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• Note: The electron liquid in one dimension and the fractional

quantum Hall state both have quasiparticles; however, the quasi-

particles do not have the same quantum numbers as an electron.

What are quasiparticles ?

• Quasiparticles are additive excitations:
The low-lying excitations of the many-body system
can be identified as a set {n↵} of quasiparticles with
energy "↵

E =
P

↵ n↵"↵ +
P

↵,� F↵�n↵n� + . . .

In a lattice system ofN sites, this parameterizes the energy
of ⇠ e↵N states in terms of poly(N) numbers.



• Quasiparticles eventually collide with each other. Such
collisions eventually leads to thermal equilibration in a
chaotic quantum state, but the equilibration takes a long
time. In a Fermi liquid, this time diverges as

⌧eq ⇠ ~EF

(kBT )2
, as T ! 0,

where EF is the Fermi energy.

What are quasiparticles ?



• Quasiparticles eventually collide with each other. Such
collisions eventually leads to thermal equilibration in a
chaotic quantum state, but the equilibration takes a long
time. In a Fermi liquid, this time diverges as

⌧eq ⇠ ~EF

(kBT )2
, as T ! 0,

where EF is the Fermi energy.

What are quasiparticles ?

• This time is much longer than the ‘Planckian time’ ~/(kBT ),
which we will find in systems without quasiparticle ex-
citations.

⌧eq � ~
kBT

, as T ! 0.
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A simple model of a metal with quasiparticles

Pick a set of random positions



Place electrons randomly on some sites
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Fermions occupying the eigenstates of a 
N x N random matrix

tij are independent random variables with tij = 0 and |tij |2 = t2

A simple model of a metal with quasiparticles

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj � µ

X

i

c
†
i ci

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

1

N

X

i

c
†
i ci = Q
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A simple model of a metal with quasiparticles

⇢(!) =
� 1

⇡ ImG(!)
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Feynman graph expansion in tij.., and graph-by-graph average,
yields exact equations in the large N limit:

G(⌧) ⌘ �T⌧

D
ci(⌧)c

†
i (0)

E

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = t2G(⌧)

G(⌧ = 0�) = Q.

G(!) can be determined by solving a quadratic equation.
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A simple model of a metal with quasiparticles

"↵ level
spacing ⇠ 1/N

⇢(!) =
� 1

⇡ ImG(!)
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Let "↵ be the eigenvalues of the matrix tij/
p
N .

The fermions will occupy the lowest NQ eigen-
values, upto the Fermi energy EF . The single-
particle density of states is
⇢(!) = (1/N)

P
↵ �(! � "↵), and ⇢0 ⌘ ⇢(! = 0).

<latexit sha1_base64="rU6mjVPo4lJiKOgGQ7skH51r2lE="></latexit><latexit sha1_base64="rU6mjVPo4lJiKOgGQ7skH51r2lE="></latexit><latexit sha1_base64="rU6mjVPo4lJiKOgGQ7skH51r2lE="></latexit><latexit sha1_base64="rU6mjVPo4lJiKOgGQ7skH51r2lE="></latexit>

⇢0
<latexit sha1_base64="RADCNYt/31JQIG4ZxLzkbIiT/18="></latexit><latexit sha1_base64="RADCNYt/31JQIG4ZxLzkbIiT/18="></latexit><latexit sha1_base64="RADCNYt/31JQIG4ZxLzkbIiT/18="></latexit><latexit sha1_base64="RADCNYt/31JQIG4ZxLzkbIiT/18="></latexit>

�2t� µ
<latexit sha1_base64="z7bWWCIuQJEmGhi4f4OWW/CnaoI="></latexit><latexit sha1_base64="z7bWWCIuQJEmGhi4f4OWW/CnaoI="></latexit><latexit sha1_base64="z7bWWCIuQJEmGhi4f4OWW/CnaoI="></latexit><latexit sha1_base64="z7bWWCIuQJEmGhi4f4OWW/CnaoI="></latexit>

2t� µ
<latexit sha1_base64="524YQOFx85ZyLMd+2bF2wGyzPbY="></latexit><latexit sha1_base64="524YQOFx85ZyLMd+2bF2wGyzPbY="></latexit><latexit sha1_base64="524YQOFx85ZyLMd+2bF2wGyzPbY="></latexit><latexit sha1_base64="524YQOFx85ZyLMd+2bF2wGyzPbY="></latexit>0

<latexit sha1_base64="TevaTM6ysk6/lnJqu9mzLFF/URM="></latexit><latexit sha1_base64="TevaTM6ysk6/lnJqu9mzLFF/URM="></latexit><latexit sha1_base64="TevaTM6ysk6/lnJqu9mzLFF/URM="></latexit><latexit sha1_base64="TevaTM6ysk6/lnJqu9mzLFF/URM="></latexit> !
<latexit sha1_base64="qTfrWBSoxQf63lPEGXCH09TGFe4="></latexit><latexit sha1_base64="qTfrWBSoxQf63lPEGXCH09TGFe4="></latexit><latexit sha1_base64="qTfrWBSoxQf63lPEGXCH09TGFe4="></latexit><latexit sha1_base64="qTfrWBSoxQf63lPEGXCH09TGFe4="></latexit>



A simple model of a metal with quasiparticles

Quasiparticle
excitations with
spacing ⇠ 1/N

There are 2N many
body levels with energy

E =
NX

↵=1

n↵"↵,

where n↵ = 0, 1. Shown
are all values of E for a
single cluster of size

N = 12. The "↵ have a
level spacing ⇠ 1/N .

