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The ouroboros, Kekulé's
inspiration for the structure of
benzene.

is single half the time and double half the time. A firmer theoretical basis for a similar idea was
later proposed in 1928 by Linus Pauling, who replaced Kekulé's oscillation by the concept of
resonance between quantum-mechanical structures.[14]

The new understanding of benzene, and hence of all aromatic
compounds, proved to be so important for both pure and applied
chemistry after 1865 that in 1890 the German Chemical Society
organized an elaborate appreciation in Kekulé's honor,
celebrating the twenty-fifth anniversary of his first benzene
paper. Here Kekulé spoke of the creation of the theory. He said
that he had discovered the ring shape of the benzene molecule
after having a reverie or day-dream of a snake seizing its own tail
(this is an ancient symbol known as the ouroboros).[15] This is
likely an example of the exercise of a particular imaginative state,
involving homospatial and janusian processes, followed by
stepwise logical thinking.[16]

A similar humorous depiction of benzene had appeared in 1886 in
the Berichte der Durstigen Chemischen Gesellschaft (Journal of
the Thirsty Chemical Society), a parody of the Berichte der Deutschen Chemischen Gesellschaft,
only the parody had six monkeys seizing each other in a circle, rather than a single snake as in
Kekulé's anecdote.[17] Some historians have suggested that the parody was a lampoon of the snake
anecdote, possibly already well-known through oral transmission even if it had not yet appeared in
print.[18] Others have speculated that Kekulé's story in 1890 was a re-parody of the monkey spoof,
and was a mere invention rather than a recollection of an event in his life.

Kekulé's 1890 speech,[19] in which these anecdotes appeared, has been translated into English.[20]

If one takes the anecdote as reflecting an accurate memory of a real event, circumstances
mentioned in the story suggest that it must have happened early in 1862.[21]

He told another autobiographical anecdote in the same 1890 speech, of an earlier vision of dancing
atoms and molecules that led to his theory of structure, published in May 1858. This happened, he
claimed, while he was riding on the upper deck of a horse-drawn omnibus in London. Once again,
if one takes the anecdote as reflecting an accurate memory of a real event, circumstances related in
the anecdote suggest that it must have occurred in the late summer of 1855.[22]

Lehrbuch der Organischen Chemie (https://gutenberg.beic.it/webclient/DeliveryManager?pi
d=6594362) (in German). 1. Erlangen: Enke. 1859–1861.

Kekulé's dream

Works

= | ⇥⇤⌅ � | ⇤⇥⌅

Kekule’s spooky dream (1865)

*

Wikipedia*

Benzene



11/6/21, 11:23 AMAugust Kekulé - Wikipedia

Page 4 of 8https://en.wikipedia.org/wiki/August_Kekulé

The ouroboros, Kekulé's
inspiration for the structure of
benzene.

is single half the time and double half the time. A firmer theoretical basis for a similar idea was
later proposed in 1928 by Linus Pauling, who replaced Kekulé's oscillation by the concept of
resonance between quantum-mechanical structures.[14]

The new understanding of benzene, and hence of all aromatic
compounds, proved to be so important for both pure and applied
chemistry after 1865 that in 1890 the German Chemical Society
organized an elaborate appreciation in Kekulé's honor,
celebrating the twenty-fifth anniversary of his first benzene
paper. Here Kekulé spoke of the creation of the theory. He said
that he had discovered the ring shape of the benzene molecule
after having a reverie or day-dream of a snake seizing its own tail
(this is an ancient symbol known as the ouroboros).[15] This is
likely an example of the exercise of a particular imaginative state,
involving homospatial and janusian processes, followed by
stepwise logical thinking.[16]

A similar humorous depiction of benzene had appeared in 1886 in
the Berichte der Durstigen Chemischen Gesellschaft (Journal of
the Thirsty Chemical Society), a parody of the Berichte der Deutschen Chemischen Gesellschaft,
only the parody had six monkeys seizing each other in a circle, rather than a single snake as in
Kekulé's anecdote.[17] Some historians have suggested that the parody was a lampoon of the snake
anecdote, possibly already well-known through oral transmission even if it had not yet appeared in
print.[18] Others have speculated that Kekulé's story in 1890 was a re-parody of the monkey spoof,
and was a mere invention rather than a recollection of an event in his life.

Kekulé's 1890 speech,[19] in which these anecdotes appeared, has been translated into English.[20]

If one takes the anecdote as reflecting an accurate memory of a real event, circumstances
mentioned in the story suggest that it must have happened early in 1862.[21]

He told another autobiographical anecdote in the same 1890 speech, of an earlier vision of dancing
atoms and molecules that led to his theory of structure, published in May 1858. This happened, he
claimed, while he was riding on the upper deck of a horse-drawn omnibus in London. Once again,
if one takes the anecdote as reflecting an accurate memory of a real event, circumstances related in
the anecdote suggest that it must have occurred in the late summer of 1855.[22]

Lehrbuch der Organischen Chemie (https://gutenberg.beic.it/webclient/DeliveryManager?pi
d=6594362) (in German). 1. Erlangen: Enke. 1859–1861.

Kekulé's dream

Works

= | ⇥⇤⌅ � | ⇤⇥⌅

*

Wikipedia*

Benzene

Kekule’s spooky dream (1865)



.DESC RI PT ION OF P H YSI CAL REALITY

of lanthanum is 7/2, hence the nuclear magnetic
moment as determined by this analysis is 2.5
nuclear magnetons. This is in fair agreement
with the value 2.8 nuclear magnetons deter-
mined, from La III hyperfine structures by the
writer and N. S. Grace. 9
' M. F. Crawford and N. S. Grace, Phys. Rev. 4'7, 536

(1935).

This investigation was carried out under the
supervision of Professor G. Breit, and, I wish to
thank him for the invaluable advice and assis-
tance so freely given. I also take this opportunity
to acknowledge the award of a Fellowship by the
Royal Society of Canada, and to thank the
University of Wisconsin and the Department of
Physics for the privilege of working here.
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Can Quantum-Mechanical Description of Physical Reality Be Considered Complete' ?

A. EINsTEIN, B. PQDoLsKY AND N. RosEN, Institute for Advanced Study, Princeton, New Jersey
(Received March 25, 1935)

In a complete theory there is an element corresponding
to each element of reality. A sufFicient condition for the
reality of a physical quantity is the possibility of predicting
it with certainty, without disturbing the system. In
quantum mechanics in the case of two physical quantities
described by non-commuting operators, the knowledge of
one precludes the knowledge of the other. Then either (1)
the description of reality given by the wave function in

quantum mechanics is not complete or (2) these two
quantities cannot have simultaneous reality. Consideration
of the problem of making predictions concerning a system
on the basis of measurements made on another system that
had previously interacted with it leads to the result that if
(1) is false then (2) is also false. One is thus led to conclude
that the description of reality as given by a wave function
is not complete.

A NY serious consideration of a physical
theory must take into account the dis-

tinction between the objective reality, which is
independent of any theory, and the physical
concepts with which the theory operates. These
concepts are intended to correspond with the
objective reality, and by means of these concepts
we picture this reality to ourselves.
In attempting to judge the success of a

physical theory, we may ask ourselves two ques-
tions: (1) "Is the theory correct?" and (2) "Is
the description given by the theory complete?"
It is only in the case in which positive answers
may be given to both of these questions, that the
concepts of the theory may be said to be satis-
factory. The correctness of the theory is judged
by the degree of agreement between the con-
clusions of the theory and human experience.
This experience, which alone enables us to make
inferences about reality, in physics takes the
form of experiment and measurement. It is the
second question that we wish to consider here, as
applied to quantum mechanics.

Whatever the meaning assigned to the term
conzp/eEe, the following requirement for a com-
plete theory seems to be a necessary one: every
element of the physical reality must have a counter
part in the physical theory We shall ca. 11 this the
condition of completeness. The second question
is thus easily answered, as soon as we are able to
decide what are the elements of the physical
reality.
The elements of the physical reality cannot

be determined by a priori philosophical con-
siderations, but must be found by an appeal to
results of experiments and measurements. A
comprehensive definition of reality is, however,
unnecessary for our purpose. We shall be satisfied
with the following criterion, which we regard as
reasonable. If, without in any way disturbing a
system, we can predict with certainty (i.e. , with
probability equal to unity) the value of a physical
quantity, then there exists an element of physical
reality corresponding lo this physical quantity. It
seems to us that this criterion, while far from
exhausting all possible ways of recognizing a
physical reality, at least provides us with one



I cannot seriously believe in it because the 
theory cannot be reconciled with the idea that 
physics should represent a reality in time and 
space, free from spooky actions at distance

Albert Einstein to Max Born, 3 March 1947
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Kamerlingh Onnes 1911:

Mercury is a superconductor below -269
�
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FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018

Strange
Metal
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Statistical interpretation of entropy 

(1870)
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S = kB logW

Density of quantum states D(E) = exp(S(E)/kB)
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Quantum Boltzmann equation (Landau) 
Dense gas of electrons
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Neglects quantum interference (entanglement)  
between successive collisions

Ludwig Boltzmann 
20 February 1844 - September 5, 1906 

Vienna, Austria



Current flow with electrons in ordinary metals
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Flow of electrons described by Boltzmann equation )
typical scattering time ⌧ ⇠ 1/T 2, resistivity ⇢(T ) = ⇢(0) +AT 2

The time ⌧ is much longer than a limiting ‘Planckian time’
~

kBT
.

The long scattering time implies that individual electrons are well-defined.

The motion of electrons is ‘ballistic’ or ‘integrable’
up to the long time ⌧ , after which it is chaotic.



<latexit sha1_base64="47gbTNleU6+lOc7JPvUSOwBdc/0="></latexit>

�(!) = i
e2K/(~dc)

~!m⇤(!)

m
+ i

~
⌧(!)

photoemission spectroscopy (ARPES)30. These observations are qua-
litatively consistent with the T-linear dependence of the resistivity and
Planckianbehavior. In contrast, by analyzing themodulus andphaseof
the optical conductivity itself, a power-law behavior σðωÞ = C=ð#iωÞν

*

with an exponent ν* < 1 was reported at higher frequencies
ℏω ≳ 1.5kBT23,24,28,29,31,32. The exponent was found to be in the range
ν* ≈0.65 with some dependence on sample and doping level23,26,28,29.
Hence, from these previous analyses, it would appear that different
power laws are needed to describe optical spectroscopy data: one at
low frequency consistent with ℏω/kBT scaling and Planckian behavior
(ν = 1) and another one with ν* < 1 at higher frequency, most apparent
on the optical conductivity itself in contrast to 1/τ. A number of the-
oretical approaches have considered a power-law dependence of the
conductivity33–42 without resolving this puzzle. A notable exception is
the work of Norman and Chubukov43. The basic assumption of this
work is that the electrons are coupled to a Marginal Fermi Liquid
susceptibility3,4,44,45. The logarithmic behavior of the susceptibility and
corresponding high-energy cut-off observed to be ~ 0.4 eV with
ARPES46, is responsible for the apparent sub-linear power law behavior
of the optical conductivity. Our work broadens and amplifies this
observation. A quantitative description of all aspects at low and high
energy in one fell swoop has, to the best of our knowledge, not been
presented to this day.

Here we present systematic measurements of the optical spectra,
as well as dc resistivity, of a La2−xSrxCuO4 (LSCO) sample with x = p =
0.24 close to the pseudogap critical point, over a broad range of
temperature and frequency. We demonstrate that the data display
Planckian quantum critical scaling over an unprecedented range of
ℏω/kBT. Furthermore, a direct analysis of the data reveals a logarithmic
temperature dependence of the optical effective mass. This

establishes a direct connection to another hallmark of Planckian
behavior, namely the logarithmic enhancement of the specific heat
coefficient C=T ∼ lnT previously observed for LSCO at p = 0.2447 as
well as for other cuprate superconductors such as Eu-LSCO and Nd-
LSCO48.

