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1. Large-N theory of the SYK model 

2. Finite-N theory of the SYK model

3. Quantum Einstein-Maxwell gravity theory  

      of charged black holes

4. Universal theory of strange metals

        



Pick a set of random positions

Sachdev, Ye (1993); Kitaev (2015)

The SYK model
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Place electrons randomly on some sites

The SYK model
Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Place electrons randomly on some sites

Sachdev, Ye (1993); Kitaev (2015)
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U11,12;5,14



Entangle electrons pairwise randomly

The SYK model
Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
<latexit sha1_base64="yQteaZaLoEYlztplY68/SkIu+Hc="></latexit>

The Sachdev-Ye-Kitaev (SYK) model

<latexit sha1_base64="5HvB9s0savM8oVuT5ii1CiV2awU="></latexit>
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S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

The Sachdev-Ye-Kitaev (SYK) model
<latexit sha1_base64="HvhMYNOwEGd7P72O1PevqvdHvd8="></latexit>

Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.



The complex SYK model
<latexit sha1_base64="evtl4HWnolHoveL77Hnxuvv2y+M="></latexit>

Solution of these equations, and of the free energy, yields universal results for the SYK
model:

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�1/2 () indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a parameter E :
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• At T > 0, we obtain a solution with a conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
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✓
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, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E
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Conformal ‘Planckian’ dynamics
with peak width ⇠ kBT/~
and independent of U
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After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional
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At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations
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where f(�) and g(�) are arbitrary functions.
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Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
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G-⌃
path

integral
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Saddle-point equations:



Yukawa-SYK model

I. Esterlis and J. Schmalian,  
PRB 100, 115132 (2019) 

See also Yuxuan Wang,  
PRL 124, 017002 (2020)
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H = �µ
X

i

 †
i i +

X

`

1

2

�
⇡2
` + !2

0�
2
`

�
+

1

N

X

ij`

gij` 
†
i j�`

with gij` independent random numbers with zero mean. The large N equations for the Green’s
functions and self energies of the fermions (G,⌃) and bosons (D,⇧) are

G(i!n) =
1

i!n + µ� ⌃(i!n)
, D(i!n) =

1

!2
n + !2

0 �⇧(i!n)

⌃(⌧) = g2G(⌧)D(⌧) , ⇧(⌧) = �g2G(⌧)G(�⌧)

Make the low frequency ansatz

G(i!) ⇠ �isgn(!)|!|�(1�2�) , D(i!) ⇠ |!|1�4� ,
1

4
< � <

1

2

A consistent solution exists for

4�� 1

2(2�� 1)[sec(2⇡�)� 1]
= 1 , � = 0.42037 . . .
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<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

⌃ =
<latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit> G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

<latexit sha1_base64="iDLsTrJLEJJoGF2ewg+2nrH4V1k=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjOD6y2oB48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YWQ6a+KDg8V4VVfX8RHClbfvbyq2srq1v5DcLW9s7u3vF/YOGilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q9vJ37zCaXicfSgRwl6Ie1HPOCMaiPV7rrFkl223WvHdYkhUxBnkZRgjmq3+NXpxSwNMdJMUKXajp1oL6NScyZwXOikChPKhrSPbUMjGqLysumhY3JilB4JYmkq0mSq/p7IaKjUKPRNZ0j1QC16E/E/r53q4MrLeJSkGiM2WxSkguiYTL4mPS6RaTEyhDLJza2EDaikTJtsCiaEpZeXScMtOxfl89pZqXIzjyMPR3AMp+DAJVTgHqpQBwYIz/AKb9aj9WK9Wx+z1pw1nzmEP7A+fwCzzozj</latexit>

D
<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

<latexit sha1_base64="O76XellgtLk8CAD0tEs2v6wnduc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewuPg9C0IvHCOYByRJmJ7PJkJnZZWZWCEt+wYsHRbz6Q978G2eTHDSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju5yv/VElWaxfDTjhAYCDySLGMEml7p1dtMrV9yq6197vo8smQJ5i6QCc9R75a9uPyapoNIQjrXueG5iggwrwwink1I31TTBZIQHtGOpxILqIJveOkEnVumjKFa2pEFT9fdEhoXWYxHaToHNUC96ufif10lNdBVkTCapoZLMFkUpRyZG+eOozxQlho8twUQxeysiQ6wwMTaekg1h6eVl0vSr3kX1/OGsUrudx1GEIziGU/DgEmpwD3VoAIEhPMMrvDnCeXHenY9Za8GZzxzCHzifP73zjg8=</latexit>

⇧ =
G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

G
<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>
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These results can also be obtained from the saddle-point of a G-⌃-D-⇧
action, obtained using replica methods as for the SYK model.

