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What is a non-Fermi liquid ?



TSDW 
Tc

 

T0 

2.0 

0 

α"

1.0 SDW 

Superconductivity 

BaFe2(As1-xPx)2 

Resistivity
⇠ ⇢0 +AT↵

S. Kasahara et al. PRB 81, 184519 (2010)

AF

+nematic

Strange

Metal

Experiments:
What is a non-Fermi liquid ?



What is a non-Fermi liquid ?
<latexit sha1_base64="27eoglBdzBuhWZwIoVN9FFZU0Q8="></latexit>

• A compressible state of quantum matter:
There is a global U(1) charge Q with commutes with Hamiltonian,

and upon applying a chemical potential change �µ

H ) H� �µQ

�hQi

�µ
6= 0 as T ! 0 in the thermodynamic limit

Dirac/Weyl fermions, CFTs in spatial dimension d > 1

are not compressible.

• No quasiparticle excitations:
In the presence of quasiparticles, the low-lying many-body energies E
can be identified as a set {n↵} of quasiparticles with energy "↵

E =

X

↵

n↵"↵ +

X

↵,�

F↵�n↵n� + . . .

Luttinger liquids, systems with an energy gap (TQFTs), do have

quasiparticles.
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Current flow with quasiparticles
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Flowing quasiparticles scatter o↵ each
other in a typical scattering time ⌧

This time is much longer than a limiting

‘Planckian time’
~

kBT
.

The long scattering time implies that
quasiparticles are well-defined.
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Table 1  |  Slope of T-linear resistivity and Planckian limit in seven materials.

Material n 
(1027 m-3)

 m*
(m0)

A1 / d  
(! / K)

h / (2e2 TF)
(! / K)

⍺

Bi2212 p = 0.23 6.8 8.4 ± 1.6 8.0 ± 0.9 7.4 ± 1.4 1.1 ± 0.3

Bi2201 p ~ 0.4 3.5 7 ± 1.5 8 ± 2 8 ± 2 1.0 ± 0.4

LSCO p = 0.26 7.8 9.8 ± 1.7 8.2 ± 1.0 8.9 ± 1.8 0.9 ± 0.3

Nd-LSCO p = 0.24 7.9 12 ± 4 7.4 ± 0.8 10.6 ± 3.7 0.7 ± 0.4

PCCO x = 0.17 8.8 2.4 ± 0.1 1.7 ± 0.3 2.1 ± 0.1 0.8 ± 0.2

LCCO x = 0.15 9.0 3.0 ± 0.3 3.0 ± 0.45 2.6 ± 0.3 1.2 ± 0.3

TMTSF P = 11 kbar 1.4 1.15 ± 0.2 2.8 ± 0.3 2.8 ± 0.4 1.0 ± 0.3
 

 

Table 1 | Slope of T-linear resistivity vs Planckian limit in seven materials.  

Comparison of the measured slope of the T-linear resistivity in the T = 0 limit,  

A1 , with the value predicted by the Planckian limit (Eq. 1; penultimate column), 

for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two 

electron-doped cuprates (PCCO and LCCO) and the organic conductor 

(TMTSF)2PF6 , as discussed in the text (and Supplementary Information).     

The ratio α of the experimental value, A1
☐ = A1 / d, over the predicted value,       

is given in the last column. Although A1
☐ varies by a factor 5, the ratio m* / n  

(~1/TF) is seen to vary by the same amount, so that α = 1.0 in all cases,        

within error bars. 

 

 

 

 

 

A. Legros, S. Benhabib, W. Tabis, F. Laliberté, M. Dion, M. Lizaire, B. Vignolle, D. Vignolles, H. Raffy, Z. Z. Li, P. Auban-
Senzier, N. Doiron-Leyraud, P. Fournier, D. Colson, L. Taillefer, and C. Proust, Nature Physics 15, 142 (2019)
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kBT

~
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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is

⇢ =
m⇤

ne2
1

⌧

with a universal scattering rate

1

⌧
⇡ kBT

~ ,

independent of the strength of interactions!