Many-body
level spacing

⇠ 2�N



A simple model of a metal with quasiparticles

The grand potential ⌦(T ) at low T is (from the Sommerfeld expansion)

⌦(T )� E0 = N

✓
�
⇡2

6
⇢0T

2 +O(T 4)

◆
+ . . .

where ⇢0 ⌘ ⇢(0) is the single particle density of states at the Fermi level.
We can also define the many body density of states, D(E), via

Z = e�⌦(T )/T =

Z 1

�1
dED(E)e�E/T

The inversion from ⌦(T ) to D(E) has to performed with care (it need not commute
with the 1/N expansion), and we obtain

D(E) ⇠ exp

 
⇡

r
2N⇢0(E � E0)

3

!
, E > E0 ,

1

N
⌧ ⇢0(E � E0) ⌧ N

andD(E) = 0 for E < E0. This is related to the asymptotic growth of the partitions
of an integer, p(n) ⇠ exp(⇡

p
2n/3). Near the lower bound, there are large sample-

to-sample fluctuations due to variations in the lowest quasiparticle energies.
<latexit sha1_base64="facvvRdHEaDBtzhgIXZ5K7UbRjY="></latexit><latexit sha1_base64="facvvRdHEaDBtzhgIXZ5K7UbRjY="></latexit><latexit sha1_base64="facvvRdHEaDBtzhgIXZ5K7UbRjY="></latexit><latexit sha1_base64="facvvRdHEaDBtzhgIXZ5K7UbRjY="></latexit>



Fermi liquid state: Two-body interactions lead to a scattering time
of quasiparticle excitations from in (random) single-particle eigen-
states which diverges as ⇠ T�2 at the Fermi level.

A simple model of a metal with quasiparticles
Now add weak interactions

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj � µ

X

i

c
†
i ci +

1

(2N)3/2

NX

i,j,k,`=1

Uij;k` c
†
i c

†
jckc`

Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U
2
. We

compute the lifetime of a quasiparticle, ⌧↵, in an exact eigenstate  ↵(i) of the

free particle Hamitonian with energy "↵. By Fermi’s Golden rule, for "↵ at the

Fermi energy

1

⌧↵
= ⇡U

2
⇢
2
0

Z
d"�d"�d"�f("�)(1� f("�))(1� f("�))�("↵ + "� � "� � "�)

=
⇡
3
U

2
⇢
2
0

4
T

2

where ⇢0 is the density of states at the Fermi energy, and f(✏) = 1/(e
✏/T

+1) is

the Fermi function.
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The Sachdev-Ye-Kitaev (SYK) model

Pick a set of random positions
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The SYK model

This describes both a strange metal and a black hole!



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

The SYK model

H =
1

(2N)3/2

NX

i,j,k,`=1

Uij;k` c
†
i c

†
jckc` � µ

X

i

c
†
i ci

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

Q =
1

N

X

i

c
†
i ci

Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U2

N ! 1 yields critical strange metal.



The SYK model

U U⌃ =
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S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

Feynman graph expansion in Uijk`, and graph-by-graph average, yields ex-
act equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless and obey

⌃(z) = µ� ei(⇡/4+✓)

A

p
z + . . . , G(z) =

Ae�i(⇡/4+✓)

p
z

where A = (⇡/U2 cos(2✓))1/4. The value of ✓ is universally related to Q by
a Luttinger-Ward functional analysis similar to that used to establish the
Luttinger theorem of Fermi liquid theory:

Q =
1

2
� ✓

⇡
� sin(2✓)

4
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S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

The SYK model

X

A. Georges, O. Parcollet, and S. Sachdev,  PRB 63, 134406 (2001)

Feynman graph expansion in Uijk`, and graph-by-graph average, yields ex-
act equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless and obey

⌃(z) = µ� ei(⇡/4+✓)

A

p
z + . . . , G(z) =

Ae�i(⇡/4+✓)

p
z

where A = (⇡/U2 cos(2✓))1/4. The value of ✓ is universally related to Q by
a Luttinger-Ward functional analysis similar to that used to establish the
Luttinger theorem of Fermi liquid theory:

Q =
1

2
� ✓

⇡
� sin(2✓)

4
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The SYK model

At T > 0, we obtain a solution with a conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E

e2⇡E =
sin(⇡/4 + ✓)

sin(⇡/4� ✓)
.
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S. Sachdev, PRX 5, 041025 (2015)
A. Georges and O. Parcollet PRB 59, 5341 (1999)

Feynman graph expansion in Uijk`, and graph-by-graph average, yields ex-
act equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless and obey

⌃(z) = µ� ei(⇡/4+✓)

A

p
z + . . . , G(z) =

Ae�i(⇡/4+✓)

p
z

where A = (⇡/U2 cos(2✓))1/4. The value of ✓ is universally related to Q by
a Luttinger-Ward functional analysis similar to that used to establish the
Luttinger theorem of Fermi liquid theory:

Q =
1

2
� ✓

⇡
� sin(2✓)

4
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GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

The SYK model
There are 2N many body levels
with energy E. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state has
an entropy SGPS = Ns0, where

s0 < ln 2 is determined by
integrating

ds0
dQ = 2⇡E .

At Q = 1/2,

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

where G is Catalan’s constant.
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is the grand potential, where K = dQ/dµ ⇠ 1/U is the compressibility/N , � ⇠ 1/U will
appear later in the co-e�cient of the Schwarzian, and the N0 term arises from fluctuations
about the large N theory described by the Schwarzian.

The inversion from ⌦(T ) to the many-body density of states, D(E), requires terms in
⌦(T ) which are exponentially small in N (not shown above) from the Schwarzian action,
yielding terms which are not small in D(E). We obtain

D(E) =
1X

p=�1
e2⇡pE d

✓
E �

p2

2NK

◆

where NQ+ p is the integer fermion number, d(E) = 0 for E < E0, and

d(E) ⇠ exp (Ns0) sinh
⇣p

2N�(E � E0)
⌘

, E > E0 , e�cN
⌧ �(E � E0) ⌧ N

There are exponentially more low energy states than for the quasiparticle case, and D(E)
self-averages down to energies exponentially small in N .
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A simple model of a metal with quasiparticles
The grand potential ⌦(T ) at low T is (from the Sommerfeld expansion)

⌦(T )� E0 = N

✓
�
⇡2

6
⇢0T

2 +O(T 4)

◆
+ . . .