Z =

Z
DGD⌃DDD⇧ exp(�NSall)

Sall = � ln det(@⌧ +�µ+ ⌃) +
1

2
ln det(�@2
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0 �⇧)
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Z
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2
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G(⌧ ; ⌧ 0)G(⌧ 0; ⌧)D(⌧ ; ⌧ 0)

�
.

Yukawa-SYK model
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Saddle-point equations: ⌃(⌧, r) = g2D(⌧, r)G(⌧, r),

Migdal-Eliashberg ⇧(⌧, r) = �g2G(�⌧,�r)G(⌧, r),

G(i!,k) =
1

i! � "(k) + µ� ⌃(i!,k)
,

D(i⌦,q) =
1

⌦2 + q2 +m2
b �⇧(i⌦,q)

.
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⌃(⌧) = g2D(⌧)G(⌧),

⇧(⌧) = �g2G(�⌧)G(⌧),

G(i!) =
1

i! + µ� ⌃(i!)
,

D(i⌦) =
1

⌦2 + !2
0 �⇧(i⌦)

.



Yukawa-SYK model

I. Esterlis and J. Schmalian,  
PRB 100, 115132 (2019) 

See also Yuxuan Wang,  
PRL 124, 017002 (2020)
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with gij` independent random numbers with zero mean. The large N equations for the Green’s
functions and self energies of the fermions (G,⌃) and bosons (D,⇧) are

G(i!n) =
1

i!n + µ� ⌃(i!n)
, D(i!n) =
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!2
n + !2

0 �⇧(i!n)

⌃(⌧) = g2G(⌧)D(⌧) , ⇧(⌧) = �g2G(⌧)G(�⌧)

Make the low frequency ansatz
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< � <
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A consistent solution exists for

4�� 1

2(2�� 1)[sec(2⇡�)� 1]
= 1 , � = 0.42037 . . .



1. Large-N theory of the SYK model 

2. Finite-N theory of the SYK model

3. Quantum Einstein-Maxwell gravity theory  

      of charged black holes

4. Universal theory of strange metals
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G-⌃
path

integral

After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as

Z =

Z
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For simplicity, we neglect the replica indices, and introduce the
identity

1 =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
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A. Georges and O. Parcollet
PRB 59, 5341 (1999) 

A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional
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We can map the T = 0
solution to the T > 0
solution by

⌧ =
1

⇡T
tan(⇡T�)

g(�) = e�2⇡ET�
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G-⌃
path

integral

J. Maldacena and D. Stanford, arXiv:1604.07818; 
R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, arXiv.1612.00849; 

S. Sachdev, PRX 5, 041025 (2015); J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;                               
K. Jensen, arXiv:1605.06098; J. Engelsoy, T.G. Mertens, and H. Verlinde, arXiv:1606.03438
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Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+Ns0�NSeff [f,�] ,

where E0 / N is the ground state energy.
Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
K

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧ ✏)2 �

�

4⇡2

Z 1/T

0
d⌧ {tan(⇡T (⌧ + ✏(⌧), ⌧},

where f(⌧) ⌘ ⌧ + ✏(⌧), the couplings K, �, and E can be related to thermodynamic
derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.



A. Kitaev

Let us write the large N saddle point solutions of S as

Gs(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�1/2

⌃s(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�3/2.

The saddle point will be invariant under a reperamateri-
zation f(⌧) when choosing G(⌧1, ⌧2) = Gs(⌧1 � ⌧2) leads
to a transformed eG(�1,�2) = Gs(�1 � �2) (and similarly
for ⌃). It turns out this is true only for the SL(2, R)
transformations under which

f(⌧) =
a⌧ + b

c⌧ + d
, ad� bc = 1.

So the (approximate) reparametrization symmetry is spon-
taneously broken down to SL(2, R) by the saddle point.

