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Linear-in temperature resistivity from an 
isotropic Planckian scattering rate

Gaël Grissonnanche1,2,3, Yawen Fang2, Anaëlle Legros1,4, Simon Verret1, Francis Laliberté1, 
Clément Collignon1, Jianshi Zhou5, David Graf6, Paul A. Goddard7, Louis Taillefer1,8 ✉ & 
B. J. Ramshaw2,8 ✉

A variety of ‘strange metals’ exhibit resistivity that decreases linearly with 
temperature as the temperature decreases to zero1–3, in contrast to conventional 
metals where resistivity decreases quadratically with temperature. This 
linear-in-temperature resistivity has been attributed to charge carriers scattering at a 
rate given by ħ/τ = αkBT, where α is a constant of order unity, ħ is the Planck constant 
and kB is the Boltzmann constant. This simple relationship between the scattering rate 
and temperature is observed across a wide variety of materials, suggesting a 
fundamental upper limit on scattering—the ‘Planckian limit’4,5—but little is known 
about the underlying origins of this limit. Here we report a measurement of the 
angle-dependent magnetoresistance of La1.6−xNd0.4SrxCuO4—a hole-doped cuprate 
that shows linear-in-temperature resistivity down to the lowest measured 
temperatures6. The angle-dependent magnetoresistance shows a well de#ned Fermi 
surface that agrees quantitatively with angle-resolved photoemission spectroscopy 
measurements7 and reveals a linear-in-temperature scattering rate that saturates at 
the Planckian limit, namely α = 1.2 ± 0.4. Remarkably, we #nd that this Planckian 
scattering rate is isotropic, that is, it is independent of direction, in contrast to 
expectations from ‘hotspot’ models8,9. Our #ndings suggest that 
linear-in-temperature resistivity in strange metals emerges from a 
momentum-independent inelastic scattering rate that reaches the Planckian limit.

Immediately following the discovery of high-temperature supercon-
ductivity in the cuprates, it was noted that their normal-state resistiv-
ity is linear over a broad temperature range10. Linear-in temperature 
(T-linear) resistivity extending to low temperatures indicates a strongly 
correlated metallic state, and it was recognized early on that under-
standing T-linear resistivity may be the key to unravelling the mystery 
of high-temperature superconductivity itself11. Since then, T-linear 
resistivity has become a widespread phenomenon in strongly corre-
lated metals, occurring in systems as diverse as organic and iron-based 
superconductors3 and magic-angle twisted bilayer graphene12. The fact 
that T-linear resistivity is often found in proximity to unconventional 
superconductivity is highly suggestive of a common underlying origin, 
but T-linear resistivity at low temperatures lies outside the standard 
Fermi-liquid description of metals and thus remains a central unsolved 
problem in quantum materials research.

The difficulty in developing a controlled, microscopic theory 
of T-linear resistivity has led to the creation of new theoretical 
approaches that draw on techniques developed for the study of 
quantum gravity, including holography and the Sachdev–Ye–Kitaev 
model13–17. Although these theories are not microscopically moti-
vated, they explicitly account for strong quasiparticle interactions 
in a controlled way and suggest that T-linear resistivity might emerge 

as a universal principle—independent of microscopic details. The 
transport scattering rate 1/τ in these models obeys the so-called  
Planckian limit:

ħ
τ

αk T= , (1)B

where kB and ħ are the Boltzmann and Planck constants, respectively, 
and α is a constant of order unity. Simple estimates of α, based on the 
Drude model, from a wide variety of metals with T-linear resistivity 
are consistent with Planckian-limit scattering4,5,18. The Planckian limit 
even applies to conventional metals such as gold and copper, where 
T-linear resistivity at high temperatures is caused by electron–phonon 
scattering. Phonons, however, cannot explain T-linear resistivity in 
the T → 0 limit, suggesting that the Planckian limit is independent of 
microscopic origin. Estimates based on the Drude model provide no 
information about how the scattering rate varies in momentum space. 
Angle-resolved photoemission spectroscopy (ARPES) does provide the 
momentum dependence19, but only for the single-particle scattering 
rate and not for the transport scattering rate that determines the resis-
tivity. What has been missing is a full momentum-space description of 
the transport scattering rate.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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Fig. 2 | ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24.  
a, Left: the ADMR of Nd-LSCO at p = 0.24 as a function of θ for four different 
temperatures, T = 25 K, T = 20 K, T = 12 K and 6 K, and at B = 45 T. The grey area 
near θ = 90° for T = 6 K and T = 12 K indicates the region where the sample 
becomes superconducting (SC). Right: simulations obtained from the 
Chambers formula using the tight-binding parameters of Extended Data Table 1 
and the scattering-rate model of equation (7). b, Log-scale polar plot of the 
scattering rate at T = 25 K. Note the large scattering rate near the anti-nodes 
where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
xSrxCuO4�is�hidden�by�competing�effects�from�superconductivity:�applying�intense�
magnetic� fields� to�quench� superconductivity,�we�uncover� the�presence�of�glassy�
antiferromagnetic�order�up�to�the�pseudogap�boundary�p*�γ�0.19,�and�not�above.�
There� is� thus�a�quantum�phase� transition�at�p*,�which� is� likely� to�underlie�highǦ
field� observations� of� a� fundamental� change� in� electronic� properties� across� p*.�
Furthermore,�the�continuous�presence�of�quasiǦstatic�moments�from�the�insulator�
up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
<latexit sha1_base64="yQteaZaLoEYlztplY68/SkIu+Hc="></latexit>

