that this Planckian 
scattering rate is isotropic, that is, it is independent of direction, in contrast to 
expectations from ‘hotspot’ models8,9. Our #ndings suggest that 
linear-in-temperature resistivity in strange metals emerges from a 
momentum-independent inelastic scattering rate that reaches the Planckian limit.

Immediately following the discovery of high-temperature supercon-
ductivity in the cuprates, it was noted that their normal-state resistiv-
ity is linear over a broad temperature range10. Linear-in temperature 
(T-linear) resistivity extending to low temperatures indicates a strongly 
correlated metallic state, and it was recognized early on that under-
standing T-linear resistivity may be the key to unravelling the mystery 
of high-temperature superconductivity itself11. Since then, T-linear 
resistivity has become a widespread phenomenon in strongly corre-
lated metals, occurring in systems as diverse as organic and iron-based 
superconductors3 and magic-angle twisted bilayer graphene12. The fact 
that T-linear resistivity is often found in proximity to unconventional 
superconductivity is highly suggestive of a common underlying origin, 
but T-linear resistivity at low temperatures lies outside the standard 
Fermi-liquid description of metals and thus remains a central unsolved 
problem in quantum materials research.

The difficulty in developing a controlled, microscopic theory 
of T-linear resistivity has led to the creation of new theoretical 
approaches that draw on techniques developed for the study of 
quantum gravity, including holography and the Sachdev–Ye–Kitaev 
model13–17. Although these theories are not microscopically moti-
vated, they explicitly account for strong quasiparticle interactions 
in a controlled way and suggest that T-linear resistivity might emerge 

as a universal principle—independent of microscopic details. The 
transport scattering rate 1/τ in these models obeys the so-called  
Planckian limit:

ħ
τ

αk T= , (1)B

where kB and ħ are the Boltzmann and Planck constants, respectively, 
and α is a constant of order unity. Simple estimates of α, based on the 
Drude model, from a wide variety of metals with T-linear resistivity 
are consistent with Planckian-limit scattering4,5,18. The Planckian limit 
even applies to conventional metals such as gold and copper, where 
T-linear resistivity at high temperatures is caused by electron–phonon 
scattering. Phonons, however, cannot explain T-linear resistivity in 
the T → 0 limit, suggesting that the Planckian limit is independent of 
microscopic origin. Estimates based on the Drude model provide no 
information about how the scattering rate varies in momentum space. 
Angle-resolved photoemission spectroscopy (ARPES) does provide the 
momentum dependence19, but only for the single-particle scattering 
rate and not for the transport scattering rate that determines the resis-
tivity. What has been missing is a full momentum-space description of 
the transport scattering rate.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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Fig. 2 | ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24.  
a, Left: the ADMR of Nd-LSCO at p = 0.24 as a function of θ for four different 
temperatures, T = 25 K, T = 20 K, T = 12 K and 6 K, and at B = 45 T. The grey area 
near θ = 90° for T = 6 K and T = 12 K indicates the region where the sample 
becomes superconducting (SC). Right: simulations obtained from the 
Chambers formula using the tight-binding parameters of Extended Data Table 1 
and the scattering-rate model of equation (7). b, Log-scale polar plot of the 
scattering rate at T = 25 K. Note the large scattering rate near the anti-nodes 
where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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independent of the strength of interactions!
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FIG. 2. (a) Temperature-dependent resistivity measured in zero field
(black) and at 16 teslas (red). The inset emphasizes the linearity of the
16 T data at low temperature. The dashed line shows d0 + �) with
d0 = 12.2 `⌦ cm and � = 0.63 `⌦ cm/K. (b) Scattering rate divided
by temperature plotted versusl/) ; the collapse of the curves indicates
a behavior 1/g ⇠ ) 5g (l/)). (c) E�ective quasiparticle mass (in units
of the indicated band mass <) deduced from the low-temperature
electronic specific heat [42] [<⇤

Cp = (3/c) (\2
32/:2

B) (⇠/))] and
zero-frequency optical mass enhancement; the dashed lines indicate
ln) behavior. (d) Optical mass minus the zero-frequency mass shown
in (c) plotted versus l/) ; the collapse of the curves indicates a
behavior <⇤ (l) �<⇤ (0) ⇠ 5< (l/)). n1 = 2.76 was used here as in
Fig. 1.