We introduce a theoretical framework which relies on aminimal
Planckian scaling Ansatz for the inelastic scattering rate. We show
that this provides an excellent description of the experimental data.
Our theoretical analysis offers, notably, a solution to the puzzle
mentioned above. Indeedwe show that, despite the purely Planckian
Ansatz which underlies our model, the optical conductivity com-
puted in this framework is well described by an apparent power law
with ν* < 1 over an intermediate frequency regime, as also observed
in our experimental data. The effective exponent ν* is found to be
non-universal and to depend on the inelastic coupling constant,
which we determine from several independent considerations. The
proposed theoretical analysis provides a unifying framework in
which the behavior of the T-linear resistivity, lnT behavior of C/T,
and scaling properties of the optical spectra can all be understood in
a consistent manner.

Results
Optical spectra and resistivity
Wemeasured the optical properties and extracted the complex optical
conductivity σ(ω, T) of an LSCO single crystal with a-b orientation
(CuO2 planes). The holedoping is p = x =0.24, whichplaces our sample
above and close to the pseudogap critical point of the LSCO
family7,14,49. The pseudogap state for T < T*, p < p* is well characterized
by transport measurements12 and ARPES11. The relatively low Tc = 19 K
of this sample is interesting for extracting the normal-state properties
in optics down to low temperatures without using any external mag-
netic field. In particular, this sample is the same LSCO p = 0.24 sample
as in Ref. 50, where the evolution of optical spectral weights as a
function of doping was reported.

The quantity probed by the optical experiments of the present
study is the planar complex dielectric function ϵ(ω). The dielectric
function has contributions from the free charge carriers, as well as
interband (bound charge) contributions. In the limit ω→0, the latter
contribution converges to a constant real value, traditionally indicated
with the symbol ϵ∞:

ϵðωÞ = ϵ1 + i
σðωÞ
ϵ0ω

ð1Þ

σðωÞ = i
e2K=ð_dcÞ
_ω+MðωÞ

: ð2Þ

Here the free-carrier response σ(ω) is given by the generalized Drude
formula, where all dynamical mass renormalization (m*/m) and
relaxation (ℏ/τ) processes are represented by a memory-function51,52

MðωÞ = _ω
m*ðωÞ
m

# 1
! "

+ i
_

τðωÞ
: ð3Þ

The free-carrier spectral weight per plane is given by the constant K
and the interplanar spacing is dc. The scattering rate ℏ/τ(ω) deduced
using Eqs. ((1), (2), (3)) and the values of K and ϵ∞ discussed below are
displayed in Fig. 1c. It depends linearly on frequency for
kBT≪ ℏω≲0.4 eV and approaches a constant value for ℏω < kBT. This
behavior is similar to that reported for Bi221223. The sign of the
curvature above 0.4 eV depends on ϵ∞ and changes from positive to
negativenear ϵ∞ = 4.5.Our determination ϵ∞ = 2.76presented in Scaling
analysis does not take into account data for ℏω > 0.4 eV and may
therefore yield unreliable values of ℏ/τ in that range (see Supplemen-
tary Information Sec. A and B).

Fig. 1 | Optical data of La2−xSrxCuO4 atp =0.24. aReal andb imaginary part of the
optical conductivity σ deduced from the dielectric function ϵ (Supplementary
Fig. 1), using Eq. (14) and the value ϵ∞ = 2.76. c Scattering rate and d effective mass
deduced from Eqs. (16) and (17) using K = 211 meV. The values of ϵ∞ and K are
discussed and justified in the text. Inset: Temperature dependence of m*/m at
ℏω = 5kBT (see dots in d). In each panel errorbars are indicated for three repre-
sentative frequencies and pertain to the upper curve, i.e., the lowest temperature
for σ(ω), m*(ω)/m and the highest temperature for ℏ/τ(ω). They represent the
uncertainty arising from reflectivity calibration using in-situ gold evaporation, and
have been estimated by repeating the Kramers--Kronig analysis after multiplying
the reflectivity curves by 1 ± 0.002.

Article https://doi.org/10.1038/s41467-023-38762-5

Nature Communications | ��������(2023)�14:3033� 2

This linear dependence of the scattering rate calls for a com-
parison with resistivity. Hence we have also measured the tem-
perature dependence of the resistivity of our sample under two
magnetic fields H = 0 T and H = 16 T. As displayed in Fig. 2a, the
resistivity has a linear T-dependence ρ = ρ0 + AT over an extended
range of temperature, with A ≈ 0.63 μΩcm/K. This is a hallmark of
cuprates in this regime of doping10,13,14,20,53. It is qualitatively con-
sistent with the observed linear frequency dependence of the scat-
tering rate and, as discussed later in this paper, also in good
quantitative agreement with the ω→ 0 extrapolation of our optical
data within experimental uncertainties.

The optical mass enhancement m*(ω)/m is displayed in Fig. 1d.
With the chosen normalization, m*/m does not reach the asymptotic
value of one in the range ℏω <0.4 eV, which means that intra- and
interband and/or mid-infrared transitions overlap above 0.4 eV. The
inset of Fig. 1d shows a semi-log plot of the mass enhancement eval-
uated atℏω = 5kBT, where thenoise level is low forT⩾ 40K.Despite the
larger uncertainties at low T, this plot clearly reveals a logarithmic
temperature dependence ofm*/m. This is a robust feature of the data,
independent of the choice of ϵ∞ and K. We note that the specific heat
coefficient C/T of LSCO at the same doping level was previously
reported to display a logarithmic dependence on temperature, see
Fig. 2c47,48. We will further elaborate on this important finding of a
logarithmic dependence of the optical mass and discuss its relation to
specific heat in the next section.

Scaling analysis
In this section, we consider simultaneously the frequency and tem-
peraturedependenceof theoptical properties and investigatewhether
ℏω/kBT scaling holds for this sample close to the pseudogap critical

point. We propose a procedure to determine the three parameters ϵ∞,
K, and m introduced above.

Puttingω/T scaling to the test. Quantum systems close to a quantum
critical point display scale invariance. Temperature being the only
relevant energy scale in the quantumcritical regime, this leads inmany
cases toω/T scaling22 (inmost of the discussion below, we set ℏ = kB = 1
except when mentioned explicitly). In such a system we expect the
complex optical conductivity to obey a scaling behavior 1/
σ(ω, T)∝ TνF(ω/T), with ν⩽ 1 a critical exponent. More precisely, the
scaling properties of the optical scattering rate and effective mass
read:

1=τðω,TÞ=Tνf τ ðω=TÞ ð4Þ

m*ðω,TÞ #m*ð0,TÞ=Tν#1f mðω=TÞ ð5Þ

with fτ and fm two scaling functions. This behavior requires that both ℏω
and kBT are smaller than a high-energy electronic cutoff, but their ratio
can be arbitrary. Furthermore, we note that when ν = 1 (Planckian case)
the scaling is violated by logarithmic terms, which control in particular
the zero-frequency value of the optical mass m*(0,T). As shown in
Theorywithin a simple theoreticalmodel,ω/T scalingnonetheless holds
in this case to an excellent approximation provided that m*(0, T) is
subtracted, as in Eq. (5). We also note that in a Fermi liquid, the single-
particle scattering rate∝ω2 + (πT)2 does obeyω/T scaling (with formally
ν = 2), but the optical conductivity does not. Indeed, it involves ω/T2

terms violating scaling, and hence depends on two scaling variables
ω/T2 and ω/T, as is already clear from an (approximate) generalized
Drudeexpression 1/σ ≈ − iω + τ0[ω2 + (2πT)2]. For a detaileddiscussionof
this point, see Ref. 54. Such violations of scaling by ω/Tν terms apply
more generally to the case where the scattering rate varies as Tν with
ν > 1. Hence, ω/T scaling for both the optical scattering rate and optical
effective mass are a hallmark of non-Fermi liquid behavior with ν⩽ 1.
Previous work has indeed provided evidence for ω/T scaling in the
optical properties of cuprates23,24.

Here, we investigate whether our optical data obey ω/T scaling.
We find that the quality of the scaling depends sensitively on the
chosen value of ϵ∞. Different prescriptions in the literature to fix ϵ∞
yield—independently of themethod used—values ranging from ϵ∞ ≈ 4.3
for strongly underdoped Bi2212 to ϵ∞ ≈ 5.6 for strongly overdoped
Bi221232,55. The parameter ϵ∞ is commonly understood to represent the
dielectric constant of thematerial in the absenceof the charge carriers,
and is caused by the bound charge responsible for interband transi-
tions at energies typically above 1 eV. While this definition is unam-
biguous for the insulating parent compound, for the doped material
one is confronted with the difficulty that the optical conductivity at
these higher energies also contains contributions described by the
self-energy of the conduction electrons, caused for example by their
coupling to dd-excitations56. Consequently, not all of the oscillator
strength in the interband region represents bound charge. Our model
overcomes this hurdle by determining the low-energy spectrumbelow
0.4 eV, and subsuming all bound charge contributions in a single
constant ϵ∞. Its value is expected to be bound from above by the value
of the insulating phase, in other words we expect to find ϵ∞ < 4.5 (see
Supplementary Information Sec. A). Rather than setting an a priori
value for ϵ∞, we follow here a different route and we choose the value
that yields the best scaling collapse for a given value of the exponent ν.
This program is straightforwardly implemented for 1/τ and indicates
that the best scaling collapse is achieved with ν ≈ 1 and ϵ∞ ≈ 3, see
Fig. 2b as well as Supplementary Information Sec. B and Supplemen-
tary Fig. 2. Turning to m*, we found that subtracting the dc value
m*(ω =0, T) is crucial when attempting to collapse the data. Extra-
polating optical data to zero frequency is hampered by noise. Hence,

Fig. 2 | Scaling of scattering rate and mass enhancement. a Temperature-
dependent resistivity measured in zero field (black) and at 16 teslas (red). The inset
emphasizes the linearity of the 16 T data at low temperature. The dashed line shows
ρ0 +AT with ρ0 = 12.2 μΩcm and A =0.63 μΩcm/K. b Scattering rate divided by
temperature plotted versus ω/T; the collapse of the curves indicates a behavior 1/
τ ~ Tfτ(ω/T). c Effective quasiparticle mass (in units of the indicated band mass m)
deduced from the low-temperature electronic specific heat47

[m*
Cp = ð3=πÞð_

2dc=k
2
BÞðC=TÞ] and zero-frequency optical mass enhancement; the

dashed lines indicate lnT behavior. dOptical mass minus the zero-frequencymass
shown in c plotted versus ω/T; the collapse of the curves indicates a behavior
m*(ω) −m*(0) ~ fm(ω/T). The data between0.22 and0.4 eV are shown asdotted lines.
ϵ∞ = 2.76 was used here as in Fig. 1.
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Black holes 
(1916) 



Objects so dense that light is 
gravitationally bound to them.

Black Holes

Horizon radius R =
2GM

c2
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G Newton’s constant, c velocity of light, M mass of black hole
For M = earth’s mass, R ⇡ 9mm!
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What is inside a black hole ???

In Einstein’s theory, all the matter in a black hole collapses 
to a singularity at the center of the black hole. 

Horizon

Matter of infinite density!
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Quantum Entanglement across a black hole horizon

Bekenstein, Hawking: Black holes have a temperature and an entropy!
 

To an outside observer, the state of the electron inside the black hole cannot be 
known, and so the outside electron is in a random state. 

