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Challenge for theory:

A model of a metal in which
the resistivity, ⇢, obeys

lim
T!0

d⇢

dT
6= 0

⇢(T ) = ⇢(0) +AT + . . . , T ! 0 .
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2 key ingredients

1. Emergent gauge symmetry and fractionalization

c↵ = f↵b†

f↵ ! ei� f↵ , b ! b ei�

2. Time reparameterization symmetry

⌧ ! f(⌧)

Present in models of non-Fermi liquids:
quantum matter at variable density
without quasiparticle excitations
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Fermi surface coupled to a gauge field

• Gauge fluctuation at wavevector ~q couples most e�ciently to
fermions near ±~k0.

• Expand fermion kinetic energy at wavevectors about ±~k0. In
Landau gauge ~A = (a, 0).
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Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Simple scaling argument for z = 3/2.
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Under the rescaling x ! x/s, y ! y/s1/2, and ⌧ ! ⌧/sz, we
find invariance provided

a ! a s

 !  s(2z+1)/4

g ! g s(3�2z)/4

So the action is invariant provided z = 3/2.

Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Fermi surface coupled to a gauge field

X X

Because the bare time derivatives are irrelevant, the critical
theory has an emergent time reparameterization symmetry:

⌧ ! f(⌧)

d⌧ ! f 0(⌧) d⌧

x ! [f 0(⌧)]1/z x

y ! [f 0(⌧)]1/(2z) y

A ! [f 0(⌧)]1/z A

 ! [f 0(⌧)]�(2z+1)/(4z)  
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1.  SYK criticality +  
        time reparameterization soft mode 

2.  SYK lattice models

3.  Fractionalization and SYK criticality  
        in t-J models with random exchange
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)
S. Sachdev and J. Ye, PRL 70, 3339 (1993)

Uab;cd are independent random variables

with Uab;cd = 0 and |Uab;cd|2 = U2
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The complex SYK model

H =
1

(2N)3/2

NX

a,b,c,d=1
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Feynman graph expansion in Uab;cd, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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The complex SYK model

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables

is controlled by a time reparameterization soft mode. The

action for this soft mode is controlled by an emergent SL(2,R)

symmetry.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):

D
c†a(t)cb(0)ca(t)c

†
b(0)

E
= C0 + C1

✓
e�t

N

◆
+ . . .

with � = 2⇡kBT/~.

6. For spinful fermions, spin correlations decay as

D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
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The complex SYK model

A. Georges, O. Parcollet, 
and S. Sachdev,  PRB 63, 
134406 (2001)

Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
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N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables

is controlled by a time reparameterization soft mode. The

action for this soft mode is controlled by an emergent SL(2,R)
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5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):
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E
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N
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with � = 2⇡kBT/~.

6. For spinful fermions, spin correlations decay as

D
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E
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The complex SYK model

A. Eberlein, V. Kasper, S. Sachdev, and J. Steinberg, PRB 96, 205123 (2017)

Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables

is controlled by a time reparameterization soft mode. The

action for this soft mode is controlled by an emergent SL(2,R)
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order correlator (OTOC):
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The complex SYK model

J. Maldacena and D. Stanford, PRD 94, 106002 (2016)

A. Kitaev, KITP talk (2015)

A. Kitaev and J. Suh, JHEP 183 (2018)

Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables

is controlled by a time reparameterization soft mode. The

action for this soft mode is controlled by an emergent SL(2,R)

symmetry.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):
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Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables is

controlled by a time reparameterization soft mode. A Schwarzian

action for this soft mode is implied by an emergent SL(2,R)

symmetry. Specifically, the entropy is S(T )/N = S0(Q)+�T ,
where � propotional to the co-e�cient of the Schwarzian.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):

D
c†a(t)cb(0)ca(t)c

†
b(0)

E
= C0 + C1

✓
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+ . . .

with � = 2⇡kBT/~.

6. For spinful fermions, spin correlations decay as
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S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

The complex SYK model



A. Kitaev, 2015

S. Sachdev,  
PRX 5, 041025 (2015)

X X
X

At frequencies ⌧ U , the i! + µ can be dropped,
and without it equations are invariant under the
reparametrization and gauge transformations.
The singular part of the self-energy and the Green’s
function obey

Z �

0
d⌧2 ⌃sing(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃sing(⌧1, ⌧2) = �U2G2(⌧1, ⌧2)G(⌧2, ⌧1)

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

The complex SYK model



The complex SYK model

J. Maldacena and D. Stanford, PRD 94, 106002 (2016)

A. Kitaev, KITP talk (2015)

A. Kitaev and J. Suh, JHEP 183 (2018)

Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables

is controlled by a time reparameterization soft mode. The

action for this soft mode is controlled by an emergent SL(2,R)

symmetry.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):

D
c†a(t)cb(0)ca(t)c

†
b(0)

E
= C0 + C1

✓
e�t

N

◆
+ . . .

with � = 2⇡kBT/~.

6. For spinful fermions, spin correlations decay as

D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
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Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables is

controlled by a time reparameterization soft mode. A Schwarzian

action for this soft mode is implied by an emergent SL(2,R)

symmetry. Specifically, the entropy is S(T )/N = S0(Q)+�T ,
where � propotional to the co-e�cient of the Schwarzian.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):
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c†a(t)cb(0)ca(t)c

†
b(0)

E
= C0 + C1

✓
e�t

N

◆
+ . . .

with � = 2⇡kBT/~.