<latexit sha1_base64="lg9q9De4KwQ58Vd3EUyU8Cg0TKc="></latexit>

H =
1

(2N)3/2

NX

↵,�,�,�=1

U↵�;�� c
†
↵c

†
�c�c� � µ

X

↵

c
†
↵c↵

c↵c� + c�c↵ = 0 , c↵c
†
� + c

†
�c↵ = �↵�

Q =
1

N

X

↵

c
†
↵c↵

The Sachdev-Ye-Kitaev (SYK) model



The Sachdev-Ye-Kitaev (SYK) model

D. Chowdhury, A. Georges, O. Parcollet, S. Sachdev, arXiv: 2109.05037, review article

<latexit sha1_base64="AocL1Yl5m6m5cUMuyR5dNMG8ndw="></latexit>

• Compressible quantum matter without quasiparticle excitations.

• Green’s function has Planckian time scaling

G(!, T ) ⇠ !�1/2F (~!/kBT ).

• Extensive entropy as T ! 0: limT!0 limN!1 S/N = s0 = 0.464848 . . .

• Leading (dangerously) irrelevant operator is a time

reparameterization soft mode ⌧ ! f(⌧).

• Corrections to entropy from time reparameterization soft mode

S = N(s0 + �T )� (3/2) ln(U/T ).

• Time reparameterization mode also leads to maximal quantum chaos

with out-of-time-order (OTOC) Lyapunov exponent �L = 2⇡kBT/~.
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D(E) ⇠ eS(E)

= eNs0+
p
2N�E

S(T ! 0) = N(s0 + �T )
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No quasiparticle decomposition:
wavefunctions change chaotically
from one state to the next.
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Random t-J model doped with hole density p

<latexit sha1_base64="j1LACDx8hlbK6EjeUd/2EN9IO2A="></latexit>

J ) two-particle interaction, as in SYK
t ) one-particle hopping, as in random matrices
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We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
b (the holon) and a fermion f↵ (the spinon):
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The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which
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Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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2Collège de France, 11 place Marcelin Berthelot, 75005 Paris, France
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
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spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
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quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
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and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.

ar
X

iv
:2

10
3.

08
60

7v
1 

 [c
on

d-
m

at
.st

r-
el

]  
15

 M
ar

 2
02

1

H. Shackleton, A. Wietek, A. Georges, and S. Sachdev, PRL 126, 136602 (2021)

M. Christos, F. M. Haehl, and  
S. Sachdev, arXiv:2110.00007

Maine 

Christos

Felix 

Haehl

<latexit sha1_base64="mNNkTqIVWVqQu2JJQQ1Er6dM2nU="></latexit>

Spin glass order;
SYK fractionalized

spin liquid
for ! > JqEA.

Tc ⇠ Je�
p
⇡M

for SU(M) model



<latexit sha1_base64="fxlxl9/nsTmL/f30897BzzzVePc="></latexit>

Parton theory of insulating J model

Generalize to SU(M) spins and introduce fermionic spinons f↵,
↵ = 1, . . . ,M

S↵� = f†
↵f� � �↵�

2
, f†

↵f↵ = M/2 .

The large N limit, followed by the large M limit, leads to saddle-
point equations for the spinons identical to those for the electrons
in the SYK model.
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phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which
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Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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2

a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
gued [21, 22] that for the case of SU(2), the spin glass
phase should persist up to a critical finite value of doping,
pc, corresponding to a quantum critical point separat-
ing the spin glass phase from a disordered Fermi liquid.
Near criticality, the model is predicted to exhibit SYK-
like criticality with a non-zero extensive entropy and a
linear-in-temperature resistivity [23]. In a weak-coupling
renormalization group, this critical point emerges when
the three fractionalized excitations in the t-J model be-
come degenerate in energy, leading to a zeroth order pre-
diction of pc = 1/3.