Black hole 
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Quantum Entanglement across a black hole horizon
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• Can we find a quantum theory for the collapsed matter at the

center of the black hole, whose density of quantum states D(E)

[the quantum analog of Boltzmann’s W ] matches Bekenstein-

Hawking entropy, in accordance with Boltzmann’s principles

of statistical mechanics, S(E) = kB logD(E) ?

• Answer from string theory for ‘supersymmetric’ charged black

holes: D(E) = eS�(E) i.e. all the states required by Hawking’s

entropy have exactly the same energy.
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to solve open problems in the theory of

superconductivity and black holes:

A solvable model of quantum entanglement
of 3, 4, 5, . . .1 particles



The Sachdev-Ye-Kitaev model 
of many-particle entanglement
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The ouroboros, Kekulé's
inspiration for the structure of
benzene.

is single half the time and double half the time. A firmer theoretical basis for a similar idea was
later proposed in 1928 by Linus Pauling, who replaced Kekulé's oscillation by the concept of
resonance between quantum-mechanical structures.[14]

The new understanding of benzene, and hence of all aromatic
compounds, proved to be so important for both pure and applied
chemistry after 1865 that in 1890 the German Chemical Society
organized an elaborate appreciation in Kekulé's honor,
celebrating the twenty-fifth anniversary of his first benzene
paper. Here Kekulé spoke of the creation of the theory. He said
that he had discovered the ring shape of the benzene molecule
after having a reverie or day-dream of a snake seizing its own tail
(this is an ancient symbol known as the ouroboros).[15] This is
likely an example of the exercise of a particular imaginative state,
involving homospatial and janusian processes, followed by
stepwise logical thinking.[16]

A similar humorous depiction of benzene had appeared in 1886 in
the Berichte der Durstigen Chemischen Gesellschaft (Journal of
the Thirsty Chemical Society), a parody of the Berichte der Deutschen Chemischen Gesellschaft,
only the parody had six monkeys seizing each other in a circle, rather than a single snake as in
Kekulé's anecdote.[17] Some historians have suggested that the parody was a lampoon of the snake
anecdote, possibly already well-known through oral transmission even if it had not yet appeared in
print.[18] Others have speculated that Kekulé's story in 1890 was a re-parody of the monkey spoof,
and was a mere invention rather than a recollection of an event in his life.

Kekulé's 1890 speech,[19] in which these anecdotes appeared, has been translated into English.[20]

If one takes the anecdote as reflecting an accurate memory of a real event, circumstances
mentioned in the story suggest that it must have happened early in 1862.[21]

He told another autobiographical anecdote in the same 1890 speech, of an earlier vision of dancing
atoms and molecules that led to his theory of structure, published in May 1858. This happened, he
claimed, while he was riding on the upper deck of a horse-drawn omnibus in London. Once again,
if one takes the anecdote as reflecting an accurate memory of a real event, circumstances related in
the anecdote suggest that it must have occurred in the late summer of 1855.[22]

Lehrbuch der Organischen Chemie (https://gutenberg.beic.it/webclient/DeliveryManager?pi
d=6594362) (in German). 1. Erlangen: Enke. 1859–1861.
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Although now popular in its modern, westernized form as a kids’ game, did you know

that Snakes & Ladders traces its roots to a traditional Indian board game based on

religious philosophies? In the original, it served as a lesson in morality. Playing this

game wasn’t just about winning or losing, but finding out how close you were, to

heaven or hell.

It is believed to have been invented by Jain monks to promote the concept of
liberation

The history of Snakes & Ladders goes back around 1000 years to 10th century CE where

it is believed to have been invented by Jain monks to promote the concept of

liberation from the bondage of passions. The game was symbolic of a man’s journey in

life and the design had a few similarities with the ancient Jain mandalas in which

various squares were illustrated with the notions of karma and moksha.

Jain mandala, 16th century CE | www.mfa.org

As the monks travelled with the game, it acquired many regional names like Gyan
Chaupar in northern India and Mokshapat around Maharashtra, along with Leela and

Parampada Sopanapata. Meanwhile, there also developed other ‘philosophical’

variations – a Hindu and a very rare, Sufi Muslim version.

The ladders represented virtues while the snakes represented vices

In the game, the ladders represented virtues such as faith, generosity, humility and

asceticism while the snakes represented vices such as anger, theft, lust and greed. The

last square represented either a God or heaven meaning you have attained liberation.

The ladders conveyed that good deeds lead you to heaven and evil to a cycle of re-

births. The number of ladders was less than the number of snakes, a reminder that the

path of good is much more difficult to tread, than a path of sins.
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If you like Live History India`s work, do consider extending support to us. No contribution is too small and
it will only take a minute. We thank you for pitching in.
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In a nut-shell the game was meant to inspire players to introspect rather than

compete with each other.

Jain version, painting on cloth, 19th century

Interestingly, the reason the game pivoted around pure luck was because it was in

keeping with the Jain philosophical notion – emphasizing the ideas of fate and destiny.

This was in contrast to other ancient games such as Chaturanga which needed skill or

Pachisi, which focused on a mixture of both.

The Pahari style of the game could run up to 360 squares

Also, it is to be noted that unlike the 100 squares game that is ubiquitous with the

Snakes & Ladder board game today, there wasn’t any standardization then. The most

common types were 84-square Jain board, 101-square Sufi board and the 72 square

Hindu (predominantly Vaishnav) board, followed by their expanded variants, which in

Pahari style can run up to 360-squares.

Often made simply of painted cloth and sometimes on paper, few boards have

survived from any earlier than the mid-18th century. The iconography on it depicts

cosmological elements, with upper regions depicting divine beings and the heavens.

The rest of the board was covered with pictures of animals, flowers and people.

Gyan Chaupar - 19th century CE | Rajasthan Oriental Research Institute, Jodhpur

The appeal of this game not only transcended religious boundaries but also

geographical ones. When it was first brought to Victorian England in 1892 for instance,

it was a big hit. Here it was customised to suit Christian sensibilities. The squares of

fulfilment, grace and success were accessible by ladders of thrift and penitence and

snakes of indulgence, disobedience and indolence caused one to end up in illness,

disgrace and poverty. While the Indian version of the game had snakes outnumbering

ladders, the English counterpart was more forgiving, as it contained each in the same

amount. This concept of equality signifies the cultural ideal that for every sin one

commits, there exists another chance at redemption.

Chutes and Ladders which taught kids about good and bad deeds | www.indoindians.com

In 1943, it was rebranded as Chutes and Ladders in the United States by game pioneer

Milton Bradley. Over time, the game was simplified, stripped of moral lessons

altogether and in its recent avatar, it came to be known as Snakes and Ladders.

This game serves as a perfect example of how even a simple game can evolve over

time and space. In this case, also how a profound lesson in morality, became a game

children play.
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India all the way from Boston, USA.

Catch the fascinating story of how Ic…

and Ice Cream was introduced to

India by one enterprising American. 

S N A P S H O R T  H I S T O R I E S

Gandhara’s Goddess Hariti – Bridging
Faiths
By Naman Ahuja

She was the protector of children and

venerated across faiths. We go back in

time to Gandhara, to trace the story …

Goddess Hariti and how she became

a symbol of a great cultural

confluence, with art historian Naman

Ahuja  
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The Sachdev-Ye-Kitaev (SYK) model



Place electrons randomly on some sites
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The Sachdev-Ye-Kitaev (SYK) model



Place electrons randomly on some sites

Sachdev, Ye (1993); Kitaev (2015)
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The Sachdev-Ye-Kitaev (SYK) model



Entangle electrons pairwise randomly
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The Sachdev-Ye-Kitaev (SYK) model
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The Sachdev-Ye-Kitaev (SYK) model



Entangle electrons pairwise randomly
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The Sachdev-Ye-Kitaev (SYK) model
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The Sachdev-Ye-Kitaev (SYK) model



Entangle electrons pairwise randomly
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The Sachdev-Ye-Kitaev (SYK) model



A solvable model of multi-particle  
quantum entanglement.

 
No quasiparticles: yields a metal in which 

current is carried  
not by individual electrons,  

but by an entangled “quantum soup” 

The Sachdev-Ye-Kitaev (SYK) model
Sachdev, Ye (1993); Kitaev (2015)



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)
S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The SYK model
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Disorder at etched edges of graphene quantum dots (GQD) enables random all-to-all interactions
between localized charges in partially filled Landau levels, providing a potential platform to realize the
Sachdev-Ye-Kitaev (SYK) model. We use quantum Hall edge states in the graphene electrodes to measure
electrical conductance and thermoelectric power across the GQD. In specific temperature ranges, we
observe a suppression of electric conductance fluctuations and slowly decreasing thermoelectric power
across the GQD with increasing temperature, consistent with recent theory for the SYK regime.
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Strong electronic correlations can generate an emergent
system that hosts collective excitations without quasipar-
ticles, deviating from the conventional Fermi liquid picture.
One proposed description is the Sachdev-Ye-Kitaev (SYK)
model, characterized by random, all-to-all four-body inter-
actions. Originally a model for strange metals and complex
quantum phases [1], this model also has been shown to be
holographically dual to theories of quantum gravity [2–4],
prompting searches for an experimental, solid-state reali-
zation of the SYK model [5].
Generating an SYK state requires many electrons at the

same energy with random all-to-all interactions. A theo-
retical proposal suggests creating these conditions by
applying an external magnetic field to a graphene quantum
dot (GQD) with an irregular boundary [6,7]. The disper-
sionless nature of Landau levels (LLs) on the lattice allows
the electrons inside the GQD to remain nearly degenerate,
despite the presence of edge disorder. The irregular shape
of the GQD edge causes the electronic wave functions to
acquire a random spatial structure, creating random all-to-
all interactions between the degenerate fermions in the dot,
precisely as needed for the SYK model.
Experimentally, it has been shown that the charge

transport across etch-defined GQDs often exhibits the
emergence of chaotic dynamics, as a result of the combi-
nation of confinement and disorder [8,9]. Detailed theo-
retical modeling [7] suggests that an etch-defined,
nanoscale GQD subjected to quantizing out-of-plane mag-
netic fields of 10–20 T may host strongly correlated

dynamics reminiscent of the SYK model. Owing to the
non-Fermi liquid (NFL) nature of the SYK system, trans-
port through SYK GQDs can produce distinctive character-
istic behavior compared to a Fermi liquid (FL) description.
For example, nonvanishing extensive entropy in the low-
temperature in a SYK quantum dot produces temperature-
independent, nonvanishing thermoelectric power (TEP),
strongly deviating from the conventional Mott prediction in
the FL regime [10]. Electrical conductance fluctuations,
which in the FL regime are large and governed by single-
particle random matrix theory, are suppressed in the SYK
regime, a result of the absence of quasiparticle excitations
[11]. Since FL-to-NFL transition in the GQD can be tuned
by magnetic field and temperature [12], temperature- and
field-dependent transport through the dot can be utilized to
investigate the emergence of SYK physics in this system.
In this Letter, we study the interplay of disorder, spatial

confinement, and strong electronic interactions in disor-
dered GQD subjected to quantizing magnetic fields of up to
10 T. We measure electrical conductance and TEP across
the GQD as a function of temperature, identifying a low-
temperature FL phase and high-temperature NFL phase
separated by a transition regime. We observe strong
suppression of electrical conductance fluctuations and
nearly temperature-independent TEP in the NFL regime,
consistent with theoretical expectations for the SYKmodel.
The inset of Fig. 1(a) shows a schematic diagram and