6. For spinful fermions, spin correlations decay as
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The complex SYK model
Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables

is controlled by a time reparameterization soft mode. The

action for this soft mode is controlled by an emergent SL(2,R)

symmetry.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):
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E
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J. Maldacena and D. Stanford, PRD 94, 106002 (2016)

A. Kitaev, KITP talk (2015)

A. Kitaev and J. Suh, JHEP 183 (2018)

Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables is

controlled by a time reparameterization soft mode. A Schwarzian

action for this soft mode is implied by an emergent SL(2,R)

symmetry. Specifically, the entropy is S(T )/N = S0(Q)+�T ,
where � propotional to the co-e�cient of the Schwarzian.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):
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c†a(t)cb(0)ca(t)c
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b(0)
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= C0 + C1
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with � = 2⇡kBT/~.

6. For spinful fermions, spin correlations decay as
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The complex SYK model
Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables

is controlled by a time reparameterization soft mode. The

action for this soft mode is controlled by an emergent SL(2,R)

symmetry.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):
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S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

D
~S(⌧) · ~S(0)

E
⇠ 1/|⌧ |
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Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables is

controlled by a time reparameterization soft mode. A Schwarzian

action for this soft mode is implied by an emergent SL(2,R)

symmetry. Specifically, the entropy is S(T )/N = S0(Q)+�T ,
where � propotional to the co-e�cient of the Schwarzian.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):
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6. For spinful fermions, spin correlations decay as
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1.  SYK criticality +  
        time reparameterization soft mode 

2.  SYK lattice models

3.  Fractionalization and SYK criticality  
        in t-J models with random exchange



A strange metal: lattice of SYK islands

See also Antoine Georges and 
Olivier Parcollet  

PRB 59, 5341 (1999)

t
U

G(k, i!) =
1

i! � ✏k � ⌃(k, i!)
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1.  SYK criticality +  
        time reparameterization soft mode 

2.  SYK lattice models

3.  Fractionalization and SYK criticality  
        in t-J models with random exchange
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Fractionalization in the t-J model
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Fractionalization in the t-J model
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quantum
critical

point/phase

<latexit sha1_base64="TpiVksIxi5BKWl2v7j173CmJFjQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

t-J phase diagram: RG using either SU(2|1) or SU(1|2)

<latexit sha1_base64="Q1k6uqBEWmQopZPb5t3aZHSc8qY="></latexit>

D. Joshi, Chenyuan Li,  
G. Tarnopolsky,  A. Georges,  
S. Sachdev,  
PRX 10, 021033 (2020)



p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

Deconfined
quantum
critical

point/phase

<latexit sha1_base64="TpiVksIxi5BKWl2v7j173CmJFjQ="></latexit>

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds=">AAACHXicdZDPahsxEMa1+V+3SZz0FHoRdQo5lM2uvbbbQyGklx4TiGMT2xitdmwLa6VFmk1qFtNH6anX9ClyK72WPkTfIbLjQluaDwQf38wwo1+cSWExCH56K6tr6xubW09KT59t7+yW9/Yvrc4NhxbXUptOzCxIoaCFAiV0MgMsjSW048n7eb19DcYKrS5wmkE/ZSMlhoIzdNGgfHAFRuOYapOAeU0PswGn72h4XDsclCuBX3 8bNcKABn5QbdQb4dxEzVqzTkM/WKhCljoblH/1Es3zFBRyyazthkGG/YIZFFzCrNTLLWSMT9gIus4qloLtF4svzOgrlyR0qI17Cuki/XOiYKm10zR2nSnDsf23Ng//V+vmOHzTL4TKcgTFHxYNc0lR0zkPmggDHOXUGcaNcLdSPmaGcXTUSj0LDqka4bjoIXzEG5G4PUUk1Mzx+Q2BPm4uq34Y+dF5tXJyuiS1RV6Ql+SIhKRJTsgHckZahJNP5Au5JV+9z96d9837/tC64i1nnpO/5P24B7pIoYc=</latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

t-J phase diagram: RG using either SU(2|1) or SU(1|2)

<latexit sha1_base64="Q1k6uqBEWmQopZPb5t3aZHSc8qY="></latexit>

D. Joshi, Chenyuan Li,  
G. Tarnopolsky,  A. Georges,  
S. Sachdev,  
PRX 10, 021033 (2020)



p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

Deconfined
quantum
critical

point/phase

<latexit sha1_base64="TpiVksIxi5BKWl2v7j173CmJFjQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds=">AAACHXicdZDPahsxEMa1+V+3SZz0FHoRdQo5lM2uvbbbQyGklx4TiGMT2xitdmwLa6VFmk1qFtNH6anX9ClyK72WPkTfIbLjQluaDwQf38wwo1+cSWExCH56K6tr6xubW09KT59t7+yW9/Yvrc4NhxbXUptOzCxIoaCFAiV0MgMsjSW048n7eb19DcYKrS5wmkE/ZSMlhoIzdNGgfHAFRuOYapOAeU0PswGn72h4XDsclCuBX3 8bNcKABn5QbdQb4dxEzVqzTkM/WKhCljoblH/1Es3zFBRyyazthkGG/YIZFFzCrNTLLWSMT9gIus4qloLtF4svzOgrlyR0qI17Cuki/XOiYKm10zR2nSnDsf23Ng//V+vmOHzTL4TKcgTFHxYNc0lR0zkPmggDHOXUGcaNcLdSPmaGcXTUSj0LDqka4bjoIXzEG5G4PUUk1Mzx+Q2BPm4uq34Y+dF5tXJyuiS1RV6Ql+SIhKRJTsgHckZahJNP5Au5JV+9z96d9837/tC64i1nnpO/5P24B7pIoYc=</latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

t-J phase diagram: RG using either SU(2|1) or SU(1|2)