Dynamical Spin Response at T = 0. We first present
results on the nature of the spin correlations at T = 0,
providing evidence that the spin glass phase shown to
exist at p = 0 is stable for small values of doping, up to a
critical value of doping near p = 1/3. Using the Lanczos
algorithm, we calculate the spectral function at T = 0,

�
00(!) =

1

3

X

↵

1

N

X

i

X

n

|h n| S
↵

i
| 0i|

2

⇥ [�(! � (En � E0)) � �(! + (En � E0))] ,

(2)

where numerically the delta functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt!1

1
N

P
i
hSi(0)Si(t)i = q 6= 0, is re-

flected by a q�(!) contribution to the dynamical struc-
ture factor S(!), which is related to the spectral function
at T = 0 by �00(!) = S(!) � S(�!). For a finite system
size, the exact delta function in S(!) is replaced by a peak
at low frequency, whose width approaches 0 in the ther-
modynamic limit and whose total spectral weight gives
q. Therefore, the spin glass contribution to �00(!) for fi-
nite systems is given by a low frequency peak, and was
analyzed for this model at p = 0 in [8]. Above pc, a dis-
ordered Fermi liquid is expected to have a low-frequency
behavior of �00(!) ⇠ !.

The spectral function for the random t-J model, calcu-
lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low-frequency for dopings p . 0.4 suggests the
presence of spin glass order in this range of doping. How-
ever, a large-N analysis of this hump must be performed
in order to verify that the hump asymptotes to a delta
function in the thermodynamic limit. To do this, we first
subtract o↵ a background contribution to account for the
rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
term �

00(!) ⇠ sgn(!) as |!| ! 0 at T = 0 (which general-
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FIG. 1. The spectral function �00(!) of the random t � J
model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.
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2Collège de France, 11 place Marcelin Berthelot, 75005 Paris, France
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which
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Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which
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Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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• Quasiparticle lifetime in the Fermi liquid

 25Single particle lifetime
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Figure 2. (a) Imaginary component of the self-energy at the first Matsubara frequency Im[⌃(i⇡T )], for various doping levels p
from 0.1 to 0.895. The dashed lines emphasize the low T -linear regime which characterizes the Fermi liquid. (b) Violation of the
Luttinger theorem at the QCP. The quantity Re⌃extrap(0) � [µ � µ0(p)] vs p for various temperatures 15  �  60 – it vanishes
at low T in the high doping Fermi liquid phase. The doping pc where it deviates from zero defines the QCP (vertical dashed line).
Inset: Electronic compressibility �e = @n/@µ. (c) Inverse lifetime 1/⌧? = �ZIm[⌃extrap(0)] (see App. D). It has a Fermi liquid
T 2 behavior at high doping. Close to the QCP, pc ⇡ 0.16 � 0.19, it becomes linear in T at low temperatures (dashed lines).

Planckian behavior. – We now discuss the QCP, ap-
proaching it from the high-doping side. Figure 2c shows
1/⌧? = �ZIm⌃extrap(0), which is the width of the spec-
tral function A(", !) = �ImG(", ! + i0+)/⇡. In the FL
regime 1/⌧? / T 2 and can be interpreted as the inverse
of the quasiparticle lifetime. Close to the QCP, FL be-
havior breaks down and we find a clear ‘Planckian’ be-
havior [7, 36–41] down to low-T

1

⌧?
' c

kBT

~ , (4)

restoring fundamental constants. Here c is a coe�cient
of order unity; c = 1.0 ± 0.1 for p = 0.19. Furthermore,
the transport scattering rate 1/⌧tr = �2Im⌃extrap(0) is
also approximately T -linear in this regime (see App. G).
Since the self-energy ⌃(!) is strictly local, the elec-
trical resistivity ⇢ defined via the Kubo formula (see
App. E) is determined by 1/⌧tr. This implies that ⇢
has an approximately T -linear dependence. We empha-
size that the resistivity is smaller than the Mott-Io↵e-
Regel value at low-T , in contrast to ‘bad metal’ behavior.
When viewed in terms of Einstein-Sutherland relation
1/⇢ = D �e [20, 23, 52, 53], the T -linearity of ⇢ stems from
the di↵usion constant D / 1/T , rather than from the com-
pressibility �e = @n/@µ, which has little T -dependence
at the QCP (Fig. 2b inset).