electron microscope picture of a GQD used in this Letter.
The device consists of h-BN-encapsulated monolayer
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graphene with top and bottom graphite gates, fabricated
using standard polymer stacking techniques [13,14]. We
shape the heterostructure into a Hall bar geometry using
reactive ion etching, then etch a constriction with a
∼100 nm diameter island in the center, dividing the active
region of the device into two large reservoirs that act as
external contacts coupled to the central graphene dot. The
top graphite gate above the constriction has been removed
to enable independent tuning of the charge carrier densities
in the GQD and graphene reservoirs. We note that the
bottom graphite is separated from GQD with a thin
(5.1 nm) h-BN layer in order to reduce the Coulomb
charging energy. More details about the device fabrication
are provided in the Supplemental Material, Sec. I [15].
The resistance measured across the dot (Rdot) is mea-

sured by biasing the GQD using the graphene reservoir
electrodes. Figure 1(a) shows Rdot as a function of the
bottom and top graphite gate voltages, VBG and VTG. The
main diagonal feature in this plot corresponds to the charge
neutrality point (CNP) of the graphene reservoirs. Near this
reservoir CNP line, an array of steeper vertical features
strongly controlled by VBG arise from conductance fluc-
tuations in the dot. Owing to our device structure, it is
expected that the GQD is more strongly coupled to the
bottom gate than the top gates, although the GQD is weakly
influenced by the top gates due to fringing electric fields.
Line cuts of the dot conductance in Fig. 1(b) highlight these
features, which resemble previous studies of etched GQDs
[8,36]. We also observe that the Rdot is maximized
(∼100 kΩ) when both the reservoirs and the GQD are at
their respective CNPs. We can identify four different
segmented regions bounded by the CNP lines of the
reservoirs and GQD in the VBG-VTG plane. Generally
we find Rdot is larger in the n-p-n (reservoirs n-doped
and GQD p-doped) or p-n-p regimes compared to n-n-n
and p-p-p regimes due to the reduced coupling of GQD to
the reservoirs when their charge carrier polarities are
opposite.
A histogram of conductance minima spacing in the

n-p-n regime [Fig. 1(c)] shows better resemblance to
Gaussian than Poissonian statistics, suggesting chaotic
dynamics [8,37]. Figure 1(d) shows a bias voltage (Vdc)
and gate voltage dependent conductance map in a sup-
pressed conductance region of Fig. 1(b), where the GQD is
near its CNP while the reservoirs are n-doped. We find the
conductance in this stability diagram remains finite and
lacks sharp Coulomb blockade features, suggesting the
charging energy of the GQD is much smaller than the
experimental base temperature of 350 mK. This is con-
sistent with our design parameters for the device.
Upon applying a strong perpendicular magnetic field, B,

the wide graphene reservoir regions show a robust onset of
the quantum Hall (QH) effect (see the Supplemental
Material, Sec. II for reservoir measurements and additional
data at lower magnetic field) [15]. We use the QH edge

states in the reservoir regions to deliver charge current I to
the GQD. As shown in the insets of Fig. 2(a), we measure
the longitudinal (transverse) voltage Vxx (Vxy). The upper
and lower panels of Fig. 2(a) show the corresponding
longitudinal (transverse) conductance Gxx ¼ I=Vxx
(Gxy ¼ I=Vxy) as a function of VBG. Here, we keep the
graphene reservoirs at constant filling fraction ν ¼ 2 by
adjusting the top and bottom gate voltages simultaneously.

(a)

(b)

(d)

(c)

FIG. 1. (a) Rdot as a function of VBG and VTG at zero applied
magnetic field, Tbath ¼ 350 mK, and VSi ¼ 28 V. Inset, above:
schematic of dot device with continuous bottom graphite gate
(purple), GQD (blue) connected to larger reservoirs (gray), and
separate top graphite gates above each reservoir. Below: scanning
electron microscope image of dot device and atomic force
microscope image of the GQD region. (b) Gdot as a function
of VBG at VTG ¼ 1 V (dark blue), 0.5 V (light blue), and 0 V
(green). (c) histogram of spacing between Gdot minima, with fits
of Poisson distribution (dashed line) and Gaussian distribution
(dashed line). (d) Gdot as a function of VBG and dc bias Vdc at
B ¼ 0 T and VTG ¼ 0.5 V.
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In these measurements, we observe three principal zones of
behavior: (1) suppressed conductance when the dot and
reservoirs have opposite carrier types (i.e., n-p-n or p-n-p
regimes); (2) full transmission of integer QH edge states
[i.e., the GQD is in νdot ¼ 2 QH regime, resulting in Gxy ¼
2e2=h in Fig. 2(a)]; and (3) reentrance of finite conductance
fluctuations where νdot > 2. Combining this gate-depen-
dent transport data with the TEP measured across the GQD
[see Fig. 4(a), which will be discussed later], we can
identify the gate voltage regions corresponding to the LL
specified by n", where n is the LL index and subscript
þð−Þ corresponds to the electron (hole) side of the LL.
Since the LL filling fraction of the graphene reservoir

regions is kept at νres ¼ 2, the GQD is weakly coupled to
graphene electrodes for νdot < νres. This condition prevents
the highly conductive QH edge states from shorting the

graphene reservoirs, allowing us to study charge transport
through the GQD. The QH edge states in the reservoir serve
as few-mode FL electrodes, tunnel coupled to the GQD.
Employing a small number of FL modes to probe the GQD
is important for preserving signatures of SYK physics, as
coupling an SYK dot to a large number of FL modes is
predicted to disrupt the SYK phase [12,38]. In this transport
regime, where the GQD filling changes from −1þ to 0−, we
find Gxx exhibits large fluctuations as VBG is changed. As
the temperature increases, these fluctuations diminish
toward a smoothly and slowly varying background value,
as shown in the upper panel of Fig. 2(a). To highlight the
temperature-dependent electrical conductance changes in
the SYK transport regime, Fig. 2(b) shows the temperature
dependence of local extrema of GxxðVBGÞ in the GQD 0−
regime, with specific minima (maxima) marked by open
(closed) symbols in Fig. 2(a). We find that the temperature
dependence of the local minima of Gxx is nearly flat for
temperature T < 3 K, then linearly increasing at higher
temperatures. Local conductance maxima in the same
transport regime similarly show nearly constant magnitudes
up to ∼3 K, drop toward the values of the minima as
temperature increases to ∼10 K, and increase approxi-
mately linearly as the temperature increases further.
To quantify the temperature dependence of the GQD

conductance fluctuations, we study the variance of the
conductance δG2

xx within transport regime 0− after sub-
tracting the broadly modulated baseline value. Figure 2(c)
shows δG2

xx in the temperature range between 1.4 K and
30 K. This analysis highlights two relevant transition
temperatures identified in the behavior of GxxðTÞ discussed
above: while in the low temperature limit T < T1 ≈ 3 K,
δG2

xxðTÞ is nearly constant, for T1 < T < T2 ≈ 10 K, δG2
xx

decreases rapidly, and then less steeply for T > T2.
Recent theoretical work [7,11] has predicted strong

suppression of δG2
xxðTÞ in SYK QDs coupled to FL

reservoirs. In the presence of single-particle hopping
energy t between the localized states, SYK physics can
be realized when the temperature is smaller than the
coherence energy Ecoh ¼ t2=J, where J is the strength of
all-to-all interactions in the SYK dot. Here, the theory for
reservoirs coupled to all internal GQD states predicts
δG2

xx ∼ T−1 for kBT ≪ Ecoh, crossing over to δG2
xx ∼ T−2

for kBT ≫ Ecoh [11]. As shown in Fig. 2(c), the exper-
imentally observed variance exhibits δG2

xx ≲ T−2 at higher
temperatures (black dashed line in inset shows T−2 scaling)
before saturating in the low-temperature limit. The rapid
decrease of the conductance fluctuations that we observe is
a potential hallmark of SYK dynamics in the GQD,
although the exact predicted temperature dependence is
contingent on the coupling between the GQD and the
reservoirs [11,12].
The strong suppression of conductance fluctuations in

the GQD described above spurs us to investigate its
thermoelectric response in similar transport regimes, in

(a)

(b) (c)

FIG. 2. (a) Upper panel: Gxx at B ¼ 10 T with VBG and VTG
simultaneously varied to maintain νres ¼ 2, at a range of temper-
atures between 1.4 K and 32 K as indicated by the color scale.
Shaded regions show the doping regions for various Landau levels
in the dot. Inset schematics illustrate the general behavior of the
edge states in different doping regions, as well as the voltages
measured to determine Gxy andGxx without changing the polarity
of the magnetic field. Open symbols mark minima plotted in (b).
Lower panel:Gxy measured along the sameVBG andVTG values as
Gxx at T ¼ 1.41 K. (b) The three lowest minima (open symbols)
and nearby peaks (filled symbols) ofGxx in the n ¼ 0Landau level
at B ¼ 10 T as a function of temperature. Blue dashed line
marks transition out of low-temperature saturation regime at
T1. (c) Variance of Gxx in n− Landau level at B ¼ 10 T. Blue
dashed line marks T1, while orange dashed line marks T2. Inset:
variance ofGxx versus 1=T2. Black dashed line and orange dotted
line show 1=T2 and 1=T fits, respectively, for T > 3 K.
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Strong electronic correlations can generate an emergent
system that hosts collective excitations without quasipar-
ticles, deviating from the conventional Fermi liquid picture.
One proposed description is the Sachdev-Ye-Kitaev (SYK)
model, characterized by random, all-to-all four-body inter-
actions. Originally a model for strange metals and complex
quantum phases [1], this model also has been shown to be
holographically dual to theories of quantum gravity [2–4],
prompting searches for an experimental, solid-state reali-
zation of the SYK model [5].
Generating an SYK state requires many electrons at the

same energy with random all-to-all interactions. A theo-
retical proposal suggests creating these conditions by
applying an external magnetic field to a graphene quantum
dot (GQD) with an irregular boundary [6,7]. The disper-
sionless nature of Landau levels (LLs) on the lattice allows
the electrons inside the GQD to remain nearly degenerate,
despite the presence of edge disorder. The irregular shape
of the GQD edge causes the electronic wave functions to
acquire a random spatial structure, creating random all-to-
all interactions between the degenerate fermions in the dot,
precisely as needed for the SYK model.
Experimentally, it has been shown that the charge

transport across etch-defined GQDs often exhibits the
emergence of chaotic dynamics, as a result of the combi-
nation of confinement and disorder [8,9]. Detailed theo-
retical modeling [7] suggests that an etch-defined,
nanoscale GQD subjected to quantizing out-of-plane mag-
netic fields of 10–20 T may host strongly correlated

dynamics reminiscent of the SYK model. Owing to the
non-Fermi liquid (NFL) nature of the SYK system, trans-
port through SYK GQDs can produce distinctive character-
istic behavior compared to a Fermi liquid (FL) description.
For example, nonvanishing extensive entropy in the low-
temperature in a SYK quantum dot produces temperature-
independent, nonvanishing thermoelectric power (TEP),
strongly deviating from the conventional Mott prediction in
the FL regime [10]. Electrical conductance fluctuations,
which in the FL regime are large and governed by single-
particle random matrix theory, are suppressed in the SYK
regime, a result of the absence of quasiparticle excitations
[11]. Since FL-to-NFL transition in the GQD can be tuned
by magnetic field and temperature [12], temperature- and
field-dependent transport through the dot can be utilized to
investigate the emergence of SYK physics in this system.
In this Letter, we study the interplay of disorder, spatial

confinement, and strong electronic interactions in disor-
dered GQD subjected to quantizing magnetic fields of up to
10 T. We measure electrical conductance and TEP across
the GQD as a function of temperature, identifying a low-
temperature FL phase and high-temperature NFL phase
separated by a transition regime. We observe strong
suppression of electrical conductance fluctuations and
nearly temperature-independent TEP in the NFL regime,
consistent with theoretical expectations for the SYKmodel.
The inset of Fig. 1(a) shows a schematic diagram and