Symmetries of the large N saddle point



Symmetries of the large N saddle point

A. Kitaev, 2015

R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev,  PRB 95, 155131 (2017)

• The saddle-point

G(⌧1 � ⌧2) = �A
e�2⇡ET (⌧1�⌧2)

p
1 + e�4⇡E

✓
T

sin(⇡T (⌧1 � ⌧2))

◆2�

is invariant only under PSL(2, R) transformations which map
the thermal circle onto itself, and an associated gauge trans-
formation

tan(⇡Tf(⌧))

⇡T
=

a
tan(⇡T ⌧)

⇡T
+ b

c
tan(⇡T ⌧)

⇡T
+ d

, ad� bc = 1,

�i�(⌧) = �i�0 + 2⇡ET (⌧ � f(⌧))
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G-⌃
path

integral

Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

N�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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A. Gaikwad, L.K. Joshi, G. Mandal, and S.R. Wadia, arXiv:1802.07746



S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010)
A. Kitaev (2015)

J. Maldacena and D. Stanford,  Phys. Rev. D 94, 106002 (2016)
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• Feynman path integral over f(⌧), the
reparameterization of the time of the
SYK model, and �(⌧) a phase con-
jugate to the total charge Q.
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Low temperature thermodynamics: for kBT ⌧ U

Z = Tr exp
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Complex SYK model
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D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

(Numerics: G. Tarnopolsky)
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D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states
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No exponentially large
degeneracy, but exponentially
small level spacing!
No quasiparticle decomposition:
wavefunctions change chaotically
from one state to the next.

Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="vWgqR4x8IbTARO4Q0j5rEJbszHY="></latexit>

D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Beyond Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="vWgqR4x8IbTARO4Q0j5rEJbszHY="></latexit>

D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Beyond Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="vWgqR4x8IbTARO4Q0j5rEJbszHY="></latexit>

D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

J. S. Cotler et al.,  
JHEP 05 (2017) 118

Beyond Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="vWgqR4x8IbTARO4Q0j5rEJbszHY="></latexit>

D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

J. S. Cotler et al.,  
JHEP 05 (2017) 118

Yingfei Gu, A. Kitaev, S. Sachdev, and  
G. Tarnopolsky, JHEP 02 (2020) 157

Beyond Boltzmann



1. Large-N theory of the SYK model 

2. Finite-N theory of the SYK model

3. Quantum Einstein-Maxwell gravity theory  

      of charged black holes

4. Universal theory of strange metals

        



Quantum Entanglement across a black hole horizon

Black hole 
horizon

= | ⇥⇤⌅ � | ⇤⇥⌅

Quantum entanglement 
on the surface
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By computations outside
the black hole,

Hawking obtained

S =
Ac3

4G~

where A is area of the

black hole horizon.

All other systems have

entropy proportional to

their volume.
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The Einstein action for gravity in 3+1 dimensions is

IE =

Z
d4x

p
g


� 1

22
R4

�
, Z =

Z
Dg exp(�IE) ,

where 2 = 8⇡GN is the gravitational constant, R4 is the Ricci scalar. The Schwarzschild solution
of the saddle-point equations is

ds2 = V (r)d⌧2 + r2d⌦2
2 +

dr2

V (r)

where d⌦2
2 is the metric of the 2-sphere, and

V (r) = 1� m

r
.

The gravitational mass of the black hole is M = 2GNm. The black hole horizon is at r = r0 where
V (r0) = 0; so

r0 = m
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Distance
outside horizon
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The T > 0 quantum partition function is obtained in a spacetime which is periodic as a function
of ⌧ with period ~/(kBT ). We have to ensure that there is no singularity at the horizon r0 where
V (r0) = 0. Let us change radial co-ordinates to y, where r = r0 + y2. Then for small y

ds2 =
4

V 0(r0)


(V 0(r0))2

4
y2d⌧2 + dy2

�
+ r20d⌦

2
2 =

4

V 0(r0)

⇥
y2d✓2 + dy2

⇤
+ r20d⌦

2
2

The expression in the square brackets is the metric of the flat plane in polar co-ordinates, with
radial co-ordinate y and angular co-ordinate ✓ = V 0(r0)⌧/2. Smoothness requires periodicity in ✓
with period 2⇡, and so

4⇡T = V 0(r0) =
1

m
.
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The free energy �F = IE , where � = 1/T . So the entropy is

S = �@F

@T
=

✓
�

@

@�
� 1

◆
IE

However, the metric is ⌧ -independent, and the only explicit dependence of the action is via IE = �H.

Such an action implies S = 0.