Quantum criticality: skewed non-Fermi liquid
and !/T scaling. – We now show that our data sup-
port !/T scaling of the self-energy near the QCP. In real-
frequencies, we expect a scaling form �Im⌃(! + i0+) /
T ⌫�(!/T ) with ⌫ an exponent (⌫ = 2 for a Fermi liquid).
This translates in imaginary time to ⌃(⌧)/⌃(�/2) = ⌃(⌧)
with ⌧ = ⌧/�. In order to test this scaling form

and identify the scaling function ⌃, we plot in Fig. 3ap
|⌃(⌧)⌃(� � ⌧)|/⌃(�/2) and log |⌃(⌧)/⌃(��⌧)| for sev-

eral � and a fixed p = 0.19 close to pc. This allows to
address separately the symmetric (even) and antisymmet-
ric (odd) components of ⌃ under particle-hole symmetry
⌧ ! ��⌧ (! ! �!). Within the range of temperature ac-
cessible to our algorithm we obtain a good scaling collapse
of the data in the long-time limit around ⌧ = 1/2 (see
App. G). The scaling function agrees well with the con-
formally invariant ansatz:

⌃(⌧) = e↵(⌧�1/2)


1

sin ⇡⌧

�⌫+1

, ⌧ =
⌧

�
. (5)

Figure 3b displays the values of ⌫ and ↵ obtained from a fit
of the data in Fig. 3a. We note that ⌫ varies substantially
close to the QCP. The marginal Fermi liquid value ⌫ =
1 [7, 12, 13] and the SU(M ! 1) model value ⌫ =
1/2 [11, 14] are both consistent with our data in the low-
T limit, but lie at opposite ends of our extrapolated range.
We also note that our observed T -linear behavior of 1/⌧tr

has to arise out of a combination of the finite temperature
dependence of the e↵ective ⌫, ↵ and prefactor of ⌃(⌧) (see
App. C).

Remarkably, Fig. 3b shows that at finite-T in the quan-
tum critical region, our model behaves as a ‘skewed’ non-
Fermi liquid, with an !/T scaling function � displaying an
intrinsic particle-hole asymmetry. The latter is encoded
in the spectral asymmetry parameter (skew) ↵ of Eq. (5)
(see App. C), which takes rather large values at finite T .
Whether this asymmetry persists down to zero temper-
ature at the QCP (i.e. ↵ remains finite at T = 0) is an
interesting open question. Recently, such a particle-hole
asymmetry in skewed Planckian metals attracted strong
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Planckian metal
for p ⇡ pc

Large M theory
Resistivity: ⇢(T ) = ⇢(0) + c̃ T . . .

Linear T term is
correction to scaling

from time reparameterization mode.
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Main idea:
IntroduceN flavors of fermions and bosons,
and examine an ensemble of theories with
di↵erent Yukawa couplings. In the large
N limit, every member of the ensemble is
expected to have the same critical proper-
ties, and so it is easier to study the average
theory.
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N flavors of fermions  i,
N flavors of a boson �i, and
a “Yukawa coupling” gijl which is a random function in flavor space.
Note: there is no spatial randomness . In the large N limit

S =

Z
d⌧

X

k

NX

i=1

 †
ik(⌧) [@⌧ � 2t(cos kx + cos ky)� µ] ik(⌧)

+
1

2

Z
d⌧

X

q

NX

i=1

�iq(⌧)
⇥
�@2⌧ � 2J(cos qx + cos qy � 2) +m2

b

⇤
�i,�q(⌧)

+

Z
d⌧

X

k,q

NX

i,j,l=1

hgijl
N
 †
i,k+q(⌧) jk(⌧)�lq(⌧)

i
,

gijl = 0 , |gijl|2 = g2



Invariance under adding 
a ladder

Computation of fermion OTOC

2

leads to the following eigenvalue equation

cfT

2/3

✓
H1/3

✓
�ik0 � ⇡T

2⇡T

◆
+ H1/3

✓
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2
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0
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0
y
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0
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k06
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sinh k0�k
0
0

2T

� ⇡(k0 � k
0
0
)

k02
y
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0
)
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sinh k0�k
0
0

2T

#

+
g
4/34⇡4/3

3
p
3

Z
dk

0
0
dk01

(2⇡)2
(ik01 + (�ik01)2/3(i(k01 � !)))

k01(i(k01 � !))1/3(2k01 � !)

f̃(k0
0
, !, ipx)

cosh k0�k01
2T

cosh k
0
0�k01

2T

(1)

We include an imaginary external momentum ipx because we need such results to identify the structure of the pole
in the complex momentum plane.

Numerical solution.

We numerically solve this equation for a range of
�0.7 < px < 0.7 using the same method described above.
We show the result in Fig. 1 for �L/T as a function of
px. We find that the instantaneous slope (d�L/dpx)|p1 <

2⇡/p1 at px = p1 ⇡ 0.65 where �L = 2⇡T indicating that
the butterfly velocity is given by v1 = 2⇡/p1 and the pole
at �L = 2⇡T gives the major contribution in the OTOC
according to [4].