<latexit sha1_base64="Q1k6uqBEWmQopZPb5t3aZHSc8qY="></latexit>

D. Joshi, Chenyuan Li,  
G. Tarnopolsky,  A. Georges,  
S. Sachdev,  
PRX 10, 021033 (2020)



p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

Deconfined
quantum
critical

point/phase

<latexit sha1_base64="TpiVksIxi5BKWl2v7j173CmJFjQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

SU(1|2) theory
<latexit sha1_base64="Lomd+aWe+buASEBCeb0kWxtJh8A=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwb53CudQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKOSaw==</latexit>

f†
# |vi

<latexit sha1_base64="OQY0Crb3vVk3Q0FhD7GrMW4ZeDc="></latexit>

f†
" |vi

<latexit sha1_base64="rS5uiKvPY9Y9AOLENzHyw9ZXJ28="></latexit>

b† |vi
<latexit sha1_base64="rwqIoMCLSOObWpFSRoBlhpC2ASY="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit> D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds=">AAACHXicdZDPahsxEMa1+V+3SZz0FHoRdQo5lM2uvbbbQyGklx4TiGMT2xitdmwLa6VFmk1qFtNH6anX9ClyK72WPkTfIbLjQluaDwQf38wwo1+cSWExCH56K6tr6xubW09KT59t7+yW9/Yvrc4NhxbXUptOzCxIoaCFAiV0MgMsjSW048n7eb19DcYKrS5wmkE/ZSMlhoIzdNGgfHAFRuOYapOAeU0PswGn72h4XDsclCuBX3 8bNcKABn5QbdQb4dxEzVqzTkM/WKhCljoblH/1Es3zFBRyyazthkGG/YIZFFzCrNTLLWSMT9gIus4qloLtF4svzOgrlyR0qI17Cuki/XOiYKm10zR2nSnDsf23Ng//V+vmOHzTL4TKcgTFHxYNc0lR0zkPmggDHOXUGcaNcLdSPmaGcXTUSj0LDqka4bjoIXzEG5G4PUUk1Mzx+Q2BPm4uq34Y+dF5tXJyuiS1RV6Ql+SIhKRJTsgHckZahJNP5Au5JV+9z96d9837/tC64i1nnpO/5P24B7pIoYc=</latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

t-J phase diagram: RG using either SU(2|1) or SU(1|2)

<latexit sha1_base64="Q1k6uqBEWmQopZPb5t3aZHSc8qY="></latexit>

D. Joshi, Chenyuan Li,  
G. Tarnopolsky,  A. Georges,  
S. Sachdev,  
PRX 10, 021033 (2020)



p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

Deconfined
quantum
critical

point/phase

<latexit sha1_base64="TpiVksIxi5BKWl2v7j173CmJFjQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

SU(1|2) theory
<latexit sha1_base64="Lomd+aWe+buASEBCeb0kWxtJh8A=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwb53CudQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKOSaw==</latexit>

f†
# |vi

<latexit sha1_base64="OQY0Crb3vVk3Q0FhD7GrMW4ZeDc="></latexit>

f†
" |vi

<latexit sha1_base64="rS5uiKvPY9Y9AOLENzHyw9ZXJ28="></latexit>

b† |vi
<latexit sha1_base64="rwqIoMCLSOObWpFSRoBlhpC2ASY="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit> D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

SU(2|1) theory
<latexit sha1_base64="w9dUb6nQ8Lr+9a1+t+J8DfkPyNE=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwbm3C+dQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKWSaw==</latexit>

Metallic
spin glass.

Condense spinon b↵,
f carrier density p

<latexit sha1_base64="CzT5Z39Mpv1MjBFqjUkD8N1K258=">AAACdHicdVFdi9QwFE3r11pXd1T0RR+C0wUfltLOx6pvi/vii7CCs7swGYY0vZ0JkyYhSReGUvBv+uCrP8Fn0+4srKIXAodz7uHee5Jrwa1L0+9BeOfuvfsP9h5Gj/YfPzkYPH12blVtGMyYEspc5tSC4BJmjjsBl9oArXIBF/nmtNMvrsBYruRXt9WwqOhK8pIz6jy1HHwjOay4bBhIB6aNPoOjQnBGCLaaS7wS1NqEkOhUyQ KkhZ5WEsekom5dGrpp8nZJqNBrGh/5xltC2caYUWM4GNyZudviWMcRAVncTFwOhmmSTifjyQR7MD4ef0g9mE5H2XGGsyTta4h2dbYc/CCFYnXl7axbbp6l2i0aahxnAtqI1BY0ZRu6grmHklZgj4orrm0PF00fWosPvVjgUhn/pMM9e9vc0MrabZX7zu4g+7fWkf/S5rUr3y8aLnXtQLLrQWUtsFO4+wFccAPMia0HlBnu18ZsTQ1lPg4b+Txujsb/B+ejJBsn0y+j4cnHXTJ76BV6g96iDL1DJ+gTOkMzxNDPYD94EbwMfoWvw2F4eN0aBjvPc/RHhclv4gy+zg==</latexit>

b†" |vi
<latexit sha1_base64="vECycCTteykywPj6SCPCLAB1c/I="></latexit>

b†# |vi
<latexit sha1_base64="z0Nnq6dMeHIMTMZku14Z0J1WJJU="></latexit>

f† |vi
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Each site has 3 states which we map to the space of a boson b
(the holon) and a fermion f↵ (the spinon):

|0i ) b† |vi , c†↵ |0i ) f†
↵ |vi

c↵ = f↵b
† , f†

↵f↵ + b†b = 1

To obtain a large M limit, let ↵ = 1 . . .M , endow the boson with

an ‘orbital’ index a = 1 . . .M 0
and send M ! 1 at fixed k = M 0/M .