Current flow without quasiparticles
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Electron scattering time ⌧ in 7 di↵erent strange metals



Measurement of the Planckian Scattering Rate

G. Grissonnanche, Y. Fang, A. Legros, S. Verret, F. Laliberté, C. Collignon, J. Zhou, 

D. Graf, P. Goddard, L. Taillefer, B. J. Ramshaw, arXiv:2011.130546
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FIG. 2. ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24. (a) Left

panels: The ADMR of Nd-LSCO at p = 0.24 as a function of ✓ for four di↵erent temperatures, T =

25, 20, 12, and 6 K, and at B = 45 T. The grey area near ✓ = 90� for T = 6 K and 12 K indicates

the region where the sample becomes superconducting. Right panels: Simulations obtained from

the Chambers formula using the tight-binding parameters of Table I and the scattering rate model

of Equation 8. (b) Log scale polar plot of the scattering rate at T = 25 K. Note the large scattering

rate near the anti-nodes where the Fermi surface passes close to the van Hove point. The total

scattering rate is shown as a solid line, the isotropic part of the scattering rate, 1/⌧iso, is shown

as a dashed red line, and the anisotropic part, 1/⌧aniso in violet, is the di↵erence between the two.

(c) Temperature dependence of the two components of the scattering rate. A linear fit to 1/⌧iso

using 1/⌧ = A+↵kBT/~, yields ↵ = 1.4± 0.3, a value consistent with the Planckian limit (↵ ⇡ 1).

The error bar on ↵ accounts for the uncertainty in the fit as well as a ±10 % uncertainty in the

distance between the electrical contacts on the ADMR sample. By contrast, 1/⌧aniso is seen to

be temperature independent, showing that it comes entirely from elastic scattering o↵ defects and

impurities.

surface (Figure 2b and 6), is therefore not only required to correctly model the ADMR,
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⌧
=

1

⌧aniso(~k)
+

↵

~ kBT
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Angle-dependent magnetoresistance in Nd-LSCO near p = pc ⇡ 0.23.
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1.   SYK models

2.   Time reparameterization soft mode 

3.  Charged black holes 

4.   Random t-J model 

5.   Critical Fermi surfaces: large N theory



A simple model of a metal with quasiparticles

⇢(!) =
� 1

⇡ ImG(!)
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tij are independent random variables with tij = 0 and |tij |2 = t2

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj � µ

X

i

c
†
i ci

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

1

N

X

i

c
†
i ci = Q
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Single particle energy "↵
level spacing ⇠ 1/N



Many-body density of states
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D(E) ⇠ N

Random matrix model

<latexit sha1_base64="MjI+ZYdjtO49sB76VYroaikKELI="></latexit>

For random
matrix model:

E0 + Ei =P
↵ n↵"↵

n↵ = 0, 1,
occupation

number

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue
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D(E) ⇠ eS(E)

= e⇡
p

2NE⇢0/3

= e
p
2N�E , S(T ! 0) = N�T



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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↵
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The Sachdev-Ye-Kitaev (SYK) model



Many-body density of states

Complex SYK model
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No quasiparticle
decomposition
of many-body states
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D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue
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D(E) ⇠ eS(E)

= eS0+
p
2N�E

S(T ! 0) = S0 +N�T
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D(E) ⇠

2 eS0 sinh(
p

2N�E)

where

S0 = 0.464848 . . . N
A. Georges, O. Parcollet, and 

S. Sachdev, 

PRB 63, 134406 (2001)
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Many-body density of states
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U U⌃ =
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The complex SYK model

S. Sachdev and J. Ye, 

PRL 70, 3339 (1993)

Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! � ✏� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
<latexit sha1_base64="S4bYhQ+/icXvh6gGGPmW8BXeedU="></latexit>
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The SYK model
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GR
SYK(!) =

�iC

(2⇡T )1/2

�

✓
1

4
� i~!

2⇡kBT

◆

�

✓
3

4
� i~!

2⇡kBT

◆ .

C =
⇣ ⇡

U2

⌘1/4

-15 -10 -5 0 5 10 15

0.5

1.0

1.5



�ImGR(!)
<latexit sha1_base64="/btafezNZH7m/kkNQAcXE4wBJqc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKgNVAkgwVjAAW0H0ITWhcly3tWrHke0gqigLv8LCAEKsfAYbf4PbZoCWI13p6Jx7de89QcSo0o7zbeXm5hcWl/LLhZXVtfUNe3OrrkQsMalhwYRsBkgRRkNS01Qz0owkQTxgpBEMLkZ+44FIRUV4p4cR8TnqhbRLMdJGats7hx4PxGNyzVN4eX8LS57gpIcO2nbRKTtjwFniZqQIMlTb9pfXETjmJNSYIaVarhNpP0FSU8xIWvBiRSKEB6hHWoaGiBPlJ+MHUrhvlA7sCmkq1HCs/p5IEFdqyAPTyZHuq2lvJP7ntWLdPfMTGkaxJiGeLOrGDGoBR2nADpUEazY0BGFJza0Q95FEWJvMCiYEd/rlWVI/KrvHZffmpFg5z+LIg12wB0rABaegAq5AFdQABil4Bq/gzXqyXqx362PSmrOymW3wB9bnDxeYlW4=</latexit>