To show that the eigenvalues do not depend on the
coupling constant g, we notice that one can easily rescale
g in the equation (1) by changing the value of px !
px/g

4/3. Therefore, changing the value of the coupling
constant g will only change the value of the extrenal
momentum px. We therefore can safely set g = 1 ev-
erywhere. The temperature dependence of the eigenval-
ues is linear since one can rescale the equation above as
k0 ! k0/T and ! ! !/T .

OTOCp(t1, t2, t3, t4; k, k
0) ⇡

e
(p)(t1+t2�t3�t4)/2

C(p)
⌥R

p
(t12, k)⌥

A

p
(t34, k

0) (2)

C(p) ⇠ cos
(p)⇡

2
. (3)

OTOCx,0(t1, t2, t3, t4) =

Z
dp

2⇡
e
ipxOTOCp(t1, t2, t3, t4)

⇠ 1

N
u(x, t)

Z

k,k0
⌥R

p
(t12, k)⌥

A

p
(t34, k

0) (4)

where

u(x, t) =

Z 1

�1

dp

2⇡

e
(p)t+ipx

cos(⇡(p)/2)
(5)

Varying the dynamic critical exponent 2 < z  3. We
also computed OTOC using the boson propagator dis-
cussed in [5] for a general power 2 < z  3 as follows

D(q, i⌦m) =
1

|qy|z�1 + g2

8⇡

|⌦m|
|qy|

. (6)
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|p1|

FIG. 1. Plot of the Lyapunov exponent �L/T as a function
of external momentum px on imaginary axis. We find |ps| ⇡
1.04, |p1| ⇡ 0.65. Since |ps| > |p1|, the butterfly velocity
is given by v1 = 2⇡/|p1| ⇡ 9.67g�4/3T 1/3 (after restoring
factors of g and T ). We also find the value of the velocity at
the saddle point vs = 9.01. The value of �L(0) = 2.48T as
expected from [3].

The computations are described in the supplement, and
lead to the results shown in Fig. 2

6

FIG. 2. Diagram representing the ansatz (39). The wavy line represents the scramblon. The figure is adapted from [3] for
momentum-dependent case.

(a)

FIG. 3. Double Keldysh contour for the equation (40).

The points t5 and t6 have the same corresponding imaginary time components as t1 and t2. We therefore need to
shift the coordinates on the Keldysh contour by ±i⇡/2 to either direction as shown in Fig.3. There are two choices

OTOCp,A = OTOCp

⇣
t1, t2, t5 � i

⇡

2
, t6 � i

⇡

2
; k, k

0
⌘

⇡ e
(p)(t1+t2�t5�t6+i⇡)/2

C(p)
⌥R

p
(t12, k)⌥

A

p
(t56, k

0);

OTOCp,A0 = �OTOCp

⇣
t1, t2, t6 + i

⇡

2
, t5 + i

⇡

2
; k, k

0
⌘

⇡ e
(p)(t1+t2�t5�t6�i⇡)/2

C(p)
⌥R

p
(t12, k)⌥

A

p
(t56, k

0)

that we need to add together. The other OTOC in (40) is regular because the points t3, t4 and t7, t8 have di↵erent
imaginary parts, and we obtain

OTOCp(t7, t8, t3, t4; k, k
0) ⇡ e

(p)(t7+t8�t3�t4)/2

C(p)
⌥R

p
(t78, k)⌥

A

p
(t34, k

0) (40)

Plugging in the ansatzes for each OTOC on both sides in (40) we can schematically write

e
(p)

(t1+t2�t3�t4)
2

C(p)
⌥R

p
(t12, k)⌥

A

p
(t34, k
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p
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where the dot product is a notation for the integration over the intermediate times and momentum. The factor of
N comes from the definition of the OTOC and needs to be compensated since we have two of them on the r.h.s.
Simplifying the equation, we obtain

C(p)= 2Ncos
(p)⇡

2

Z
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e
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p
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0)

Thus the function C(p) is zero when (p) = 1. Thus we obtain that the pole structure of the regular OTOC is present
as

C(p) ⇠ cos
(p)⇡

2
. (41)
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leads to the following eigenvalue equation

cfT

2/3

✓
H1/3

✓
�ik0 � ⇡T

2⇡T

◆
+ H1/3

✓
�i(! � k0) � ⇡T

2⇡T

◆◆
� px

�
f̃(k0, !, ipx)

= g
2

Z
dk

0
0
dk

0
y

(2⇡)2

"
cb(k0 � k

0
0
)|k0

y
|

k06
y
+ c

2

b
(k0 � k

0
0
)2

f̃(k0
0
, !, ipx)

sinh k0�k
0
0

2T

� ⇡(k0 � k
0
0
)

k02
y

�(k0 � k
0
0
)
f̃(k0, !, ipx)

sinh k0�k
0
0

2T

#

+
g
4/34⇡4/3

3
p
3

Z
dk

0
0
dk01

(2⇡)2
(ik01 + (�ik01)2/3(i(k01 � !)))

k01(i(k01 � !))1/3(2k01 � !)

f̃(k0
0
, !, ipx)

cosh k0�k01
2T

cosh k
0
0�k01

2T

(1)

We include an imaginary external momentum ipx because we need such results to identify the structure of the pole
in the complex momentum plane.

