A Unified Theory Based on SO(5)
Symmetry of Superconductivity
and Antiferromagnetism
Shou-Cheng Zhang

The complex phase diagram of high—critical temperature (T,.) superconductors can be
deduced from an SO(5) symmetry principle that unifies antiferromagnetism and d-wave
superconductivity. The approximate SO(5) symmetry has been derived from the micro-
scopic Hamiltonian, and it becomes exact under renormalization group flow toward a
bicritical point. This symmetry enables the construction of a SO(5) quantum nonlinear o
model that describes the phase diagram and the effective low-energy dynamics of the
system. This model naturally explains the basic phenomenology of the high-T_ super-
conductors from the insulating to the underdoped and the optimally doped region.
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Quantum criticality in a frustrated square lattice antiferromagnet
N. Read and S. Sachdev, PRL 62, 1694 (1989)

(Za) # 0
Néel state Valence bond solid (VBS) state, V,,V,,
N = 200828 with a nearly gapless, emergent “photon”
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The critical theory has a SO(5) global symmetry, and the Néel
and VBS order parameters transform as a SO(5) fundamental.

(Ngy Ny, N, Vy, Vy)
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Ordinary metals and quasiparticles

e (Quasiparticles eventually collide with each other. Such collisions even-
tually leads to thermal equilibration in a chaotic quantum state, but the
equilibration takes a long time. In a Fermi liquid, this time diverges as

hES

as 1" — 0,

where U is the strength of interactions, and Er is the Fermi energy.

e Similarly, a quasiparticle model implies a resistivity

p=——~U?*T? with 7~
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e (Quasiparticles eventually collide with each other. Such collisions even-
tually leads to thermal equilibration in a chaotic quantum state, but the
equilibration takes a long time. In a Fermi liquid, this time diverges as
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as 1" — 0,

where U is the strength of interactions, and E g is the Fermi energy.
e Similarly, a quasiparticle model implies a resistivity

m* 1
p = 2—NU2T2 with 7 ~ Teq
nes T

e These times are much longer than the
‘Planckian time’ h/(kgT'), which we will
find in systems without quasiparticle excitations.
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Remarkable recent observation of

‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, p, is

m™* 1

independent of the strength of interactions!



Remarkable recent observation of ‘Planckian’ strange metal transport
in cuprates, pnictides, magic-angle graphene, and ultracold atoms: the
resistivity is associated with a universal scattering time ~ h/(kgT).

Universal T-linear resistivity and Planckian
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Material n m* Arld | h/(2e* Tr)
107 m3) | (mo) Q/K) | @/K)
Bi12212 p=0.23 6.8 84+1.6 8009 74x14
Bi2201 | p~04 35 7415 g +2 g +2
LSCO p=0.26 7.8 98 +1.7 82x1.0 89+1.8
Nd-LSCO| p=0.24 7.9 12 +4 74+£08 [ 106374 0.7+x04
PCCO x=0.17 8.8 24 +0.1 1.7+0.3 2.1+0.1
LCCO x=0.15 9.0 3003 [ 30045 | 26+0.3
TMTSF | P =11 kbar 14 1.15+£02 | 28+0.3 2804

Slope of T-linear resistivity vs Planckian limit in seven materials.
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The complex SYK model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, ). Flores, |.B. French, PA. Mello, A. Pandey, and S.S.M.Wong, Rev. Mod. Phys. 53, 385 (1981))
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Uap.~s are independent random variables with U,g..s = 0 and |Uyg.~s|? = U?
N — oo yields critical strange metal.

S.Sachdev and |.Ye, PRL 70, 3339 (1993)
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The complex SYK model

The large NV limit is given by the
sum of “melon” Feynman graphs

For long times 7 > 0
(ca(T)cl(0)) = €™

(ch(T)ea(0)) =77

The parameter £ = C e¢/U determines

the particle-hole asymmetry.
In a Fermi liquid,

(cam)eb(0)) = (eh(r)ea(0)) = A/n

5 LS

S.Sachdev and ). Ye,
PRL 70, 3339 (1993)




The complex SYK model - N

G?YK(@ hw/(kpT)) =
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with peak width ~ kgT'/h
_ and independent of U |
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The complex SYK model -
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Planckian dynamics

with peak width ~ kgT'/h
and independent of U -
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The complex SYK model
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Uap.~s are independent random variables

with Uaﬁ;wé — (0 and ‘Ua[gw(s‘z — U?