Then

ca↵ = f↵b
†
a , f†

↵f↵ + b†aba =
M

2

Assuming the bosons are not condensed, we obtain SYK-like

equations for the boson and fermion Green’s functions:

Gb(i!n) =
1

i!n + µb � ⌃b(i!n)

⌃b(⌧) = �t2Gf (⌧)Gf (�⌧)Gb(⌧)

Gf (i!n) =
1

i!n + µf � ⌃f (i!n)

⌃f (⌧) = �J2G2
f (⌧)Gf (�⌧) + k t2Gf (⌧)Gb(⌧)Gb(�⌧)

Here µf and µb are chemical potentials chosen to satisfy

⌦
f†f

↵
=

1

2
� kp ,

⌦
b†b

↵
= p .

These equations have critical solutions with

Gf (z) = Cf
e�i(⇡�f+✓f )

z1�2�f
, Gb(z) = Cb

e�i(⇡�b+✓b)

z1�2�b
, Im(z) > 0

�f +�b =
1

2

✓f
⇡

+

✓
1

2
��f

◆
sin(2✓f )

sin(2⇡�f )
= kp

✓b
⇡

+

✓
1

2
��b

◆
sin(2✓b)

sin(2⇡�b)
=

1

2
+ p .

The last two are analogs of ‘Luttinger’ relations, which follow from

an anomaly matching argument (Yingei Gu, A. Kitaev, S. Sachdev,

G. Tarnopolsky arXiv:1910.14099).
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Fractionalization in the t-J model

Large M limit of SU(M 0|M) theory
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RG computations show that these results for the
exponents of gauge-invariant operators are

expected to be exact beyond the large M limit.
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The critical solution which is self-consistent in both the t and J
terms has �b = �f = 1/4, implying
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>>>:
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Hidden�magnetism�at�the�pseudogap�critical�point�of�a�high�
temperature�superconductor�
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
xSrxCuO4�is�hidden�by�competing�effects�from�superconductivity:�applying�intense�
magnetic� fields� to�quench� superconductivity,�we�uncover� the�presence�of�glassy�
antiferromagnetic�order�up�to�the�pseudogap�boundary�p*�γ�0.19,�and�not�above.�
There� is� thus�a�quantum�phase� transition�at�p*,�which� is� likely� to�underlie�highǦ
field� observations� of� a� fundamental� change� in� electronic� properties� across� p*.�
Furthermore,�the�continuous�presence�of�quasiǦstatic�moments�from�the�insulator�
up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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Quasi-static magnetism in the pseudogap 
state of La2-xSrxCuO4. Temperature – 
doping phase diagram representing Tmin, the 
temperature of the minimum in the sound 
velocity, at different fields. Since 
superconductivity precludes the observation 
of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). 
While not exactly equal to the freezing 
temperature Tf (see Fig. 2), Tmin is closely 
tied to Tf and so is expected to have the same 
doping dependence, including a peak around 
p = 0.12 in zero/low fields (ref. 2). Onset 
temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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At the critical point/phase of the t-J model, the Fermi

liquid-like behavior of the electron Green’s function

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

leads to a non-zero residual resitivity, ⇢(0) 6= 0.

However, the critical state is not a Fermi liquid, as

indicated by the slow decay of the spin correlations

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |

Moreover, in a Fermi liquid, we expect ⇢(T )� ⇢(0) ⇠ T 2
,

which also does not hold here.
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Time reparameterization soft mode

The leading corrections to the SL(2,R) invariant critical
Green’s function arise from the time reparameterization

soft mode, and these take the form

D
ci↵(⌧)c

†
i↵(0)

E
⇠ ⇡T

sin(⇡T ⌧)

✓
1 + ↵G

T

J
�non�conformal(T ⌧)

◆

where �non�conformal(T ⌧) is a computable (in the large M
limit) scaling function, and ↵G is universally proportional
to the co-e�cient ↵S of the Schwarizan action for the

time reparameterization mode.

Finally, computing the resistivity from this Green’s
function via the Kubo formula, we find

⇢(T ) = ⇢(0)

✓
1 + 8↵G

T

J
+ . . .

◆
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Random t-J-UH model

H = � 1p
N

NX

i,j=1

tij c
†
i↵cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + U

NX

i=1

ni"ni#

↵ =", #, ~Si =
1

2
c
†
i↵~�↵�ci� , ni↵ = c

†
i↵ci↵, tij , Jij random, U > 0

Solve as N ! 1: numerical, large M (SU(2)!SU(M)), ✏ expansions.
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↵

c†i↵ci↵  1,
1

N

X

i↵

c†i↵ci↵ = 1� p

Jij random, Jij = 0, J2
ij = J2

tij random, tij = 0, t2ij = t2
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UH > 0 non-random

<latexit sha1_base64="VTnxYSlpdM+toOYLdEsKmzpx3DE=">AAACBnicdVDLSgMxFM3UV62vWpduglVwocPM2MG6kaKbLivYB7SlZDJpG5pJhiRTLKV7v8KtrtyJW3/Dhf9i+hBU9MCFwzn3cu89Qcyo0o7zbqWWlldW19LrmY3Nre2d7G6upkQiMaliwYRsBEgRRjmpaqoZacSSoChgpB4Mrqd+fUikooLf6lFM2hHqcdqlGGkjdbK5w2qnfOkcQi74qUQ8FFEnm3dsv+D7vgcd2zlzPd+fkotiwS1A13ZmyIMFKp3sRysUOIkI15ghpZquE+v2GElNMSOTTCtRJEZ4gHqkaShHEVEn4ZDGakbb49kbE3hkzBB2hTTFNZyp34fHKFJqFAWmM0K6r357U/Evr5nobrE9pjxONOF4vqibMKgFnGYCQyoJ1mxkCMKSmrMh7iOJsDbJZUweX0/D/0nNs92C7d94+dLVIpk02AcH4Bi44ByUQBlUQBVgcAcewCN4su6tZ+vFep23pqzFzB74AevtE4LMmBw=</latexit>