Numerical solution.

We numerically solve this equation for a range of
�0.7 < px < 0.7 using the same method described above.
We show the result in Fig. 1 for �L/T as a function of
px. We find that the instantaneous slope (d�L/dpx)|p1 <

2⇡/p1 at px = p1 ⇡ 0.65 where �L = 2⇡T indicating that
the butterfly velocity is given by v1 = 2⇡/p1 and the pole
at �L = 2⇡T gives the major contribution in the OTOC
according to [4].

To show that the eigenvalues do not depend on the
coupling constant g, we notice that one can easily rescale
g in the equation (1) by changing the value of px !
px/g

4/3. Therefore, changing the value of the coupling
constant g will only change the value of the extrenal
momentum px. We therefore can safely set g = 1 ev-
erywhere. The temperature dependence of the eigenval-
ues is linear since one can rescale the equation above as
k0 ! k0/T and ! ! !/T .

OTOCp(t1, t2, t3, t4; k, k
0) ⇡

e
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OTOCx,0(t1, t2, t3, t4) =
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dp
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⇠ 1
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where

u(x, t) =

Z 1

�1

dp

2⇡

e
�L(p)t+ipx

cos(�L(p)/(4T ))
(5)

Varying the dynamic critical exponent 2 < z  3. We
also computed OTOC using the boson propagator dis-
cussed in [5] for a general power 2 < z  3 as follows

D(q, i⌦m) =
1

|qy|z�1 + g2

8⇡

|⌦m|
|qy|

. (6)
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FIG. 1. Plot of the Lyapunov exponent �L/T as a function
of external momentum px on imaginary axis. We find |ps| ⇡
1.04, |p1| ⇡ 0.65. Since |ps| > |p1|, the butterfly velocity
is given by v1 = 2⇡/|p1| ⇡ 9.67g�4/3T 1/3 (after restoring
factors of g and T ). We also find the value of the velocity at
the saddle point vs = 9.01. The value of �L(0) = 2.48T as
expected from [3].

The computations are described in the supplement, and
lead to the results shown in Fig. 2
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Computation of fermion OTOC
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We include an imaginary external momentum ipx because we need such results to identify the structure of the pole
in the complex momentum plane.

Numerical solution.

We numerically solve this equation for a range of
�0.7 < px < 0.7 using the same method described above.
We show the result in Fig. 1 for �L/T as a function of
px. We find that the instantaneous slope (d�L/dpx)|p1 <

2⇡/p1 at px = p1 ⇡ 0.65 where �L = 2⇡T indicating that
the butterfly velocity is given by v1 = 2⇡/p1 and the pole
at �L = 2⇡T gives the major contribution in the OTOC
according to [4].

To show that the eigenvalues do not depend on the
coupling constant g, we notice that one can easily rescale
g in the equation (1) by changing the value of px !
px/g

4/3. Therefore, changing the value of the coupling
constant g will only change the value of the extrenal
momentum px. We therefore can safely set g = 1 ev-
erywhere. The temperature dependence of the eigenval-
ues is linear since one can rescale the equation above as
k0 ! k0/T and ! ! !/T .

OTOCp(t1, t2, t3, t4; k, k
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e
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where

u(x, t) =

Z 1

�1

dp

2⇡

e
(p)t+ipx

cos(⇡(p)/2)
(5)

Varying the dynamic critical exponent 2 < z  3. We
also computed OTOC using the boson propagator dis-
cussed in [5] for a general power 2 < z  3 as follows

D(q, i⌦m) =
1

|qy|z�1 + g2

8⇡

|⌦m|
|qy|

. (6)
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FIG. 1. Plot of the Lyapunov exponent �L/T as a function
of external momentum px on imaginary axis. We find |ps| ⇡
1.04, |p1| ⇡ 0.65. Since |ps| > |p1|, the butterfly velocity
is given by v1 = 2⇡/|p1| ⇡ 9.67g�4/3T 1/3 (after restoring
factors of g and T ). We also find the value of the velocity at
the saddle point vs = 9.01. The value of �L(0) = 2.48T as
expected from [3].