<
⇤, we found that subtracting the dc value <⇤ (l = 0,)) is

crucial when attempting to collapse the data. Extrapolating
optical data to zero frequency is hampered by noise. Hence,
instead of attempting an extrapolation, we consider <⇤ (0,))
as adjustable values that we again tune such as to optimize the
collapse of the optical data. This analysis of <⇤/< confirms
that the best scaling collapse occurs for a ⇡ 1 but indicates a
larger n1 ⇡ 7 (Appendix A and Fig. 8). The determination of
n1 from the mass data depends sensitively on the frequency
range tested for scaling and drops to value below n1 = 3 when
focusing on lower frequencies. As a third step, we perform
a simultaneous optimization of the data collapse for 1/g and
<

⇤/<, which yields the values a = 1, n1 = 2.76 which we will
adopt throughout the following. Note that a determination of n1
by separation of the high-frequency modes in a Drude–Lorentz
representation of n (l) yields a larger value n1 = 4.5 ± 0.5, as
typically found in the cuprates [23, 31, 53]. Importantly, all
our conclusions hold if we use this latter value in the analysis,
however the quality of the scaling displayed in Figs. 2 and 5 is
slightly degraded.

2. Scaling of the optical scattering rate and connection to resistivity

The scaling properties of the scattering rate obtained from
our optical data according to the procedure described above
is illustrated on Fig. 2(b), which displays \/g divided by
:B) and plotted versus \l/:B) for temperatures above the
superconducting transition. The collapse of the curves at
di�erent temperatures reveals the behavior \/g / ) 5g (l/)).
The function 5g (G) reaches a constant 5g (0) > 0 at small
values of the argument, and behaves for large arguments as
5g (G � 1) / G. This is consistent with the typical quantum
critical behavior \/g ⇠ max() ,l). When inserted in thel = 0
limit of Eq. (2), the value 5g (0) ⇡ 5 indicated by Fig. 2(b)
yields 1/f(0) = �) with � = 0.55 `⌦ cm/K, in fairly good
agreement with the measured resistivity [Fig. 2(a)]. Hence the
resistivity and optical-spectroscopy data are fully consistent,
both of them supporting a Planckian dissipation scenario with
a = 1 for LSCO at ? = 0.24.

3. Spectral weight, e�ective mass and connection to specific heat

The dc mass enhancement values <⇤ (0,))/< resulting from
the procedure described above are displayed in Fig. 2(c) [54].
Remarkably, as seen on this figure, the scaling analysis delivers
an almost perfectly logarithmic temperature dependence of
<

⇤ (0,)), consistent with a Planckian behavior a = 1. As
mentioned above, this logarithmic behavior can actually be
identified in the unprocessed optical data, (see inset of Fig. 1). In
order to compare this behavior to the corresponding logarithmic
behavior reported for the specific heat, we note that the scaling
analysis provides <⇤ (0,)) up to a multiplicative constant
 <, where < is the band mass. In contrast, the electronic
specific heat yields the quasiparticle mass in units of the
bare electron mass <4. We expect that the logarithmic )-
variation of <⇤ (0,)) and <

⇤
qp / ⇠/) are both due to the

critical inelastic scattering and that the ln) term in each
quantity should therefore have identical prefactors. Imposing
this identity provides a relationship between  < and <4,
namely (</<4) = 583 meV.

Remarkably, we have found that this condition is obeyed
within less than a percent by a square-lattice tight-binding
model with parameters appropriate for LSCO at ? = 0.24
(Appendix D). This model has nearest and next-nearest neigh-
bor hopping amplitudes C = 0.3 eV and C 0/C = �0.17 [55],
respectively, and an electronic density = = 0.76/02. The Fermi-
level density of states is 1.646/(eV02), which corresponds to
a band mass </<4 = 2.76 using the LSCO lattice parameter
0 = 3.78 Å. The spectral weight is  = 211 meV, such that the
prediction of this tight-binding model is (</<4) = 582 meV,
in perfect agreement with the previously determined value. In
view of this agreement, we use the tight-binding model in order
to fix the remaining two system parameters: < = 2.76<4 and
 = 211 meV.