ni" + ni# = 1

<latexit sha1_base64="y36jQU1/m7XqAh1edFtq1xCO5/s="></latexit>

0
<latexit sha1_base64="U3GWfBTUSXi2BM3/JnZUCxHruZI=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAILmTIdKZVd0U3LluwF2iHkslk2tDMhSRTKEOfwK2u3IlbH8iF72I6raCiBwIf/38O5+T3Es6kQujdKKytb2xuFbdLO7t7+wflw6OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47XqT24XfnVIhWRzdq1lC3RCPIhYwgpWWWmhYriAT1RzbcaAGu25fIw21WtWqW9AyUV4VsKrmsPwx8GOShjRShGMp+xZKlJthoRjhdF4apJImmEzwiPY1Rjik8sKfskTm6Gb5zXN4pk0fBrHQL1IwV78PZziUchZ6ujPEaix/ewvxL6+fquDKzViUpIpGZLkoSDlUMVwEAH0mKFF8pgETwfTZkIyxwETpmEo6j69Pw/+hUzUt26y2nErjZpVMEZyAU3AOLHAJGuAONEEbEEDBA3gET0ZqPBsvxuuytWCsZo7BjzLePgGhCJGd</latexit>

Spin glass
Insulator

L. Arrachea and M. J. Rozenberg, PRB 65, 224430 (2002) 

1/UH

<latexit sha1_base64="73G2k/6vWNF/SHQzA+1NIsPoF6M=">AAAB93icdZDLSsNAFIYnXmu9VV26GSyCC4lJm1TdFd10WcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqT27nfnRIuaBzdyywhbohGEQ0oRlJJjnnhDFvDStXQDduqWxZUUG/Urw0Ftl0zGyY0daOoKlhWe1j5GPgxTkMSScyQEH3TSKSbIy4pZmRWHqSCJAhP0Ij0FUYoJOLcn9JEFOjmxd0zeKpMHwYxVy+SsFC/D+coFCILPdUZIjkWv725+JfXT2Vw5eY0SlJJIrxYFKQMyhjOQ4A+5QRLlilAmFN1NsRjxBGWKqqyyuPr0/B/6NR009LtO6vavFkmUwLH4AScARNcgiZogTZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2ycMNZL1</latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵
cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + UH

NX

i=1

ni"ni#

<latexit sha1_base64="nuljuW67lRi5EVSgQmMpGuQB+P4="></latexit>

Random t-J-UH model

doping p = h1� ni" � ni#i

<latexit sha1_base64="Lg9jAQBycvwdxkkmcNGPWEY+zqs="></latexit>



0
<latexit sha1_base64="U3GWfBTUSXi2BM3/JnZUCxHruZI=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAILmTIdKZVd0U3LluwF2iHkslk2tDMhSRTKEOfwK2u3IlbH8iF72I6raCiBwIf/38O5+T3Es6kQujdKKytb2xuFbdLO7t7+wflw6OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47XqT24XfnVIhWRzdq1lC3RCPIhYwgpWWWmhYriAT1RzbcaAGu25fIw21WtWqW9AyUV4VsKrmsPwx8GOShjRShGMp+xZKlJthoRjhdF4apJImmEzwiPY1Rjik8sKfskTm6Gb5zXN4pk0fBrHQL1IwV78PZziUchZ6ujPEaix/ewvxL6+fquDKzViUpIpGZLkoSDlUMVwEAH0mKFF8pgETwfTZkIyxwETpmEo6j69Pw/+hUzUt26y2nErjZpVMEZyAU3AOLHAJGuAONEEbEEDBA3gET0ZqPBsvxuuytWCsZo7BjzLePgGhCJGd</latexit>

Spin glass
Insulator

1/UH

<latexit sha1_base64="73G2k/6vWNF/SHQzA+1NIsPoF6M=">AAAB93icdZDLSsNAFIYnXmu9VV26GSyCC4lJm1TdFd10WcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqT27nfnRIuaBzdyywhbohGEQ0oRlJJjnnhDFvDStXQDduqWxZUUG/Urw0Ftl0zGyY0daOoKlhWe1j5GPgxTkMSScyQEH3TSKSbIy4pZmRWHqSCJAhP0Ij0FUYoJOLcn9JEFOjmxd0zeKpMHwYxVy+SsFC/D+coFCILPdUZIjkWv725+JfXT2Vw5eY0SlJJIrxYFKQMyhjOQ4A+5QRLlilAmFN1NsRjxBGWKqqyyuPr0/B/6NR009LtO6vavFkmUwLH4AScARNcgiZogTZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2ycMNZL1</latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵
cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + UH