The computations are described in the supplement, and
lead to the results shown in Fig. 2

6

FIG. 2. Diagram representing the ansatz (39). The wavy line represents the scramblon. The figure is adapted from [3] for
momentum-dependent case.

(a)

FIG. 3. Double Keldysh contour for the equation (40).

The points t5 and t6 have the same corresponding imaginary time components as t1 and t2. We therefore need to
shift the coordinates on the Keldysh contour by ±i⇡/2 to either direction as shown in Fig.3. There are two choices
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that we need to add together. The other OTOC in (40) is regular because the points t3, t4 and t7, t8 have di↵erent
imaginary parts, and we obtain
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Plugging in the ansatzes for each OTOC on both sides in (40) we can schematically write
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where the dot product is a notation for the integration over the intermediate times and momentum. The factor of
N comes from the definition of the OTOC and needs to be compensated since we have two of them on the r.h.s.
Simplifying the equation, we obtain
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Thus the function C(p) is zero when (p) = 1. Thus we obtain that the pole structure of the regular OTOC is present
as

C(p) ⇠ cos
(p)⇡

2
. (41)
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leads to the following eigenvalue equation
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We include an imaginary external momentum ipx because we need such results to identify the structure of the pole
in the complex momentum plane.

Numerical solution.

We numerically solve this equation for a range of
�0.7 < px < 0.7 using the same method described above.
We show the result in Fig. 1 for �L/T as a function of
px. We find that the instantaneous slope (d�L/dpx)|p1 <

2⇡/p1 at px = p1 ⇡ 0.65 where �L = 2⇡T indicating that
the butterfly velocity is given by v1 = 2⇡/p1 and the pole
at �L = 2⇡T gives the major contribution in the OTOC
according to [4].

To show that the eigenvalues do not depend on the
coupling constant g, we notice that one can easily rescale
g in the equation (1) by changing the value of px !
px/g

4/3. Therefore, changing the value of the coupling
constant g will only change the value of the extrenal
momentum px. We therefore can safely set g = 1 ev-
erywhere. The temperature dependence of the eigenval-
ues is linear since one can rescale the equation above as
k0 ! k0/T and ! ! !/T .
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Varying the dynamic critical exponent 2 < z  3. We
also computed OTOC using the boson propagator dis-
cussed in [5] for a general power 2 < z  3 as follows

D(q, i⌦m) =
1

|qy|z�1 + g2
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. (6)
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FIG. 1. Plot of the Lyapunov exponent �L/T as a function
of external momentum px on imaginary axis. We find |ps| ⇡
1.04, |p1| ⇡ 0.65. Since |ps| > |p1|, the butterfly velocity
is given by v1 = 2⇡/|p1| ⇡ 9.67g�4/3T 1/3 (after restoring
factors of g and T ). We also find the value of the velocity at
the saddle point vs = 9.01. The value of �L(0) = 2.48T as
expected from [3].

The computations are described in the supplement, and
lead to the results shown in Fig. 2

Gu and Kitaev (2019)
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The “scramblon”: C(p) = cos(�L(p)/(4T ))

u(x, t) =

Z 1

�1

dp

2⇡

e�L(p)t+ipx

cos(�L(p)/(4T ))
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We find maximal chaos with �L = 2⇡T ,
and butterfly velocity v1 = 2⇡/|p1| ⇡ 9.67g�4/3T 1/3

Aavishkar Patel 
Berkeley

Maria Tikhanovskaya 
Harvard
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Gu and Kitaev (2019):
Compute �L for imaginary
momentum: i.e. px = i|px|

and include contribution of pole



Transport of a critical Fermi surface

A. Eberlein, I. Mandal, and S. S., PRB 94, 045133 (2016)

Have to include the effects of disorder or umklapp
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Conservation of momentum implies the d.c. conductivity is infinite

Re�(!) = D�(!) + Re�reg(!)

Re�reg(!, T = 0) ⇠ 1

!2/3

Confirmed in the large N theory. Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. to appear



Transport of a critical Fermi surface

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. to appear
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Random potential disorder

Sdisorder,1 =

Z
d⌧

1p
N

X

r

NX

ij=1

vij(r) 
†
ir(⌧) jr(⌧)

where r labels lattice sites.
The potential vij(r) is random both in position and flavor space

v⇤ij(r)vlm(r0) = v2 �(r � r0)�il�jm

In the low T scaling limit Leads to a non-zero d.c. resistivity.
This is similar to the scaling limit of the random t-J model.



Transport of a critical Fermi surface
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Random interaction disorder

Sdisorder,2 =

Z
d⌧

1

N

X

r

NX

ilj=1

g0ijl(r) 
†
ir(⌧) jr(⌧)�lr(⌧),

where r labels lattice sites.
The interaction g0ijl(r) is random both in position and flavor space

g0⇤ijl(r)g
0
abc(r

0) = g0
2
�(r � r0)�ia�jb�lc.