The entire contribution to the entropy comes from the vicinity of the co-ordinate singularity at

r = r0. We evaluate the action is the small region around this point

Igrav = IE + IGH , IGH =

Z

@

d
3
x
p
gb


� 1

2
K3

�
, Z =

Z
Dg exp(�Igrav) ,

where K3 is the extrinsic scalar curvature of the 3-dimensional boundary of spacetime. IGH is the

Gibbons-Hawking boundary term, deduced by the requirement that the Euler-Lagrange equations

of Igrav co-incide with the Einstein equations, with no additional boundary terms. The entire

contribution to the entropy will come from IGH .



where H is the Hamiltonian. Hence, when such a geometry provides the dominant
saddle point, ln Z ≈ I is linear in β, and

S ≈
(

β
∂

∂β
− 1

)

I = 0. (6.7)

That is, there is no classical contribution to the entropy for this solution, as we would
expect.

For solutions with a black hole, on the other hand, such a foliation by surfaces of
constant time will necessarily break down in the interior, where the S1 degenerates.
Thus, the action will not be linear in β. We can split the integration over the spacetime
up in the way shown in figure 12, into an integral over a small disc around the horizon
at r = r+, and the remaining integration. The remaining integration will then be
linear in β, as this region can be foliated with surfaces of constant t.

τ
r = r+

Figure 12: Decomposition of the calculation of the bulk action into a small region
near the horizon and the remainder.

One might think that the integration over the small disc would vanish in the limit
as we take the size of the disc to zero, since this is a smooth region of spacetime.
However, this is not the case: to be able to write the integration over the bulk of the
spacetime in Hamiltonian form, we have to be careful about how we break up the
integration, which means we have to keep a boundary term in the action (see [69, 70]).
The (leading-order) gravitational part of the action for the disc is

Igrav =
1

16πG

∫

M

ddx
√
−gR +

1

8πG

∫

∂M

dd−1y
√
−hK. (6.8)

The first term is the usual Einstein-Hilbert term; the second term is the integral of
the trace of the extrinsic curvature over the boundary, K = hµν∇µnν , where nµ is the
normal to and hµν the induced metric on the boundary. The surface term can also
be rewritten as

∫

∂M

dd−1y
√
−hK = − ∂

∂n

∫

∂M

dd−1y
√
−h. (6.9)

This surface term is necessary to ensure that the variation of the action vanishes
under arbitrary variations of the metric which vanish on ∂M [71].

For a small disc near the horizon, the metric is approximately

ds2 ≈ ρ2κ2dτ 2 + dρ2 + r2
+dΩ, (6.10)

33
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We evaluate IGH by using the identity

Z

@

d3x
p
gb K3 =

@

@n

Z

@

d3x
p
gb

where n is the Gaussian normal co-ordinate of the boundary. Evaluating at y = ✏, we have

Z

@

d3x
p
gb = 2⇡✏A

where A = 4⇡r20 is the area of the horizon. Combining everything, we have the famous result of

Hawking

S =
2⇡A
2

=
A

4GN

.
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where A is area of the
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All other systems have

entropy proportional to
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Charged black holes
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We consider a charged black hole in Einstein-Maxwell theory of g and a U(1) gauge flux F = dA

IEM =

Z
d4x

p
g


� 1

22
R4 +

1

4g2
F

F 2

�
, ZQ =

Z
DgDA exp(�IEM � IGH) .

The saddle-point equations now yield a solution as before with

V (r) = 1 +
⇥2

r2
� m

r
; A⌧ = iµ

⇣
1� r0

r

⌘
; ⇥ =

r0p
2gF

µ ; Q =
4⇡µr0
g2
F

; S =
2⇡A
2

where Q is the total charge, the chemical potential is µ, and as before the horizon is where V (r0) = 0,
the temperature T = V 0(r0)/(4⇡), and A = 4⇡r20.

This defines a two parameter family of charged black hole solutions of IEM determined by T and Q.



Charged black holes
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Now we take the limit T ! 0 at fixed Q. Then we find the remarkable feature that the horizon
radius remains finite

Rh ⌘ r0(T ! 0,Q) =
QgF
4⇡

In this limit, entropy becomes

S(T ! 0,Q) =
4⇡R2

h

GN
+ � T , � ⌘ 4⇡2R3

h

GN

For the near-horizon metric, it is useful to introduce the co-ordinate ⇣

r = Rh +
R2

h

⇣

so that the horizon at T = 0 is at ⇣ = 1. Then in the near-horizon regime Rh ⌧ ⇣ < 1 the T = 0
metric is

ds2 = R2
h
d⌧2 + d⇣2

⇣2
+R2

hd⌦
2
2

This spacetime is AdS2 ⇥ S2.