where ⇢0 ⌘ ⇢(0) is the single particle density of states at the Fermi level.
We can also define the many body density of states, D(E), via

Z = e�⌦(T )/T =

Z 1

�1
D(E)e�E/T

The inversion from ⌦(T ) to D(E) has to performed with care (it need not commute
with the 1/N expansion), and we obtain

D(E) ⇠ exp

 
⇡

r
2N⇢0(E � E0)

3

!
, E > E0 ,

1

N
⌧ ⇢0(E � E0) ⌧ N

andD(E) = 0 for E < E0. This is related to the asymptotic growth of the partitions
of an integer, p(n) ⇠ exp(⇡

p
2n/3). Near the lower bound, there are large sample-

to-sample fluctuations due to variations in the lowest quasiparticle energies.
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is the grand potential, where K = dQ/dµ ⇠ 1/U is the compressibility/N , � ⇠ 1/U will
appear later in the co-e�cient of the Schwarzian, and the N0 term arises from fluctuations
about the large N theory described by the Schwarzian.

The inversion from ⌦(T ) to the many-body density of states, D(E), requires terms in
⌦(T ) which are exponentially small in N (not shown above) from the Schwarzian action,
yielding terms which are not small in D(E). We obtain
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where NQ+ p is the integer fermion number, d(E) = 0 for E < E0, and

d(E) ⇠ exp (Ns0) sinh
⇣p

2N�(E � E0)
⌘

, E > E0 , e�cN
⌧ �(E � E0) ⌧ N

There are exponentially more low energy states than for the quasiparticle case, and D(E)
self-averages down to energies exponentially small in N .
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No quasiparticles

The SYK model

A. Eberlein, V. Kasper, S. Sachdev, and 
J. Steinberg, PRB 96, 205123 (2017)

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)

• Rapid local thermal equilibration (of fermion correla-
tors) in a ‘Planckian’ time

⌧eq ⇠ ~
kBT

, as T ! 0.

Established by solution of Schwinger-Keldysh equations
for a quench.

• Presence of quasiparticles should slow down
thermalization, so all quantum systems obey

⌧eq > C
~

kBT
, as T ! 0.

Absence of quasiparticles , Fastest possible thermalization
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No quasiparticles

The SYK model

A. Eberlein, V. Kasper, S. Sachdev, and 
J. Steinberg, PRB 96, 205123 (2017)

                S. Sachdev, Quantum Phase Transitions, 
Cambridge (1999)

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)

• Rapid local thermal equilibration (of fermion correla-
tors) in a ‘Planckian’ time

⌧eq ⇠ ~
kBT

, as T ! 0.

Established by solution of Schwinger-Keldysh equations
for a quench.

• Presence of quasiparticles should slow down
thermalization, so all quantum systems obey

⌧eq > C
~

kBT
, as T ! 0.

Absence of quasiparticles , Fastest possible thermalization
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Other quantum models without quasiparticles

• Rapid local thermal equilibration (of fermion correla-
tors) in a ‘Planckian’ time

⌧eq ⇠ ~
kBT

, as T ! 0.

Established by solution of Schwinger-Keldysh equations
for a quench.

• Presence of quasiparticles should slow down
thermalization, so all quantum systems obey

⌧eq > C
~

kBT
, as T ! 0.

Absence of quasiparticles , Fastest possible thermalization
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• Rapid local thermal equilibration in a ‘Planckian’ time

⌧eq ⇠ ~
kBT

, as T ! 0.

• Ising model in a transverse field in 2 dimensions at its quan-

tum critical point, g = gc. Described by the Wilson-Fisher

fixed point of �
4
quantum field theory in 2+1 dimensions

H = �
X

hiji

�
z
i �

z
j � g

X

i

�
x
i

�
x,z
i are the Pauli operators on site i.

• Other strongly-coupled conformal field theories.
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1. Random matrix quasiparticle model
          q=2, complex SYK

2. Matter without quasiparticles
          q=4, complex SYK

3. The Schwarzian theory

4.Connections to black holes 
            with AdS2 horizons

5. Connections to strange metals



A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)

X X
X

At frequencies ⌧ U , the i! + µ can be dropped,
and without it equations are invariant under the
reparametrization and gauge transformations.
The singular part of the self-energy and the Green’s
function obey

Z �

0
d⌧2 ⌃sing(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃sing(⌧1, ⌧2) = �U2G2(⌧1, ⌧2)G(⌧2, ⌧1)

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z



A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)

Z �

0
d⌧2 ⌃(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃(⌧1, ⌧2) = �U2G2(⌧1, ⌧2)G(⌧2, ⌧1)

These equations are invariant under

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
e⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
By using f(�) = tan(⇡T�)/(⇡T ) we can
now obtain the T > 0 solution from the T = 0 solution.



A. Kitaev

Let us write the large N saddle point solutions of S as

Gs(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�1/2

⌃s(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�3/2.

The saddle point will be invariant under a reperamateri-
zation f(⌧) when choosing G(⌧1, ⌧2) = Gs(⌧1 � ⌧2) leads
to a transformed eG(�1,�2) = Gs(�1 � �2) (and similarly
for ⌃). It turns out this is true only for the SL(2, R)
transformations under which

f(⌧) =
a⌧ + b

c⌧ + d
, ad� bc = 1.

So the (approximate) reparametrization symmetry is spon-
taneously broken down to SL(2, R) by the saddle point.



The Schwarzian theory of the SYK model

Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
K

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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1. Random matrix quasiparticle model
          q=2, complex SYK

2. Matter without quasiparticles
          q=4, complex SYK

3. The Schwarzian theory

4.Connections to black holes 
            with AdS2 horizons

5. Connections to strange metals



Black 
holes

• Black holes have an entropy
and a temperature, TH =
~c3/(8⇡GMkB).

• The entropy is proportional
to their surface area.

• They relax to thermal equi-
librium in a time⇠ ~/(kBTH).