~!/(kBT )
<latexit sha1_base64="kunjN0PyYGJToeUrlSRcNKJCI5s=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiYq6LLUjcsKfUETwmQ6aYdOZsLMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89YcKo0o7zba2tb2xubZd2yrt7+weH9tFxV4lUYtLBggnZD5EijHLS0VQz0k8kQXHISC+c3M383iORigre1llC/BiNOI0oRtpIgV3xxiGSnojJCF3UJkETts8Du+rUnTngKnELUgUFWoH95Q0FTmPCNWZIqYHrJNrPkdQUMzIte6kiCcITNCIDQzmKifLz+fFTeGaUIYyENMU1nKu/J3IUK5XFoemMkR6rZW8m/ucNUh3d+jnlSaoJx4tFUcqgFnCWBBxSSbBmmSEIS2puhXiMJMLa5FU2IbjLL6+S7mXdvaq7D9fVRrOIowROwCmoARfcgAa4By3QARhk4Bm8gjfryXqx3q2PReuaVcxUwB9Ynz8ptJPK</latexit>A. Georges and O. Parcollet PRB 59, 5341 (1999)


S. Sachdev, PRX 5, 041025 (2015)

The SYK model
<latexit sha1_base64="eQouohsPN5NUrLbTUN0y8GR2gqU="></latexit>

GR
SYK(!) =

�iC

(2⇡T )1/2

�

✓
1

4
� i~!

2⇡kBT

◆

�

✓
3

4
� i~!

2⇡kBT

◆ .

C =
⇣ ⇡

U2

⌘1/4

-15 -10 -5 0 5 10 15

0.5

1.0

1.5

Planckian dynamics
with peak width ⇠ kBT/~
and independent of U

<latexit sha1_base64="VYAaJKUoU76hX584/TwBiFAFiTo="></latexit>



1.   SYK models

2.   Time reparameterization soft mode 

3.  Charged black holes 

4.   Random t-J model 

5.   Critical Fermi surfaces: large N theory



<latexit sha1_base64="VKo2V1PWaVnkHf5ArWxEYooQzio="></latexit>

Time reparameterization symmetry and 2D gravity
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After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as
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For simplicity, we neglect the replica indices, and introduce the
identity

1 =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
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After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations
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Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+NS(E0)�NSeff [f,�] ,

where E0 / N is the ground state energy.
The same Z is obtained for the boundary graviton of 2D gravity in AdS2.
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Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

N�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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The same e↵ective action is obtained for
the boundary graviton of 2D gravity on AdS2.
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Consequences of 2D-gravity for the dynamic spin susceptibility of SYK model

�L(!) =
P

n |h0|S+i |ni|2 �(~! � En + E0), (at T = 0)

�L(!) ⇠ tanh

✓
~!

2kBT

◆
1� C� ! tanh

✓
~!

2kBT

◆
� . . .

�
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• Exact evaluation of the path integral over f(⌧) and �(⌧) leads
to the many-body density of states

D(E) ⇠ 2eS0 sinh(
p

2N�E)

• Saddle-point shift leads to a correction to the Green’s func-
tion:

G(⌧) ⇠ sgn(⌧)p
|⌧ |

✓
1 +

↵G

|⌧ | + . . .

◆

From this, we can compute the susceptibility �(⌧) ⇠ G(⌧)G(�⌧)
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Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G. Tarnopolsky, arXiv: 2010.09742, 2012.14449FIG. 14: Plot of the fermionic spin spectral density for ✓f = 0. The red solid line is the numerical result. The

black dashed line is theoretical curve (5.10) ploted for ↵A
0 = 0.2643 and ↵

A
1 = 0.31.