A generalized SYK model

P
(2N) 3/2 Z Z Uapsys(Ka) €y oChy 5Chan Chas

ko «,B,7,0=1
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Uap:~s(kq) is a random function of afvd (as before)
€. has a range of values of width W.

éa )

hiw/(kpT) scaling behavior of SYK holds for W2 /U <« kT < U.

-

_J

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017)

Pengfei Zhang, PRB 96,205138 (2017)
Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, PRX 8,031024 (2018)
Aavishkar A. Patel, John McGreevy, Daniel P.Arovas, Subir Sachdev, PRX 8, 021049 (2018)

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999)



A lattice SYK model

1
H = (2N)3/2 Z

,I: a7/87f)/75:1

e , N
Choose U on-site,

and uncorrelated between sites;
yields ‘incoherent metal’
with no Fermi surface

for t°/U < kT < U with

G(k, w) — GSYK(E, hw/(kBT))

independent of k,
and linear-in-T" resistivity p > h/e?
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A Kondo-SYK model

Mobile electrons (c) coupled to SYK quantum
islands (f ) with exchange interactions.

e . D
Has a regime where the

c electrons form a
marginal Fermi liquid
with a linear-in-1'
resistivity dependent upon
interaction strength, and a
small Fermi surface
which does not count

the f electrons.
g W,

o
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Similar results for many earlier ‘marginal Fermi liquid’ and holographic models

Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, PRX 8, 031024 (2018)
Aavishkar A. Patel, John McGreevy, Daniel P.Arovas, Subir Sachdev, PRX 8, 021049 (2018)
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A lattice SYK model

1 N
H — (ZN)S/Q Z Z Ua5;75(ka)
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Uap:~vs(kq) is a random function of a3vd

€, has a bandwidth W.

Rewriting of lattice model of incoherent
and bad metal in momentum space

U(ky, ko, ks, ky)U*(ks, ke, k7, kg) =

U2[5(k1+k2—k3—k4—k5—k6+k
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Resonant SYK model

Interactions with €y, + €x, 7# €, + €, are non-resonant: we
“Integrate these out” in a RG procedure, and assume that their
main effect is a renormalization of the quasiparticle dispersion ¢,
which we have already accounted for.
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main effect is a renormalization of the quasiparticle dispersion ¢,
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Keep only the
interactions resonant in the bare quasiparticle energy
with €g, + €x, = €r, + €1, and account for them with a
self-consistent SYK-like analysis.




Resonant SYK model

Interactions with €y, + €x, 7# €, + €, are non-resonant: we
“Integrate these out” in a RG procedure, and assume that their
main effect is a renormalization of the quasiparticle dispersion ¢,
which we have already accounted for.

Keep only the
interactions resonant in the bare quasiparticle energy
with €g, + €x, = €r, + €1, and account for them with a
self-consistent SYK-like analysis.

This is precisely the effective Hamiltonian method, when low
energy states are separated from high energy states by a gap; we
are assuming it can also apply in a gapless system.



Resonant SYK model

.‘.
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Uap:vys(kq) is a random function of a8vd (as before)
The random k; dependence of U allows only
interactions resonant in the bare quasiparticle energies

with er, + €x, = €k, + €x,-

U(kla k27 k37 k4)U*(k57k6’k7’k8) —
U2[5(k’1—|-]€2—]€3—k’4—]€5—k6‘|‘k7+k8)}

X [5(€k1 -+ €Cko — €kg — €k4) =+ 5(6165 -+ Cke — €k7 — 67@8)}

This implies off-site interactions with correlations
which decay with a power-law in space.