Figure 2(c) compares the mass enhancement inferred from
the low-temperature specific heat and from the scaling analysis
of the optical data. The tight-binding value of the product  <
insures that both data sets have the same slope on a semi-log plot.
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FIG. 2. (a) Temperature-dependent resistivity measured in zero field
(black) and at 16 teslas (red). The inset emphasizes the linearity of the
16 T data at low temperature. The dashed line shows d0 + �) with
d0 = 12.2 `⌦ cm and � = 0.63 `⌦ cm/K. (b) Scattering rate divided
by temperature plotted versusl/) ; the collapse of the curves indicates
a behavior 1/g ⇠ ) 5g (l/)). (c) E�ective quasiparticle mass (in units
of the indicated band mass <) deduced from the low-temperature
electronic specific heat [42] [<⇤

Cp = (3/c) (\2
32/:2

B) (⇠/))] and
zero-frequency optical mass enhancement; the dashed lines indicate
ln) behavior. (d) Optical mass minus the zero-frequency mass shown
in (c) plotted versus l/) ; the collapse of the curves indicates a
behavior <⇤ (l) �<⇤ (0) ⇠ 5< (l/)). n1 = 2.76 was used here as in
Fig. 1.
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optical data to zero frequency is hampered by noise. Hence,
instead of attempting an extrapolation, we consider <⇤ (0,))
as adjustable values that we again tune such as to optimize the
collapse of the optical data. This analysis of <⇤/< confirms
that the best scaling collapse occurs for a ⇡ 1 but indicates a
larger n1 ⇡ 7 (Appendix A and Fig. 8). The determination of
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range tested for scaling and drops to value below n1 = 3 when
focusing on lower frequencies. As a third step, we perform
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typically found in the cuprates [23, 31, 53]. Importantly, all
our conclusions hold if we use this latter value in the analysis,
however the quality of the scaling displayed in Figs. 2 and 5 is
slightly degraded.

2. Scaling of the optical scattering rate and connection to resistivity

The scaling properties of the scattering rate obtained from
our optical data according to the procedure described above
is illustrated on Fig. 2(b), which displays \/g divided by
:B) and plotted versus \l/:B) for temperatures above the
superconducting transition. The collapse of the curves at
di�erent temperatures reveals the behavior \/g / ) 5g (l/)).
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both of them supporting a Planckian dissipation scenario with
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Remarkably, we have found that this condition is obeyed
within less than a percent by a square-lattice tight-binding
model with parameters appropriate for LSCO at ? = 0.24
(Appendix D). This model has nearest and next-nearest neigh-
bor hopping amplitudes C = 0.3 eV and C 0/C = �0.17 [55],
respectively, and an electronic density = = 0.76/02. The Fermi-
level density of states is 1.646/(eV02), which corresponds to
a band mass </<4 = 2.76 using the LSCO lattice parameter
0 = 3.78 Å. The spectral weight is  = 211 meV, such that the
prediction of this tight-binding model is (</<4) = 582 meV,
in perfect agreement with the previously determined value. In
view of this agreement, we use the tight-binding model in order
to fix the remaining two system parameters: < = 2.76<4 and
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(black) and at 16 teslas (red). The inset emphasizes the linearity of the
16 T data at low temperature. The dashed line shows d0 + �) with
d0 = 12.2 `⌦ cm and � = 0.63 `⌦ cm/K. (b) Scattering rate divided
by temperature plotted versusl/) ; the collapse of the curves indicates
a behavior 1/g ⇠ ) 5g (l/)). (c) E�ective quasiparticle mass (in units
of the indicated band mass <) deduced from the low-temperature
electronic specific heat [42] [<⇤

