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mutual semions.
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and visons correspond to
the e and m particles).
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<latexit sha1_base64="rDogd0XF3AWnDmppX8gdAIOYCvg=">AAACDHicdVDLSgMxFM3UVx1foy7dBIvgQspMhaq7Yl24bME+oFNKJr1tQzOZIckIZejWpV/iUt2IW//AhX9j+oIqeuDC4Zx7SO4JYs6Udt0vK7Oyura+kd20t7Z3dvec/YO6ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCIblid+4B6lYJO70KIZ2SPqC9Rgl2kgdB/sB9JlIKQgNcmzfVMsV2wfRXSgdJ+fl3Smwu0Suzl3Xwwsrh+aodJxPvxvRJDRxyolSLc+NdTslUjPKYWz7iYKY0CHpQ8tQQUJQ7XR6yRifGKWLe5E0IzSeqsuJlIRKjcLAbIZED9RvbyKeBeFfdivRvct2ykScaBB09lYv4VhHeNIM7jIJVPORIYRKZr6L6YBIQk0Nyl7u4X9SL+S9Yr5YLeRK1/NGsugIHaNT5KELVEK3qIJqiKIH9IRe0Kv1aD1bb9b7bDVjzTOH6Aesj29qZ5sx</latexit>

DQCP
(first sighting)

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989) 
N. Read and S. Sachdev, Phys. Rev. B 42, 4568 (1990)



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons
<latexit sha1_base64="OvNMfyo5yCtzCLcyZblCoDc4Zsc="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

N=2X

↵=1

b†i↵bi↵ = nb = 2S

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991) 
S. Sachdev and N. Read, Int. J. Mod. Phys. B 5, 219 (1991)

<latexit sha1_base64="h9B6W8OkQt1JEcd3rcUW+svmgAw=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPoQcJuhKi3oBdPEsHEQLKE2UknGTM7u8zMCmHJP3hUL+LV//Hg3zh5CFG0oKGo6qa7K4gF18Z1P53MwuLS8kp2Nbe2vrG5ld/eqesoUQxrLBKRagRUo+ASa4YbgY1YIQ0DgXfB4HLs3z2g0jySt2YYox/SnuRdzqixUv26dYgo2vmCV3QnIO4cOT9xXY98WwWYodrOf7Q6EUtClIYJqnXTc2Pjp1QZzgSOcq1EY0zZgPawaamkIWo/nVw7IgdW6ZBupGxJQybq/ERKQ62HYWA7Q2r6+rc3Fo+D8C+7mZjumZ9yGScGJZvu6iaCmIiMvycdrpAZMbSEMsXtuYT1qaLM2Ixy8zn8T+qlolculm9KhcrFLJEs7ME+HIEHp1CBK6hCDRjcwyM8w4ujnCfn1Xmbtmac2cwu/IDz/gUGro/h</latexit>

Néel

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons
<latexit sha1_base64="OvNMfyo5yCtzCLcyZblCoDc4Zsc="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

N=2X

↵=1

b†i↵bi↵ = nb = 2S

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991) 
S. Sachdev and N. Read, Int. J. Mod. Phys. B 5, 219 (1991)

<latexit sha1_base64="h9B6W8OkQt1JEcd3rcUW+svmgAw=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPoQcJuhKi3oBdPEsHEQLKE2UknGTM7u8zMCmHJP3hUL+LV//Hg3zh5CFG0oKGo6qa7K4gF18Z1P53MwuLS8kp2Nbe2vrG5ld/eqesoUQxrLBKRagRUo+ASa4YbgY1YIQ0DgXfB4HLs3z2g0jySt2YYox/SnuRdzqixUv26dYgo2vmCV3QnIO4cOT9xXY98WwWYodrOf7Q6EUtClIYJqnXTc2Pjp1QZzgSOcq1EY0zZgPawaamkIWo/nVw7IgdW6ZBupGxJQybq/ERKQ62HYWA7Q2r6+rc3Fo+D8C+7mZjumZ9yGScGJZvu6iaCmIiMvycdrpAZMbSEMsXtuYT1qaLM2Ixy8zn8T+qlolculm9KhcrFLJEs7ME+HIEHp1CBK6hCDRjcwyM8w4ujnCfn1Xmbtmac2cwu/IDz/gUGro/h</latexit>

Néel

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons
<latexit sha1_base64="OvNMfyo5yCtzCLcyZblCoDc4Zsc="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

N=2X

↵=1

b†i↵bi↵ = nb = 2S

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991) 
S. Sachdev and N. Read, Int. J. Mod. Phys. B 5, 219 (1991)

<latexit sha1_base64="h9B6W8OkQt1JEcd3rcUW+svmgAw=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPoQcJuhKi3oBdPEsHEQLKE2UknGTM7u8zMCmHJP3hUL+LV//Hg3zh5CFG0oKGo6qa7K4gF18Z1P53MwuLS8kp2Nbe2vrG5ld/eqesoUQxrLBKRagRUo+ASa4YbgY1YIQ0DgXfB4HLs3z2g0jySt2YYox/SnuRdzqixUv26dYgo2vmCV3QnIO4cOT9xXY98WwWYodrOf7Q6EUtClIYJqnXTc2Pjp1QZzgSOcq1EY0zZgPawaamkIWo/nVw7IgdW6ZBupGxJQybq/ERKQ62HYWA7Q2r6+rc3Fo+D8C+7mZjumZ9yGScGJZvu6iaCmIiMvycdrpAZMbSEMsXtuYT1qaLM2Ixy8zn8T+qlolculm9KhcrFLJEs7ME+HIEHp1CBK6hCDRjcwyM8w4ujnCfn1Xmbtmac2cwu/IDz/gUGro/h</latexit>

Néel

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="zFzpJhtvlfOJQDSUQR63ZC5Q+KQ=">AAACDnicdVDLSgMxFM3UVx1foy7dhBbBhZSZClV3RTcuK9oHdIaSSW/b0ExmSDJCGbp36Ze4VDfi1h9w4d+YPoQqeuDC4Zx7SO4JE86Udt1PK7e0vLK6ll+3Nza3tnec3b2GilNJoU5jHstWSBRwJqCumebQSiSQKOTQDIeXE795B1KxWNzqUQJBRPqC9Rgl2kgdp+CH0GcioyA0yLF9kzBJuO2D6H5rHafoldwpsLtAzk9c18PfVhHNUes4H343pmlk4pQTpdqem+ggI1IzymFs+6mChNAh6UPbUEEiUEE2vWWMD43Sxb1YmhEaT9XFREYipUZRaDYjogfqtzcRj8PoL7ud6t5ZkDGRpBoEnb3VSznWMZ50g7tMAtV8ZAihkpnvYjogklBTg7IXe/ifNMolr1KqXJeL1Yt5I3l0gAroCHnoFFXRFaqhOqLoHj2iZ/RiPVhP1qv1NlvNWfPMPvoB6/0LwsGciA==</latexit>

Spiral

<latexit sha1_base64="zFzpJhtvlfOJQDSUQR63ZC5Q+KQ=">AAACDnicdVDLSgMxFM3UVx1foy7dhBbBhZSZClV3RTcuK9oHdIaSSW/b0ExmSDJCGbp36Ze4VDfi1h9w4d+YPoQqeuDC4Zx7SO4JE86Udt1PK7e0vLK6ll+3Nza3tnec3b2GilNJoU5jHstWSBRwJqCumebQSiSQKOTQDIeXE795B1KxWNzqUQJBRPqC9Rgl2kgdp+CH0GcioyA0yLF9kzBJuO2D6H5rHafoldwpsLtAzk9c18PfVhHNUes4H343pmlk4pQTpdqem+ggI1IzymFs+6mChNAh6UPbUEEiUEE2vWWMD43Sxb1YmhEaT9XFREYipUZRaDYjogfqtzcRj8PoL7ud6t5ZkDGRpBoEnb3VSznWMZ50g7tMAtV8ZAihkpnvYjogklBTg7IXe/ifNMolr1KqXJeL1Yt5I3l0gAroCHnoFFXRFaqhOqLoHj2iZ/RiPVhP1qv1NlvNWfPMPvoB6/0LwsGciA==</latexit>

Spiral



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons
<latexit sha1_base64="OvNMfyo5yCtzCLcyZblCoDc4Zsc="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

N=2X

↵=1

b†i↵bi↵ = nb = 2S

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991) 
S. Sachdev and N. Read, Int. J. Mod. Phys. B 5, 219 (1991)

<latexit sha1_base64="h9B6W8OkQt1JEcd3rcUW+svmgAw=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPoQcJuhKi3oBdPEsHEQLKE2UknGTM7u8zMCmHJP3hUL+LV//Hg3zh5CFG0oKGo6qa7K4gF18Z1P53MwuLS8kp2Nbe2vrG5ld/eqesoUQxrLBKRagRUo+ASa4YbgY1YIQ0DgXfB4HLs3z2g0jySt2YYox/SnuRdzqixUv26dYgo2vmCV3QnIO4cOT9xXY98WwWYodrOf7Q6EUtClIYJqnXTc2Pjp1QZzgSOcq1EY0zZgPawaamkIWo/nVw7IgdW6ZBupGxJQybq/ERKQ62HYWA7Q2r6+rc3Fo+D8C+7mZjumZ9yGScGJZvu6iaCmIiMvycdrpAZMbSEMsXtuYT1qaLM2Ixy8zn8T+qlolculm9KhcrFLJEs7ME+HIEHp1CBK6hCDRjcwyM8w4ujnCfn1Xmbtmac2cwu/IDz/gUGro/h</latexit>