electron microscope picture of a GQD used in this Letter.
The device consists of h-BN-encapsulated monolayer
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Strong electronic correlations can generate an emergent
system that hosts collective excitations without quasipar-
ticles, deviating from the conventional Fermi liquid picture.
One proposed description is the Sachdev-Ye-Kitaev (SYK)
model, characterized by random, all-to-all four-body inter-
actions. Originally a model for strange metals and complex
quantum phases [1], this model also has been shown to be
holographically dual to theories of quantum gravity [2–4],
prompting searches for an experimental, solid-state reali-
zation of the SYK model [5].
Generating an SYK state requires many electrons at the

same energy with random all-to-all interactions. A theo-
retical proposal suggests creating these conditions by
applying an external magnetic field to a graphene quantum
dot (GQD) with an irregular boundary [6,7]. The disper-
sionless nature of Landau levels (LLs) on the lattice allows
the electrons inside the GQD to remain nearly degenerate,
despite the presence of edge disorder. The irregular shape
of the GQD edge causes the electronic wave functions to
acquire a random spatial structure, creating random all-to-
all interactions between the degenerate fermions in the dot,
precisely as needed for the SYK model.
Experimentally, it has been shown that the charge

transport across etch-defined GQDs often exhibits the
emergence of chaotic dynamics, as a result of the combi-
nation of confinement and disorder [8,9]. Detailed theo-
retical modeling [7] suggests that an etch-defined,
nanoscale GQD subjected to quantizing out-of-plane mag-
netic fields of 10–20 T may host strongly correlated

dynamics reminiscent of the SYK model. Owing to the
non-Fermi liquid (NFL) nature of the SYK system, trans-
port through SYK GQDs can produce distinctive character-
istic behavior compared to a Fermi liquid (FL) description.
For example, nonvanishing extensive entropy in the low-
temperature in a SYK quantum dot produces temperature-
independent, nonvanishing thermoelectric power (TEP),
strongly deviating from the conventional Mott prediction in
the FL regime [10]. Electrical conductance fluctuations,
which in the FL regime are large and governed by single-
particle random matrix theory, are suppressed in the SYK
regime, a result of the absence of quasiparticle excitations
[11]. Since FL-to-NFL transition in the GQD can be tuned
by magnetic field and temperature [12], temperature- and
field-dependent transport through the dot can be utilized to
investigate the emergence of SYK physics in this system.
In this Letter, we study the interplay of disorder, spatial

confinement, and strong electronic interactions in disor-
dered GQD subjected to quantizing magnetic fields of up to
10 T. We measure electrical conductance and TEP across
the GQD as a function of temperature, identifying a low-
temperature FL phase and high-temperature NFL phase
separated by a transition regime. We observe strong
suppression of electrical conductance fluctuations and
nearly temperature-independent TEP in the NFL regime,
consistent with theoretical expectations for the SYKmodel.
The inset of Fig. 1(a) shows a schematic diagram and

electron microscope picture of a GQD used in this Letter.
The device consists of h-BN-encapsulated monolayer
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A0 = 2GQ2/c4 is the area of the
charged black hole horizon at T = 0.
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D(E) of charged black holes 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• For generic charged black holes in 3+1 di-
mensions with horizon area A0 at T = 0 and
fixed charge Q (A0 = 2GQ2/c4), the density
of quantum states at small energy E is
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Answer from string theory for ‘supersymmetric’

charged black holes: D(E) = eS�(E) i.e. all the

states required by Bekenstein-Hawking entropy have

exactly the same energy (Strominger, Vafa (1996)).
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The SYK model simulates
the low energy properties of
the interior of the black hole

for an outside observer
in ⇣-⌧ co-ordinates.
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Fermi surface
as expected
in a model

of free electrons

pc
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Metal

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0
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Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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FIG. 1: (a) Normal state resistivity exponent as a function of T and the T = 0 value of the renormalized boson mass
M (which tunes away from the quantum critical point at M = 0 [6]) together with the superconducting Tc. (b)

Normal state resistivity for different values of M . From bottom to top: M/t = 1.2, 1.1, 0.9, 0.7, 0.6, 0.4, 0.3, 0. The
inset plots A, the co-efficient of the linear-T resistivity, versus the superconducting Tc.

significant intermediate temperature range. At very low
T , there is a crossover to strong disorder physics with bo-
son localization [15–17], where we cannot use a disorder-
averaged analysis.

We consider the Hertz-Millis theory of a quantum
phase transition in a metal associated with a Ising-
nematic parameter � [18] in the presence of spatial dis-
order which preserves the Ising symmetry [19, 20] i.e.
no ‘random field’ disorder. Other order parameters, in-
cluding those at non-zero wavevector, and Fermi-volume
changing transitions without broken symmetries [21],
also map to essentially the same Yukawa-SYK model [10].
We write the Hertz-Millis Lagrangian for � and fermions
 with dispersion "(k) and a Fermi surface at wavevec-
tors k where "(k) = 0 (⌧ is imaginary time) in spatial
dimension d = 2:

LHM =  †
k
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The operator Dr = @2
x
�@2

y
is special to the Ising-nematic

case, and will be dropped for simplicity in our computa-
tions as it unimportant apart from ‘cold spots’ on the
Fermi surface. The transition is tuned by varying the
boson ‘mass’ s. LHM contains the two sources of disor-
der most frequently considered. One is the potential v(r)
acting on the fermions:

• Spatially random potential v(r) with v(r) = 0,
v(r)v(r0) = v2�(r � r0).

Its influence is familiar from the theory of weakly disor-
dered metals [22], leading to marginally relevant local-

ization effects on the fermions [22]. However, much more
relevant is the disorder which couples directly to the bo-
son leading to shifts in the local position of the quantum
phase transition

• Spatially random mass �s(r) with �s(r) = 0,
�s(r)�s(r0) = �s2�(r � r0).

This is a consequence of the violation of the Harris cri-
terion ⌫ > 2/d [23], where ⌫ is the correlation length
exponent, and the value ⌫ = 1/2 in d = 2. Consequently,
it is important that the influence of �s(r) be treated at
the outset. This is also supported by a recent analysis
of v(r) disorder effects along the lines of Ref. 22 near
quantum criticality [24] which found singular corrections
to the boson propagator.

Inspired by various works [2] on making the SYK
model more realistic, recent work [10] proposed the fol-
lowing approach. We can account for the strongly rele-
vant spatial dependence of �s(r) by rescaling � to make
the mass spatially uniform. But this rescaling induces
disorder in the Yukawa coupling g [25–32] (along with
disorder in other less-important couplings that we drop)
leading to the theory
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†(r)] (r)
�
�(r)
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with the coupling g0(r) obeying

• Spatially random Yukawa coupling g0(r) with
g0(r) = 0, g0(r)g0(r0) = g02�(r � r0).
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The two-dimensional Yukawa-Sachdev-Ye-Kitaev (2d-YSYK) model provides a universal theory
of quantum phase transitions in metals in the presence of quenched random spatial fluctuations in
the local position of the quantum critical point. It has a Fermi surface coupled to a scalar field
by spatially random Yukawa interactions. We present full numerical solutions of a self-consistent
disorder averaged analysis of the 2d-YSYK model in both the normal and superconducting states,
obtaining electronic spectral functions, frequency-dependent conductivity, and superfluid stiffness.
Our results reproduce key aspects of observations in the cuprates as analyzed by Michon et al. (Nat.
Comm. 14, 3033 (2023)). We also find a regime of increasing zero temperature superfluid stiffness
with decreasing superconducting critical temperature, as is observed in bulk cuprates.

Higher temperature superconductors of correlated elec-
tron materials all display a ‘strange metal’ phase above
the critical temperature for superconductivity [1, 2]. This
is a metallic phase of matter where the Landau quasi-
particle approach breaks down. It is characterized most
famously by a linear in temperature (T ) electrical re-
sistivity. We use the term strange metal only for those
metals whose resistivity is smaller than the quantum unit
(h/e2 in d = 2 spatial dimensions). Metals with a linear-
in-T resistivity which is larger than the quantum unit are
‘bad metals’.

An often quoted model for a strange or bad metal
(e.g. [3, 4]) is one in which there is a large density of
states of low energy bosonic excitations, usually phonons,
and then quasi-elastic scattering of the electrons off the
bosons leads to linear-in-T resistivity from the Bose oc-
cupation function when T is larger than the typical boson
energy. However, studies of the optical conductivity in
the strange metal of the cuprates [5] show that the dom-
inant scattering is inelastic, not quasi-elastic, and leads
to a non-Drude power-law-in-frequency tail in the optical
conductivity. The optical conductivity data has been in-
cisively analyzed recently by Michon et al. [6]: they have
shown that while the transport scattering rate (related
to the real part of the inverse optical conductivity) ex-
hibits Planckian scaling behavior [1], there are significant

logarithmic deviations from scaling in the frequency and
temperature dependent effective transport mass (related
to the imaginary part of the inverse optical conductivity).
Furthermore, the optical conductivity data connects con-
sistently with d.c. measurements of resistivity and ther-
modynamics.

Our paper presents a self-consistent, disorder-averaged
analysis of a two-dimensional Yukawa-Sachdev-Ye-
Kitaev (2d-YSYK) model, which has a spatially random
Yukawa coupling between fermions,  , with a Fermi sur-
face and a nearly-critical scalar field, �. We use meth-
ods similar to those which yield the exact solution of the
zero-dimensional Sachdev-Ye-Kitaev model. Such a 2d-
YSYK model has been argued [7–9] to provide a universal
description of quantum phase transitions in metals, as-
sociated with the condensation of �, in the presence of
impurity-induced ‘Harris’ disorder [10–12] with spatial
fluctuations in the local position of the quantum critical
point. We find results that display all the key charac-
teristics of the optical conductivity and d.c. resistivity
described by Michon et al., as shown in Fig. 3.

Moreover, YSYK models also display instabilities of
the strange metal to superconductivity [13–17], with the
pairing type dependent upon the particular quantum
phase transition being studied. We will examine an insta-
bility to spin-singlet pairing in a simplified model which
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instead of attempting an extrapolation, we consider m*(0, T) as
adjustable values thatwe again tune such as to optimize the collapse of
the optical data. This analysis of m*/m confirms that the best scaling
collapse occurs for ν ≈ 1 but indicates a larger ϵ∞ ≈ 7 (Supplementary
Information Sec. B and Supplementary Fig. 3). The determination of ϵ∞
from the mass data depends sensitively on the frequency range tested
for scaling and drops to value below ϵ∞ = 3 when focusing on lower
frequencies. As a third step, we perform a simultaneous optimization
of the data collapse for 1/τ and m*/m, which yields the values ν = 1,
ϵ∞ = 2.76 which we will adopt throughout the following. Note that a
determination of ϵ∞ by separation of the high-frequency modes in a
Drude–Lorentz representation of ϵ(ω) yields a larger value
ϵ∞ = 4.5 ± 0.5, as typically found in the cuprates23,32,57. Importantly, all
our conclusions hold if we use this latter value in the analysis, however,
the quality of the scaling displayed in Figs. 2 and 5 is slightly degraded.