LIGO
September 14, 2015

• The ring-down is predicted by General Relativity to happen in a

time
8⇡GM

c3
⇠ 8 milliseconds. Curiously this happens to equal

~
kBTH

: so the ring down can also be viewed as the approach of a

quantum system to thermal equilibrium at the fastest possible rate.
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holes

• Black holes have an entropy
and a temperature, TH =
~c3/(8⇡GMkB).

• The entropy is proportional
to their surface area.
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librium in a time⇠ ~/(kBTH).



Black 
holes

• Black holes have an entropy
and a temperature, TH =
~c3/(8⇡GMkB).

• The entropy is proportional
to their surface area.

• They relax to thermal equi-
librium in a time⇠ ~/(kBTH).

Holography:
Quantum black holes “look like”  
quantum many-particle systems 

without quasiparticle excitations, 
residing  “on” the surface of the black hole



~x
⇣

Consider a charged black hole with the smallest 
possible mass: the extremal limit. Zoom in to the near-

horizon region at low energies. In this limit, the quantum 
theory lives in one space (   ) and one time dimension⇣



⇣ ~x
⇣ = 1

charge
density Q

Black hole
horizon

S2
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The near-horizon region of an extremal charged black hole has 
the geometry of (1+1)-dimensional anti-de Sitter spacetime. By 

holography, this should map to a zero-dimensional quantum 
system: this turns out to be the SYK model

SYK models and black holes
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We show that there is a close correspondence between the physical properties of holographic metals

near charged black holes in anti–de Sitter (AdS) space, and the fractionalized Fermi liquid phase of the

lattice Anderson model. The latter phase has a ‘‘small’’ Fermi surface of conduction electrons, along with

a spin liquid of local moments. This correspondence implies that certain mean-field gapless spin liquids

are states of matter at nonzero density realizing the near-horizon, AdS2 ! R2 physics of Reissner-

Nordström black holes.

DOI: 10.1103/PhysRevLett.105.151602 PACS numbers: 11.25.Tq, 75.10.Kt, 75.30.Mb

There has been a flurry of recent activity [1–10] on the
holographic description of metallic states of nonzero den-
sity quantum matter. The strategy is to begin with a
strongly interacting conformal field theory (CFT) in the
ultraviolet (UV), which has a dual description as the
boundary of a theory of gravity in anti–de Sitter (AdS)
space. This CFT is then perturbed by a chemical potential
(!) conjugate to a globally conserved charge, and the
infrared (IR) physics is given a holographic description
by the gravity theory. For large temperatures T " !, such
an approach is under good control, and has produced a
useful hydrodynamic description of the physics of quan-
tum criticality [11]. Much less is understood about the low
temperature limit T # !: a direct solution of the classical
gravity theory yields boundary correlation functions de-
scribing a non-Fermi liquid metal [4], but the physical
interpretation of this state has remained obscure. It has a
nonzero entropy density as T ! 0, and this raises concerns
about its ultimate stability.

This Letter will show that there is a close parallel
between the above theories of holographic metals, and a
class of mean-field theories of the ‘‘fractionalized Fermi
liquid’’ (FFL) phase of the lattice Anderson model.

The Anderson model (specified below) has been a popu-
lar description of intermetallic transition metal or rare-
earth compounds: it describes itinerant conduction elec-
trons interacting with localized resonant states represent-
ing d (or f) orbitals. The FFL is an exotic phase of the
Anderson model, demonstrated to be generically stable in
Refs. [12,13]; it has a ‘‘small’’ Fermi surface whose vol-
ume is determined by the density of conduction electrons
alone, while the d electrons form a fractionalized spin
liquid state. The FFL was also found in a large spatial
dimension mean-field theory by Burdin et al. [14], and is
the ground state needed for a true ‘‘orbital-selective Mott
transition’’ [15]. The FFL should be contrasted from the
conventional Fermi liquid (FL) phase, in which there is a
‘‘large’’ Fermi surface whose volume counts both the con-
duction and d electrons: the FL phase is the accepted de-
scription of many ‘‘heavy fermion’’ rare-earth intermetal-

lics. However, recent experiments on YbRh2ðSi0:95Ge0:05Þ2
have observed an unusual phase for which the FFL is an
attractive candidate [16].
Here, we will describe the spin liquid of the FFL by the

gapless mean-field state of Sachdev and Ye [17] (SY). We
will then find that physical properties of the FFL are
essentially identical to those of the present theories of
holographic metals. Similar comments apply to other gap-
less quantum liquids [18] which are related to the SY state.
This agreement implies that nonzero density matter de-
scribed by the SY (or a related) state is a realization of the
near-horizon, AdS2 ! R2 physics of Reissner-Nordström
black holes.
We begin with a review of key features of the present

theory of holographic metals. The UV physics is holo-
graphically described by a Reissner-Nordström black
hole in AdS4. In the IR, the low-energy physics is captured
by the near-horizon region of the black hole, which has a
AdS2 ! R2 geometry [4]. The UV theory can be written as
a SUðNcÞ gauge theory, but we will only use gauge-
invariant operators to describe the IR physics. We use a
suggestive condensed matter notation to represent the IR,
anticipating the correspondence we make later. We probe
this physics by a ‘‘conduction electron’’ ck" (where k is a
momentum and " ¼ " , # a spin index), which will turn out
to have a Fermi surface at a momentum k ' jkj ¼ kF. The
IR physics of this conduction electron is described by the
effective Hamiltonian [4,7]

H ¼ H 0 þ H 1½d; c* þ HAdS (1)

H 0 ¼
X

"

Z d2k

4#2 ð"k + !Þcyk"ck"; (2)

with ck" canonical fermions and "k their dispersion, and

H 1½d; c* ¼
X

"

Z d2k

4#2 ½Vkd
y
k"ck" þ V,

kc
y
k"dk"*; (3)

with Vk a ‘‘hybridization’’ matrix element. The dk" are
nontrivial operators controlled by the strongly coupled IR
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⇣ ~x
⇣ = 1