NX

i=1

ni"ni#

<latexit sha1_base64="nuljuW67lRi5EVSgQmMpGuQB+P4="></latexit>

Random t-J-UH model

doping p = h1� ni" � ni#i

<latexit sha1_base64="Lg9jAQBycvwdxkkmcNGPWEY+zqs="></latexit>

t-J model
<latexit sha1_base64="sdCbDGz86FBWzwyDxPXC1lI/CJA=">AAAB/3icdVC7SgNBFJ2NrxhfUUubwaxgocts3nZBG7GKYEwgWcLs7GwyZPbhzGwghBR+ha1WdmLrp1j4L04egooeuHA4517uvceNOZMKoXcjtbS8srqWXs9sbG5t72R3925llAhCGyTikWi5WFLOQtpQTHHaigXFgctp0x1cTP3mkArJovBGjWLqBLgXMp8RrLTkmMo8Na9MGEQe5d1sDlmoXLKLFYisQvmsmi9qgoqFcgVB20Iz5MAC9W72o+NFJAloqAjHUrZtFCtnjIVihNNJppNIGmMywD3a1jTEAZUn3pDFckad8ez+CTzSpgf9SOgKFZyp34fHOJByFLi6M8CqL397U/Evr50ov+qMWRgnioZkvshPOFQRnIYBPSYoUXykCSaC6bMh6WOBidKRZXQeX0/D/8lt3rILVuk6n6udL5JJgwNwCI6BDSqgBi5BHTQAAXfgATyCJ+PeeDZejNd5a8pYzOyDHzDePgHzKJWg</latexit>

ni" + ni#  1

<latexit sha1_base64="tDTy9CGfAp1gQAw0eHcWbjn+bPc="></latexit>



0
<latexit sha1_base64="U3GWfBTUSXi2BM3/JnZUCxHruZI=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAILmTIdKZVd0U3LluwF2iHkslk2tDMhSRTKEOfwK2u3IlbH8iF72I6raCiBwIf/38O5+T3Es6kQujdKKytb2xuFbdLO7t7+wflw6OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47XqT24XfnVIhWRzdq1lC3RCPIhYwgpWWWmhYriAT1RzbcaAGu25fIw21WtWqW9AyUV4VsKrmsPwx8GOShjRShGMp+xZKlJthoRjhdF4apJImmEzwiPY1Rjik8sKfskTm6Gb5zXN4pk0fBrHQL1IwV78PZziUchZ6ujPEaix/ewvxL6+fquDKzViUpIpGZLkoSDlUMVwEAH0mKFF8pgETwfTZkIyxwETpmEo6j69Pw/+hUzUt26y2nErjZpVMEZyAU3AOLHAJGuAONEEbEEDBA3gET0ZqPBsvxuuytWCsZo7BjzLePgGhCJGd</latexit>

Spin glass
Insulator

1/UH

<latexit sha1_base64="73G2k/6vWNF/SHQzA+1NIsPoF6M=">AAAB93icdZDLSsNAFIYnXmu9VV26GSyCC4lJm1TdFd10WcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqT27nfnRIuaBzdyywhbohGEQ0oRlJJjnnhDFvDStXQDduqWxZUUG/Urw0Ftl0zGyY0daOoKlhWe1j5GPgxTkMSScyQEH3TSKSbIy4pZmRWHqSCJAhP0Ij0FUYoJOLcn9JEFOjmxd0zeKpMHwYxVy+SsFC/D+coFCILPdUZIjkWv725+JfXT2Vw5eY0SlJJIrxYFKQMyhjOQ4A+5QRLlilAmFN1NsRjxBGWKqqyyuPr0/B/6NR009LtO6vavFkmUwLH4AScARNcgiZogTZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2ycMNZL1</latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵
cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + UH

NX

i=1

ni"ni#

<latexit sha1_base64="nuljuW67lRi5EVSgQmMpGuQB+P4="></latexit>

Random t-J-UH model

doping p = h1� ni" � ni#i

<latexit sha1_base64="Lg9jAQBycvwdxkkmcNGPWEY+zqs="></latexit>

Spin glass

D
~S(⌧) · ~S(0)

E
⇠ 1

⌧2
<latexit sha1_base64="mSDMP4sxGON/lWVUcrKK5L4RxRA="></latexit>

Disordered
Fermi liquid

SYK-like criticality
D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="Rw41h44fSWKDSzVXBRnEYtTRPDE="></latexit>

D. Joshi, Chenyuan Li,  
G. Tarnopolsky,  
A. Georges, S. Sachdev, 
PRX 10, 021033 (2020)



0
<latexit sha1_base64="U3GWfBTUSXi2BM3/JnZUCxHruZI=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAILmTIdKZVd0U3LluwF2iHkslk2tDMhSRTKEOfwK2u3IlbH8iF72I6raCiBwIf/38O5+T3Es6kQujdKKytb2xuFbdLO7t7+wflw6OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47XqT24XfnVIhWRzdq1lC3RCPIhYwgpWWWmhYriAT1RzbcaAGu25fIw21WtWqW9AyUV4VsKrmsPwx8GOShjRShGMp+xZKlJthoRjhdF4apJImmEzwiPY1Rjik8sKfskTm6Gb5zXN4pk0fBrHQL1IwV78PZziUchZ6ujPEaix/ewvxL6+fquDKzViUpIpGZLkoSDlUMVwEAH0mKFF8pgETwfTZkIyxwETpmEo6j69Pw/+hUzUt26y2nErjZpVMEZyAU3AOLHAJGuAONEEbEEDBA3gET0ZqPBsvxuuytWCsZo7BjzLePgGhCJGd</latexit>

Spin glass
Insulator

1/UH

<latexit sha1_base64="73G2k/6vWNF/SHQzA+1NIsPoF6M=">AAAB93icdZDLSsNAFIYnXmu9VV26GSyCC4lJm1TdFd10WcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqT27nfnRIuaBzdyywhbohGEQ0oRlJJjnnhDFvDStXQDduqWxZUUG/Urw0Ftl0zGyY0daOoKlhWe1j5GPgxTkMSScyQEH3TSKSbIy4pZmRWHqSCJAhP0Ij0FUYoJOLcn9JEFOjmxd0zeKpMHwYxVy+SsFC/D+coFCILPdUZIjkWv725+JfXT2Vw5eY0SlJJIrxYFKQMyhjOQ4A+5QRLlilAmFN1NsRjxBGWKqqyyuPr0/B/6NR009LtO6vavFkmUwLH4AScARNcgiZogTZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2ycMNZL1</latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵
cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + UH