Scaling of the optical scattering rate and connection to resistivity.
The scaling properties of the scattering rate obtained from our optical
data according to the procedure described above is illustrated in
Fig. 2b,whichdisplaysℏ/τdividedby kBT andplotted versusℏω/kBT for
temperatures above the superconducting transition. The collapse of
the curves at different temperatures reveals the behavior
ℏ/τ∝ Tfτ(ω/T). The function fτ(x) reaches a constant fτ(0) > 0 at small
values of the argument, and behaves for large arguments as
fτ(x≫ 1)∝ x. This is consistent with the typical quantum critical beha-
vior _=τ ∼ maxðT ,ωÞ. When inserted in the ω =0 limit of Eq. (15), the
value fτ(0) ≈ 5 indicated by Fig. 2b yields 1/σ(0) =AT with A = 0.55 μΩ
cm/K, in fairly good agreement with the measured resistivity (Fig. 2a).
Hence the resistivity and optical-spectroscopy data are fully con-
sistent, both of them supporting a Planckian dissipation scenario with
ν = 1 for LSCO at p = 0.24.

Spectral weight, effective mass and connection to specific heat.
The dc mass enhancement values m*(0, T)/m resulting from the pro-
cedure described above are displayed in Fig. 2c. Remarkably, as seen
on this figure, the scaling analysis delivers an almost perfectly

logarithmic temperature dependence of m*(0, T), consistent with a
Planckian behavior ν = 1. As mentioned above, this logarithmic beha-
vior can actually be identified in the unprocessed optical data, (see
inset of Fig. 1). In order to compare this behavior to the corresponding
logarithmic behavior reported for the specific heat, we note that the
scaling analysis provides m*(0, T) up to a multiplicative constant Km,
where m is the band mass. In contrast, the electronic specific heat
yields the quasiparticle mass in units of the bare electron massme. We
expect that the logarithmic T-variation of m*(0, T) and m*

qp / C=T are
both due to the critical inelastic scattering and that the lnT term in
eachquantity should thereforehave identical prefactors. Imposing this
identity provides a relationship between Km and me, namely (m/me)
K = 583meV.

Remarkably, we have found that this condition is obeyed within
less than a percent by a square-lattice tight-binding model with para-
meters appropriate for LSCO at p =0.24 (Supplementary Information
Sec. E). This model has nearest and next-nearest neighbor hopping
amplitudes t =0.3 eV and t0=t = # 0:1758, respectively, and an electro-
nic densityn =0.76/a2. The Fermi-level density of states is 1.646/(eVa2),
which corresponds to a band massm/me = 2.76 using the LSCO lattice
parameter a = 3.78 Å. The spectral weight is K = 211meV, such that the
prediction of this tight-bindingmodel is (m/me)K = 582meV, in perfect
agreement with the previously determined value. In view of this
agreement, we use the tight-binding model in order to fix the
remaining two system parameters: m = 2.76me and K = 211meV. Fig-
ure 2c compares the mass enhancement inferred from the low-
temperature specific heat and from the scaling analysis of the optical
data. The tight-binding value of the product Km ensures that both data
sets have the same slope on a semi-log plot. However, the resulting
optical mass enhancement is larger than the quasiparticle mass
enhancement by≈0.75,which is also the amount bywhich the infrared
mass enhancement exceeds unity in Fig. 1d. A mass enhancement lar-
ger than unity at 0.4 eV implies that part of the intraband spectral
weight lies above 0.4 eV, overlapping with the interband transitions.
Conversely, interband spectral weight is likely leaking below 0.4 eV,
which prevents us from accessing the absolute value of the genuine
intraband mass by optical means. Figure 2d shows the collapse of the
frequency-dependent change of the mass enhancement, confirming
the behavior m*(ω) −m*(0) ≈ Tν−1fm(ω/T) with ν = 1. The shape of the
scaling function fm(x) agrees remarkably well with the theoretical
prediction derived in Theory below.

Apparent power-law behavior: a puzzle. The above scaling analysis
has led us to the following conclusions. (i) The optical scattering rate
and optical mass enhancement of LSCO at p =0.24 exhibit ω/T scaling
over two decades for the chosen value ϵ∞ = 2.76. (ii) The best collapse
of the data is achieved for an exponent ν = 1 corresponding to
Planckian dissipation. This behavior is consistent with the measured
T-linear resistivity. (iii) The temperature dependence of m*(0, T) that
produces the best data collapse is logarithmic, consistently with the
temperature dependence of the electronic specific heat.

Hence, the data presented in Fig. 2 provide compelling evidence
that the low-energy carriers in LSCO at the doping p = 0.24 experience
linear-in-energy and linear-in-temperature inelastic scattering pro-
cesses, as expected in a scale-invariant quantum critical system char-
acterized by Planckian dissipation. It is therefore at first sight
surprising that the infrared conductivity exhibits as a function of fre-
quency a power lawwith an exponent that is clearly smaller than unity,
as highlighted in Fig. 3a, b. These figures show that the modulus and
phase of σ are both to a good accuracy consistent with the behavior
σ / ð#iωÞ#ν* =ω#ν*eiπ2ν* with an exponent ν* = 0.8. A similar behavior
with exponent ν* ≈0.6 was reported for optimally- and overdoped
Bi221223, while earlier optical investigations of YBCO and Bi2212 have
also reportedpower lawbehavior of Re σðωÞ26,28,29.Wenowaddress this
question by considering a theoreticalmodel presented in the following

Fig. 3 | Sub-linear power lawat intermediate frequencies. aModulus andbphase
of the complex conductivity shown in Fig. 1a and b; the modulus decays with an
exponent ν* ≈0.8 and thephase approaches a value slightly lower than (π/2)ν*. c and
d: same quantities calculated using a Planckian model with linear-in-energy scat-
tering rate, Eqs. (7) and (10). The model and parameters are discussed in the text.
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FIG. 3: (a,b) Normal state optical conductivity at the quantum critical coupling for various temperatures indicated
in Panel (a). (c,d) Transport scattering rate 1/⌧tr and effective mass m⇤ obtained from � using (3); inset of Panel

(c) is a scaling plot with 1/⌧tr and ! scaled by T , inset of Panel (d) is a scaling plotting showing
�m⇤/m = m⇤(!)/m � m⇤(0)/m as a function of !/T . (e,f) Modulus and phase of �(!). The effective exponent ⌫⇤

is explained in the text. Temperatures ranges are the same for Panels (a)-(d) and for Panels (e) and (f). Our results
closely match the trends of the observations in Figs 3a,3b,1c,2b,1d,2d of Ref. 5

does not exceed roughly 20% down to the lowest tem-
peratures we are able to reliably access in the numerical
calculations. At sufficiently low temperatures, however,
we anticipate m⇤(! = 0)/m diverges logarithmically with
T . The behavior of this “optical" mass enhancement is
consistent with the mass enhancement we have inferred
from the fermion self-energy [6]. We also report the mod-
ulus and phase of the optical conductivity in Figs. 3e,f.
Notably, we find the modulus of the conductivity has an
apparent sub-linear power law behavior over an interme-
diate frequency range |�| ⇠ 1/!⌫

⇤
, where ⌫⇤ ' 0.9 for

the chosen set of parameters. Over a similar frequency
range the phase of the optical conductivity plateaus at
a value arg � ' ⌫⇤⇡/2. Such behavior at intermediate
frequencies has been observed in infrared conductivity
measurements of cuprates [].

Within the quantum critical fan, frequency-dependent
observables are generally expected to obey !/T scaling.
In the present model, !/T scaling for the optical con-
ductivity is spoiled by logarithmic corrections [5, 10], the
most significant such effect arising from the logarithmic
divergence of the effective mass with T . This may be
accounted for by utilizing the generalized Drude formula
(3) and considering separately !/T scaling of 1/⌧tr and
�m⇤/m = m⇤(!)/m � m⇤(0)/m, where the subtraction
removes the logarithmic in T effective mass. With this
approach we find reasonable scaling collapse for the opti-

cal scattering rate – see inset of Fig. 3c. For the param-
eters presented here, significant logarithmic corrections
apparently remain for the �m⇤/m. To the extent there
is any reasonable scaling collapse, it only holds over a
much narrow range of !/T (see inset of Fig. 3d).

We now investigate the onset of superconducting pair-
ing in our theory. To preserve time-reversal symmetry,
we consider real-valued random couplings g0

ijl
. The su-

perconducting transition temparature Tc, as shown in
Fig. 1a, is numerically identified by the linearized gap
equation; see Appendix SIII. For each coupling strength
g0, we are interested in the superconducting transition at
the critical point � = �c, where the renormalized boson
mass vanishes approximately as M2 ⇠ T and the resis-
tivity exhibits a linear temperature dependence. At low
temperatures, we find a linear relation between Tc and
A, the slope of the linear-T resistivity ⇢(T ) = ⇢0 + AT
(Fig. 1b). The same correlation between A and Tc is
observed in various cuprate superconductors, suggesting
pairing and non-Fermi-liquid scattering can stem from
the same origin [7]. We have also computed spectral
properties as the system goes through the superconduct-
ing transition. In Fig. 4 we show the evolution of the
electronic density of states at the quantum critical point:
a gap opens as temperatures decreases to T < Tc. The
fermion self-energy behaves as a marginal Fermi liquid
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The two-dimensional Yukawa-Sachdev-Ye-Kitaev (2d-YSYK) model provides a universal theory
of quantum phase transitions in metals in the presence of quenched random spatial fluctuations in
the local position of the quantum critical point. It has a Fermi surface coupled to a scalar field
by spatially random Yukawa interactions. We present full numerical solutions of a self-consistent
disorder averaged analysis of the 2d-YSYK model in both the normal and superconducting states,
obtaining electronic spectral functions, frequency-dependent conductivity, and superfluid stiffness.
Our results reproduce key aspects of observations in the cuprates as analyzed by Michon et al. (Nat.
Comm. 14, 3033 (2023)). We also find a regime of increasing zero temperature superfluid stiffness
with decreasing superconducting critical temperature, as is observed in bulk cuprates.

Higher temperature superconductors of correlated elec-
tron materials all display a ‘strange metal’ phase above
the critical temperature for superconductivity [1, 2]. This
is a metallic phase of matter where the Landau quasi-
particle approach breaks down. It is characterized most
famously by a linear in temperature (T ) electrical re-
sistivity. We use the term strange metal only for those
metals whose resistivity is smaller than the quantum unit
(h/e2 in d = 2 spatial dimensions). Metals with a linear-
in-T resistivity which is larger than the quantum unit are
‘bad metals’.

An often quoted model for a strange or bad metal
(e.g. [3, 4]) is one in which there is a large density of
states of low energy bosonic excitations, usually phonons,
and then quasi-elastic scattering of the electrons off the
bosons leads to linear-in-T resistivity from the Bose oc-
cupation function when T is larger than the typical boson
energy. However, studies of the optical conductivity in
the strange metal of the cuprates [5] show that the dom-
inant scattering is inelastic, not quasi-elastic, and leads
to a non-Drude power-law-in-frequency tail in the optical
conductivity. The optical conductivity data has been in-
cisively analyzed recently by Michon et al. [6]: they have
shown that while the transport scattering rate (related
to the real part of the inverse optical conductivity) ex-
hibits Planckian scaling behavior [1], there are significant

logarithmic deviations from scaling in the frequency and
temperature dependent effective transport mass (related
to the imaginary part of the inverse optical conductivity).
Furthermore, the optical conductivity data connects con-
sistently with d.c. measurements of resistivity and ther-
modynamics.

Our paper presents a self-consistent, disorder-averaged
analysis of a two-dimensional Yukawa-Sachdev-Ye-
Kitaev (2d-YSYK) model, which has a spatially random
Yukawa coupling between fermions,  , with a Fermi sur-
face and a nearly-critical scalar field, �. We use meth-
ods similar to those which yield the exact solution of the
zero-dimensional Sachdev-Ye-Kitaev model. Such a 2d-
YSYK model has been argued [7–9] to provide a universal
description of quantum phase transitions in metals, as-
sociated with the condensation of �, in the presence of
impurity-induced ‘Harris’ disorder [10–12] with spatial
fluctuations in the local position of the quantum critical
point. We find results that display all the key charac-
teristics of the optical conductivity and d.c. resistivity
described by Michon et al., as shown in Fig. 3.