Resonant SYK model

Conformal Green’s function at 17" > 0 must have the form

<
1/2
G(e, 1) ~ e 2me1T ( L )) / ,
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( ) if
SYK behavior in a, E, = Ce, /U
Planckian metal as T" — 0 and

with a remnant Fermi surface:
G(k, w) - GSYK(Gka hw/(kBT)),
with &, = (Dek/U

& J




Incoherent metal

For long times 7 > 0

<ck(7)cl(0)> = e

<c}; (7)cr (O)> — ¢ ¢ F

The parameter £ is independent of £,
and determined by the total density

™
LS



Planckian metal
with remnant Fermi surface

For long times 7 > 0

(en(r)ef0)) = emorlt

(h(ren(0)) = een/v 2

The particle-hole asymmetry changes as
we cross the Fermi surface



The complex SYK model -
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and independent of U
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The complex SYK model - N
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and independent of U J—
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Resonant SYK model

Uap:~vs(ke) is a random function of a8vd (as before)
The random k; dependence of U allows only
interactions resonant in the bare quasiparticle energies

with e, + €x, = €k, + €x,-

~

From the Kubo formula, in the large N limit

N * d
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Resistivity of a Planckian metal as T" — 0
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Resonant SYK model

Uap:~vs(ke) is a random function of a8vd (as before)
The random k; dependence of U allows only
interactions resonant in the bare quasiparticle energies
with e, + €x, = €k, + €x,-

s Resistivity of a Planckian metal as T" — 0

From the Kubo formula, in the large N limit

Ne m* UF > de W\ 12 o [ W

m G (e 7) | seeh® (57)

o = / / mGSYK €7 )| sec T
k T

neQ ]2 . using & = Ce/U ,
N y
where
o dVgs
flgFS vp|’

where d is spatial dimensionality and Vrg is the volume enclosed by

Kthe Fermi surface. For a circular Fermi surface, this is the usual m~*. S




Resonant SYK model

s Resistivity of a Planckian metal as 17" — 0 A
(" )
m* ]{IBT
= —2.71C —
P e h
\_ _J

Note that all explicit dependence on U has cancelled out!

The number C is defined by & = Cer/U as |ex| — 0. This is de-

termined by UV physics, and is weakly dependent upon the energy

\Width of the interactions Wy /U.

(o] =
L’a 3.8227 A



Resonant SYK model

In an independent momentum shell model, W;; /U — 0, A
U(klv k27 k37 k4)U*(k57 k67 k77 kS) —
U2[5(k1—|—]€2—]€3—]€4—]€5_k6‘|‘k7+k8)}
X [5(% — €y )0(€ky — €ks )0 (ks — €ky) + 0(€s — €k )0 (kg — €Ry)O(ERy — %)}
C = 0.41 as in a single SYK model,
and we obtain a Planckian metal with
* knT
{,0 — 111 BTJ
ne y

(o] =
L’a 3.8227 A



(Planckian metals with a remnant Fermi surface)

e Planckian dynamics, i.e. hw/(kpT) scaling of response functions and fastest

possible local thermalization in a time ~ h/(kgT)), is realized in the ‘solvable’
SYK models.
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possible local thermalization in a time ~ h/(kgT)), is realized in the ‘solvable’
SYK models.

Resonant SYK models are compressible and dispersive quantum systems with
Planckian dynamics as 1" — 0.

The resonance condition is supported by a RG argument: non-resonant inter-
actions mainly renormalize the underlying quasiparticle dispersion €, while
resonant interactions have to be treated self-consistently.

Aavishkar Patel (Harvard —> Miller Fellow at Berkeley)
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(Planckian metals with a remnant Fermi surface)

Planckian dynamics, i.e. hw/(kgT) scaling of response functions and fastest

possible local thermalization in a time ~ h/(kgT)), is realized in the ‘solvable’
SYK models.

Resonant SYK models are compressible and dispersive quantum systems with
Planckian dynamics as 1" — 0.

The resonance condition is supported by a RG argument: non-resonant inter-
actions mainly renormalize the underlying quasiparticle dispersion €, while
resonant interactions have to be treated self-consistently.

Resonant SYK models realize Planckian metals with remnant large Fermi sur-
face at €, = 0, and an effective mass m* defined by the dispersion of €.

Planckian metals have a resistivity p ~ (m*/(ne?))kgT/h.

The low energy quantum theory of charged black holes in
Einstein-Maxwell theory co-incides with that ot
complex SYK models as the (Hawking) temperature — 0.

S. Sachdey, arXiv:1902.04078




