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FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018 MATBG: Jaoui et al. 2021



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The Sachdev-Ye-Kitaev (SYK) model
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:
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G(⌧ = 0�) = Q.
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Conformal solution at µ = 0, G(⌧) ⇠ sgn(⌧)p
|⌧ |

.

Complex SYK model



The Sachdev-Ye-Kitaev (SYK) model
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• Green’s function has Planckian time scaling
G(!, T ) ⇠ !�1/2F (~!/kBT ).

• No quasiparticle decomposition of many-body states.

• Leading (dangerously) irrelevant operator is a time reparameterization
soft mode ⌧ ! f(⌧).

• The e↵ective action for f(⌧) is the quantum theory of a charged black
hole in Einstein-Maxwell theory in 3+1 spacetime dimensions at low T .

• The path integral over f(⌧) determines the many-body density of states
D(E) at low energy E. For a generic charged black hole in 3+1 spacetime
dimensions with T = 0 horizon area A0, we have the new universal result
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Leads to fully self-consistent Migdal-Eliashberg equations
⌃ ⇠ g2G G�, ⌃� ⇠ g2G G in a SYK-like large N limit.

Yukawa-SYK models
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with gij` independent random numbers with zero mean. The large N saddle point equations are

G(i!n) =
1

i!n + µ� ⌃(i!n)
, D(i!n) =

1

!2
n + !2

0 �⇧(i!n)

⌃(⌧) = g2G(⌧)D(⌧) , ⇧(⌧) = �g2G(⌧)G(�⌧)

Make the low frequency ansatz

G(i!) ⇠ �isgn(!)|!|�(1�2�) , D(i!) ⇠ |!|1�4� ,
1

4
< � <

1

2

A consistent solution exists for

4�� 1

2(2�� 1)[sec(2⇡�)� 1]
= 1 , � = 0.42037 . . .
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T/ω0

∼ g2

Free fermions

1

1/10
SC

Quantum critical:
SYK-NFL

Impurity-like NFL
Quantum critical:

∼ g−2

g

FIG. 1. Schematic phase diagram of the SYK model for electron-
boson coupling as function of the dimensionless coupling constant
g = ḡ/ω3/2

0 , where ω0 is the bare phonon frequency. At lowest T the
normal state would be a non-Fermi-liquid state with anomalous ex-
ponents, similar to other SYK models. For g < 1 superconductivity
sets in at Tc/ω0 ∝ g2, comparable to the temperature where quantum-
critical SYK-NFL sets in. Thus, pairing occurs instead of the low-
T quantum critical state. At strong coupling a new intermediate-
temperature regime opens up that is characterized by fully incoherent
fermions. Coherent pairing of such incoherent fermions is still pos-
sible with finite transition temperature Tc → 0.112ω0.

or magnetic fluctuations; see also the summary section of this
paper. In this more general reasoning we see the justifica-
tion of our statements as they pertain to the aforementioned
materials.

II. MODEL

We start from the following Hamiltonian:

H = −
N∑

i=1

∑

σ=±
µc†

iσ ciσ + 1
2

M∑

k=1

(
π2

k + ω2
0φ

2
k

)

+
√

2
N

N∑

i j,σ

M∑

k

gi j,kc†
iσ c jσ φk, (5)

with fermionic operators ciσ and c†
iσ that obey [ciσ , c†

jσ ′ ]+ =
δi jδσσ ′ and [ciσ , c jσ ]+ = 0 with spin σ = ±1. In addition, we
have phonons, i.e., scalar bosonic degrees of freedom φk with
canonical momentum πk , such that [φk,πk′ ]− = iδkk′ . Here,
i, j = 1 . . . N refer to fermionic modes and k = 1 . . . M to the
phonon field. Below we consider the limit N = M → ∞. We
briefly comment on the behavior for arbitrary M/N in Ap-
pendix C. For simplicity, we assume particle-hole symmetry
which yields µ = 0 for the chemical potential. Notice, the
coupling to phonons usually shifts the particle-hole symmetric
point to a nonzero value of µ. This is a consequence of the
Hartree diagram. However, this contribution vanishes in the
N → ∞ limit.