Black hole
horizon

AdS2 ⇥ S2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt
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Bekenstein-Hawking entropy of AdS2 horizon

at T = 0 , Ns0 entropy of SYK model
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SYK models and black holes
• Reparameterization invariance is a defining property

of Einstein’s theory of gravity

• In imaginary time, AdS2 is the homogeneous hyper-
bolic space: two-dimensional surface of constant neg-
ative curvature. Its metric is invariant under SL(2,R)

<latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="8TyBpxjKBFNmszKRbPPOr0okq+M=">AAACAXicbZDNSsNAFIUn9a/GqnXtJlgEFxISRXQpuHFZwf5AG8pkctMOnUzCzE21hL6AK8F3cSc+h6/iymnahbYeGPg4Z4Z754SZ4Bo978uqbGxube9Ud+29mr1/cFivtXWaKwYtlopUdUOqQXAJLeQooJspoEkooBOO7+Z5ZwJK81Q+4jSDIKFDyWPOKBqrOag3PNcr5ayDv4QGWWpQ/+5HKcsTkMgE1brnexkGBVXImYCZ3c81ZJSN6RB6BiVNQJ9HE57pEoOi3HjmnJowcuJUmSPRKd3fjwuaaD1NQnMzoTjSq9nc/C/r5RjfBAWXWY4g2WJQnAsHU2f+fSfiChiKqQHKFDdrO2xEFWVoSrL7GkyDcoijoo/wjE88MnOKS/eKy5npyl9tZh3aF67vuf6DR6rkmJyQM+KTa3JL7kmTtAgjEXkhb9ar9W59LDqtWMtyj8gfWZ8/V06bLg==</latexit><latexit sha1_base64="seTj3vc04OANguavgNU2yOfKbIA="></latexit><latexit sha1_base64="Tgr1IsTsVSCjB5/pQnxVSDYYMEQ="></latexit><latexit sha1_base64="uUGBcTFiIwW10MdfYM+FpJ41zCY="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit>

ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d
with ad� bc = 1.
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Their identical symmetries lead to 
the same low energy quantum 
theory for the SYK model and 
extremal charged black holes !

A. Kitaev, 2015
J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857                             
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Einstein-Maxwell-theory

AdS2 ⇥ S2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt
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• Has Reissner-Nördstrom-AdS charged black hole solution, with charge den-

sity Q, a near-horizon AdS2 ⇥ S2
geometry, and surface electric field E .

(This analysis also applies in asymptotically Minkowski spacetime (L ! 1)

provided the black hole mass is extremal.)

• The Bekenstein-Hawking black hole entropy S4D obeys the same relation as

the SYK model
@S4D

@Q = 2⇡E ,

where E is identified from the spectral asymmetry of probe particle Green’s

functions in both cases. This establishes that the SYK entropy Ns0 maps

onto (Area of horizon)/4
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In the small black hole size limit, T ⌧ 1/R, where R is the
radius of the black hole, the theory dimensionally reduces
to an Einstein-Maxwell-dilaton theory in two dimensions
(the Jackiw-Teitelbaum model), along with Maxwell term

S2D = Ns0 +

Z
d2x

p
�g

✓
�(R� ⇤)� Z(�)

4
FabF

ab

◆
.

The dilaton � represents the radial oscillations of the small
black hole.
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There are no bulk quantum fluctuations of the metric in
two-dimensional gravity, and there a further dimensional
reduction to a 0+1 dimensional theory representing fluctu-
ations of the AdS2 boundary: this 0+1 dimensional turns
out to be precisely the Schwarzian theory obtained for the
SYK model.
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c

lx
+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Strongly correlated metals comprise an enduring puzzle at the heart of condensed matter physics.
Commonly a highly renormalized heavy Fermi liquid occurs below a small coherence scale, while at
higher temperatures a broad incoherent regime pertains in which quasi-particle description fails. Despite
the ubiquity of this phenomenology, strong correlations and quantum fluctuations make it challenging to
study. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with random all-to-all
four-fermion interactions among N Fermion modes which becomes exactly solvable as N ! 1, exhibiting
a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence of quasi-
particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic hopping.
Combining the imaginary time path integral with real time path integral formulation, we obtain a heavy
Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find
linear in temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two
universal values as a function of temperature. Our work exemplifies an analytically controlled study of a
strongly correlated metal.

Prominent systems like the high-Tc cuprates and heavy
fermions display intriguing features going beyond the quasi-
particle description[1–9]. The exactly soluble SYK models
provide a powerful framework to study such physics. The
most-studied SYK4 model, a 0 + 1D quantum cluster of N

Majorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–25]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature
scale Ec ⌘ t

2
0/U0[21, 26, 27] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a

Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[28], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[29, 30] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
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complex variables drawn from Gaussian distribution whose
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In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species
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S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
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ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
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2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)
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The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
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ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
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3 and |ti j,x,x0 |
2 = t

2
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In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)
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The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘
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Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,
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In the imaginary time formalism, one studies the partition
function Z = Tr e
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i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
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The density-density correlator is expressed as

DRn(x,t; x
0,t0) ⌘ i✓(t � t

0)h[N(x,t),N(x
0,t0)]i

=
i

2
hNc(x,t)Nq(x

0,t0)i, (10)

where Ns ⌘
N�S '
�'̇s

, Nc/q = N+ ± N�(keeping momentum-
independent components- See Sec.B). Adding a contact term
to ensure that limp!0 DRn(p,! , 0) = 0[31], the action (9)
yields the di↵usive form [32]

DRn(p,!) =
�iNK!

i! � D'p2 + NK =
�NKD'p

2

i! � D'p2 . (11)

From this we identify NK and D' as the compressibility and
charge di↵usion constant, respectively. The electric conduc-
tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD'

e
2

~ a
2�d(a is lattice spacing).

Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
and defines ✏c/q = 1

2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads (Sec. B)

iS ✏ =
X

p

Z +1

�1

d! ✏c,!(2i�!2
T

2
� p

2⇤3(!))✏q,�! + · · · , (12)

where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in Sec. B,
behaves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy dif-
fusion constant D✏ . This identification is seen from the corre-
lator for energy density modes "c/q ⌘

iN�S ✏
�✏̇c/q

,

DR"(p,!) =
i

2
h"c"qip,! =

�NT
2�D✏ p2

i! � D✏ p
2 , (13)

where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-

tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
T, t0,U0. Introducing generalized resistivities, ⇢' = ⇢, ⇢" =
T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
1
N

R⇣( T

Ec

) ⇣ 2 {', "}, (14)

where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (B2), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T
2, (15)

(a)

(b)

FIG. 3. (a): For t0,T ⌧ U0, ⇢'/" “collapse” to R'/"( T

Ec
)/N. (b): The

Lorentz ratio ⇢
T

reaches two constants ⇡2

3 ,
⇡2

8 , in the two regimes.
The solid curves are guides to the eyes.

where the temperature coe�cient of resistivity A⇣ =
R
00

⇣ (0)
2NE

2
c

is
large due to small coherence scale in denominator, charac-
teristic of a strongly correlated Fermi liquid. Famously, the
Kadowaki-Woods ratio, A'/(N�)2, is approximately system-
independent for a wide range of correlated materials[33, 34].
We find here A'

(N�)2 =
R
00
' (0)

2[S0(0)]2N3 is independent of t0 and U0!
Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary lin-
early with temperature: R⇣(T ) ⇠ c⇣ T . We analytically obtain
c' =

2
p
⇡

and c" =
16
⇡5/2 (Supplementary Information), implying

that the Lorenz number, characterizing the Wiedemann-Franz
law, takes the unusual value L = 

�T
!
⇡2

8 for Ec ⌧ T ⌧ U0.
More generally, the scaling form (B2) implies that L is a uni-
versal function of T/Ec, verified numerically as shown in
Fig. 3b. The Lorenz number increases with lower tempera-
ture, saturating at T ⌧ Ec to the Fermi liquid value ⇡2/3.

Conclusion – We have shown that the SYK model pro-
vides a soluble source of strong local interactions which,
when coupled into a higher-dimensional lattice by ordinary
but random electron hopping, reproduces a remarkable num-

Low ‘coherence’ scale

Ec ⇠
t20
U

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119, 216601 (2017)
See also A. Georges and O. Parcollet PRB 59, 5341 (1999)
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tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD'

e
2

~ a
2�d(a is lattice spacing).

Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
and defines ✏c/q = 1

2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads (Sec. B)
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where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in Sec. B,
behaves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy dif-
fusion constant D✏ . This identification is seen from the corre-
lator for energy density modes "c/q ⌘
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where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-

tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
T, t0,U0. Introducing generalized resistivities, ⇢' = ⇢, ⇢" =
T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
1
N

R⇣( T

Ec

) ⇣ 2 {', "}, (14)

where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (B2), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T
2, (15)
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FIG. 3. (a): For t0,T ⌧ U0, ⇢'/" “collapse” to R'/"( T

Ec
)/N. (b): The

Lorentz ratio ⇢
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reaches two constants ⇡2

3 ,
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8 , in the two regimes.
The solid curves are guides to the eyes.
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is
large due to small coherence scale in denominator, charac-
teristic of a strongly correlated Fermi liquid. Famously, the
Kadowaki-Woods ratio, A'/(N�)2, is approximately system-
independent for a wide range of correlated materials[33, 34].
We find here A'

(N�)2 =
R
00
' (0)

2[S0(0)]2N3 is independent of t0 and U0!
Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary lin-
early with temperature: R⇣(T ) ⇠ c⇣ T . We analytically obtain
c' =

2
p
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and c" =
16
⇡5/2 (Supplementary Information), implying

that the Lorenz number, characterizing the Wiedemann-Franz
law, takes the unusual value L = 
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8 for Ec ⌧ T ⌧ U0.
More generally, the scaling form (B2) implies that L is a uni-
versal function of T/Ec, verified numerically as shown in
Fig. 3b. The Lorenz number increases with lower tempera-
ture, saturating at T ⌧ Ec to the Fermi liquid value ⇡2/3.

Conclusion – We have shown that the SYK model pro-
vides a soluble source of strong local interactions which,
when coupled into a higher-dimensional lattice by ordinary
but random electron hopping, reproduces a remarkable num-
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Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g(e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2 ), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3 ). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4 ) yet narrow doping (5 ) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6 ), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc(p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p= 0.15) to the heavily overdoped
(p= 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2 –xSrxCuO4 . A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p= 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7 ), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p= 0.17) to the heavily overdoped, nonsuper-
conducting region (p= 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5 , 8 , 9 ). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p≤
0.29 [for p= 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10 ) and hole-doped
(11, 12 ) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

nwhose
exponent n(T, H) evolves from the Fermi-liquid
value n= 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13 –15 ). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n≤ 2) (16 ), or as the sum of two components,
a1T + a2T

2 (11, 17 , 18 ). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g(e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2 ), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3 ). Above this region, cuprates
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dem with other anomalous transport properties
(6 ), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc(p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p= 0.15) to the heavily overdoped
(p= 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2 –xSrxCuO4 . A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p= 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
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with the zero-field rab(T) curve below 70 K,
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48 T obtained directly from the vertical dashed
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ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
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on systems, Dr(T), the T-dependent part of r(T),
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Dr(T) persists to low temperatures only at the
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For T > 50 K, the resultant phase diagram re-
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arated from a region where rab(T) varies approx-
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Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
R. A. Cooper,1 Y. Wang,1 B. Vignolle,2 O. J. Lipscombe,1 S. M. Hayden,1 Y. Tanabe,3 T. Adachi,3
Y. Koike,3 M. Nohara,4 * H. Takagi,4 Cyril Proust,2 N. E. Hussey1 †