NX

i=1

ni"ni#

<latexit sha1_base64="nuljuW67lRi5EVSgQmMpGuQB+P4="></latexit>

Random t-J-UH model

doping p = h1� ni" � ni#i

<latexit sha1_base64="Lg9jAQBycvwdxkkmcNGPWEY+zqs="></latexit>

Spin glass

D
~S(⌧) · ~S(0)

E
⇠ 1

⌧2
<latexit sha1_base64="mSDMP4sxGON/lWVUcrKK5L4RxRA="></latexit>

Disordered
Fermi liquid

SYK-like criticality
D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="Rw41h44fSWKDSzVXBRnEYtTRPDE="></latexit>

D. Joshi, Chenyuan Li,  
G. Tarnopolsky,  
A. Georges, S. Sachdev, 
PRX 10, 021033 (2020)

Metal-insulator transition 
with SYK criticality



3

The local action (2) still presents a strongly correlated
problem. SY [23] made further progress on the random
Heisenberg model by extending the spin symmetry to
SU(M) and taking the M ! 1 limit, which allows for
an analytical calculation of the spin-spin correlator of (2)
and reduces the self-consistent problem to a non-linear in-
tegral equation. This was extended to itinerant fermions
within the t-Jij model by Parcollet and Georges (PG)
[24], who obtained a FL regime of the doped model at
low-T , and a quantum critical regime associated with the
proximity of the spin-liquid Mott insulator characterized
by a

p
!,

p
T self-energy but, remarkably, ‘bad metal’ be-

haviour with linear resistivity. Recently, fermionic ver-
sions of the random coupling problem, the so-called SYK
models [36, 37], garnered much interest with again a solv-
able limit for a large number of flavors M ! 1. Recent
works [38–42] extended the mechanism of PG [24] for
linear-T resistivity to a lattice of SYK ‘quantum dots’
with hopping. Interestingly, when SYK dots are coupled
to another band of otherwise free and translationally in-
variant (uniform hopping) fermions, not only does the
T -linear resistivity extend down to zero temperature but
the mechanism switches to that driven by the MFL T -
linear scattering rate [43, 44].

For the physical limit of a single flavor of spin-1/2
fermions that is of our interest, the self-consistency equa-
tions above require computing two- and four-point cor-
relators in the local model with SU(2) symmetry. We
use an implementation [45] of Rubtsov’s continuous-
time interaction-expansion quantum Monte Carlo (CT-
INT) [46] algorithm which is based on the TRIQS li-
brary [47]. The algorithm works in imaginary time, so
we will discuss most of our results directly on the imag-
inary axis without analytic continuation, except in the
discussion of transport. Our implementation determines
the local spin-spin correlator from the impurity three-
point vertex function rather than through an operator
insertion measurement. This algorithmic improvement
allows for a drastic speed-up of the calculations [45].

Let us first consider the long time spin dynamics. In
Fig. 2, we display the local spin-spin correlation func-
tion Q(⌧) at a fixed low temperature T/t = 0.01, for
various t/U approaching the QCP at (t/U)c ⇡ 0.31
from the FL limit cutting the phase diagram Fig. 1
along the horizontal axis. In the inset, we also dis-
play how Q(⌧) varies upon raising temperatures for fixed
t/U = 0.357 making a vertical cut in the phase diagram
slightly away from the QCP. Since we work in the Mat-
subara formalism, a zero temperature long time asymp-
totic form Q(t) ⇠ 1/t↵ transforms into a scaling function
Q(⌧) ⇠ (1/� sin(⇡⌧/�))↵ and the data should be exam-
ined near ⌧ = �/2. Away from the critical point, for
t/U = 1.0, we obtain the FL behaviour at long time
Q(t) ⇠ 1/t2 (↵ = 2). The closer one gets to the critical
point, the longer it takes to reach this asymptotic regime,
reflecting the decrease of the FL coherence scale close to

FIG. 2. Main: Spin susceptibility log[Q(⌧)/Q(�/2)] vs ⌧/�
for J/t = 0.5 and T/t = 0.01, across several t/U . Grey curves
show (1/ sin⇡⌧/�)↵ with ↵ = 1 (solid) and ↵ = 2 (dashed).
Color scheme follows the blue (FL) and red (QSL) gradi-
ent of Fig. 1. Inset: Spin susceptibility log[Q(⌧)/Q(�/2)]
vs � log[sin(⇡⌧/�)], for J/t = 0.5 and t/U = 0.357, across
a range of T , demonstrating scaling behavior of Q(⌧) near
⌧ = �/2. Grey curves show ↵ = 1, 2 (solid, dashed).

the critical point. Once in the quantum critical regime,
for t/U = (t/U)c ⇡ 0.31, the long time spin dynamics
crosses over to Q(t) ⇠ 1/t (↵ = 1), which is the same
power law as in the SY M = 1 model. The QSL to
FL crossover is also visible in the temperature cut shown
in the inset, where we observe the crossover from 1/t
within the quantum critical fan above the Fermi liquid
coherence temperature to 1/t2 at low-temperatures. The
phase classification at each point in Fig. 1 follows the
above criterion to identify the FL regime and the QSL
regime.
These results establish that our SU(2) t-U -J model

has, in the quantum critical regime, the same QSL lo-
cal spin dynamics (↵ = 1) as the SY model in the
M = 1 limit. Renormalisation group (RG) methods
should prove useful in establishing analytically our nu-
merical findings for SU(2). For simplified versions of
the e↵ective action (2), e.g. involving only localized
spins [48], RG methods have indeed established [48–58],
that the Q(t) ⇠ 1/t spin liquid behaviour is the only one
consistent with the self-consistency condition (3). This
was recently extended to the QCP obtained by doping
the U = 1 model [59].
Let us now consider the one particle properties, en-

coded by the self-energy ⌃. In the FL regime for
(t/U)c ⌧ (t/U), the self-energy has the low energy
expansion[60] :