Néel

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="zFzpJhtvlfOJQDSUQR63ZC5Q+KQ=">AAACDnicdVDLSgMxFM3UVx1foy7dhBbBhZSZClV3RTcuK9oHdIaSSW/b0ExmSDJCGbp36Ze4VDfi1h9w4d+YPoQqeuDC4Zx7SO4JE86Udt1PK7e0vLK6ll+3Nza3tnec3b2GilNJoU5jHstWSBRwJqCumebQSiSQKOTQDIeXE795B1KxWNzqUQJBRPqC9Rgl2kgdp+CH0GcioyA0yLF9kzBJuO2D6H5rHafoldwpsLtAzk9c18PfVhHNUes4H343pmlk4pQTpdqem+ggI1IzymFs+6mChNAh6UPbUEEiUEE2vWWMD43Sxb1YmhEaT9XFREYipUZRaDYjogfqtzcRj8PoL7ud6t5ZkDGRpBoEnb3VSznWMZ50g7tMAtV8ZAihkpnvYjogklBTg7IXe/ifNMolr1KqXJeL1Yt5I3l0gAroCHnoFFXRFaqhOqLoHj2iZ/RiPVhP1qv1NlvNWfPMPvoB6/0LwsGciA==</latexit>

Spiral

<latexit sha1_base64="zFzpJhtvlfOJQDSUQR63ZC5Q+KQ=">AAACDnicdVDLSgMxFM3UVx1foy7dhBbBhZSZClV3RTcuK9oHdIaSSW/b0ExmSDJCGbp36Ze4VDfi1h9w4d+YPoQqeuDC4Zx7SO4JE86Udt1PK7e0vLK6ll+3Nza3tnec3b2GilNJoU5jHstWSBRwJqCumebQSiSQKOTQDIeXE795B1KxWNzqUQJBRPqC9Rgl2kgdp+CH0GcioyA0yLF9kzBJuO2D6H5rHafoldwpsLtAzk9c18PfVhHNUes4H343pmlk4pQTpdqem+ggI1IzymFs+6mChNAh6UPbUEEiUEE2vWWMD43Sxb1YmhEaT9XFREYipUZRaDYjogfqtzcRj8PoL7ud6t5ZkDGRpBoEnb3VSznWMZ50g7tMAtV8ZAihkpnvYjogklBTg7IXe/ifNMolr1KqXJeL1Yt5I3l0gAroCHnoFFXRFaqhOqLoHj2iZ/RiPVhP1qv1NlvNWfPMPvoB6/0LwsGciA==</latexit>

Spiral

<latexit sha1_base64="Cq5OA6EMnSkwXp5x8pR7lsAr2tk=">AAACInicdVDLSgMxFM34dnxVXboJtoILKTMVqu6Kblwq2Ad2SkkytzWYyYxJRihD/8SlX+JS3Yi4EPwY0xdU0QOBwznncm8OTQTXxvM+nZnZufmFxaVld2V1bX0jt7lV03GqGFRZLGLVoESD4BKqhhsBjUQBiaiAOr09G/j1e1Cax/LK9BJoRaQreYczYqzUzpUDCl0uMwbSgOq7hSAi5obS7LrfLhWwTrjEgt+lPHQDkOEk187l/aI3BPamyMmh5/l4YuXRGBft3EcQxiyN7DgTROum7yWmlRFlOBPQd4NUQ0LYLelC01JJItCtbPi/Pt6zSog7sbJPGjxUpycyEmndi6hNDq7Xv72BeECjv+xmajrHrYzLJDUg2WhXJxXYxHjQFw65AmZEzxLCFLfnYnZDFGG2Bu1O9/A/qZWKfrlYvizlK6fjRpbQDtpF+8hHR6iCztEFqiKGHtATekGvzqPz7Lw576PojDOe2UY/4Hx9A7F6pFw=</latexit>Z2 spin liquid
(first sighting)



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons
<latexit sha1_base64="OvNMfyo5yCtzCLcyZblCoDc4Zsc="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

N=2X

↵=1

b†i↵bi↵ = nb = 2S

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991) 
S. Sachdev and N. Read, Int. J. Mod. Phys. B 5, 219 (1991)

<latexit sha1_base64="h9B6W8OkQt1JEcd3rcUW+svmgAw=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPoQcJuhKi3oBdPEsHEQLKE2UknGTM7u8zMCmHJP3hUL+LV//Hg3zh5CFG0oKGo6qa7K4gF18Z1P53MwuLS8kp2Nbe2vrG5ld/eqesoUQxrLBKRagRUo+ASa4YbgY1YIQ0DgXfB4HLs3z2g0jySt2YYox/SnuRdzqixUv26dYgo2vmCV3QnIO4cOT9xXY98WwWYodrOf7Q6EUtClIYJqnXTc2Pjp1QZzgSOcq1EY0zZgPawaamkIWo/nVw7IgdW6ZBupGxJQybq/ERKQ62HYWA7Q2r6+rc3Fo+D8C+7mZjumZ9yGScGJZvu6iaCmIiMvycdrpAZMbSEMsXtuYT1qaLM2Ixy8zn8T+qlolculm9KhcrFLJEs7ME+HIEHp1CBK6hCDRjcwyM8w4ujnCfn1Xmbtmac2cwu/IDz/gUGro/h</latexit>

Néel

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="zFzpJhtvlfOJQDSUQR63ZC5Q+KQ=">AAACDnicdVDLSgMxFM3UVx1foy7dhBbBhZSZClV3RTcuK9oHdIaSSW/b0ExmSDJCGbp36Ze4VDfi1h9w4d+YPoQqeuDC4Zx7SO4JE86Udt1PK7e0vLK6ll+3Nza3tnec3b2GilNJoU5jHstWSBRwJqCumebQSiSQKOTQDIeXE795B1KxWNzqUQJBRPqC9Rgl2kgdp+CH0GcioyA0yLF9kzBJuO2D6H5rHafoldwpsLtAzk9c18PfVhHNUes4H343pmlk4pQTpdqem+ggI1IzymFs+6mChNAh6UPbUEEiUEE2vWWMD43Sxb1YmhEaT9XFREYipUZRaDYjogfqtzcRj8PoL7ud6t5ZkDGRpBoEnb3VSznWMZ50g7tMAtV8ZAihkpnvYjogklBTg7IXe/ifNMolr1KqXJeL1Yt5I3l0gAroCHnoFFXRFaqhOqLoHj2iZ/RiPVhP1qv1NlvNWfPMPvoB6/0LwsGciA==</latexit>

Spiral

<latexit sha1_base64="zFzpJhtvlfOJQDSUQR63ZC5Q+KQ=">AAACDnicdVDLSgMxFM3UVx1foy7dhBbBhZSZClV3RTcuK9oHdIaSSW/b0ExmSDJCGbp36Ze4VDfi1h9w4d+YPoQqeuDC4Zx7SO4JE86Udt1PK7e0vLK6ll+3Nza3tnec3b2GilNJoU5jHstWSBRwJqCumebQSiSQKOTQDIeXE795B1KxWNzqUQJBRPqC9Rgl2kgdp+CH0GcioyA0yLF9kzBJuO2D6H5rHafoldwpsLtAzk9c18PfVhHNUes4H343pmlk4pQTpdqem+ggI1IzymFs+6mChNAh6UPbUEEiUEE2vWWMD43Sxb1YmhEaT9XFREYipUZRaDYjogfqtzcRj8PoL7ud6t5ZkDGRpBoEnb3VSznWMZ50g7tMAtV8ZAihkpnvYjogklBTg7IXe/ifNMolr1KqXJeL1Yt5I3l0gAroCHnoFFXRFaqhOqLoHj2iZ/RiPVhP1qv1NlvNWfPMPvoB6/0LwsGciA==</latexit>

Spiral

<latexit sha1_base64="Cq5OA6EMnSkwXp5x8pR7lsAr2tk=">AAACInicdVDLSgMxFM34dnxVXboJtoILKTMVqu6Kblwq2Ad2SkkytzWYyYxJRihD/8SlX+JS3Yi4EPwY0xdU0QOBwznncm8OTQTXxvM+nZnZufmFxaVld2V1bX0jt7lV03GqGFRZLGLVoESD4BKqhhsBjUQBiaiAOr09G/j1e1Cax/LK9BJoRaQreYczYqzUzpUDCl0uMwbSgOq7hSAi5obS7LrfLhWwTrjEgt+lPHQDkOEk187l/aI3BPamyMmh5/l4YuXRGBft3EcQxiyN7DgTROum7yWmlRFlOBPQd4NUQ0LYLelC01JJItCtbPi/Pt6zSog7sbJPGjxUpycyEmndi6hNDq7Xv72BeECjv+xmajrHrYzLJDUg2WhXJxXYxHjQFw65AmZEzxLCFLfnYnZDFGG2Bu1O9/A/qZWKfrlYvizlK6fjRpbQDtpF+8hHR6iCztEFqiKGHtATekGvzqPz7Lw576PojDOe2UY/4Hx9A7F6pFw=</latexit>Z2 spin liquid
(first sighting)



(a)

(b)

(a)

(b)

or

Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons

<latexit sha1_base64="RdhSd9w/CmNFl7iANHQh5W6AO4g="></latexit>

Higgs phase, hz↵i 6= 0:

Néel order

<latexit sha1_base64="ksaxYmvO2iJvrBUkAJzQm7qC8As="></latexit>

Confining phase, hz↵i = 0:
VBS order

<latexit sha1_base64="PT4zyq5uqrFFYvF1VubWItRDugo="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