Cp = (3/c) (\2
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B) (⇠/))] and
zero-frequency optical mass enhancement; the dashed lines indicate
ln) behavior. (d) Optical mass minus the zero-frequency mass shown
in (c) plotted versus l/) ; the collapse of the curves indicates a
behavior <⇤ (l) �<⇤ (0) ⇠ 5< (l/)). n1 = 2.76 was used here as in
Fig. 1.
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• Transverse component
of abelian or
non-abelian gauge field

• Antiferromagnetic order...
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2. Spatially random interactions: e.g. randomness in hopping tij ,
leads to randomness in exchange interactions t2ij/U . More gener-
ally we have fermion ( ) and boson Yukawa coupling of the form

Z
d2rd⌧

h
g + g0(r)

i
 †(r, ⌧) (r, ⌧)�(r, ⌧) ,

where g is spatially uniform and g0(r) is spatially random.
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Figure 3: Doping dependence of the spatially resolved gap filling and gap magnitude. a Gap 
magnitude histogram for each doping concentration. b-d The spatial distributions of the gap 
magnitude for the OD23K, OD12K, and OD3K samples. The spectra that are omitted from the 
histograms (see main text and supplementary SII) are indicated by the white areas in figure 
b-d. e Gap filling histogram for each doping level. f-h Spatial distribution of the gap filling for 
the OD23K, OD12K, and OD3K samples respectively. 
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Spatially random interactions!

OD3K

OD12K

OD23K
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3 key ingredients of our universal theory of strange metals:
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3. Fermion-boson drag:
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Fermion-boson drag:

• For electron-phonon scattering in metals, we have “Bloch’s

law” (1931): a resistivity ⇢(T ) ⇠ T 5
.

However, Bloch’s law ignores conservation of total momen-

tum, or phonon drag. Peierls (1932) pointed out that the

conservation of total momentum implies that an electrical

current cannot decay, and so the resistance is practically zero

in a pure sample. But because of the weak electron-phonon

coupling, Bloch’s law applies except in ultrapure crystals.

In a non-Fermi liquid, we cannot separate the momenta car-

ried by the fermions and the bosons, because neither of them

exists at low energies! We must treat the combined system

together: extreme drag. The analog of Bloch’s law does not

apply.
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3. Fermion-boson drag:



Needed: a systematic method  
to include these key ingredients! 
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3 key ingredients of our universal theory of strange metals:



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal
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Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Potential disorder 

A marginal Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Interaction disorder 

A marginal Fermi liquid AND a strange metal



Yukawa-SYK “toy” models 

Needed: a systematic method  
to include these key ingredients! 
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Leads to fully self-consistent Migdal-Eliashberg equations
⌃ ⇠ g2G G�, ⌃� ⇠ g2G G in a SYK-like large N limit.

Yukawa-SYK models



Yukawa-SYK models
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with gij` independent random numbers with zero mean. The large N saddle point equations are

G(i!n) =
1

i!n + µ� ⌃(i!n)
, D(i!n) =

1

!2
n + !2

0 �⇧(i!n)

⌃(⌧) = g2G(⌧)D(⌧) , ⇧(⌧) = �g2G(⌧)G(�⌧)

Make the low frequency ansatz

G(i!) ⇠ �isgn(!)|!|�(1�2�) , D(i!) ⇠ |!|1�4� ,
1

4
< � <

1

2

A consistent solution exists for

4�� 1

2(2�� 1)[sec(2⇡�)� 1]
= 1 , � = 0.42037 . . .
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Yukawa-SYK models
COOPER PAIRING OF INCOHERENT ELECTRONS: AN … PHYSICAL REVIEW B 100, 115132 (2019)

T/ω0

∼ g2

Free fermions

1

1/10
SC

Quantum critical:
SYK-NFL

Impurity-like NFL
Quantum critical:

∼ g−2

g

FIG. 1. Schematic phase diagram of the SYK model for electron-
boson coupling as function of the dimensionless coupling constant
g = ḡ/ω3/2

0 , where ω0 is the bare phonon frequency. At lowest T the
normal state would be a non-Fermi-liquid state with anomalous ex-
ponents, similar to other SYK models. For g < 1 superconductivity
sets in at Tc/ω0 ∝ g2, comparable to the temperature where quantum-
critical SYK-NFL sets in. Thus, pairing occurs instead of the low-
T quantum critical state. At strong coupling a new intermediate-
temperature regime opens up that is characterized by fully incoherent
fermions. Coherent pairing of such incoherent fermions is still pos-
sible with finite transition temperature Tc → 0.112ω0.

or magnetic fluctuations; see also the summary section of this
paper. In this more general reasoning we see the justifica-
tion of our statements as they pertain to the aforementioned
materials.