Reissner-Nordstrom black hole of 
Einstein-Maxwell theory

⇣

Horizon
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Boundary
graviton

⇣
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⌦2

Faulkner, Liu, McGreevy, Vegh 2009; Sachdev 2010
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Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdS2) at low energies!
The isometry group of AdS2 is the 0+1 dimensional conformal group SL(2,R).



<latexit sha1_base64="9GVsginHf5t8aB9xzCE8NKJHPH8="></latexit>

Thermodynamics of quantum black holes with charge Q:

Z(Q, T ) =

Z
Dgµ⌫DAµ exp

✓
�1

~ I(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
⇥
 

....????...

!

Saddle-point:<latexit sha1_base64="C1+MGPIhYs3O/0dr6QQ8LTEoacw="></latexit>

SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c + . . .

◆

A0 = 2GQ2/c4 is the area of the
charged black hole horizon at T = 0.



Maldacena, Stanford, Yang (2016)
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Thermodynamics of quantum black holes with charge Q:

Z(Q, T ) =

Z
Dgµ⌫DAµ exp

✓
�1

~ I(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
⇥
 

....????...

!
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• For generic charged black holes in 3+1
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• With su�cient low energy
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• ‘Wormhole’ contributions to this quan-
tum simulation have led to an under-
standing of the Page curve of entangle-
ment entropy of evaporating black holes.
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1. Large-N theory of the SYK model 

2. Finite-N theory of the SYK model

3. Quantum Einstein-Maxwell gravity theory  

      of charged black holes

4. Universal theory of strange metals
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(a) (b)

FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).

�
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018

Strange
Metal
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Transport properties of a strange metal:

1. Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.
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Electronic properties of a marginal Fermi liquid:

1. Photoemission: nearly marginal Fermi liquid electron spectral density:
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2. Specific heat ⇠ T ln(1/T ) as T ! 0.

B. Michon……A. Georges, arXiv:2205.04030

T.J. Reber….D. Dessau, Nature Communications 10, 5737 (2019) 

S.A. Hartnoll and A.P. MacKenzie, RMP  (2022)
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<latexit sha1_base64="O76XellgtLk8CAD0tEs2v6wnduc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewuPg9C0IvHCOYByRJmJ7PJkJnZZWZWCEt+wYsHRbz6Q978G2eTHDSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju5yv/VElWaxfDTjhAYCDySLGMEml7p1dtMrV9yq6197vo8smQJ5i6QCc9R75a9uPyapoNIQjrXueG5iggwrwwink1I31TTBZIQHtGOpxILqIJveOkEnVumjKFa2pEFT9fdEhoXWYxHaToHNUC96ufif10lNdBVkTCapoZLMFkUpRyZG+eOozxQlho8twUQxeysiQ6wwMTaekg1h6eVl0vSr3kX1/OGsUrudx1GEIziGU/DgEmpwD3VoAIEhPMMrvDnCeXHenY9Za8GZzxzCHzifP73zjg8=</latexit>

⇧ =
G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

G
<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

Fermi surface + critical boson



<latexit sha1_base64="yu8rDWkp7ce/HUv+bE/tAyDhtz0="></latexit>

a critical boson �
e.g. Ising-nematic order

<latexit sha1_base64="ILlHjWHB7/y5eywFYX+tu59jZxo="></latexit>

[�(r)]2

J
+  †(r) (r)�(r)

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007) 
D. L. Maslov, V. I. Yudson, and A. V. Chubukov PRL 106, 106403 (2011)

S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (2014) 
A. Eberlein, I. Mandal, and S.S. PRB 94, 045133 (2016)

kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="v+Mh8ucuTd215X/uW1TmKSJ/f7w="></latexit>

Transport—a perfect metal!
Conservation of momentum and
fermion-boson drag imply:

Re [�(!)] = D�(!) + . . .

Fermi surface + critical boson



<latexit sha1_base64="yu8rDWkp7ce/HUv+bE/tAyDhtz0="></latexit>

a critical boson �
e.g. Ising-nematic order

kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 
<latexit sha1_base64="ILlHjWHB7/y5eywFYX+tu59jZxo="></latexit>

[�(r)]2

J
+  †(r) (r)�(r)

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

(a) (b) (c)

(e)(d)

(a) (b) (c)

(e)(d)
<latexit sha1_base64="keg3/uQ1mLsFeM6xQogmzCgdTz4="></latexit>

Re [�(!)] = C |!|�2/3

<latexit sha1_base64="5NbD/Bvej1/jHaxNrDNVY//eryE="></latexit>

Optical conductivity—Diagrams

Yong Baek Kim, A. Furusaki, Xiao-Gang Wen,  
and P. A. Lee, PRB 50, 17917 (1994).