A model with g = v = 0 and g0 non-zero has been studied earlier,
and yields Planckian transport with linear-in-T resistivity.

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. arXiv: 2103.08615E. E. Aldape, T. Cookmeyer,  A. A. Patel, and E. Altman, arXiv:2012.00763



Transport of a critical Fermi surface

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. to appear

<latexit sha1_base64="22MjUrCtsZrmXRDDRhxc/vu2eY4="></latexit>

Random interaction disorder
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where r labels lattice sites.
The interaction g0ijl(r) is random both in position and flavor space

g0⇤ijl(r)g
0
abc(r

0) = g0
2
�(r � r0)�ia�jb�lc.

A model with g = v = 0 and g0 non-zero has been studied earlier,
and yields Planckian transport with linear-in-T resistivity.

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. arXiv: 2103.08615E. E. Aldape, T. Cookmeyer,  A. A. Patel, and E. Altman, arXiv:2012.00763
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With g, v, g0 all non-zero, resistivity ⇢(T ) = ⇢(0) + c̃ T . . .. ⇢(0) is determined by v,
while c̃ is determined by a subleading operator, g0, as in the random t-J model.



1.  SYK model 

2.  Random t-J model


3.  Fermi surface coupled to a  
        critical boson in 2 dimensions
        Large N expansion, maximal chaos,

            and transport


4.  Black holes 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Thermodynamics of quantum black holes with charge Q:

Z
Dgµ⌫DAµ exp

✓
�1

~ S(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
⇥
 

....????...

!

Metric of  
spacetime

Electromagnetic 
gauge field
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In general, this integral is not well defined, because of an
uncontrollably large number of spacetime configurations.
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Thermodynamics of quantum black holes with charge Q:

Z
Dgµ⌫DAµ exp

✓
�1

~ S(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
⇥
 

....????...

!
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SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c

◆

A0 is the area of the charged black hole horizon at T = 0.
Q is the black hole charge.
A0 is a function of Q.

Gibbons, Hawking (1977)

Chambin, Emparan, Johnson, Myers (1999)
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Questions
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• Is Einstein-Maxwell theory meaningful beyond the saddle point, and
can we compute quantum fluctuation corrections to SBH?

• Can the resulting entropy be understood as that of a unitary quantum
system with a discrete spectrum ?

• Can we compute the evolution of the entropy as the black hole evap-
orates? Is it that of an evaporating unitary quantum system?
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Thermodynamics of quantum black holes with charge Q:
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Note the similarity to the large N entropy of the SYK model ! 
(along with other similarities) Sachdev PRL 2010
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Chambin, Emparan, Johnson, Myers (1999)



Reissner-Nordstrom black hole of 
Einstein-Maxwell theory
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Reissner-Nordstrom black hole of 
Einstein-Maxwell theory
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Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdS2) at low energies!
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Thermodynamics of quantum black holes with charge Q:
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SBH(T ! 0,Q) =
A(T )c3
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A0 is the area of the charged black hole horizon at T = 0.
Q is the black hole charge.
A0 is a function of Q.

Maldacena, Stanford, Yang (2016)
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A0 is the area of the charged black hole horizon at T = 0.
Q is the black hole charge.
A0 is a function of Q.
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Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); Moitra, 
Trivedi, Vishal (2018) ; Gaikwad, Joshi, Mandal, Wadia (2018); Sachdev (2019); Iliesiu, Turaci (2020) 
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Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); Moitra, 
Trivedi, Vishal (2018) ; Gaikwad, Joshi, Mandal, Wadia (2018); Sachdev (2019); Iliesiu, Turaci (2020) 
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A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge. The lnT term
is the contribution of the boundary graviton.
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(There is also a
�(241/45) ln(A0/G)
correction at T = 0

A. Sen 2011)



Complex SYK model
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PRB 63, 134406 (2001)
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No quasiparticle decomposition:
wavefunctions change chaotically
from one state to the next.

Same entropy 
and  

(coarse-grained)  
density of states 

in a model of 
interacting 
(fermionic) 

qubits with a 
discrete 

spectrum!



Many-body density of states

Supersymmetric black holes and SYK models
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Fu, Gaiotto, Maldacena, Sachdev (2017); Stanford, Witten (2017); Heydeman, Iliesiu, Turiaci, Zhao (2020)



1.  SYK model 

2.  Random t-J model


3.  Fermi surface coupled to a  
        critical boson in 2 dimensions
        Large N expansion, maximal chaos,

            and transport


4.  Black holes 