38

FIG. 1: Plot of the local dynamic spin susceptibility. The blue solid line is obtained from numerical solution of

the Schwinger-Dyson equations (2.13) for T/J = 0.1. The black dashed line is analytical result in (1.2) for

C�T ' 0.05 with three higher order terms in (1.3) included with their T = 0 expressions.

mode i.e. the boundary graviton in the holographic dual. Notice that this term has a prefactor

of ! without a corresponding factor of 1/T : this indicates the violation of scaling induced by an

irrelevant operator. We show a plot of Im�L in Fig. 1; it is curious that this resembles observations

in Refs. [13, 14], and it would be worthwhile to investigate this further, especially in systems with

greater randomness. Similar spectra should also apply to anomalous density fluctuations in the

model of Ref. [17], and density fluctuations have been investigated in momentum-resolved electron

energy-loss spectroscopy (M-EELS) [18, 19] but for ! � T .

In the limit of T ! 0, (1.2) predicts a discontinous spectral density at zero frequency. We have

computed higher order terms at T = 0 for the particle-hole symmetric case (see Eq. (5.10))

Im�L(!) ⇠ sgn(!)
h
1� C�|!|�

7

16
(C�)2|!|2 � C

0
|!|2.77354... +

37

48
(C�)3|!|3 � . . .

i
, (1.3)

where the |!|2 and |!|3 terms are non-linear corrections from the time reparameterization mode,

and C
0 mode is a linear contribution of a second irrelevant operator with scaling dimension h =

3.77354 . . .. The T > 0 form of the C
0 term can be deduced from imaginary part of (D24).

We have attempted to write this paper in a self-contained manner for condensed matter physi-

cists. We will begin in Section II by defining the models of interest, and recalling the leading

conformally invariant results. A diagrammatic analysis of the conformal perturbation theory is

presented in Section III, where we obtain the scaling dimensions of all primary operators, and iden-

tify the operators associated with time reparameterization and an emergent U(1) gauge invariance.

Section IV employs an alternative functional approach of Kitaev and Suh [7] which allows e�cient

treatment of particle-hole asymmetry, non-linear corrections and non-zero temperatures. Section V

4
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Numerical solution of SYK equations (SY, PRL 1993), compared with conformal perturbation theory.
C is the co-e�cient of the action for the ‘boundary graviton’ in holographic dual.

Correction 
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invariant result with
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Compiling Messages from Neutron
Stars
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The combination of gravitational-wave and x-ray observations of
neutron stars provides new insight into the structure of these
stars, as well as new confirmation of Einstein’s theory of gravity.
Read More »
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Rising Tides on Black Holes
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New calculations show that spinning black holes—unlike
nonspinning ones—can be tidally deformed by a nonsymmetric
gravitational field. Read More »
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March 9, 2021

New theories of wormholes—postulated tunnels through
spacetime—explore whether they could be traversable by
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Black Holes Obey Information-Emission
Limits
April 22, 2021 • Physics 14, s47

An analysis of the gravitational waves emitted from black hole mergers confirms that black holes are the fastest
known information dissipaters.

The extreme nature of black holes means that they o!er unique opportunities for testing the limits of physics laws.
One law that researchers have wanted to test in this way is the one describing the maximum rate at which
information can flow out from a system. But until recently, this test was impossible with black holes because of a
lack of suitable candidates. That changed with the first measurements of gravitational waves. Now, an analysis of
the gravitational waves detected from eight black hole mergers confirms that the law applies to these extreme
objects [1].

Any perturbed object will emit information about its state until it returns to equilibrium. Theory predicts a limit to
the rate of this information emission, with that limit depending on the object’s temperature and its relaxation time
(how fast it regains equilibrium). For freshly merged black holes, these parameters are encoded in the emitted
gravitational waves.

Of the roughly 50 black hole mergers so-far detected, researchers from the University of Pisa, Italy, and the
University of Glasgow, UK, selected eight from which they could make confident measurements of relaxation times.
For each of these mergers, the team calculated the maximum average rate of information emission per unit of
energy. They found that these rates are the fastest for any known object: about  bits per second per
joule, or 75% of the theoretical maximum. At this extreme rate, perturbed black holes broadcast information at a
rate roughly 11 orders of magnitude higher than those involving “everyday” room-temperature objects that are
roughly a meter wide.

The result confirms that black holes obey fundamental principles of general relativity, information theory, and
thermodynamics—a finding that the team says wasn’t guaranteed to be true. Any future extensions to general
relativity, they say, must obey this information bound as well.