The electron-phonon coupling constants gi j,k are real,
Gaussian-distributed random variables that obey

gi j,k = g ji,k . (6)

The distribution function has zero mean and a second moment
|gi j,k|2 = ḡ2. The unit of ḡ is energy3/2. Thus, even for µ = 0,
the model has two energy scales, the bare phonon frequency
ω0 and ḡ2/3. For convenience we measure all energies and
temperatures in units of ω0 and use the dimensionless cou-
pling constant g2 = ḡ2/ω3

0. Whenever it seems useful, we will
reintroduce ω0 in the final results.

We perform the disorder average using the replica trick
[73]. Since gi j,k only occurs in the random part of the inter-
action we are interested in the following average:

e−Srdm = e−
∑

i jk gi jkOi jk , (7)

where Oi jk =
√

2
N

∑
σa

∫ β

0 dτ c†
iσa(τ )c jσa(τ )φka(τ ). Here, a =

1, . . . , n stands for the replica index and the overbar denotes
disorder averages, while τ stands for the imaginary time in
the Matsubara formalism with β = (kBT )−1 the inverse tem-
perature. The gi j,k are for given k chosen from the Gaussian
orthogonal ensemble (GOE) of random matrices [74]. We
obtain for the disorder average

e−
∑

i jk gi jkOi jk |GOE = eḡ2 ∑
i jk (O†

i jk+Oi jk )2
. (8)

There is an important distinction between the models with
and without time-reversal symmetry for individual disorder
configurations. If we allow for complex coupling constants
with gi j,k = g∗

ji,k , then, for given k, gi j,k would be chosen
from the Gaussian unitary ensemble (GUE). Performing the
disorder average for the case of the unitary ensemble yields

e−
∑

i jk gi jkOi jk |GUE = e2ḡ2 ∑
i jk O†

i jkOi jk . (9)

As can be seen from the distinct behavior of the disorder
averages in Eqs. (9) and (8), the orthogonal ensemble with
time-reversal symmetry contains, in addition to terms like
O†

i jkOi jk , that also occur in the unitary ensemble, the anoma-

lous terms O†
i jkO†

i jk and Oi jkOi jk . The anomalous terms can
be analyzed at large N by introducing anomalous propagators
and self-energies. These terms give rise to superconductivity
(see Appendix A).

The subsequent derivation of the self-consistency equa-
tions of the model in the large-N limit proceeds along the lines
of other SYK models [36,39–43,55,56]. Assuming replica
diagonal solutions, we obtain a coupled set of equations for
the fermionic and bosonic self-energies and Green’s func-
tions. This derivation is summarized in Appendix A. The
most straightforward formulation can be performed using
the Nambu spinors ci = (ci↑, c†

i↓) in the singlet channel.
Then, we obtain the coupled set of equations for the self-
energies:

(̂(τ ) = ḡ2τ3Ĝ(τ )τ3D(τ ), (10)

)(τ ) = −ḡ2tr(τ3Ĝ(τ )τ3Ĝ(τ )), (11)

with D−1(νn) = ν2
n + ω2

0 − )(νn) and the fermionic Dyson
equation in Nambu space Ĝ(εn)−1 = iεnτ0 + µτ3 − (̂(εn),
where τα are the 2 × 2 Pauli matrices in Nambu space.
Here, εn = (2n + 1)πT and νn = 2nπT are fermionic and
bosonic Matsubara frequencies, respectively. These relations
correspond to the Eliashberg equations of electron-phonon
superconductivity, however, with the inclusion of the fully
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Yields a state without quasiparticle excitations, but the theory is not systematic at large N

Sung-Sik Lee (2009)
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“Yukawa” coupling: g

Z
d2rd⌧  †(r, ⌧) (r, ⌧)�(r, ⌧)

P.A. Lee (1989)

(a)

(b)

(a)

(b)
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Boson self energy ⇧(q, i⌦) ⇠ �g2
|⌦|
q

(Landau damping)

Boson Green’s function D(q, i⌦) =
1

q2 + �|⌦|/q

Fermion self energy ⌃(k̂, i!) ⇠ �isgn(!)|!|2/3

Fermion Green’s function G(k, i!) =
1

i! ⌥ kx � k2y � ⌃(k̂, i!)
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2

<latexit sha1_base64="mRw2eEapSULPuPooZSW1MBiO9l4="></latexit>

Main idea:
Introduce N flavors of fermions and bosons, and examine
an ensemble of theories with di↵erent Yukawa couplings.
In the large N limit, every member of the ensemble is
expected to have the same critical properties, and so it is
easier to study the average theory.