X

↵=",#
b†i↵bi↵ = 1

<latexit sha1_base64="kJjnLKtO9htxv+5/T06y+O9fhbY=">AAAB63icdZDLSgMxFIYz9VbrrerSTbAILqRkpNq6K7px2YK9QDuUTHqmDU1mhiQjlNIncKluxK2P5MK3MZ2OoKIHAj/ffw455/djwbUh5MPJrayurW/kNwtb2zu7e8X9g7aOEsWgxSIRqa5PNQgeQstwI6AbK6DSF9DxJzcLv3MPSvMovDPTGDxJRyEPOKPGoqYeFEukTAipEIJTQVJxVa3VXILdjJRQVo1B8b0/jFgiITRMUK17LomNN6PKcCZgXugnGmLKJnQEPStDKkF7s3TROT6xZIiDSNkXGpzS7xMzKrWeSt92SmrG+re3gGe+/MvuJSaoeTMexomBkC3/ChKBTYQXh+MhV8CMmFpBmeJ2XczGVFFmbDwFm8PXsfh/0T4vu5fli2alVL/OEsmjI3SMTpGLqqiOblEDtRBDgB7QE3p2pPPovDivy9ack80coh/lvH0CAZSOMw==</latexit>s
<latexit sha1_base64="nEbmQBx6fpy8uVuSRSIx1FuUL9E="></latexit>

L = |(@µ � iaµ)z↵|2 + s|z↵|2 + u|z↵|4 + Lmonopole

<latexit sha1_base64="KlLq5Tmp0kWuKhXk5BnHNwHGjMM="></latexit>

Mean-field spin liquid
with gapped bosonic spinons.

Low energy CP1 U(1) gauge theory

<latexit sha1_base64="/dXu8mJn93I4H6Dk/Jc4Bzzux34="></latexit>

hb↵i = 0:
Spin liquid

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989) 
N. Read and S. Sachdev, Phys. Rev. B 42, 4568 (1990)

<latexit sha1_base64="ZKw7+kPNnUCNHnID0LJkVNV0G8k="></latexit>

z↵ ⇠ bA↵ + "↵�b
†
B�



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="4umhIWyCWP0bNIpyE/QUI3k+XfM="></latexit>

Si =
1

2
f†
i↵�↵�fi� ,

X

↵=",#
f†
i↵fi↵ = 1

<latexit sha1_base64="kUdVKvNjBzPk7NWjwprsQZ8wFRs=">AAAB/nicdZBNSwMxEIaz9bt+rXr0EiyCBynZorbeil48Klot1FKy6WwbmmSXJKuWRfCXeFQv4tU/4sF/Y7pWUNE5vTzvDDPzhongxhLy7hUmJqemZ2bnivMLi0vL/srquYlTzaDBYhHrZkgNCK6gYbkV0Ew0UBkKuAgHhyP/4gq04bE6s8ME2pL2FI84o9ahjr96yvrXXPVA4wi0dMx0/BIpE0J2CMG5ILnYr9ZqAcHBmJTQuI47/ttlN2apBGWZoMa0ApLYdka15UzAbfEyNZBQNqA9aDmpqATTzvLbb/GmI10cxW5/rCzO6feJjEpjhjJ0nZLavvntjeB2KP+yW6mNau2MqyS1oNjnrigV2MZ4lAXucg3MiqETlGnuzsWsTzVl1iVWdDl8PYv/F+eVcrBX3j2plOoH40Rm0TraQFsoQFVUR0foGDUQQzfoHj2iJ+/Oe/CevZfP1oI3nllDP8p7/QBwa5XG</latexit>

Schwinger fermions

I. Affleck and J.B. Marston, PRB 37, 3774 (1988)

<latexit sha1_base64="NyFE/bDdH9Xkejt8orEmIdkRW50="></latexit>

⇡-flux mean-field theory

with gapless spinons at 2 Dirac points.

Low energy theory of Nf = 2

Dirac fermions  s coupled to

an emergent SU(2)N gauge field.

Confining order parameters

are Néel and VBS states,

with a global SO(5)f symmetry!

Dual to CP1
U(1) gauge theory.

-flux Spin liquidπ

<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

<latexit sha1_base64="pZy2pKy9zimfVgaRlKBqI8AOmH0="></latexit>

Hf = iJ

X

hiji

eij

⇣
f
†
i↵fj↵ � f

†
j↵fi↵

⌘
, "k = 2J

q
sin2(kx) + sin2(ky)



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="4umhIWyCWP0bNIpyE/QUI3k+XfM="></latexit>

Si =
1

2
f†
i↵�↵�fi� ,

X

↵=",#
f†
i↵fi↵ = 1
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Low energy theory of Nf = 2

Dirac fermions  s coupled to

an emergent SU(2)N gauge field.

Confining order parameters

are Néel and VBS states,

with a global SO(5)f symmetry!

Dual to CP1
U(1) gauge theory.
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Ref. 10

FIG. 1. Phases of the S = 1/2 J1-J2 antiferromagnet on the square lattice, from the numerical results

of Refs. [7–10], all of which agree that the spin liquid is gapless. Each ellipse in the valence bond solid

(VBS) represents a singlet pair of electrons. Lower part of figure adapted from Ref. [11].

are the nature of the quantum phases of the model, and of the quantum phase transitions between

them, as a function of increasing J2/J1 after the Néel order vanishes at a critical value of J2/J1.

These questions are also the focus of our attention here.

An early proposal [5, 6, 12, 13] was that there was a direct transition from the Néel state to

a valence bond solid (VBS) (see Fig. 1) which restores spin rotation symmetry but breaks lattice

symmetries (followed by a first order transition at larger J2/J1 to a ‘columnar’ state which breaks

spin rotation symmetry, and which we do not address in the present paper). A theory of ‘deconfined

criticality’ was developed [14–16] showing that a continuous Néel-VBS transition was possible, even

though it was not allowed in the Landau-Ginzburg-Wilson framework because distinct symmetries

were broken in the two phases. Evidence has since accumulated for the presence of a VBS phase in

the J1-J2 model, but the nature of the Néel-VBS transition in this model has remained a question
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Obtained from a saddle-point of

fermionic spinons moving in ⇡-flux.



S=1/2 square lattice antiferromagnet

From the pseudogap metal to 
the d-wave superconductor

Confinement of the -flux/CP1 spin liquid, 
d-wave superconductivity, and charge order

π
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Fermi liquid
in the

overdoped metal

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1
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cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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FIG. 2. Fermi surface of Nd-LSCO at p = 0.24p = 0.24p = 0.24. (a) Left panels: The angle-dependent mag-

netoresistance of Nd-LSCO at p = 0.24 as a function of ✓ for four di↵erent temperatures, T = 25,

20, 12, 6 K, and at B = 45 T. The grey bar near ✓ = 90� for T = 6 K and 12 K indicates the

presence of superconductivity. Right panels: simulations obtained from the Chambers formula,

using the tight-binding parameters from ARPES measurements [12], and in which the relaxation

time ⌧(k) is the only free parameter. (b) The Fermi surface used for the calculation in panel (a),

shown as cuts at kz = 0, ⇡/c, and 2⇡/c, where c is the height of the body-centered-tetragonal unit

cell (and c/2 is the distance between copper oxide layers). (c) The full 3D Fermi surface obtained

from ADMR at p = 0.24. The coloring corresponds to the vz component of the Fermi velocity,

with positive vz in teal, negative vz in purple, and vz = 0 in magenta. A single cyclotron orbit,

perpendicular to the magnetic field, is drawn in black, with the Fermi velocity at di↵erent points

around the orbit shown as gray arrows. The strong variation in vz around the cyclotron orbits is

what leads to ADMR.

!c is the cyclotron frequency, m? is the cyclotron e↵ective mass, e is the electron charge, and

12

FIG. 4. Fermi surface reconstruction in Nd-LSCO at p = 0.21p = 0.21p = 0.21. The top three panels show the

Fermi surface for three di↵erent scenarios, and the bottom three panels show the resulting ADMR

simulations. (b) Calculated ADMR using the same tight-binding and scattering rate parameters

as in Figure 2a, but with the chemical potential shifted past the van Hove singularity (p ⇡ 0.23) to

p = 0.21, for which the Fermi surface is shown in panel (a). (d) Calculated ADMR for a period-3

CDW reconstructed Fermi surface; the section of reconstructed Fermi surface used to calculate the

ADMR is highlighted in orange in panel (c), the unreconstructed Fermi surface is shown with a

blue dashed line. These are the small nodal electron pockets believed to result from CDW order in

YBa2Cu3O6+x and are able to account for the ADMR in YBa2Cu3O6+x at p = 0.11. (f) Calculated

ADMR for reconstruction of the Fermi surface caused by a (⇡,⇡) order parameter, using the same

tight-binding parameters as Figure 2, a gap of 58 kelvin, and a constant scattering rate; (e) The

hole pockets used to simulate the ADMR in (f) are highlighted in orange.

weakest along � = 45�. The gap magnitude (the strength of the potential associated with

the FSR) that best reproduces the data is 58 kelvin — comparable to the onset temperature

T
? of the pseudogap phase at this doping [11, 29]. We find that a momentum-independent

p > pc Large Fermi surface
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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4 nodal points where

Ek0+q =
⇣
v2F q

2
? + v2�q

2
k

⌘1/2

with vF � v�.
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8 nodal points from
the Fermi pockets

and
4 nodal points from
the ⇡-flux spin liquid

Shubhayu Chatterjee and S. Sachdev,  
PRB 94, 205117 (2016) 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npj Quantum Materials 9, 4 (2024)
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8 nodal points annihilate
each other, leaving
4 nodal points

with anisotropic velocities,
just as in a BCS d-wave state.