Moreover, YSYK models also display instabilities of
the strange metal to superconductivity [13–17], with the
pairing type dependent upon the particular quantum
phase transition being studied. We will examine an insta-
bility to spin-singlet pairing in a simplified model which
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photoemission spectroscopy (ARPES)30. These observations are qua-
litatively consistent with the T-linear dependence of the resistivity and
Planckianbehavior. In contrast, by analyzing themodulus andphaseof
the optical conductivity itself, a power-law behavior σðωÞ = C=ð#iωÞν

*

with an exponent ν* < 1 was reported at higher frequencies
ℏω ≳ 1.5kBT23,24,28,29,31,32. The exponent was found to be in the range
ν* ≈0.65 with some dependence on sample and doping level23,26,28,29.
Hence, from these previous analyses, it would appear that different
power laws are needed to describe optical spectroscopy data: one at
low frequency consistent with ℏω/kBT scaling and Planckian behavior
(ν = 1) and another one with ν* < 1 at higher frequency, most apparent
on the optical conductivity itself in contrast to 1/τ. A number of the-
oretical approaches have considered a power-law dependence of the
conductivity33–42 without resolving this puzzle. A notable exception is
the work of Norman and Chubukov43. The basic assumption of this
work is that the electrons are coupled to a Marginal Fermi Liquid
susceptibility3,4,44,45. The logarithmic behavior of the susceptibility and
corresponding high-energy cut-off observed to be ~ 0.4 eV with
ARPES46, is responsible for the apparent sub-linear power law behavior
of the optical conductivity. Our work broadens and amplifies this
observation. A quantitative description of all aspects at low and high
energy in one fell swoop has, to the best of our knowledge, not been
presented to this day.

Here we present systematic measurements of the optical spectra,
as well as dc resistivity, of a La2−xSrxCuO4 (LSCO) sample with x = p =
0.24 close to the pseudogap critical point, over a broad range of
temperature and frequency. We demonstrate that the data display
Planckian quantum critical scaling over an unprecedented range of
ℏω/kBT. Furthermore, a direct analysis of the data reveals a logarithmic
temperature dependence of the optical effective mass. This

establishes a direct connection to another hallmark of Planckian
behavior, namely the logarithmic enhancement of the specific heat
coefficient C=T ∼ lnT previously observed for LSCO at p = 0.2447 as
well as for other cuprate superconductors such as Eu-LSCO and Nd-
LSCO48.

We introduce a theoretical framework which relies on aminimal
Planckian scaling Ansatz for the inelastic scattering rate. We show
that this provides an excellent description of the experimental data.
Our theoretical analysis offers, notably, a solution to the puzzle
mentioned above. Indeedwe show that, despite the purely Planckian
Ansatz which underlies our model, the optical conductivity com-
puted in this framework is well described by an apparent power law
with ν* < 1 over an intermediate frequency regime, as also observed
in our experimental data. The effective exponent ν* is found to be
non-universal and to depend on the inelastic coupling constant,
which we determine from several independent considerations. The
proposed theoretical analysis provides a unifying framework in
which the behavior of the T-linear resistivity, lnT behavior of C/T,
and scaling properties of the optical spectra can all be understood in
a consistent manner.

Results
Optical spectra and resistivity
Wemeasured the optical properties and extracted the complex optical
conductivity σ(ω, T) of an LSCO single crystal with a-b orientation
(CuO2 planes). The holedoping is p = x =0.24, whichplaces our sample
above and close to the pseudogap critical point of the LSCO
family7,14,49. The pseudogap state for T < T*, p < p* is well characterized
by transport measurements12 and ARPES11. The relatively low Tc = 19 K
of this sample is interesting for extracting the normal-state properties
in optics down to low temperatures without using any external mag-
netic field. In particular, this sample is the same LSCO p = 0.24 sample
as in Ref. 50, where the evolution of optical spectral weights as a
function of doping was reported.

The quantity probed by the optical experiments of the present
study is the planar complex dielectric function ϵ(ω). The dielectric
function has contributions from the free charge carriers, as well as
interband (bound charge) contributions. In the limit ω→0, the latter
contribution converges to a constant real value, traditionally indicated
with the symbol ϵ∞:

ϵðωÞ = ϵ1 + i
σðωÞ
ϵ0ω

ð1Þ

σðωÞ = i
e2K=ð_dcÞ
_ω+MðωÞ

: ð2Þ

Here the free-carrier response σ(ω) is given by the generalized Drude
formula, where all dynamical mass renormalization (m*/m) and
relaxation (ℏ/τ) processes are represented by a memory-function51,52

MðωÞ = _ω
m*ðωÞ
m

# 1
! "

+ i
_

τðωÞ
: ð3Þ

The free-carrier spectral weight per plane is given by the constant K
and the interplanar spacing is dc. The scattering rate ℏ/τ(ω) deduced
using Eqs. ((1), (2), (3)) and the values of K and ϵ∞ discussed below are
displayed in Fig. 1c. It depends linearly on frequency for
kBT≪ ℏω≲0.4 eV and approaches a constant value for ℏω < kBT. This
behavior is similar to that reported for Bi221223. The sign of the
curvature above 0.4 eV depends on ϵ∞ and changes from positive to
negativenear ϵ∞ = 4.5.Our determination ϵ∞ = 2.76presented in Scaling
analysis does not take into account data for ℏω > 0.4 eV and may
therefore yield unreliable values of ℏ/τ in that range (see Supplemen-
tary Information Sec. A and B).

Fig. 1 | Optical data of La2−xSrxCuO4 atp =0.24. aReal andb imaginary part of the
optical conductivity σ deduced from the dielectric function ϵ (Supplementary
Fig. 1), using Eq. (14) and the value ϵ∞ = 2.76. c Scattering rate and d effective mass
deduced from Eqs. (16) and (17) using K = 211 meV. The values of ϵ∞ and K are
discussed and justified in the text. Inset: Temperature dependence of m*/m at
ℏω = 5kBT (see dots in d). In each panel errorbars are indicated for three repre-
sentative frequencies and pertain to the upper curve, i.e., the lowest temperature
for σ(ω), m*(ω)/m and the highest temperature for ℏ/τ(ω). They represent the
uncertainty arising from reflectivity calibration using in-situ gold evaporation, and
have been estimated by repeating the Kramers--Kronig analysis after multiplying
the reflectivity curves by 1 ± 0.002.
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This linear dependence of the scattering rate calls for a com-
parison with resistivity. Hence we have also measured the tem-
perature dependence of the resistivity of our sample under two
magnetic fields H = 0 T and H = 16 T. As displayed in Fig. 2a, the
resistivity has a linear T-dependence ρ = ρ0 + AT over an extended
range of temperature, with A ≈ 0.63 μΩcm/K. This is a hallmark of
cuprates in this regime of doping10,13,14,20,53. It is qualitatively con-
sistent with the observed linear frequency dependence of the scat-
tering rate and, as discussed later in this paper, also in good
quantitative agreement with the ω→ 0 extrapolation of our optical
data within experimental uncertainties.

The optical mass enhancement m*(ω)/m is displayed in Fig. 1d.
With the chosen normalization, m*/m does not reach the asymptotic
value of one in the range ℏω <0.4 eV, which means that intra- and
interband and/or mid-infrared transitions overlap above 0.4 eV. The
inset of Fig. 1d shows a semi-log plot of the mass enhancement eval-
uated atℏω = 5kBT, where thenoise level is low forT⩾ 40K.Despite the
larger uncertainties at low T, this plot clearly reveals a logarithmic
temperature dependence ofm*/m. This is a robust feature of the data,
independent of the choice of ϵ∞ and K. We note that the specific heat
coefficient C/T of LSCO at the same doping level was previously
reported to display a logarithmic dependence on temperature, see
Fig. 2c47,48. We will further elaborate on this important finding of a
logarithmic dependence of the optical mass and discuss its relation to
specific heat in the next section.

Scaling analysis
In this section, we consider simultaneously the frequency and tem-
peraturedependenceof theoptical properties and investigatewhether
ℏω/kBT scaling holds for this sample close to the pseudogap critical

point. We propose a procedure to determine the three parameters ϵ∞,
K, and m introduced above.

Puttingω/T scaling to the test. Quantum systems close to a quantum
critical point display scale invariance. Temperature being the only
relevant energy scale in the quantumcritical regime, this leads inmany
cases toω/T scaling22 (inmost of the discussion below, we set ℏ = kB = 1
except when mentioned explicitly). In such a system we expect the
complex optical conductivity to obey a scaling behavior 1/
σ(ω, T)∝ TνF(ω/T), with ν⩽ 1 a critical exponent. More precisely, the
scaling properties of the optical scattering rate and effective mass
read:

1=τðω,TÞ=Tνf τ ðω=TÞ ð4Þ

m*ðω,TÞ #m*ð0,TÞ=Tν#1f mðω=TÞ ð5Þ

with fτ and fm two scaling functions. This behavior requires that both ℏω
and kBT are smaller than a high-energy electronic cutoff, but their ratio
can be arbitrary. Furthermore, we note that when ν = 1 (Planckian case)
the scaling is violated by logarithmic terms, which control in particular
the zero-frequency value of the optical mass m*(0,T). As shown in
Theorywithin a simple theoreticalmodel,ω/T scalingnonetheless holds
in this case to an excellent approximation provided that m*(0, T) is
subtracted, as in Eq. (5). We also note that in a Fermi liquid, the single-
particle scattering rate∝ω2 + (πT)2 does obeyω/T scaling (with formally
ν = 2), but the optical conductivity does not. Indeed, it involves ω/T2

terms violating scaling, and hence depends on two scaling variables
ω/T2 and ω/T, as is already clear from an (approximate) generalized
Drudeexpression 1/σ ≈ − iω + τ0[ω2 + (2πT)2]. For a detaileddiscussionof
this point, see Ref. 54. Such violations of scaling by ω/Tν terms apply
more generally to the case where the scattering rate varies as Tν with
ν > 1. Hence, ω/T scaling for both the optical scattering rate and optical
effective mass are a hallmark of non-Fermi liquid behavior with ν⩽ 1.
Previous work has indeed provided evidence for ω/T scaling in the
optical properties of cuprates23,24.