–Christopher Crockett

Christopher Crockett is a freelance writer based in Arlington, Virginia.
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evidence case (amax ¼ bmax ¼ 100), we employ a
conservative choice. In Fig. 2 we display, in blue, the
median and 90% credible intervals of the posterior prob-
ability distributions pðHjDN; a; bÞ. Single-event likeli-
hoods are shown in gray for comparison. We finally
compute the probability that the Bekenstein-Hod bound
(gold vertical line) is obeyed on a population level, by
computing the p-value (p̃ ≔ pðH < 1jDN; a; bÞ) for each
of a; b sample obtained from Eq. (3). The result yields a p̃-
value distribution strongly peaked towards unity with
median and 90% credible levels given by p̃ ¼ 0.94þ0.05

−0.14,
where p̃ ¼ 1 would indicate perfect agreement with the
prediction, while p̃ ¼ 0 perfect disagreement. The
Bekenstein-Hod bound is respected with very high con-
fidence by the observed BBH population. As an additional
check, we compared our result with the corresponding
value coming from a naive point-estimate of the averageH
likelihood, the latter being insensitive to specific hierar-
chical modeling choices. A weighted average over single
events likelihoods, with weights given by the respective
evidences, yields the red curve displayed in Fig. 2, corre-
sponding to p̃ ¼ 0.93. The excellent agreement between
this un-modelled estimate and the median of the hierar-
chical population posterior confirms the robustness of the
adopted population model.
Conclusions.—BHs are expected to be the fastest dis-

sipating objects in the Universe, in the sense that they

possess the shortest possible relaxation time for a given
temperature [18]. In this Letter, we obtained an observa-
tional verification of the Bekenstein-Hod information
emission bound using a Bayesian time-domain analysis
applied to the binary black holes of the LIGO-Virgo
GWTC-2 catalog. The result is consistent with the pre-
dictions of GR, BH thermodynamics, and information
theory. Our analysis provides the first experimental veri-
fication of a long-standing prediction on the dynamical
information-emission process of a BH.
Software.—Open-software PYTHON packages, accessible

through PyPi, used in this work comprise CORNER,
GWSURROGATE, H5PY, MATPLOTLIB, NUMBA, NumPy,
SciPy, SEABORN, and surfinBH [74,75,86–92].
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FIG. 2. Median and 90% credible levels on the Bekenstein-Hod
parameter H parent distribution, obtained through a hierarchical
model (blue area). Single-events likelihood (grey curves) are also
displayed, together with their evidence-weighted average (red
curve). The probability that the bound (gold dashed line) is
obeyed by the whole population are p̃ ¼ 0.94þ0.05

−0.14 when assum-
ing the posterior distribution and p̃ ¼ 0.93 when assuming the
average likelihood.

PHYSICAL REVIEW LETTERS 126, 161102 (2021)

161102-5

   

Bekenstein-Hod Universal Bound on
Information Emission Rate Is Obeyed by
LIGO-Virgo Binary Black Hole Remnants
Gregorio Carullo, Danny Laghi, John Veitch, and
Walter Del Pozzo

Phys. Rev. Lett. 126, 161102 (2021)

Published April 22, 2021

Recent Articles
The Weird Wiggle of Polymers
According to the results of new neutron
scattering experiments, polymer molecules in
plastics move in ways that aren’t captured by
commonly used models.

Linking Glaciers on Earth to the Climate on
Mars
Geophysicist Jack Holt explains how Earth’s
debris-covered glaciers can teach us about the
climate history of Mars.

Sizing Up the Most Massive Neutron Star
A satellite experiment has revealed that the
heaviest known neutron star is unexpectedly
large, which suggests that the matter in the star’s
inner core is less “squeezable” than some models
predict. 