Shubhayu Chatterjee and S. Sachdev,  
PRB 94, 205117 (2016) 

Maine Christos and S.Sachdev, 
npj Quantum Materials 9, 4 (2024)
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Dirac node
with anisotropic
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d-wave superconductor
obtained by condensing

charge-e, SU(2) fundamental
boson.

Spinons of the ⇡-flux state
annihilate the extra nodes

in the d-wave superconductor.
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Spinons of the ⇡-flux state
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Nodes of the d-wave
superconductor are remnants

of the spinons of the ⇡-flux state.
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Fig. 3 | Momentum dependence of Bogoliubov quasiparticles. a, Momentum dependence of the 
kF spectra along an arc on the large Fermi surface. Red dots track the peak feature related to AF 
pseudogap, and blue dots track the low energy Bogoliubov quasiparticle peak. Numbers to the 
right indicate angle away from the Brillouin zone diagonal, with the angle θ defined in the inset of 
c. Blue curves overlaying the EDC data in the symmetrized part above EF are the 
phenomenological fits of the superconducting gap (see methods section IV). A second order 
background was used to capture the normal state background spectral weight. Curves near θ = 0 
were not fitted as the large size of the AF pseudogap overshadows any small superconducting gap 
that may be present within. b, (top) Momentum dependence of ΔSC and corresponding 2ΔSC/kBTc 
ratios measured at 7 K. The black vertical arrow indicates the approximate location of the hot spot. 
Gap data near the Brillouin zone diagonal is not available due to the dominance of the AF 
pseudogap. Red background highlights the dominance of AF on the low energy spectra near θ = 0, 
and the blue background highlight the dominance of superconductivity near θ = 45. (bottom) 
Integrated spectral weight in the range [-30, 0] meV. Intensity values are normalized by the angular 
dependent photoemission matrix element extracted from overdoped NCCO spectra. c, EDCs at the 
hot spot (black) and Brillouin zone boundary (grey) at 7 K for the same sample, normalized by the 
respective spectra at 40 K. Brillouin zone location of EDCs shown in the inset. The Brillouin zone 
boundary curve is offset vertically by 0.2 for clarity. 

Bogoliubov Quasiparticle on the Gossamer Fermi Surface in  
Electron-Doped Cuprates, Ke-Jun Xu……Z.-X. Shen, arXiv:2308.05313; 
Nature Physics
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S=1/2 square lattice antiferromagnet

From the pseudogap metal to 
the d-wave superconductor

Confinement of the -flux/CP1 spin liquid, 
d-wave superconductivity, and charge order
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High Temperature Superconductivity in a Lightly Doped Quantum Spin Liquid

Hong-Chen Jiang 1,* and Steven A. Kivelson 2

1Stanford Institute for Materials and Energy Sciences, SLAC National Accelerator Laboratory and Stanford University,
Menlo Park, California 94025, USA

2Department of Physics, Stanford University, Stanford, California 94305, USA

(Received 4 April 2021; accepted 20 July 2021; published 27 August 2021)

We have performed density-matrix renormalization group studies of a square lattice t-J model with small
hole doping, δ ≪ 1, on long four and six-leg cylinders. We include frustration in the form of a second-
neighbor exchange coupling, J2 ¼ J1=2, such that the undoped (δ ¼ 0) “parent” state is a quantum spin
liquid. In contrast to the relatively short range superconducting (SC) correlations that have been observed in
recent studies of the six-leg cylinder in the absence of frustration, we find power-law SC correlations with a
Luttinger exponent, KSC ≈ 1, consistent with a strongly diverging SC susceptibility, χ ∼ T−ð2−KSCÞ as the
temperature T → 0. The spin-spin correlations—as in the undoped state—fall exponentially suggesting
that the SC “pairing” correlations evolve smoothly from the insulating parent state.

DOI: 10.1103/PhysRevLett.127.097002

Although the physics of cuprate high temperature super-
conductors is surely complex, there are a variety of reasons
[1–3] to believe that the “essential” [4] physics is captured
by the two-dimensional (2D) Hubbard model or its close
relatives. To begin with, as is the case in cuprates, in an
appropriate regime of parameters, the Hubbard model on a
square lattice with n ¼ 1 electrons per site exhibits an
undoped “parent” state that is a Mott insulating antiferro-
magnet. However, two key theoretical issues concerning
this proposition remain unsettled: (1) Does d-wave super-
conductivity (SC) “robustly” arise in this model upon light
doping, i.e., for 0 < δ≡ ð1 − nÞ ≪ 1? (2) If so, how does it
arise (i.e., what is the “mechanism”) and under what
circumstances (e.g., does it depend on specific features
of the band structure)?
For parametrically small values of the Hubbard U ≪ W

(where W is the bandwidth), it is possible to establish [5]
that such a superconducting state arises, but here (except
under extremely fine-tuned circumstances in which
the Fermi surface is perfectly nested) the undoped state
at n ¼ 1 is also superconducting, and the superconducting
Tc is exponentially small in units of W. For intermediate
U ∼W, no controlled analytic approach exists, but calcu-
lations based on a variety of physically motivated approx-
imations [6–8] yield results suggestive of values of Tc as
large as Tc ∼W [where the proportionality is a number of
order 1 but may be small, e.g., ∼ð2πÞ−2]. This was further
supported by density-matrix normalization group (DMRG)
studies of the Hubbard and t-J models on four-leg square
cylinders [9–13]. However, recent [14] DMRG calculations
on six-leg square cylinders, as well as variational
Monte Carlo [15] calculations on 2D models, have called

this proposition into question. Specifically, the tendency of
a doped antiferromagnet to phase separation [15,16] or to
charge-density wave (CDW) formation [11,13,14,17–21]
appears to play a much more dominant role in the physics
at small δ than accounted for by most approximate
approaches.
One attractive notion that was suggested early on is that

high temperature superconductivity could arise naturally
[1,22–27] under circumstances in which the insulating
parent state is a quantum spin liquid (QSL) rather than
an ordered antiferromagnet. In particular, a QSL with a gap
(even a partial gap with nodes), can in some sense be
thought of as a state with preexisting Cooper pairs but with
vanishing superfluid stiffness. Then, upon light doping, one
might naturally expect SC with a gap scale that is inherited
from the QSL (i.e., evolves continuously as δ → 0) and
with a superfluid stiffness—that rises with δ.
In the present Letter, we explore the possibility of SC in a

doped spin liquid using DMRG to treat the t-J model (a
proxy for the Hubbard model) on cylinders of circum-
ference 4 and 6. A number of studies of the spin-1=2
Heisenberg model on the square lattice with first and
second neighbor exchange couplings, J1 and J2, have
led to a consensus [28–35] that there is a QSL phase in
the range of 0.46 < J2=J1 < 0.52 [35]. In this range,
DMRG on cylinders of circumference up to Ly ¼ 10 show
a pronounced spin-gap and exponentially falling spin-spin
correlations with a correlation length ξs considerably
smaller than Ly [30,32]. However, there is still some debate
about whether this gap persists in the 2D limit, or if instead
the QSL phase has a gapless nodal spinon spectrum.

PHYSICAL REVIEW LETTERS 127, 097002 (2021)
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0.4

0.6 Upon increasing the cylinder width from 
4 to 8, we observed a significant 
strengthening of the quasi-long-range 
superconducting correlations, and a 
dramatic suppression of any “competing” 
charge-density-wave order. Extrapolating 
from the observed behavior of the width 8 
cylinders, we speculate that the system 
has a nodeless d-wave superconducting 
ground-state in the 2D limit.
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We have performed density-matrix renormalization group studies of a square lattice t-J model with small
hole doping, δ ≪ 1, on long four and six-leg cylinders. We include frustration in the form of a second-
neighbor exchange coupling, J2 ¼ J1=2, such that the undoped (δ ¼ 0) “parent” state is a quantum spin
liquid. In contrast to the relatively short range superconducting (SC) correlations that have been observed in
recent studies of the six-leg cylinder in the absence of frustration, we find power-law SC correlations with a
Luttinger exponent, KSC ≈ 1, consistent with a strongly diverging SC susceptibility, χ ∼ T−ð2−KSCÞ as the
temperature T → 0. The spin-spin correlations—as in the undoped state—fall exponentially suggesting
that the SC “pairing” correlations evolve smoothly from the insulating parent state.
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Although the physics of cuprate high temperature super-
conductors is surely complex, there are a variety of reasons
[1–3] to believe that the “essential” [4] physics is captured
by the two-dimensional (2D) Hubbard model or its close
relatives. To begin with, as is the case in cuprates, in an
appropriate regime of parameters, the Hubbard model on a
square lattice with n ¼ 1 electrons per site exhibits an
undoped “parent” state that is a Mott insulating antiferro-
magnet. However, two key theoretical issues concerning
this proposition remain unsettled: (1) Does d-wave super-
conductivity (SC) “robustly” arise in this model upon light
doping, i.e., for 0 < δ≡ ð1 − nÞ ≪ 1? (2) If so, how does it
arise (i.e., what is the “mechanism”) and under what
circumstances (e.g., does it depend on specific features
of the band structure)?
For parametrically small values of the Hubbard U ≪ W