Ilya Esterlis, J. Schmalian, PRB 100, 115132 (2019) 
Yuxuan Wang and A. V. Chubukov, PRR 2, 033084 (2020) 

E. E. Aldape, T. Cookmeyer,  A. A. Patel, and E. Altman, arXiv:2012.00763  
Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)
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The theory self-averages, and the average partition function can be written exactly
as a ‘G-⌃’ theory involving a path integral over bilocal in spacetime. We introduce
the spacetime co-ordinate X ⌘ (⌧, x, y), and all Green’s functions and self energies
in the path integral are functions of two spacetime co-ordinates X1 and X2.

Z =

Z
DG(X1, X2)D⌃(X1, X2)DD(X1, X2)D⇧(X1, X2) exp [�NI(G,⌃, D,⇧)] .

The G-⌃-D-⇧ action is now

I(G,⌃, D,⇧) =
g2

2
Tr (G · [GD])� Tr(G · ⌃) + 1

2
Tr(D ·⇧)

� ln det [(@⌧1 + "(�ir1)) �(X1 �X2) + ⌃(X1, X2)]

+
1

2
ln det

⇥�
�@2

⌧1 �r2
1 + s

�
�(X1 �X2)�⇧(X1, X2)

⇤
.

where we have introduced notation

Tr (f · g) ⌘
Z

dX1dX2 f(X2, X1)g(X1, X2) .
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G-⌃-D-⇧ Theory
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The saddle point equations are

⌃(r, ⌧) = g2�D(r, ⌧)G(r, ⌧),

⇧(r, ⌧) = �g2G(�r,�⌧)G(r, ⌧),

G(k, i!n) =
1

i!n � "(k)� ⌃(k, i!n)
,

D(q, i⌦m) =
1

⌦2
m + q2 + s�⇧(q, i⌦m)

.
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G-⌃-D-⇧ Theory
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Exact Solution at small !:

⌃(k̂, i!) ⇠ �isgn(!)|!|2/3 , G(k, i!) =
�1

"(k) + ⌃(k̂, i!)

where the co-e�cient is known exactly in terms of the Fermi velocity and
Fermi surface curvature at the Fermi surface point along the direction k̂.
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Yong Baek Kim, A. Furusaki, Xiao-Gang Wen,
P. A. Lee, PRB 50, 17917 (1994)
examined these graphs and concluded that
the d.c. resistivity ⇢(T ) ⇠ T 4/3

and �(! � T ) ⇠ !�2/3.
These results do not account for
conservation of total momentum i.e. ‘boson drag’.
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The g2 log term does not contribute to transport
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With g and v non-zero, we obtain a non-zero residual resistivity
and Fermi liquid like corrections

⇢(T ) = ⇢(0) +AT 2 + . . ..
with 1/⇢(0) ⇠ 1/⌧trans ⇠ v2.
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Strange metal from a Yukawa-SYK model
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

Random potential: +
1p
N

Z
d2rd⌧ vij(r) 

†
i (r, ⌧) j(r, ⌧)

Random interactions: +
1

N

Z
d2rd⌧ g0ijl(r) 

†
i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , g⇤ijlgabc = g2 �ia�jb�lc , vij(r) = 0 , v⇤ij(r)vlm(r0) = v2 �(r � r0)�il�jm

g0ijl(r) = 0 , g0⇤ijl(r)g
0
abc(r

0) = g0
2
�(r � r0)�ia�jb�lc
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a critical boson
�
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MFL self-energy, T ln(1/T ) specific heat,
linear-T resistivity and

1/[! � i(2!/⇡) ln(⇤/!)] optical conductivity
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