More Recent Articles »

APS News and Announcements Join APS Contact Us

APS JOURNALS

About

Authors

Referees

Subscriptions

STUDENTS

Physics

PhysicsCentral

Student Membership

APS MEMBERS

Subscriptions

Article Packs

Membership

FAQ

APS News

Meetings & Events

Privacy Policies Contact Information Feedback

ASTROPHYSICS

Compiling Messages from Neutron
Stars
May 3, 2021

The combination of gravitational-wave and x-ray observations of
neutron stars provides new insight into the structure of these
stars, as well as new confirmation of Einstein’s theory of gravity.
Read More »

GRAVITATION

Rising Tides on Black Holes
March 30, 2021

New calculations show that spinning black holes—unlike
nonspinning ones—can be tidally deformed by a nonsymmetric
gravitational field. Read More »

PARTICLES AND FIELDS

Wormholes Open for Transport
March 9, 2021

New theories of wormholes—postulated tunnels through
spacetime—explore whether they could be traversable by
humans. Read More »

SYNOPSIS

Black Holes Obey Information-Emission
Limits
April 22, 2021 • Physics 14, s47

An analysis of the gravitational waves emitted from black hole mergers confirms that black holes are the fastest
known information dissipaters.

The extreme nature of black holes means that they o!er unique opportunities for testing the limits of physics laws.
One law that researchers have wanted to test in this way is the one describing the maximum rate at which
information can flow out from a system. But until recently, this test was impossible with black holes because of a
lack of suitable candidates. That changed with the first measurements of gravitational waves. Now, an analysis of
the gravitational waves detected from eight black hole mergers confirms that the law applies to these extreme
objects [1].

Any perturbed object will emit information about its state until it returns to equilibrium. Theory predicts a limit to
the rate of this information emission, with that limit depending on the object’s temperature and its relaxation time
(how fast it regains equilibrium). For freshly merged black holes, these parameters are encoded in the emitted
gravitational waves.

Of the roughly 50 black hole mergers so-far detected, researchers from the University of Pisa, Italy, and the
University of Glasgow, UK, selected eight from which they could make confident measurements of relaxation times.
For each of these mergers, the team calculated the maximum average rate of information emission per unit of
energy. They found that these rates are the fastest for any known object: about  bits per second per
joule, or 75% of the theoretical maximum. At this extreme rate, perturbed black holes broadcast information at a
rate roughly 11 orders of magnitude higher than those involving “everyday” room-temperature objects that are
roughly a meter wide.

The result confirms that black holes obey fundamental principles of general relativity, information theory, and
thermodynamics—a finding that the team says wasn’t guaranteed to be true. Any future extensions to general
relativity, they say, must obey this information bound as well.

–Christopher Crockett
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◆

A is the area of the charged black hole horizon at
T = 0, Q is the black hole charge. The lnT term
is the contribution of the boundary graviton.



Many-body density of states
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Hidden�magnetism�at�the�pseudogap�critical�point�of�a�high�
temperature�superconductor�
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
xSrxCuO4�is�hidden�by�competing�effects�from�superconductivity:�applying�intense�
magnetic� fields� to�quench� superconductivity,�we�uncover� the�presence�of�glassy�
antiferromagnetic�order�up�to�the�pseudogap�boundary�p*�γ�0.19,�and�not�above.�
There� is� thus�a�quantum�phase� transition�at�p*,�which� is� likely� to�underlie�highǦ
field� observations� of� a� fundamental� change� in� electronic� properties� across� p*.�
Furthermore,�the�continuous�presence�of�quasiǦstatic�moments�from�the�insulator�
up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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We consider the hole-doped case, with no double occupancy. Each
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2

a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
gued [21, 22] that for the case of SU(2), the spin glass
phase should persist up to a critical finite value of doping,
pc, corresponding to a quantum critical point separat-
ing the spin glass phase from a disordered Fermi liquid.
Near criticality, the model is predicted to exhibit SYK-
like criticality with a non-zero extensive entropy and a
linear-in-temperature resistivity [23]. In a weak-coupling
renormalization group, this critical point emerges when
the three fractionalized excitations in the t-J model be-
come degenerate in energy, leading to a zeroth order pre-
diction of pc = 1/3.

Dynamical Spin Response at T = 0. We first present
results on the nature of the spin correlations at T = 0,
providing evidence that the spin glass phase shown to
exist at p = 0 is stable for small values of doping, up to a
critical value of doping near p = 1/3. Using the Lanczos
algorithm, we calculate the spectral function at T = 0,

�
00(!) =

1

3

X

↵

1

N

X

i

X

n

|h n| S
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i
| 0i|

2
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(2)

where numerically the delta functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt!1

1
N

P
i
hSi(0)Si(t)i = q 6= 0, is re-

flected by a q�(!) contribution to the dynamical struc-
ture factor S(!), which is related to the spectral function
at T = 0 by �00(!) = S(!) � S(�!). For a finite system
size, the exact delta function in S(!) is replaced by a peak
at low frequency, whose width approaches 0 in the ther-
modynamic limit and whose total spectral weight gives
q. Therefore, the spin glass contribution to �00(!) for fi-
nite systems is given by a low frequency peak, and was
analyzed for this model at p = 0 in [8]. Above pc, a dis-
ordered Fermi liquid is expected to have a low-frequency
behavior of �00(!) ⇠ !.