(where W is the bandwidth), it is possible to establish [5]
that such a superconducting state arises, but here (except
under extremely fine-tuned circumstances in which
the Fermi surface is perfectly nested) the undoped state
at n ¼ 1 is also superconducting, and the superconducting
Tc is exponentially small in units of W. For intermediate
U ∼W, no controlled analytic approach exists, but calcu-
lations based on a variety of physically motivated approx-
imations [6–8] yield results suggestive of values of Tc as
large as Tc ∼W [where the proportionality is a number of
order 1 but may be small, e.g., ∼ð2πÞ−2]. This was further
supported by density-matrix normalization group (DMRG)
studies of the Hubbard and t-J models on four-leg square
cylinders [9–13]. However, recent [14] DMRG calculations
on six-leg square cylinders, as well as variational
Monte Carlo [15] calculations on 2D models, have called

this proposition into question. Specifically, the tendency of
a doped antiferromagnet to phase separation [15,16] or to
charge-density wave (CDW) formation [11,13,14,17–21]
appears to play a much more dominant role in the physics
at small δ than accounted for by most approximate
approaches.
One attractive notion that was suggested early on is that

high temperature superconductivity could arise naturally
[1,22–27] under circumstances in which the insulating
parent state is a quantum spin liquid (QSL) rather than
an ordered antiferromagnet. In particular, a QSL with a gap
(even a partial gap with nodes), can in some sense be
thought of as a state with preexisting Cooper pairs but with
vanishing superfluid stiffness. Then, upon light doping, one
might naturally expect SC with a gap scale that is inherited
from the QSL (i.e., evolves continuously as δ → 0) and
with a superfluid stiffness—that rises with δ.
In the present Letter, we explore the possibility of SC in a

doped spin liquid using DMRG to treat the t-J model (a
proxy for the Hubbard model) on cylinders of circum-
ference 4 and 6. A number of studies of the spin-1=2
Heisenberg model on the square lattice with first and
second neighbor exchange couplings, J1 and J2, have
led to a consensus [28–35] that there is a QSL phase in
the range of 0.46 < J2=J1 < 0.52 [35]. In this range,
DMRG on cylinders of circumference up to Ly ¼ 10 show
a pronounced spin-gap and exponentially falling spin-spin
correlations with a correlation length ξs considerably
smaller than Ly [30,32]. However, there is still some debate
about whether this gap persists in the 2D limit, or if instead
the QSL phase has a gapless nodal spinon spectrum.
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0.6 Upon increasing the cylinder width from 
4 to 8, we observed a significant 
strengthening of the quasi-long-range 
superconducting correlations, and a 
dramatic suppression of any “competing” 
charge-density-wave order. Extrapolating 
from the observed behavior of the width 8 
cylinders, we speculate that the system 
has a nodeless d-wave superconducting 
ground-state in the 2D limit.
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Although the physics of cuprate high temperature super-
conductors is surely complex, there are a variety of reasons
[1–3] to believe that the “essential” [4] physics is captured
by the two-dimensional (2D) Hubbard model or its close
relatives. To begin with, as is the case in cuprates, in an
appropriate regime of parameters, the Hubbard model on a
square lattice with n ¼ 1 electrons per site exhibits an
undoped “parent” state that is a Mott insulating antiferro-
magnet. However, two key theoretical issues concerning
this proposition remain unsettled: (1) Does d-wave super-
conductivity (SC) “robustly” arise in this model upon light
doping, i.e., for 0 < δ≡ ð1 − nÞ ≪ 1? (2) If so, how does it
arise (i.e., what is the “mechanism”) and under what
circumstances (e.g., does it depend on specific features
of the band structure)?
For parametrically small values of the Hubbard U ≪ W

(where W is the bandwidth), it is possible to establish [5]
that such a superconducting state arises, but here (except
under extremely fine-tuned circumstances in which
the Fermi surface is perfectly nested) the undoped state
at n ¼ 1 is also superconducting, and the superconducting
Tc is exponentially small in units of W. For intermediate
U ∼W, no controlled analytic approach exists, but calcu-
lations based on a variety of physically motivated approx-
imations [6–8] yield results suggestive of values of Tc as
large as Tc ∼W [where the proportionality is a number of
order 1 but may be small, e.g., ∼ð2πÞ−2]. This was further
supported by density-matrix normalization group (DMRG)
studies of the Hubbard and t-J models on four-leg square
cylinders [9–13]. However, recent [14] DMRG calculations
on six-leg square cylinders, as well as variational
Monte Carlo [15] calculations on 2D models, have called

this proposition into question. Specifically, the tendency of
a doped antiferromagnet to phase separation [15,16] or to
charge-density wave (CDW) formation [11,13,14,17–21]
appears to play a much more dominant role in the physics
at small δ than accounted for by most approximate
approaches.
One attractive notion that was suggested early on is that

high temperature superconductivity could arise naturally
[1,22–27] under circumstances in which the insulating
parent state is a quantum spin liquid (QSL) rather than
an ordered antiferromagnet. In particular, a QSL with a gap
(even a partial gap with nodes), can in some sense be
thought of as a state with preexisting Cooper pairs but with
vanishing superfluid stiffness. Then, upon light doping, one
might naturally expect SC with a gap scale that is inherited
from the QSL (i.e., evolves continuously as δ → 0) and
with a superfluid stiffness—that rises with δ.
In the present Letter, we explore the possibility of SC in a

doped spin liquid using DMRG to treat the t-J model (a
proxy for the Hubbard model) on cylinders of circum-
ference 4 and 6. A number of studies of the spin-1=2
Heisenberg model on the square lattice with first and
second neighbor exchange couplings, J1 and J2, have
led to a consensus [28–35] that there is a QSL phase in
the range of 0.46 < J2=J1 < 0.52 [35]. In this range,
DMRG on cylinders of circumference up to Ly ¼ 10 show
a pronounced spin-gap and exponentially falling spin-spin
correlations with a correlation length ξs considerably
smaller than Ly [30,32]. However, there is still some debate
about whether this gap persists in the 2D limit, or if instead
the QSL phase has a gapless nodal spinon spectrum.
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Confinement of SU(2)N gauge theory by charge fluctuations
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• Begin with the ⇡-flux spin liquid in the fermionic spinon description.
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Hf is invariant under SU(2) rotations in spin and SU(2)N rotations in Nambu space; Uij is

the SU(2)N gauge field.
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Hf is invariant under SU(2) rotations in spin and SU(2)N rotations in Nambu space; Uij is

the SU(2)N gauge field.

• Knowing the projective symmetry transformations of  i, we can deduce those of the Bi, and

obtain the nearest-neighbor e↵ective Hamiltonian for Bi
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Confinement of SU(2)N gauge theory by charge fluctuations
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Hf is invariant under SU(2) rotations in spin and SU(2)N rotations in Nambu space; Uij is

the SU(2)N gauge field.

• Knowing the projective symmetry transformations of  i, we can deduce those of the Bi, and
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Confinement of SU(2)N gauge theory by charge fluctuations
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• Begin with the ⇡-flux spin liquid in the fermionic spinon description.
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Hf is invariant under SU(2) rotations in spin and SU(2)N rotations in Nambu space; Uij is
the SU(2)N gauge field.

• Introduce a charge e, SU(2)N fundamental boson Bi such that the composite of Bi and  i is
an electron. The projective symmetries require

HB = r

X

i

B
†
iBi + iw

X

hiji

eij

⇣
B

†
iUijBj �B

†
jUjiBi

⌘
+ . . .

<latexit sha1_base64="pqkYYTFavTUVx/hSF1+2u+J3EBs="></latexit>

Boson with same quantum numbers in X.-G. Wen and P.A. Lee, PRL 76, 503 (1996)
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Hf is invariant under SU(2) rotations in spin and SU(2)N rotations in Nambu space; Uij is

the SU(2)N gauge field.

• Knowing the projective symmetry transformations of  i, we can deduce those of the Bi, and
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Confinement of SU(2)N gauge theory by charge fluctuations
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Hf is invariant under SU(2) rotations in spin and SU(2)N rotations in Nambu space; Uij is
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X

hiji

|�ij |2

+ J1

X

hiji

Q
2
ij +K1

X

hiji

J
2
ij .

<latexit sha1_base64="24sjrSBIuq8vVg1zQu6tGuzOLsU="></latexit>

site charge density:
D
c†i↵ci↵

E
⇠ ⇢i = B†

iBi

bond density:
D
c†i↵cj↵ + c†j↵ci↵

E
⇠ Qij = Qji = Im

⇣
B†

i eijUijBj

⌘

bond current: i
D
c†i↵cj↵ � c†j↵ci↵

E
⇠ Jij = �Jji = Re

⇣
B†

i eijUijBj

⌘

Pairing: h"↵�ci↵cj�i ⇠ �ij = �ji = "abBaieijUijBbj .