Im⌃(i!n, T ) ⇡

✓
1�

1

Z

◆
!n+

!2
n � (⇡T )2

E
+O(!3

n) (5)

In the small hopping limit (t/U) ⌧ (t/U)c, ⌃ diverges at
low frequencies as 1/!n, indicating a transition into an

4

FIG. 3. (a) Imaginary part of the self-energy at the first
Matsubara point �Im⌃(i!0 = i⇡T ) vs temperature T , for a
range of t/U . Solid grey lines stand for the FL prediction of
Im⌃(i!0) / T from the lowest temperature. Arrows indicate
the Fermi-liquid coherence temperature T ⇤ for each value of
t/U . The solution at t/U = 1.0 remains in the Fermi-liquid
regime over the entire range of temperature considered. (b)
Quasi-particle residue Z and coherence scale E as obtained
by fitting (5) to the self-energy data, ordering criterion for
the SG phase 1 � J�, and the energy scale determined from
scaling plot (!⇤)2, vs t/U . Inset : logE vs logZ2 illustrating
a dependency E / Z2 close to the QCP. Grey line with slope
1 is plotted to guide the eye.

insulating phase (see Supporting Information C). We ex-
amine the crossover from the FL to the quantum critical
regime in several ways. First, a direct consequence of (5)
is that the self-energy at the first Matsubara frequency
is linear in temperature with vanishing quadratic correc-
tions [61]: Im⌃(i!0 = i⇡T ) = (1 � 1/Z)⇡T + O(T 3).
Deviation from linearity in T at a temperature T ⇤ sig-
nals the FL coherence scale, and hence the crossover to
the quantum critical regime. This is illustrated on Fig.
3a : when t/U approaches (t/U)c, the self-energy in-
creases and T ⇤ (indicated by arrows on the figure) de-
creases. More precisely, we extract the quasi-particle
residue Z and the coherence scale E by fitting the func-
tional form (5) to the low-energy data using weighted
least squares. Fig. 3b shows that Z and E vanishes at the
QCP. The susceptibility to SG order is given by [34, 35]

FIG. 4. (a) Imaginary part of self-energy with the scat-
tering rate subtracted � (Im⌃(i!n)� Im⌃(0)) vs the scaled
frequency !/!⇤ for various values of U near the QCP at
T/t = 0.01, demonstrating the collapse onto the universal
scaling function f(!/!⇤) (grey solid curve). Color scheme
follows the legend of (b). Inset: Imaginary part of self-energy
�Im⌃(i!n) vs Matsubara frequencies !n at the QCP t/U =
0.312 and lowest accessible temperature T/t = 0.01. Also
shown are low-frequency fits of self-energy to the MFL form
c+ a!n log!n/b (orange) and the SYK form c+ a

p
!n + b!n

(green). (b) Scattering rate �Im⌃(0) vs temperature T/t at
various values of t/U near the QCP. At the QCP (t/U =
0.312, green), the scattering rate is T -linear (linear fit in
grey), in contrast to the quadratic behavior in the FL regime
(blue). (c) Resistivity ⇢DC/⇢0 vs temperature T/t at the
QCP, computed with the analytically continued Green’s func-
tion. The unit of resistivity is the MIR value ⇢0 = ~/e2�(0),
where � is the transport function. (d) Imaginary part of
self-energy at fixed, interpolated values of Matsubara fre-
quency �Im⌃(i! = fixed, T ) vs temperature T/t at the QCP
t/U = 0.312, for various fixed values of frequency.

�sg / �2/(1 � J2�2) with � the local susceptibility. As
shown in Fig. 3, we find that 1 � J� also vanishes close
to the QCP, indicating the boundary of the SG phase.
Within our numerical accuracy, we cannot however ex-
clude that 1�J� vanishes at a slightly larger value of t/U
than E, possibly indicating a small intervening region of
metallic SG [59].
In order to analyse the quantum critical point, we at-

tempt to scale the self-energy for t/U close to (t/U)c, for
our lowest temperature T/t = 0.01, with an ansatz of the
form

Im⌃(i!n) ⇡ Im⌃(0) + f
⇣!n

!⇤

⌘
(6)

which applies for !n and !⇤ smaller than the high-energy
cuto↵ J , but !n/!⇤ otherwise arbitrary. We determine
numerically Im⌃(0), !⇤ and the scaling function f by
requesting that optimal data collapse is obtained, using
a minimisation procedure. We obtain a remarkable col-
lapse of the data, presented in Fig. 4a, with !⇤ presented
in Fig. 3b.
For ! < !⇤, the ansatz (6) has to reproduce (5), which

Resisitivity ⇢ ⇠ T to the lowest T
at the critical point

in a large-dimension model
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Challenge for theory:

A model of a metal in which
the resistivity, ⇢, obeys

lim
T!0

d⇢

dT
6= 0

⇢(T ) = ⇢(0) +AT + . . . , T ! 0 .
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2 key ingredients

1. Emergent gauge symmetry and fractionalization

c↵ = f↵b†

f↵ ! ei� f↵ , b ! b ei�

2. Time reparameterization symmetry

⌧ ! f(⌧)

Present in models of non-Fermi liquids:
quantum matter at variable density
without quasiparticle excitations
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