The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g(e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2 ), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3 ). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4 ) yet narrow doping (5 ) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6 ), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc(p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p= 0.15) to the heavily overdoped
(p= 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2 –xSrxCuO4 . A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p= 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7 ), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p= 0.17) to the heavily overdoped, nonsuper-
conducting region (p= 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5 , 8 , 9 ). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p≤
0.29 [for p= 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10 ) and hole-doped
(11, 12 ) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

nwhose
exponent n(T, H) evolves from the Fermi-liquid
value n= 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13 –15 ). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n≤ 2) (16 ), or as the sum of two components,
a1T + a2T

2 (11, 17 , 18 ). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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From the resistivity, they determined the value of the
number ↵ defined by

⇢(T ) = ⇢0 + ↵
h

2e2

✓
T

TF

◆

where TF = (⇡~2/kB)(n/m⇤) and m⇤ is determined
from the specific heat. This expression is obtained from
the Drude form ⇢ = m⇤/(ne2⌧) and ~/⌧ = ↵ kBT .
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The perfectly linear temperature dependence of the electrical resistivity observed 

as T → 0 in a variety of metals close to a quantum critical point1,2,3,4 is a major 

puzzle of condensed matter physics5. Here we show that T-linear resistivity as         

T → 0 is a generic property of cuprates, associated with a universal scattering rate. 

We measured the low-temperature resistivity of the bi-layer cuprate 

Bi2Sr2CaCu2O8+δ and found that it exhibits a T-linear dependence with the       

same slope as in the single-layer cuprates Bi2Sr2CuO6+δ (ref. 6),                              

La1.6-xNd0.4SrxCuO4 (ref. 7) and La2-xSrxCuO4 (ref. 8), despite their very different 

Fermi surfaces and structural, superconducting and magnetic properties.                

We then show that the T-linear coefficient (per CuO2 plane), A1
☐, is given by the 

universal relation A1
☐ TF = h / 2e2, where e is the electron charge, h is the Planck 

constant and TF is the Fermi temperature. This relation, obtained by assuming that 

the scattering rate 1 / τ of charge carriers reaches the Planckian limit9,10, whereby  

ħ / τ = kB T, works not only for hole-doped cuprates6,7,8,11,12 but also for electron-

doped cuprates13,14, despite the different nature of their quantum critical point and 

strength of their electron correlations. 
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Table 1 | Slope of T-linear resistivity vs Planckian limit in seven materials.  

Comparison of the measured slope of the T-linear resistivity in the T = 0 limit,  

A1 , with the value predicted by the Planckian limit (Eq. 1; penultimate column), 

for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two 

electron-doped cuprates (PCCO and LCCO) and the organic conductor 

(TMTSF)2PF6 , as discussed in the text (and Supplementary Information).     

The ratio α of the experimental value, A1
☐ = A1 / d, over the predicted value,       

is given in the last column. Although A1
☐ varies by a factor 5, the ratio m* / n  

(~1/TF) is seen to vary by the same amount, so that α = 1.0 in all cases,        

within error bars. 
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Fermions with random hopping coupled to 
a fluctuating U(1) gauge field
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Fermions with random hopping coupled to 
a fluctuating U(1) gauge field

4

FIG. 2: Diagrammatic representation of the fermion (⌃) and regularized gauge field (⇧̃ = ⇧(i⌦m)�⇧(i⌦m = 0)) self energies

for the Dyson equation (10). The black lines are fermion propagators, the red lines are gauge field propagators, and the

dashed blue lines are contractions of the gaussian random variables t↵�
ij coming from the disorder average. These are the

only diagrams that contribute in in the large-M,N limit.

the corrections from gauge-fixing will not a↵ect the free energy and the saddle-point values of G and ⌃ at leading

order in the large-N limit. After integrating out, we obtain

S = �MT

X

!n

NX

i=1

ln [i!n + µ� ⌃i(i!n)] +
T

2

X

⌦m 6=0

NX

ij=1,ij

ln [⇧ij(i⌦m)�⇧ij(i⌦m = 0)]

+ t
2M

N
T

X

!n

NX

ij=1,ij

Gj(i!n)Gi(i!n)�MT

X

!n

NX

i=1

⌃i(i!n)Gi(i!n). (9)

where as mentioned earlier, we neglect the time components of the gauge fields. Varying with respect to Gi(i!n)

and ⌃i(i!n), produces a site-uniform saddle-point described by (after dropping site-dependent subscripts)

⌃(i!n) = t
2
G(i!n) + t

2
T

X

⌦m 6=0

G(i!n + i⌦m)�G(i!n)

⇧(i⌦m)�⇧(i⌦m = 0)
,

⇧(i⌦m) = t
2
T
M

N

X

!n

G(i!n)G(i!n + i⌦m), G(i!n) =
1

i!n + µ� ⌃(i!n)
. (10)

These equations can also be derived diagrammatically starting from (1) in the large-M,N limit, and expanding the

exponential to quadratic order after disorder-averaging (Fig. 2).

Note that the zero Matsubara frequency component of Aij does not contribute to the action (7) or (9) even at

T 6= 0. The gauge field contribution to the fermion self energy ⌃(i!n) in (10) thus doesn’t involve the zero Matsubara

frequency component of the gauge field propagator. This is because, as far as the fermions are concerned, the zero

Matsubara frequency components are just static phase shifts of the t
↵�
ij , and have already been accounted for

while disorder averaging. This absence of the zero frequency components has consequences for the thermodynamic

properties of the saddle-point solution, and certain modifications have to be made to ensure that the saddle-point

is thermodynamically stable (see Sec. III). However, these modifications do not a↵ect the saddle-point solution to

be detailed in the next section above some energy scale which can be made arbitrarily small.