Confinement of SU(2)N gauge theory by charge fluctuations
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(⇡,�⇡)

<latexit sha1_base64="yNLnveSPfopF3Mx61dLj4yJbZSE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB1DvHiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPVS7Z91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/GT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwa52Xvqnx5f1GqVLM48nAEx3AKHlxDBe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDs4WNbg==</latexit>

B+
<latexit sha1_base64="s0dObGLdEFPS4sbpmBE5t/AQ1pg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4hXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHqrds26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/jp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaN87J3Vb68vyhVqlkceTiCYzgFD66hAndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBto2NcA==</latexit>

B�
<latexit sha1_base64="XcmfqZK1gPcsg+rMJr1wawjpeWU=">AAAB+XicbZBLSwMxFIXv+Kz1NerSzWARXJWZgo9lqRuXFewD2qFk0rQNzSRDcqdQhv4TNy4Uces/cee/MW1noa0HAh/n3EuSEyWCG/T9b2djc2t7Z7ewV9w/ODw6dk9Om0almrIGVULpdkQME1yyBnIUrJ1oRuJIsFY0vp/nrQnThiv5hNOEhTEZSj7glKC1eq5bU0ZJTj06InqopOm5Jb/sL+StQ5BDCXLVe+5Xt69oGjOJVBBjOoGfYJgRjZwKNit2U8MSQsdkyDoWJYmZCbPFy2fepXX63kBpeyR6C/f3RkZiY6ZxZCdjgiOzms3N/7JOioO7MOMySZFJurxokAoPlTevwetzzSiKqQVCNce8AULRllW0JQSrX16HZqUc3JSvHyulai2vowDncAFXEMAtVOEB6tAAChN4hld4czLnxXl3PpajG06+cwZ/5Hz+AH9Uk5U=</latexit>

Bosonic chargons

<latexit sha1_base64="8WrVwdJUrK7/CAr0KDNwujvSKNw=">AAACCHicbVC7TsNAEDyHVwivACWNRYREFdkIAmUEDWWQyEOKo+h8WSdHzmfrbg1EVn6Aiha+gg7R8hd8BP/AJXEBCSOtNJrZ1e6OHwuu0XG+rNzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9eTfzmPSjNI3mLoxg6Ie1LHnBG0UgNr6Z5V3eLJafsTGEvEjcjJZKh1i1+e72IJSFIZIJq3XadGDspVciZgHHBSzTElA1pH9qGShqC7qTTa8f2kVF6dhApUxLtqfp7IqWh1qPQN50hxYGe9ybif147weCik3IZJwiSzRYFibAxsiev2z2ugKEYGUKZ4uZWmw2oogxNQAVPg0lP9nGQegiP+MB7Zk9a4XJs8nHn01gkjZOyWymf3ZyWqpdZUnlyQA7JMXHJOamSa1IjdcLIHXkmL+TVerLerHfrY9aas7KZffIH1ucPPe6bJA==</latexit>

 s

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

Confinement of SU(2)N gauge theory by charge fluctuations



<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1
<latexit sha1_base64="r181zh/G8zdi1zQOhjs4IFI+VGs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvlwUanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAX/42T</latexit>

(0, 0)
<latexit sha1_base64="Q87IczK6/das9WOXNzfFDFDi3Fg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOTJcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLFghqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k78xhPXRkTqAUcx90PaV6InGEUrPZbasTgl9jvpFIpu2Z2CLBIvI0XIUO0UvtrdiCUhV8gkNabluTH6KdUomOTjfDsxPKZsSPu8ZamiITd+Ot14TI6t0iW9SNunkEzV3x0pDY0ZhYGtDCkOzLw3Ef/zWgn2rv1UqDhBrthsUC+RBCMyOZ90heYM5cgSyrSwuxI2oJoytCHlbQje/MmLpH5W9i7LF/fnxcpNFkcODuEISuDBFVTgDqpQAwYKnuEV3hzjvDjvzsesdMnJeg7gD5zPHyRij+8=</latexit>

(⇡,⇡)
<latexit sha1_base64="LHsmAvE2SqRHnpgdlALJF/Lhnyo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmbE7Rj04jGCWSAZQk+nJmnS0zN29whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HfuNJ1Sax/LBDBP0I9qTPOSMGis1S+2EnxL3pFMoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz2My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s7J3Wb64Py9WbmZx5OAQjqAEHlxBBe6gCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fSUuO1g==</latexit>

(⇡, 0)
<latexit sha1_base64="k0iMARFfzt/DVn/c1RxpZ5iaIHA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJu8HUMevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Cy7Z8g97RVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE177KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7rFzcn5dqN1kceTiCYyiDB1dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbi+NvQ==</latexit>

(0, 0)

<latexit sha1_base64="WKGtWDoLVYhv+qEHspfgjwmAESk=">AAACJXicbVDLSsNAFJ3UV42vqks3g0VwVZKCj4WLoi7cCBWsLTShTCY37dDJJMxMhBL6M278FTcuLCK48lecPgRtPTBwOOdc7twTpJwp7TifVmFpeWV1rbhub2xube+UdvceVJJJCg2a8ES2AqKAMwENzTSHViqBxAGHZtC/GvvNR5CKJeJeD1LwY9IVLGKUaCN1ShdeAF0mcgpCgxzat0QpDkrhayYJ9TwcgYxNEquUiUQo2wMR/qQ7pbJTcSbAi8SdkTKaod4pjbwwoVlsxik3m9quk2o/J1IzymFoe5mClNA+6ULbUEFiUH4+uXKIj4wS4iiR5gmNJ+rviZzESg3iwCRjontq3huL/3ntTEfnfs5EmmkQdLooyjjWCR5XhkMmgWo+MIRQycxfMe0RU4/pQNmmBHf+5EXyUK24p5WTu2q5djmro4gO0CE6Ri46QzV0g+qogSh6Qi/oDY2sZ+vVerc+ptGCNZvZR39gfX0DHTCmRQ==</latexit>

Massless Dirac
fermion spinons

<latexit sha1_base64="YVUVaGos2GF0MaqvieAYRNqkxOQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ae0oUymk3bIzCTMTIQS+hEu1Y249Xtc+DdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp50gusv9zhNVmsXy0UwS6gs8kixkBBsrdbJ+IFA0HVRrbt2dAS0TryA1KNAcVL/6w5ikgkpDONa657mJ8TOsDCOcTiv9VNMEkwiPaM9SiQXVfjY7d4pOrDJEYaxsSYNm6u+JDAutJyI4C4RtFtiM9aKdi/95vdSEN37GZJIaKsl8V5hyZGKUv4+GTFFi+MQSTBSz5yIyxgoTY0Oq2By8xa+XSfu87l3VLx8uao3bIpEyHMExnIIH19CAe2hCCwhE8Ayv8OZo58V5dz7mrSWnmDmEP3A+fwAVsZCF</latexit>

k

<latexit sha1_base64="7ySHgnIOpS6K/9bjeeyjfYaEFlY=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6wWcLspDcZMjuzzMxGwpLP8KhexKtf48G/cZLsQRMLGoqqbrq7woQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapotCgkkvVDokGzgQ0DDMc2okCEoccWuHwbuq3RqA0k+LRjBMIYtIXLGKUGCv5nRFRkGjGpeiWK27VnQEvEy8nFZSj3i1/dXqSpjEIQznR2vfcxAQZUYZRDpNSJ9WQEDokffAtFSQGHWSzkyf4xCo9HEllSxg8U39PZCTWehyHZ2Fsm2NiBnrRnor/eX5qopsgYyJJDQg63xWlHBuJpxHgHlNADR9bQqhi9lxMB0QRamxQJZuDt/j1MmmeV72r6uXDRaV2mydSREfoGJ0iD12jGrpHddRAFEn0jF7Rm/PkvDjvzse8teDkM4foD5zPH69lkp4=</latexit>"

<latexit sha1_base64="Aa/IqtL9UApUtmQMGSzjaGpBDF8=">AAAB63icbVDLSgNBEOz1GeMr6tHLYhA8SNgV X8egF48JmAckS5id9CZDZmaXmVkhLPkCj+pFvPpJHvwbJ8keNLGgoajqprsrTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDZozGPVDolGziQ2DDMc24lCIkKOrXB0P/VbT6g0i+WjGScYCDKQLGKUGCvVvV6p7FW8Gdxl4uekDDlqvdJXtx/TVKA0lBOtO76XmCAjyjDKcVLsphoTQkdkgB1LJRGog2x26MQ9tUrfjWJlSxp3pv6eyIjQeizC81DYZkHMUC/aU/E/r5Oa6DbImExSg5LOd0Upd03sTh93+0whNXxsCaGK2XNdOiSKUGPjKdoc/MWvl0nzouJfV67ql+XqXZ5IAY7hBM7AhxuowgPUoAEUEJ7hFd4c4bw4787HvHXFyWeO4A+czx9hRI3L</latexit>

0 <latexit sha1_base64="fyb0X3LCrm2dXOjWI2uot52lpXk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBItQQcuM+FoW3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YtrPQ6oGEwzn3cu89YcKZNq775RSWlldW14rrpY3Nre2d8u5eS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3U799iNVmknxYMYJDWI8ECxiBBsr+dVuwk7Qqf2Pe+WKW3NnQH+Jl5MK5Gj0yp/dviRpTIUhHGvte25iggwrwwink1I31TTBZIQH1LdU4JjqIJutPEFHVumjSCr7hEEz9WdHhmOtx3FoK2NshnrRm4r/eX5qousgYyJJDRVkPihKOTISTe9HfaYoMXxsCSaK2V0RGWKFibEplWwI3uLJf0nrrOZd1i7uzyv1mzyOIhzAIVTBgyuowx00oAkEJDzBC7w6xnl23pz3eWnByXv24Recj2+P6ZAm</latexit>

(⇡,�⇡)

<latexit sha1_base64="yNLnveSPfopF3Mx61dLj4yJbZSE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB1DvHiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPVS7Z91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/GT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwa52Xvqnx5f1GqVLM48nAEx3AKHlxDBe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDs4WNbg==</latexit>

B+
<latexit sha1_base64="s0dObGLdEFPS4sbpmBE5t/AQ1pg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4hXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHqrds26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/jp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaN87J3Vb68vyhVqlkceTiCYzgFD66hAndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBto2NcA==</latexit>