Fermi surface + critical boson



<latexit sha1_base64="yu8rDWkp7ce/HUv+bE/tAyDhtz0="></latexit>

a critical boson �
e.g. Ising-nematic order

kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

Haoyu Guo, Aavishkar Patel, Ilya Esterlis, S.S. PRB 106, 115151 (2022) 
Z. Darius Shi, D.V. Else, H. Goldman and T. Senthil, arXiv:2208.04328  

<latexit sha1_base64="ILlHjWHB7/y5eywFYX+tu59jZxo="></latexit>

[�(r)]2

J
+  †(r) (r)�(r)

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

(a) (b) (c)

(e)(d)

(a) (b) (c)

(e)(d)
<latexit sha1_base64="keg3/uQ1mLsFeM6xQogmzCgdTz4="></latexit>

Re [�(!)] = C |!|�2/3

<latexit sha1_base64="5NbD/Bvej1/jHaxNrDNVY//eryE="></latexit>

Optical conductivity—Diagrams

<latexit sha1_base64="5FGW3q6y32ElyHWfHJ7iD7nKxaQ="></latexit>

C = 0 ; �(!) ⇠ i/(!) + !0 + . . .

Yong Baek Kim, A. Furusaki, Xiao-Gang Wen,  
and P. A. Lee, PRB 50, 17917 (1994).

Fermi surface + critical boson



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NO strange metal transport



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson: 
Potential disorder    

A marginal Fermi liquid but NO strange metal transport

<latexit sha1_base64="4cFd6uA1+CGuI3qt5vfJccWYflk=">AAAB/HicdVDLSgMxFM34tr6qLt0Ei+BqyNTR6k5041LBWqEtkklv22AmMyR31DLUH3Crf+BO3Pov/oDfYfpwUdEDgcM5J9x7T5QqaZGxT29qemZ2bn5hsbC0vLK6VlzfuLJJZgRURaIScx1xC0pqqKJEBdepAR5HCmrR7enAr92BsTLRl9hLoRnzjpZtKTg66eLuplhi/h4L2FFAmR+wg7By5EhYDoNKmQY+G6JExji/KX41WonIYtAoFLe2HrAUmzk3KIWCfqGRWUi5uOUdyIfr9emOk1q0nRj3NNKhOpHjsbW9OHLJmGPX/vYG4l9ePcP2YTOXOs0QtBgNameKYkIHt9KWNCBQ9Rzhwki3IRVdbrhA10ihYcHVpTvYzRsID3gvW25OvufvS90vuGJ+rqf/k6uyHxz44UVYOj4ZV7RAtsg22SUBqZBjckbOSZUIAuSJPJMX79F79d6891F0yhv/2SQT8D6+ARL6lXE=</latexit>v



<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>

Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)

<latexit sha1_base64="sXpWs1GyUtWRFfsH5DytoUdriq0="></latexit>

+v(r) †(r) (r)

<latexit sha1_base64="yu8rDWkp7ce/HUv+bE/tAyDhtz0="></latexit>

a critical boson �
e.g. Ising-nematic order

kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="ILlHjWHB7/y5eywFYX+tu59jZxo="></latexit>

[�(r)]2

J
+  †(r) (r)�(r)

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

Fermi surface + critical boson with potential disorder



<latexit sha1_base64="7YCCjZb7dmTrYKvPQrHPhUus68s="></latexit>
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Figure 3: Doping dependence of the spatially resolved gap filling and gap magnitude. a Gap 
magnitude histogram for each doping concentration. b-d The spatial distributions of the gap 
magnitude for the OD23K, OD12K, and OD3K samples. The spectra that are omitted from the 
histograms (see main text and supplementary SII) are indicated by the white areas in figure 
b-d. e Gap filling histogram for each doping level. f-h Spatial distribution of the gap filling for 
the OD23K, OD12K, and OD3K samples respectively. 
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Fermi surface coupled to a critical boson with disorder
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Fermi surface coupled to a critical boson with disorder
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Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson: 
Interaction disorder     

A marginal Fermi liquid AND strange metal transport

Fermi surface coupled to a critical boson: 
Potential disorder    

A marginal Fermi liquid but NO strange metal transport
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Transport properties of a strange metal:

1. Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.
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Electronic properties of a marginal Fermi liquid:

1. Photoemission: nearly marginal Fermi liquid electron spectral density:
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2. Specific heat ⇠ T ln(1/T ) as T ! 0.
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