II. MODEL

We start from the following Hamiltonian:

H = −
N∑

i=1

∑

σ=±
µc†

iσ ciσ + 1
2

M∑

k=1

(
π2

k + ω2
0φ

2
k

)

+
√

2
N

N∑

i j,σ

M∑

k

gi j,kc†
iσ c jσ φk, (5)

with fermionic operators ciσ and c†
iσ that obey [ciσ , c†

jσ ′ ]+ =
δi jδσσ ′ and [ciσ , c jσ ]+ = 0 with spin σ = ±1. In addition, we
have phonons, i.e., scalar bosonic degrees of freedom φk with
canonical momentum πk , such that [φk,πk′ ]− = iδkk′ . Here,
i, j = 1 . . . N refer to fermionic modes and k = 1 . . . M to the
phonon field. Below we consider the limit N = M → ∞. We
briefly comment on the behavior for arbitrary M/N in Ap-
pendix C. For simplicity, we assume particle-hole symmetry
which yields µ = 0 for the chemical potential. Notice, the
coupling to phonons usually shifts the particle-hole symmetric
point to a nonzero value of µ. This is a consequence of the
Hartree diagram. However, this contribution vanishes in the
N → ∞ limit.

The electron-phonon coupling constants gi j,k are real,
Gaussian-distributed random variables that obey

gi j,k = g ji,k . (6)

The distribution function has zero mean and a second moment
|gi j,k|2 = ḡ2. The unit of ḡ is energy3/2. Thus, even for µ = 0,
the model has two energy scales, the bare phonon frequency
ω0 and ḡ2/3. For convenience we measure all energies and
temperatures in units of ω0 and use the dimensionless cou-
pling constant g2 = ḡ2/ω3

0. Whenever it seems useful, we will
reintroduce ω0 in the final results.

We perform the disorder average using the replica trick
[73]. Since gi j,k only occurs in the random part of the inter-
action we are interested in the following average:

e−Srdm = e−
∑

i jk gi jkOi jk , (7)

where Oi jk =
√

2
N

∑
σa

∫ β

0 dτ c†
iσa(τ )c jσa(τ )φka(τ ). Here, a =

1, . . . , n stands for the replica index and the overbar denotes
disorder averages, while τ stands for the imaginary time in
the Matsubara formalism with β = (kBT )−1 the inverse tem-
perature. The gi j,k are for given k chosen from the Gaussian
orthogonal ensemble (GOE) of random matrices [74]. We
obtain for the disorder average

e−
∑

i jk gi jkOi jk |GOE = eḡ2 ∑
i jk (O†

i jk+Oi jk )2
. (8)

There is an important distinction between the models with
and without time-reversal symmetry for individual disorder
configurations. If we allow for complex coupling constants
with gi j,k = g∗

ji,k , then, for given k, gi j,k would be chosen
from the Gaussian unitary ensemble (GUE). Performing the
disorder average for the case of the unitary ensemble yields

e−
∑

i jk gi jkOi jk |GUE = e2ḡ2 ∑
i jk O†

i jkOi jk . (9)

As can be seen from the distinct behavior of the disorder
averages in Eqs. (9) and (8), the orthogonal ensemble with
time-reversal symmetry contains, in addition to terms like
O†

i jkOi jk , that also occur in the unitary ensemble, the anoma-

lous terms O†
i jkO†

i jk and Oi jkOi jk . The anomalous terms can
be analyzed at large N by introducing anomalous propagators
and self-energies. These terms give rise to superconductivity
(see Appendix A).