B�
<latexit sha1_base64="XcmfqZK1gPcsg+rMJr1wawjpeWU=">AAAB+XicbZBLSwMxFIXv+Kz1NerSzWARXJWZgo9lqRuXFewD2qFk0rQNzSRDcqdQhv4TNy4Uces/cee/MW1noa0HAh/n3EuSEyWCG/T9b2djc2t7Z7ewV9w/ODw6dk9Om0almrIGVULpdkQME1yyBnIUrJ1oRuJIsFY0vp/nrQnThiv5hNOEhTEZSj7glKC1eq5bU0ZJTj06InqopOm5Jb/sL+StQ5BDCXLVe+5Xt69oGjOJVBBjOoGfYJgRjZwKNit2U8MSQsdkyDoWJYmZCbPFy2fepXX63kBpeyR6C/f3RkZiY6ZxZCdjgiOzms3N/7JOioO7MOMySZFJurxokAoPlTevwetzzSiKqQVCNce8AULRllW0JQSrX16HZqUc3JSvHyulai2vowDncAFXEMAtVOEB6tAAChN4hld4czLnxXl3PpajG06+cwZ/5Hz+AH9Uk5U=</latexit>

Bosonic chargons

<latexit sha1_base64="8WrVwdJUrK7/CAr0KDNwujvSKNw=">AAACCHicbVC7TsNAEDyHVwivACWNRYREFdkIAmUEDWWQyEOKo+h8WSdHzmfrbg1EVn6Aiha+gg7R8hd8BP/AJXEBCSOtNJrZ1e6OHwuu0XG+rNzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9eTfzmPSjNI3mLoxg6Ie1LHnBG0UgNr6Z5V3eLJafsTGEvEjcjJZKh1i1+e72IJSFIZIJq3XadGDspVciZgHHBSzTElA1pH9qGShqC7qTTa8f2kVF6dhApUxLtqfp7IqWh1qPQN50hxYGe9ybif147weCik3IZJwiSzRYFibAxsiev2z2ugKEYGUKZ4uZWmw2oogxNQAVPg0lP9nGQegiP+MB7Zk9a4XJs8nHn01gkjZOyWymf3ZyWqpdZUnlyQA7JMXHJOamSa1IjdcLIHXkmL+TVerLerHfrY9aas7KZffIH1ucPPe6bJA==</latexit>

 s

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

<latexit sha1_base64="yN1SDZlypk2DJolpdjLAECgjWQg="></latexit>

SU(2)N gauge-invariant and SU(2) spin invariant

order parameters of Higgs phases:

x-CDW : ⇢(⇡,0) = B⇤
a+Ba+ �B⇤

a�Ba�

y-CDW : ⇢(0,⇡) = B⇤
a+Ba� +B⇤

a�Ba+

d-density wave : D = i
�
B⇤

a+Ba� �B⇤
a�Ba+

�

d-wave superconductor : � = "abBa+Bb�

Confinement of SU(2)N gauge theory by charge fluctuations

<latexit sha1_base64="Cs10sqlHf3BhenyvR2poaoIKFL8="></latexit>

The O(B2
a±) terms in the energy

have a SO(5)b rotation symmetry

between these orders.



<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1
<latexit sha1_base64="r181zh/G8zdi1zQOhjs4IFI+VGs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvlwUanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAX/42T</latexit>

(0, 0)
<latexit sha1_base64="Q87IczK6/das9WOXNzfFDFDi3Fg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOTJcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLFghqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k78xhPXRkTqAUcx90PaV6InGEUrPZbasTgl9jvpFIpu2Z2CLBIvI0XIUO0UvtrdiCUhV8gkNabluTH6KdUomOTjfDsxPKZsSPu8ZamiITd+Ot14TI6t0iW9SNunkEzV3x0pDY0ZhYGtDCkOzLw3Ef/zWgn2rv1UqDhBrthsUC+RBCMyOZ90heYM5cgSyrSwuxI2oJoytCHlbQje/MmLpH5W9i7LF/fnxcpNFkcODuEISuDBFVTgDqpQAwYKnuEV3hzjvDjvzsesdMnJeg7gD5zPHyRij+8=</latexit>

(⇡,⇡)
<latexit sha1_base64="LHsmAvE2SqRHnpgdlALJF/Lhnyo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmbE7Rj04jGCWSAZQk+nJmnS0zN29whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HfuNJ1Sax/LBDBP0I9qTPOSMGis1S+2EnxL3pFMoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz2My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s7J3Wb64Py9WbmZx5OAQjqAEHlxBBe6gCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fSUuO1g==</latexit>

(⇡, 0)
<latexit sha1_base64="k0iMARFfzt/DVn/c1RxpZ5iaIHA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJu8HUMevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Cy7Z8g97RVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE177KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7rFzcn5dqN1kceTiCYyiDB1dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbi+NvQ==</latexit>

(0, 0)

<latexit sha1_base64="WKGtWDoLVYhv+qEHspfgjwmAESk=">AAACJXicbVDLSsNAFJ3UV42vqks3g0VwVZKCj4WLoi7cCBWsLTShTCY37dDJJMxMhBL6M278FTcuLCK48lecPgRtPTBwOOdc7twTpJwp7TifVmFpeWV1rbhub2xube+UdvceVJJJCg2a8ES2AqKAMwENzTSHViqBxAGHZtC/GvvNR5CKJeJeD1LwY9IVLGKUaCN1ShdeAF0mcgpCgxzat0QpDkrhayYJ9TwcgYxNEquUiUQo2wMR/qQ7pbJTcSbAi8SdkTKaod4pjbwwoVlsxik3m9quk2o/J1IzymFoe5mClNA+6ULbUEFiUH4+uXKIj4wS4iiR5gmNJ+rviZzESg3iwCRjontq3huL/3ntTEfnfs5EmmkQdLooyjjWCR5XhkMmgWo+MIRQycxfMe0RU4/pQNmmBHf+5EXyUK24p5WTu2q5djmro4gO0CE6Ri46QzV0g+qogSh6Qi/oDY2sZ+vVerc+ptGCNZvZR39gfX0DHTCmRQ==</latexit>

Massless Dirac
fermion spinons

<latexit sha1_base64="YVUVaGos2GF0MaqvieAYRNqkxOQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ae0oUymk3bIzCTMTIQS+hEu1Y249Xtc+DdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp50gusv9zhNVmsXy0UwS6gs8kixkBBsrdbJ+IFA0HVRrbt2dAS0TryA1KNAcVL/6w5ikgkpDONa657mJ8TOsDCOcTiv9VNMEkwiPaM9SiQXVfjY7d4pOrDJEYaxsSYNm6u+JDAutJyI4C4RtFtiM9aKdi/95vdSEN37GZJIaKsl8V5hyZGKUv4+GTFFi+MQSTBSz5yIyxgoTY0Oq2By8xa+XSfu87l3VLx8uao3bIpEyHMExnIIH19CAe2hCCwhE8Ayv8OZo58V5dz7mrSWnmDmEP3A+fwAVsZCF</latexit>

k

<latexit sha1_base64="7ySHgnIOpS6K/9bjeeyjfYaEFlY=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6wWcLspDcZMjuzzMxGwpLP8KhexKtf48G/cZLsQRMLGoqqbrq7woQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapotCgkkvVDokGzgQ0DDMc2okCEoccWuHwbuq3RqA0k+LRjBMIYtIXLGKUGCv5nRFRkGjGpeiWK27VnQEvEy8nFZSj3i1/dXqSpjEIQznR2vfcxAQZUYZRDpNSJ9WQEDokffAtFSQGHWSzkyf4xCo9HEllSxg8U39PZCTWehyHZ2Fsm2NiBnrRnor/eX5qopsgYyJJDQg63xWlHBuJpxHgHlNADR9bQqhi9lxMB0QRamxQJZuDt/j1MmmeV72r6uXDRaV2mydSREfoGJ0iD12jGrpHddRAFEn0jF7Rm/PkvDjvzse8teDkM4foD5zPH69lkp4=</latexit>"

<latexit sha1_base64="Aa/IqtL9UApUtmQMGSzjaGpBDF8=">AAAB63icbVDLSgNBEOz1GeMr6tHLYhA8SNgV X8egF48JmAckS5id9CZDZmaXmVkhLPkCj+pFvPpJHvwbJ8keNLGgoajqprsrTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDZozGPVDolGziQ2DDMc24lCIkKOrXB0P/VbT6g0i+WjGScYCDKQLGKUGCvVvV6p7FW8Gdxl4uekDDlqvdJXtx/TVKA0lBOtO76XmCAjyjDKcVLsphoTQkdkgB1LJRGog2x26MQ9tUrfjWJlSxp3pv6eyIjQeizC81DYZkHMUC/aU/E/r5Oa6DbImExSg5LOd0Upd03sTh93+0whNXxsCaGK2XNdOiSKUGPjKdoc/MWvl0nzouJfV67ql+XqXZ5IAY7hBM7AhxuowgPUoAEUEJ7hFd4c4bw4787HvHXFyWeO4A+czx9hRI3L</latexit>