If we consider fluctuations (�Gi(i!n), �⌃i(i!n)) about the saddle-point action that do not amount to simply

changing a gauge, the kernel of their action at quadratic order is given by K̂ij = K̂
(1)

�ij + K̂
(2), where K̂

(1,2) are

matrices in (�G, �⌃) and frequency space. Here K̂
(1) is of order M , coming from the fermion determinant and ⌃G

terms of (9), and K̂
(2), which comes from the other two terms is of order 1. Then, diagonalizing K̂ in i, j and

⌃(i!n) = t2G(i!n) + t2T
X

⌦m 6=0

G(i!n + i⌦m)�G(i!n)

⇧(i⌦m)�⇧(i⌦m = 0)
,

⇧(i⌦m) = 2t2T
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G(i!n)G(i!n + i⌦m), G(i!n) =
1
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.
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Fermions with random hopping coupled to 
a fluctuating U(1) gauge field

General low energy solution

G(⌧ > 0) = � C(E)
t1�x⌧1�x

, G(⌧ < 0) =
C(E)e�2⇡E

t1�x|⌧ |1�x
.

where E is a parameter universally related to the filling fraction
(E = 0 at half-filling). The exponent x is the solution to

(1/x� 2)(cosh(2⇡E)� cos(⇡x))

tan(⇡x) sin(⇡x)
=

2M

N
.
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FIG. 3: Plot of the exponent x giving the frequency scaling of the IR fermion self-energy, vs 2M/N .

(�G, �⌃) space produces O(N) fluctuation eigenmodes with eigenvalues that are O(M). Integrating over these N

modes yields a sub-leading O(N) contribution to the free energy, and each of these modes also has an O(M) sti↵ness

that suppresses their fluctuations by the right amount. Hence, the saddle-point described by (10) is well-defined.

II. SINGLE-PARTICLE PROPERTIES

A. Zero temperature

We solve for the fermion and gauge field propagators at T = 0. We set µ = 0 (corresponding to half-filling, see

Sec. II B for µ 6= 0), and start with an ansatz for G in the IR at T = 0,

G(⌧) = �C
sgn(⌧)

t1�x|⌧ |1�x
, G(i!n) = �2iCt

x�1 sin
⇣
⇡x

2

⌘
�(x)sgn(!n)|!n|

�x
, 0 < x <

1

2
, C > 0. (11)

We then obtain

⇧(i⌦m)�⇧(i⌦m = 0) = �4(M/N)C2
t
2x sin(⇡x)�(2x� 1) |⌦m|

1�2x
. (12)

This the the fermion self-energy

⌃(i!n) =
iN

p
⇡22x�1 sin

�
⇡x
2

�
csc2(⇡x)

2MCx�(2x� 1)�
�
1
2 � x

� sgn(!n)t
1�x

|!n|
x + t

2
G(i!n)


1�

Z
d⌦m

2⇡

1

⇧(i⌦m)�⇧(i⌦m = 0)

�
. (13)

The integral over ⌦m contains contributions from frequencies outside the regime of validity of the IR solution, and

hence requires a UV completion in order to be evaluated. We assume that the UV completion is such that the term

in square brackets evaluates to zero, which we will justify below. Then, using G(i!n) = �1/⌃(i!n), we find that

we cannot determine C (it cancels between the LHS and RHS of the equation), but we can determine the universal

exponent x by solving

1/x� 2

1 + sec(⇡x)
=

2M

N
, (14)

with x vs 2M/N plotted in Fig. 3. The fact that we can’t determine C purely from the IR properties indicates that

it is non-universal.
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FIG. 3: Plot of the exponent x giving the frequency scaling of the IR fermion self-energy, vs 2M/N .

(�G, �⌃) space produces O(N) fluctuation eigenmodes with eigenvalues that are O(M). Integrating over these N

modes yields a sub-leading O(N) contribution to the free energy, and each of these modes also has an O(M) sti↵ness
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II. SINGLE-PARTICLE PROPERTIES
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1

2
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2x sin(⇡x)�(2x� 1) |⌦m|

1�2x
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
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�
. (13)

The integral over ⌦m contains contributions from frequencies outside the regime of validity of the IR solution, and

hence requires a UV completion in order to be evaluated. We assume that the UV completion is such that the term

in square brackets evaluates to zero, which we will justify below. Then, using G(i!n) = �1/⌃(i!n), we find that

we cannot determine C (it cancels between the LHS and RHS of the equation), but we can determine the universal

exponent x by solving

1/x� 2

1 + sec(⇡x)
=

2M

N
, (14)

with x vs 2M/N plotted in Fig. 3. The fact that we can’t determine C purely from the IR properties indicates that

it is non-universal.
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Disordered strange metal as T ! 0
with all electrons contributing to transport.
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Quantum matter without quasiparticles

                S. Sachdev, Quantum Phase Transitions, 
Cambridge (1999)

• Rapid local thermal equilibration (of fermion correla-
tors) in a ‘Planckian’ time

⌧eq ⇠ ~
kBT

, as T ! 0.

• Presence of quasiparticles should slow down
thermalization, so all quantum systems obey

⌧eq > C
~

kBT
, as T ! 0.

Absence of quasiparticles , Fastest possible thermalization
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Quantum matter without quasiparticles

• Planckian dynamics is realized in the ‘solvable’ SYK

models

• Black holes thermalize in a time ⇠ ~/(kBTH), where TH

is the Hawking temperature.

• A Schwarzian theory of a time reparameterization mode,

with SL(2,R) symmetry, describes the quantum dynam-

ics of

– the SYK models

– black holes with near-extremal AdS2 horizons
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Quantum matter without quasiparticles

• Lattice models of SYK islands: Bad metal behavior with
⇢ ⇠ (T/Ec)(h/e2) for T > Ec, and Fermi liquid behavior
for T < Ec.

• SYK-Kondo lattice models: Bad metal behavior with
⇢ ⇠ (T/T0)(h/e2) for T > T0, and marginal Fermi liq-
uid (MFL) behavior for T < T0 with ⇢ ⇠ (T/T0)(h/e2).
MFL regime has small Fermi surface, and magnetoresis-
tance B/T scaling (with mesoscopic disorder).

• SYK U(1) gauge theory: solvable model with finite den-
sity of fermions, emergent gauge fields, and disorder.
Strange metal behavior with ⇢ ⇠ (T/t)2x(h/e2) as T !
0, with all electrons mobile.
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