The spectral function for the random t-J model, calcu-
lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low-frequency for dopings p . 0.4 suggests the
presence of spin glass order in this range of doping. How-
ever, a large-N analysis of this hump must be performed
in order to verify that the hump asymptotes to a delta
function in the thermodynamic limit. To do this, we first
subtract o↵ a background contribution to account for the
rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
term �

00(!) ⇠ sgn(!) as |!| ! 0 at T = 0 (which general-
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FIG. 1. The spectral function �00(!) of the random t � J
model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.

Dynamic spin susceptibility

Spin glass

order
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Evidence for a quantum critical point at p = pc ⇡ 0.3.
Spin glass order q non-zero for p < pc
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izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.
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Critical spin susceptibility matches the large M SU(M) SYK model.
�00(!) ⇠ sgn(!) [1� C�|!|+ . . .] has the ‘marginal’ sgn(!) form, with a linear ! correction.

Shown is the numerical solution of SYK equations (SY, PRL 1993), after rescaling J .
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A. Georges, and 
S. Sachdev,  
PRL 126, 
136602 (2021)
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Consequences of 2D-gravity for the dynamic spin susceptibility of SYK model
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Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G. Tarnopolsky, arXiv: 2010.09742, 2012.14449FIG. 14: Plot of the fermionic spin spectral density for ✓f = 0. The red solid line is the numerical result. The

black dashed line is theoretical curve (5.10) ploted for ↵A
0 = 0.2643 and ↵

A
1 = 0.31.

38

FIG. 1: Plot of the local dynamic spin susceptibility. The blue solid line is obtained from numerical solution of

the Schwinger-Dyson equations (2.13) for T/J = 0.1. The black dashed line is analytical result in (1.2) for

C�T ' 0.05 with three higher order terms in (1.3) included with their T = 0 expressions.

mode i.e. the boundary graviton in the holographic dual. Notice that this term has a prefactor

of ! without a corresponding factor of 1/T : this indicates the violation of scaling induced by an

irrelevant operator. We show a plot of Im�L in Fig. 1; it is curious that this resembles observations

in Refs. [13, 14], and it would be worthwhile to investigate this further, especially in systems with

greater randomness. Similar spectra should also apply to anomalous density fluctuations in the

model of Ref. [17], and density fluctuations have been investigated in momentum-resolved electron

energy-loss spectroscopy (M-EELS) [18, 19] but for ! � T .

In the limit of T ! 0, (1.2) predicts a discontinous spectral density at zero frequency. We have

computed higher order terms at T = 0 for the particle-hole symmetric case (see Eq. (5.10))

Im�L(!) ⇠ sgn(!)
h
1� C�|!|�

7

16
(C�)2|!|2 � C

0
|!|2.77354... +

37

48
(C�)3|!|3 � . . .

i
, (1.3)

where the |!|2 and |!|3 terms are non-linear corrections from the time reparameterization mode,

and C
0 mode is a linear contribution of a second irrelevant operator with scaling dimension h =

3.77354 . . .. The T > 0 form of the C
0 term can be deduced from imaginary part of (D24).

We have attempted to write this paper in a self-contained manner for condensed matter physi-

cists. We will begin in Section II by defining the models of interest, and recalling the leading

conformally invariant results. A diagrammatic analysis of the conformal perturbation theory is

presented in Section III, where we obtain the scaling dimensions of all primary operators, and iden-

tify the operators associated with time reparameterization and an emergent U(1) gauge invariance.

Section IV employs an alternative functional approach of Kitaev and Suh [7] which allows e�cient

treatment of particle-hole asymmetry, non-linear corrections and non-zero temperatures. Section V

4
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Numerical solution of SYK equations (SY, PRL 1993), compared with conformal perturbation theory.
C is the co-e�cient of the action for the ‘boundary graviton’ in holographic dual.
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SYK
criticality of
fractionalized
excitations

Random t-J model: numerics

Metallic
spin glass.