The subsequent derivation of the self-consistency equa-
tions of the model in the large-N limit proceeds along the lines
of other SYK models [36,39–43,55,56]. Assuming replica
diagonal solutions, we obtain a coupled set of equations for
the fermionic and bosonic self-energies and Green’s func-
tions. This derivation is summarized in Appendix A. The
most straightforward formulation can be performed using
the Nambu spinors ci = (ci↑, c†

i↓) in the singlet channel.
Then, we obtain the coupled set of equations for the self-
energies:

(̂(τ ) = ḡ2τ3Ĝ(τ )τ3D(τ ), (10)

)(τ ) = −ḡ2tr(τ3Ĝ(τ )τ3Ĝ(τ )), (11)

with D−1(νn) = ν2
n + ω2

0 − )(νn) and the fermionic Dyson
equation in Nambu space Ĝ(εn)−1 = iεnτ0 + µτ3 − (̂(εn),
where τα are the 2 × 2 Pauli matrices in Nambu space.
Here, εn = (2n + 1)πT and νn = 2nπT are fermionic and
bosonic Matsubara frequencies, respectively. These relations
correspond to the Eliashberg equations of electron-phonon
superconductivity, however, with the inclusion of the fully
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Beyond “toy” models…. 

Needed: a systematic method  
to include these key ingredients! 



Fermi surface coupled to a 
critical boson:  

No spatial disorder 
A non-Fermi liquid  

but NOT a strange metal



Fermi surface coupled to a critical boson
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a critical boson
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• Nematic order

• Ferromagnetic order

• Transverse component
of abelian or
non-abelian gauge field

• Antiferromagnetic order...
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Fermi surface coupled to a critical boson
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2

Ilya Esterlis, J. Schmalian, PRB 100, 115132 (2019) 
Yuxuan Wang and A. V. Chubukov, PRR 2, 033084 (2020) 

E. E. Aldape, T. Cookmeyer,  A. A. Patel, and E. Altman, arXiv:2012.00763  
Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)
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Application of Yukawa-SYK approach:
Introduce N flavors of fermions and bosons, and examine
an ensemble of theories with di↵erent Yukawa couplings.
In the large N limit, every member of the ensemble is
expected to have the same critical properties, and so it is
easier to study the average theory.
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The saddle point equations are
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1
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,
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1

⌦2
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.
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G-⌃-D-⇧ Theory
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Exact Solution at small !:

⌃(k̂, i!) ⇠ �isgn(!)|!|2/3 , G(k, i!) =
�1

"(k) + ⌃(k̂, i!)
, D(q, i⌦) =

1

q2 + �|⌦|/q

where the co-e�cient is known exactly in terms of the Fermi velocity and
Fermi surface curvature at the Fermi surface point along the direction k̂.

P.A. Lee (1989)



Fermi surface coupled to a critical boson

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990

<latexit sha1_base64="Lz18jAVqTTwzy8Y1l6tqfQpKic4="></latexit>

“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2

(a) (b) (c)

(e)(d)

+ all ladders and bubbles…..

Transport:
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Yong Baek Kim, A. Furusaki, Xiao-Gang Wen,
P. A. Lee, PRB 50, 17917 (1994)
examined these graphs and concluded that
the d.c. resistivity ⇢(T ) ⇠ T 4/3 (analog of Bloch’s law)
and �(! � T ) ⇠ !�2/3.
These conclusions are not consistent with
conservation of total momentum i.e. ‘boson drag’.
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+ all ladders and bubbles…..

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)
S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (2014) 

A. Eberlein, I. Mandal, and S. S. PRB 94, 045133 (2016)
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Conservation of momentum implies
the d.c. conductivity is infinite

Re�(!) = D�(!) + . . .

Transport:
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Conservation of momentum implies
the d.c. conductivity is infinite

Re�(!) = D�(!) + . . .

Zhengyan Darius Shi, Hart Goldman, Dominic V. Else, T. Senthil arXiv:2204.07585

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)
S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (2014) 

A. Eberlein, I. Mandal, and S. S. PRB 94, 045133 (2016)
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�(!) ⇠ 1

�i!
+ |!|0 + . . .