Here, we investigate whether our optical data obey ω/T scaling.
We find that the quality of the scaling depends sensitively on the
chosen value of ϵ∞. Different prescriptions in the literature to fix ϵ∞
yield—independently of themethod used—values ranging from ϵ∞ ≈ 4.3
for strongly underdoped Bi2212 to ϵ∞ ≈ 5.6 for strongly overdoped
Bi221232,55. The parameter ϵ∞ is commonly understood to represent the
dielectric constant of thematerial in the absenceof the charge carriers,
and is caused by the bound charge responsible for interband transi-
tions at energies typically above 1 eV. While this definition is unam-
biguous for the insulating parent compound, for the doped material
one is confronted with the difficulty that the optical conductivity at
these higher energies also contains contributions described by the
self-energy of the conduction electrons, caused for example by their
coupling to dd-excitations56. Consequently, not all of the oscillator
strength in the interband region represents bound charge. Our model
overcomes this hurdle by determining the low-energy spectrumbelow
0.4 eV, and subsuming all bound charge contributions in a single
constant ϵ∞. Its value is expected to be bound from above by the value
of the insulating phase, in other words we expect to find ϵ∞ < 4.5 (see
Supplementary Information Sec. A). Rather than setting an a priori
value for ϵ∞, we follow here a different route and we choose the value
that yields the best scaling collapse for a given value of the exponent ν.
This program is straightforwardly implemented for 1/τ and indicates
that the best scaling collapse is achieved with ν ≈ 1 and ϵ∞ ≈ 3, see
Fig. 2b as well as Supplementary Information Sec. B and Supplemen-
tary Fig. 2. Turning to m*, we found that subtracting the dc value
m*(ω =0, T) is crucial when attempting to collapse the data. Extra-
polating optical data to zero frequency is hampered by noise. Hence,

Fig. 2 | Scaling of scattering rate and mass enhancement. a Temperature-
dependent resistivity measured in zero field (black) and at 16 teslas (red). The inset
emphasizes the linearity of the 16 T data at low temperature. The dashed line shows
ρ0 +AT with ρ0 = 12.2 μΩcm and A =0.63 μΩcm/K. b Scattering rate divided by
temperature plotted versus ω/T; the collapse of the curves indicates a behavior 1/
τ ~ Tfτ(ω/T). c Effective quasiparticle mass (in units of the indicated band mass m)
deduced from the low-temperature electronic specific heat47

[m*
Cp = ð3=πÞð_

2dc=k
2
BÞðC=TÞ] and zero-frequency optical mass enhancement; the

dashed lines indicate lnT behavior. dOptical mass minus the zero-frequencymass
shown in c plotted versus ω/T; the collapse of the curves indicates a behavior
m*(ω) −m*(0) ~ fm(ω/T). The data between0.22 and0.4 eV are shown asdotted lines.
ϵ∞ = 2.76 was used here as in Fig. 1.
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instead of attempting an extrapolation, we consider m*(0, T) as
adjustable values thatwe again tune such as to optimize the collapse of
the optical data. This analysis of m*/m confirms that the best scaling
collapse occurs for ν ≈ 1 but indicates a larger ϵ∞ ≈ 7 (Supplementary
Information Sec. B and Supplementary Fig. 3). The determination of ϵ∞
from the mass data depends sensitively on the frequency range tested
for scaling and drops to value below ϵ∞ = 3 when focusing on lower
frequencies. As a third step, we perform a simultaneous optimization
of the data collapse for 1/τ and m*/m, which yields the values ν = 1,
ϵ∞ = 2.76 which we will adopt throughout the following. Note that a
determination of ϵ∞ by separation of the high-frequency modes in a
Drude–Lorentz representation of ϵ(ω) yields a larger value
ϵ∞ = 4.5 ± 0.5, as typically found in the cuprates23,32,57. Importantly, all
our conclusions hold if we use this latter value in the analysis, however,
the quality of the scaling displayed in Figs. 2 and 5 is slightly degraded.

Scaling of the optical scattering rate and connection to resistivity.
The scaling properties of the scattering rate obtained from our optical
data according to the procedure described above is illustrated in
Fig. 2b,whichdisplaysℏ/τdividedby kBT andplotted versusℏω/kBT for
temperatures above the superconducting transition. The collapse of
the curves at different temperatures reveals the behavior
ℏ/τ∝ Tfτ(ω/T). The function fτ(x) reaches a constant fτ(0) > 0 at small
values of the argument, and behaves for large arguments as
fτ(x≫ 1)∝ x. This is consistent with the typical quantum critical beha-
vior _=τ ∼ maxðT ,ωÞ. When inserted in the ω =0 limit of Eq. (15), the
value fτ(0) ≈ 5 indicated by Fig. 2b yields 1/σ(0) =AT with A = 0.55 μΩ
cm/K, in fairly good agreement with the measured resistivity (Fig. 2a).
Hence the resistivity and optical-spectroscopy data are fully con-
sistent, both of them supporting a Planckian dissipation scenario with
ν = 1 for LSCO at p = 0.24.

Spectral weight, effective mass and connection to specific heat.
The dc mass enhancement values m*(0, T)/m resulting from the pro-
cedure described above are displayed in Fig. 2c. Remarkably, as seen
on this figure, the scaling analysis delivers an almost perfectly

logarithmic temperature dependence of m*(0, T), consistent with a
Planckian behavior ν = 1. As mentioned above, this logarithmic beha-
vior can actually be identified in the unprocessed optical data, (see
inset of Fig. 1). In order to compare this behavior to the corresponding
logarithmic behavior reported for the specific heat, we note that the
scaling analysis provides m*(0, T) up to a multiplicative constant Km,
where m is the band mass. In contrast, the electronic specific heat
yields the quasiparticle mass in units of the bare electron massme. We
expect that the logarithmic T-variation of m*(0, T) and m*

qp / C=T are
both due to the critical inelastic scattering and that the lnT term in
eachquantity should thereforehave identical prefactors. Imposing this
identity provides a relationship between Km and me, namely (m/me)
K = 583meV.

Remarkably, we have found that this condition is obeyed within
less than a percent by a square-lattice tight-binding model with para-
meters appropriate for LSCO at p =0.24 (Supplementary Information
Sec. E). This model has nearest and next-nearest neighbor hopping
amplitudes t =0.3 eV and t0=t = # 0:1758, respectively, and an electro-
nic densityn =0.76/a2. The Fermi-level density of states is 1.646/(eVa2),
which corresponds to a band massm/me = 2.76 using the LSCO lattice
parameter a = 3.78 Å. The spectral weight is K = 211meV, such that the
prediction of this tight-bindingmodel is (m/me)K = 582meV, in perfect
agreement with the previously determined value. In view of this
agreement, we use the tight-binding model in order to fix the
remaining two system parameters: m = 2.76me and K = 211meV. Fig-
ure 2c compares the mass enhancement inferred from the low-
temperature specific heat and from the scaling analysis of the optical
data. The tight-binding value of the product Km ensures that both data
sets have the same slope on a semi-log plot. However, the resulting
optical mass enhancement is larger than the quasiparticle mass
enhancement by≈0.75,which is also the amount bywhich the infrared
mass enhancement exceeds unity in Fig. 1d. A mass enhancement lar-
ger than unity at 0.4 eV implies that part of the intraband spectral
weight lies above 0.4 eV, overlapping with the interband transitions.
Conversely, interband spectral weight is likely leaking below 0.4 eV,
which prevents us from accessing the absolute value of the genuine
intraband mass by optical means. Figure 2d shows the collapse of the
frequency-dependent change of the mass enhancement, confirming
the behavior m*(ω) −m*(0) ≈ Tν−1fm(ω/T) with ν = 1. The shape of the
scaling function fm(x) agrees remarkably well with the theoretical
prediction derived in Theory below.

Apparent power-law behavior: a puzzle. The above scaling analysis
has led us to the following conclusions. (i) The optical scattering rate
and optical mass enhancement of LSCO at p =0.24 exhibit ω/T scaling
over two decades for the chosen value ϵ∞ = 2.76. (ii) The best collapse
of the data is achieved for an exponent ν = 1 corresponding to
Planckian dissipation. This behavior is consistent with the measured
T-linear resistivity. (iii) The temperature dependence of m*(0, T) that
produces the best data collapse is logarithmic, consistently with the
temperature dependence of the electronic specific heat.

Hence, the data presented in Fig. 2 provide compelling evidence
that the low-energy carriers in LSCO at the doping p = 0.24 experience
linear-in-energy and linear-in-temperature inelastic scattering pro-
cesses, as expected in a scale-invariant quantum critical system char-
acterized by Planckian dissipation. It is therefore at first sight
surprising that the infrared conductivity exhibits as a function of fre-
quency a power lawwith an exponent that is clearly smaller than unity,
as highlighted in Fig. 3a, b. These figures show that the modulus and
phase of σ are both to a good accuracy consistent with the behavior
σ / ð#iωÞ#ν* =ω#ν*eiπ2ν* with an exponent ν* = 0.8. A similar behavior
with exponent ν* ≈0.6 was reported for optimally- and overdoped
Bi221223, while earlier optical investigations of YBCO and Bi2212 have
also reportedpower lawbehavior of Re σðωÞ26,28,29.Wenowaddress this
question by considering a theoreticalmodel presented in the following

Fig. 3 | Sub-linear power lawat intermediate frequencies. aModulus andbphase
of the complex conductivity shown in Fig. 1a and b; the modulus decays with an
exponent ν* ≈0.8 and thephase approaches a value slightly lower than (π/2)ν*. c and
d: same quantities calculated using a Planckian model with linear-in-energy scat-
tering rate, Eqs. (7) and (10). The model and parameters are discussed in the text.
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The two-dimensional Yukawa-Sachdev-Ye-Kitaev (2d-YSYK) model provides a universal theory
of quantum phase transitions in metals in the presence of quenched random spatial fluctuations in
the local position of the quantum critical point. It has a Fermi surface coupled to a scalar field
by spatially random Yukawa interactions. We present full numerical solutions of a self-consistent
disorder averaged analysis of the 2d-YSYK model in both the normal and superconducting states,
obtaining electronic spectral functions, frequency-dependent conductivity, and superfluid stiffness.
Our results reproduce key aspects of observations in the cuprates as analyzed by Michon et al. (Nat.
Comm. 14, 3033 (2023)). We also find a regime of increasing zero temperature superfluid stiffness
with decreasing superconducting critical temperature, as is observed in bulk cuprates.

Higher temperature superconductors of correlated elec-
tron materials all display a ‘strange metal’ phase above
the critical temperature for superconductivity [1, 2]. This
is a metallic phase of matter where the Landau quasi-
particle approach breaks down. It is characterized most
famously by a linear in temperature (T ) electrical re-
sistivity. We use the term strange metal only for those
metals whose resistivity is smaller than the quantum unit
(h/e2 in d = 2 spatial dimensions). Metals with a linear-
in-T resistivity which is larger than the quantum unit are
‘bad metals’.

An often quoted model for a strange or bad metal
(e.g. [3, 4]) is one in which there is a large density of
states of low energy bosonic excitations, usually phonons,
and then quasi-elastic scattering of the electrons off the
bosons leads to linear-in-T resistivity from the Bose oc-
cupation function when T is larger than the typical boson
energy. However, studies of the optical conductivity in
the strange metal of the cuprates [5] show that the dom-
inant scattering is inelastic, not quasi-elastic, and leads
to a non-Drude power-law-in-frequency tail in the optical
conductivity. The optical conductivity data has been in-
cisively analyzed recently by Michon et al. [6]: they have
shown that while the transport scattering rate (related
to the real part of the inverse optical conductivity) ex-
hibits Planckian scaling behavior [1], there are significant

logarithmic deviations from scaling in the frequency and
temperature dependent effective transport mass (related
to the imaginary part of the inverse optical conductivity).
Furthermore, the optical conductivity data connects con-
sistently with d.c. measurements of resistivity and ther-
modynamics.

Our paper presents a self-consistent, disorder-averaged
analysis of a two-dimensional Yukawa-Sachdev-Ye-
Kitaev (2d-YSYK) model, which has a spatially random
Yukawa coupling between fermions,  , with a Fermi sur-
face and a nearly-critical scalar field, �. We use meth-
ods similar to those which yield the exact solution of the
zero-dimensional Sachdev-Ye-Kitaev model. Such a 2d-
YSYK model has been argued [7–9] to provide a universal
description of quantum phase transitions in metals, as-
sociated with the condensation of �, in the presence of
impurity-induced ‘Harris’ disorder [10–12] with spatial
fluctuations in the local position of the quantum critical
point. We find results that display all the key charac-
teristics of the optical conductivity and d.c. resistivity
described by Michon et al., as shown in Fig. 3.

Moreover, YSYK models also display instabilities of
the strange metal to superconductivity [13–17], with the
pairing type dependent upon the particular quantum
phase transition being studied. We will examine an insta-
bility to spin-singlet pairing in a simplified model which
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