Condense spinon b↵,
f carrier density p
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Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p
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A condensed boson state with hbi 6= 0, yields a

disordered Fermi liquid.

However, critical states without boson condensation are also pos-

sible. These obey:

Gf (z) = Cf
e�i(⇡�f+✓f )

z1�2�f
, Gb(z) = Cb

e�i(⇡�b+✓b)

z1�2�b
, Im(z) > 0

�f +�b =
1

2

✓f
⇡

+

✓
1

2
��f

◆
sin(2✓f )

sin(2⇡�f )
= k�

✓b
⇡

+

✓
1

2
��b

◆
sin(2✓b)

sin(2⇡�b)
=

1

2
+ � .

The last two are analogs of ‘Luttinger’ relations, which follow from

an anomaly matching argument (Yingei Gu, A. Kitaev, S. Sachdev,

G. Tarnopolsky to appear).
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The time reparameterization soft-mode now leads to
corrections to the Green’s functions of the partons
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We can compute the resistivity from this in a large-d
model, and find
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.

The ↵G term arises from the contribution of the boundary
graviton!
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• Gauge fluctuation at wavevector q couples most e�ciently to
fermions near ±k0.

• Expand fermion kinetic energy at wavevectors about ±k0. In
Landau gauge A = (a, 0).



Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)

<latexit sha1_base64="hTXBcJyJtqJ7zHazFfjzdet7ycw="></latexit>

<latexit sha1_base64="iN2ZiQ3CHtws6FKwxPvDSKoiR8g="></latexit>

L[ ±, a] =

 †
+

�
@⌧ � i@x � @2y

�
 + +  †

�
�
@⌧ + i@x � @2y

�
 �

�g a
⇣
 †
+ + �  †

� �

⌘
+

1

2
(@ya)

2



Large N theory of a critical Fermi surface
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N flavors of fermions  ±↵,

M flavors of a boson a↵, and
a “Yukawa coupling” g↵�� which is a random function in

flavor space. Note: there is no spatial randomness. Take

the large N limit with M/N fixed.
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⌘±↵ = ±1 depending upon nature of a↵: gauge field, Higgs

field, order parameter . . . .

g↵�� = 0 , |g↵�� |2 = g2

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. arXiv: 2103.08615
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We can now proceed just as in the SYK model: we obtain a theory for Green’s
functions which are bilocal in both space and time. Using the spacetime co-
ordinate X ⌘ (⌧, x, y), we can write the averaged partition function
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where we have introduced notation
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Large N theory of a critical Fermi surface
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Large N theory of a critical Fermi surface
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• There is no time-reparameterization soft mode, and no as-
sociated violation of scaling: because of non-trivial action of
time reparameterization on spatial co-ordinates.

• Dynamic scaling exponent z, and fermion anomalous dimen-
sion can (in principle) have corrections at higher orders in
1/N : these can be systematically computed in theory of fields
bilocal in spacetime.

• Can determine scaling dimensions of Cooper pair and 2kF
density wave operators in N = 1 theory: these are univer-
sal functions of M/N , ⌘±↵ = ±1 (and ratios of diamagnetic
susceptibilities with multiple gauge fields). Complex scaling
dimension implies an instability to superconductivity/density
wave order.
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• SYK: a solvable model without quasiparticle excita-

tions, exhibiting thermalization and many-body chaos

in a time of order ~/(kBT ), independent of micro-

scopic energy scales.

• Low energy theory of time reparameterizations is the

theory of the boundary graviton in 2D quantum grav-

ity on AdS2.

• The random t-J model exhibits:

– A pseudogap phase at small doping with spin

glass order.

– A Fermi liquid at large doping.

– Planckian metal behavior near the quantum phase

transition

– SYK criticality.

• Boundary graviton leads to:

– Dynamic spin susceptibility⇠ sgn(!) [1� c|!|+ . . .]
(observed in random t-J model).

– Linear-in-T resistivity in the random t-J model.

– �3/2 ln(1/T ) correction to Bekenstein-Hawking

entropy of low T charged black holes in Einstein

gravity.

Summary
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• Large N theory of a critical Fermi surface is obtained

by an average over theories with random Yukawa

couplings: leads to a G-⌃ theory of Green’s func-

tions which are bilocal in spacetime.