Transport:



Fermi surface coupled to a 
critical boson:  

No spatial disorder 
A non-Fermi liquid  

but NOT a strange metal



Fermi surface coupled to a 
critical boson:  

Potential disorder 
A marginal Fermi liquid  

but NOT a strange metal



Fermi surface coupled to a critical boson with spatial disorder
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Boson self energy: ⇧ ⇠ �g2

v2
|⌦|, D(q, i⌦) =

1

q2 + �|⌦|
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Fermion self energy: ⌃(i!) ⇠ �iv2sgn(!)� i
g2

v2
! ln(1/|!|)

Marginal Fermi liquid self energy and T log T specific heat
Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990
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+ all ladders and bubbles…..
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Conductivity:
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The g2log term does not contribute to transport:
With g and v non-zero, we obtain a non-zero residual resistivity

and Fermi liquid like corrections
⇢(T ) = ⇢(0) +AT 2 + . . ..

with 1/⇢(0) ⇠ 1/⌧trans ⇠ v2.



Fermi surface coupled to a 
critical boson:  

Potential disorder 
A marginal Fermi liquid  

but NOT a strange metal



Fermi surface coupled to a 
critical boson:  

Interaction disorder 
A marginal Fermi liquid  
AND a strange metal
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Fermi surface coupled to a critical boson with spatial disorder
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Fermi surface coupled to a critical boson with spatial disorder
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Boson self energy: ⇧ = ⇧g +⇧g0

⇧g(i⌦) ⇠ �g2

v2
|⌦|, ⇧g0(i⌦) ⇠ �g02|⌦|, D(q, i⌦) =

1

q2 + �|⌦|
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Fermi surface coupled to a critical boson with spatial disorder
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Fermion self energy: ⌃ = ⌃v + ⌃g + ⌃g0
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Fermi surface coupled to a critical boson with spatial disorder
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(a) (b) (c)

(e)(d)

+ all ladders and bubbles…..

(a) (b) (c)

(e)(d)
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Fermion self energy: ⌃ = ⌃v + ⌃g + ⌃g0
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Conductivity:



Fermi surface coupled to a critical boson with spatial disorder
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The g2 log term does not contribute to transport
but the g02 log term does!

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990

Conductivity:



Fermi surface coupled to a critical boson with spatial disorder
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Conductivity: �(!) ⇠ [1/⌧trans(!)� i!m⇤(!)/m]�1

1

⌧trans(!)
⇠ v2 + g02|!| ;

m⇤(!)

m
⇠ 2g02

⇡
ln(⇤/!)

Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02.



Strange metal from a Yukawa-SYK model
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Full numerical solution of large N limit at g0 6= 0, g = 0
(the singular corrections from a non-zero g are expected to vanish in the conductivity).
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a critical boson
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Non-Fermi liquid with T 2/3 specific heat,
but conductivity �(!) ⇠ �(!)
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MFL self-energy, T ln(1/T ) specific heat,
but T -independent ‘residual’ resistivity,

and negligible optical conductivity
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Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Potential disorder 

A marginal Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Interaction disorder 

A marginal Fermi liquid AND a strange metal
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• SYK: a solvable model without particle-like excitations, ex-
hibiting thermalization and many-body chaos in a time of
order ~/(kBT ), independent of microscopic energy scales.

• Universal theory of a marginal Fermi liquid and a strange
metal (including linear-T resistivity): spatially random inter-
actions in a two-dimensional quantum-critical metal, solvable
in a Yukawa-SYK-like large N limit.

• Black holes with a net charge in asymptotically Minkowski
space have a near horizon AdS2⇥S2 geometry: this geometry
has an emergemt time-reparameterization soft mode with an
action identical to that of the SYK model. In other words,
the SYK model is a quantum simulation of the low energy
physics of charged black holes in Einstein-Maxwell theory.

D. Chowdhury, A. Georges,  O. Parcollet, S. Sachdev,  
arXiv: 2109.05037, Reviews of Modern Physics
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