0 <latexit sha1_base64="fyb0X3LCrm2dXOjWI2uot52lpXk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBItQQcuM+FoW3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YtrPQ6oGEwzn3cu89YcKZNq775RSWlldW14rrpY3Nre2d8u5eS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3U799iNVmknxYMYJDWI8ECxiBBsr+dVuwk7Qqf2Pe+WKW3NnQH+Jl5MK5Gj0yp/dviRpTIUhHGvte25iggwrwwink1I31TTBZIQH1LdU4JjqIJutPEFHVumjSCr7hEEz9WdHhmOtx3FoK2NshnrRm4r/eX5qousgYyJJDRVkPihKOTISTe9HfaYoMXxsCSaK2V0RGWKFibEplWwI3uLJf0nrrOZd1i7uzyv1mzyOIhzAIVTBgyuowx00oAkEJDzBC7w6xnl23pz3eWnByXv24Recj2+P6ZAm</latexit>

(⇡,�⇡)

<latexit sha1_base64="yNLnveSPfopF3Mx61dLj4yJbZSE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB1DvHiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPVS7Z91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/GT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwa52Xvqnx5f1GqVLM48nAEx3AKHlxDBe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDs4WNbg==</latexit>

B+
<latexit sha1_base64="s0dObGLdEFPS4sbpmBE5t/AQ1pg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4hXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHqrds26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/jp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaN87J3Vb68vyhVqlkceTiCYzgFD66hAndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBto2NcA==</latexit>

B�
<latexit sha1_base64="XcmfqZK1gPcsg+rMJr1wawjpeWU=">AAAB+XicbZBLSwMxFIXv+Kz1NerSzWARXJWZgo9lqRuXFewD2qFk0rQNzSRDcqdQhv4TNy4Uces/cee/MW1noa0HAh/n3EuSEyWCG/T9b2djc2t7Z7ewV9w/ODw6dk9Om0almrIGVULpdkQME1yyBnIUrJ1oRuJIsFY0vp/nrQnThiv5hNOEhTEZSj7glKC1eq5bU0ZJTj06InqopOm5Jb/sL+StQ5BDCXLVe+5Xt69oGjOJVBBjOoGfYJgRjZwKNit2U8MSQsdkyDoWJYmZCbPFy2fepXX63kBpeyR6C/f3RkZiY6ZxZCdjgiOzms3N/7JOioO7MOMySZFJurxokAoPlTevwetzzSiKqQVCNce8AULRllW0JQSrX16HZqUc3JSvHyulai2vowDncAFXEMAtVOEB6tAAChN4hld4czLnxXl3PpajG06+cwZ/5Hz+AH9Uk5U=</latexit>

Bosonic chargons

<latexit sha1_base64="8WrVwdJUrK7/CAr0KDNwujvSKNw=">AAACCHicbVC7TsNAEDyHVwivACWNRYREFdkIAmUEDWWQyEOKo+h8WSdHzmfrbg1EVn6Aiha+gg7R8hd8BP/AJXEBCSOtNJrZ1e6OHwuu0XG+rNzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9eTfzmPSjNI3mLoxg6Ie1LHnBG0UgNr6Z5V3eLJafsTGEvEjcjJZKh1i1+e72IJSFIZIJq3XadGDspVciZgHHBSzTElA1pH9qGShqC7qTTa8f2kVF6dhApUxLtqfp7IqWh1qPQN50hxYGe9ybif147weCik3IZJwiSzRYFibAxsiev2z2ugKEYGUKZ4uZWmw2oogxNQAVPg0lP9nGQegiP+MB7Zk9a4XJs8nHn01gkjZOyWymf3ZyWqpdZUnlyQA7JMXHJOamSa1IjdcLIHXkmL+TVerLerHfrY9aas7KZffIH1ucPPe6bJA==</latexit>

 s

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Confinement of SU(2)N gauge theory by charge fluctuations

<latexit sha1_base64="qxdrH3Pi0yz6aECOSlX0RTpnDfc="></latexit>

The Bav

(a ! SU(2)N gauge, v ! valley)
are the “square roots” of

conventional
d-wave superconductor,
charge density wave,
pair density wave

. . .



Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a) <latexit sha1_base64="FuJqJDTMkIOMw8tNol1pwzrO2p8=">AAACHHicbZDLSsNAFIYnXmu9Rd0IbgaL4KqkotVlqRuXClaFppTJ5KQdnEzizIlaQn0UV271KdyJW8GH8B2cXhBvPwz8/OcczpkvSKUw6HnvzsTk1PTMbGGuOL+wuLTsrqyemSTTHBo8kYm+CJgBKRQ0UKCEi1QDiwMJ58Hl4aB+fg3aiESdYi+FVsw6SkSCM7RR2133JVMdCbROfT1yvoIr6rXdklf2hqJfpvLblMhYx233ww8TnsWgkEtmTLPipdjKmUbBJfSLfmYgZfySdaBprWIxmFY+/EGfbtkkpFGi7VNIh+n3iZzFxvTiwHbGDLvmd20Q/ldrZhgdtHKh0gxB8dGiKJMUEzrAQUOhgaPsWcO4FvZWyrtMM44WWtE3YImqDnZzH+EWb0Ro9+RVofqWzx8af83ZTrlSLe+d7JZq9TGpAtkgm2SbVMg+qZEjckwahJM78kAeyZNz7zw7L87rqHXCGc+skR9y3j4BNIih5g==</latexit>

hBi 6= 0

Confinement of SU(2)N gauge theory by charge fluctuations



Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Global phase diagram of SU(2)N gauge theory
(a)

(b)

(a)

(b)

or

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

<latexit sha1_base64="/+TdBeu+Rjak7sLKIrxZiU3Dbe4="></latexit>

Confining phase:
VBS order

<latexit sha1_base64="0kgAl0dEp0JLBG8zv2eR7Nu0bXU=">AAACGXicbZDLSgNBEEV7fMb4ioorN41BcBUmotGNEOLGZQTzgEwIPZ1K0qSnZ+iuUcOQL3HlVr/Cnbh15Uf4D3YeiCZeKLjcqqKK40dSGHTdT2dhcWl5ZTW1ll7f2NzazuzsVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0b92h1oI0J1i4MImgHrKtERnKGNWpl9TzLVlUBL1NMTd0ndVibr5tyx6I/Jz5osmarcynx57ZDHASjkkhnTyLsRNhOmUXAJw7QXG4gY77MuNKxVLADTTMbvD+mRTdq0E2pbCuk4/b2RsMCYQeDbyYBhz8z2RuF/vUaMnYtmIlQUIyg+OdSJJcWQjljQttDAUQ6sYVwL+yvlPaYZR0ss7RmwOFUXe4mH8ID3om3vJAWhhpbPHI15Uz3J5Qu5s5vTbLE0JZUiB+SQHJM8OSdFck3KpEI4ScgTeSYvzqPz6rw575PRBWe6s0f+yPn4Bm0ZoGU=</latexit>

hBi = 0
Phase A

(π,0) stripe 
Phase A

(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

<latexit sha1_base64="4G+DFuwfdYFjVmUc3iJbXpgvx7g=">AAAB63icbVBNS8NAEN3Ur1q/qh69LBbBg4SkWFtvRS8eW7Af0Iay2U7apbtJ2N0IJfQXeFQv4tWf5MF/47YNqNUHA4/3ZpiZ58ecKe04n1ZubX1jcyu/XdjZ3ds/KB4etVWUSAotGvFIdn2igLMQWpppDt1YAhE+h44/uZ37nQeQikXhvZ7G4AkyClnAKNFGaqpBseTYtYp7XS1jx3YW+CZuRkooQ2NQ/OgPI5oICDXlRKme68TaS4nUjHKYFfqJgpjQCRlBz9CQCFBeujh0hs+MMsRBJE2FGi/UnxMpEUpNhW86BdFjterNxQtf/Gf3Eh3UvJSFcaIhpMtdQcKxjvD8cTxkEqjmU0MIlcyci+mYSEK1iadgcnBXv/5L2mXbvbIrzctS/SZLJI9O0Ck6Ry6qojq6Qw3UQhQBekTP6MUS1pP1ar0tW3NWNnOMfsF6/wL8SY4u</latexit>s

<latexit sha1_base64="9W4U2ShK4MFmrysMr0ma1o6/ols=">AAAB63icdVDLSgNBEJz1GeMr6tHLYBA8SNhV8zgGvXhMwDwgWcLspDcZMjO7zMwKYckXeFQv4tVP8uDfOElWUNGChqKqm+6uIOZMG9f9cFZW19Y3NnNb+e2d3b39wsFhW0eJotCiEY9UNyAaOJPQMsxw6MYKiAg4dILJzdzv3IPSLJJ3ZhqDL8hIspBRYqzUVINC0S25Za/qlrElC1hS8yrepYe9TCmiDI1B4b0/jGgiQBrKidY9z42NnxJlGOUwy/cTDTGhEzKCnqWSCNB+ujh0hk+tMsRhpGxJgxfq94mUCK2nIrCdgpix/u3NxfNA/GX3EhPW/JTJODEg6XJXmHBsIjx/HA+ZAmr41BJCFbPnYjomilBj48nbHL6exf+T9kXJq5TKzati/TpLJIeO0Qk6Qx6qojq6RQ3UQhQBekBP6NkRzqPz4rwuW1ecbOYI/YDz9gkCYY4z</latexit>r
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Néel order
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Including
further-neighbor
couplings in B
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Summary
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Ancilla theory of pseudogap metal with hole pockets and
underlying ⇡-flux spin liquid yields:

• Theory for Fermi arcs in hole-doped pseudogap metal.

• ADMR in pseudogap.

• Anti-nodal and nodal electronic dispersion.

• d-wave superconductor with 4 nodal points in both electron-
and hole-doped cuprates.

• Near-equality of dSC and charge order onset temperatures

• Multipoint correlators measured by cold atom experiments

• Theory for strange metal in the crossover from FL* to FL


