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The Sachdev-Ye-Kitaev (SYK) model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, |. Flores, J.B. French, PA. Mello, A. Pandey, and S.5.M.Wong, Rev. Mod. Phys. 53, 385 (1981))
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87
Uap.~s are independent random variables with U,g.~s = 0 and |Uyg.~s|? = U?
N — oo yields critical strange metal. S.Sachdev and |.Ye, PRL 70, 3339 (1993)

A. Kitaev, unpublished; S. Sachdev, PRX 5,041025 (2015)




The Sachdev-Ye-Kitaev (SYK) model

Feynman graph expansion in U,g.~s, and graph-by-graph average, yields
exact equations in the large /N limit:

S.Sachdev and J.Ye,
PRL 70, 3339 (I993)




The complex SYK model

Solution of these equations, and of the free energy, yields universal results for the SYK
model:

e At long times, and at T' = 0, G(7) ~ |7|7'/? (= indication there are no quasiparticles)

S.Sachdev and J.Ye,
PRL 70, 3339 (1993)
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Solution of these equations, and of the free energy, yields universal results for the SYK
model:

e At long times, and at T' = 0, G(7) ~ |7|7'/? (= indication there are no quasiparticles)

e At general charge O, there is a spectral symmetry determined by a parameter &:
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The complex SYK model

Solution of these equations, and of the free energy, yields universal results for the SYK
model:

e At long times, and at T' = 0, G(7) ~ |7|7'/? (= indication there are no quasiparticles)

e At general charge O, there is a spectral symmetry determined by a parameter &:

—r1/2 7> 0
G(T) ~ { —2nE( _\—1/2 0 , 1'=0 S.Sachdev and . Ye,
e (=7) T < PRL 70, 3339 (1993)

e There is a universal ‘Luttinger relation’ between —oo < & < oo and the total charge

0<@<1
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QO =
9 T A and S. Sachdey,

PRB 63, 134406 (2001)



The complex SYK model

Solution of these equations, and of the free energy, yields universal results for the SYK
model:

e At T > 0, we obtain a solution with a conformal structure

— 27 &l T

e 1 t/2
_ _ A 1/
G(7) V1 + e—4nE (Sin(wl 7‘)) - O0<T<1/T

where the ‘particle-hole asymmetry’ is determined by &

A. Georges and O. Parcollet PRB 59, 5341 (1999)
S.Sachdev, PRX 5,041025 (2015)



The complex SYK model
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£ is a known function of O

(Luttinger relation)

S.Sachdev and J.Ye, PRL 70, 3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)
S.Sachdev, PRX 5,041025 (2015)
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The complex SYK model
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E is a known function of O Conformal ‘Planckian’ dynamics

with peak width ~ kpT/h

(Luttinger relation) and independent of U

S.Sachdev and |.Ye, PRL 70, 3339 (1993) -6 -4 -2 0 2

4 6
A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015) hw / (kB T)



G-
path
integral

After introducing replicas a = 1...n, and integrating out the dis-
order, the partition function can be written as

I &
7 = /Dcaa(T) exp | — Z/ drcl (887_ ,u) Caa
ia VY
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E Z / drdr’ ¢! (T)ean(T)
ab 70

1

For simplicity, we neglect the replica indices, and introduce the
identity

&
1:/DG(7‘1,TQ)DZ(71,TQ)exp —N/ dmdmoX (T, o) (G(TQ,Tl)
0

1 _
| Nzca(@)c;;(ﬁ)) .
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional
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Saddle-point equations:




Yukawa-SYK model
H:_NzwgwiﬂLZl 7T£ +W0§b£ | ngéw oY,
1 14

zgf

with g;;¢ Independent random numbers with zero mean. The large N equations for the Green’s
functions and self energies of the fermions (G, >) and bosons (D, II) are

. Esterlis and J. Schmalian,
PRB 100, 15132 (2019)

See also Yuxuan Wang,
PRL 124,017002 (2020)




Yukawa-SYK model

These results can also be obtained from the saddle-point of a G->-D-11
action, obtained using replica methods as for the SYK model.

— / DG DX DD DIl exp(—NSan)

1
San = —Indet(0r + —p + X) A 2lndet

—02 + wg — 1)

(
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Yukawa-SYK model

These results can also be obtained from the saddle-point of a G->-D-11
action, obtained using replica methods as for the SYK model.

o /DGDZ DD DIl exp(—NSan)

Saddle-point equations: > (1) = gzD(T)G(T),




Yukawa-SYK model
H = —Mzwg% T Z We +Wo€be | ngéw VP
1 14

232

with g;;¢ Independent random numbers with zero mean. The large N equations for the Green’s
functions and self energies of the fermions (G, >) and bosons (D, II) are

Make the low frequency ansatz

)

1 1
G(iw) ~ —isgn(w)|lw|~172%) | D(iw) ~ |w|t74A 1 < A < 5

A consistent solution exists for

. Esterlis and J. Schmalian,

PRB 100, I 15132 (2019)
A =0.42037... See also Yuxuan Wang,

PRL 124, 017002 (2020)
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G-Y Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

path
integral

— /DG(ﬁ, 7o) DX (11, T2) exp(—NS)

S =lIndet [0(m1 — 72)(0r, + 1) — X(71,7T2)]
—+ /dTldTQ [Z(Tl,TQ)G(TQpTl) -+ (UQ/Z)GZ(T%Tl)G2(7-177_2>}

At tfrequencies < U, the time derivative in the determinant is less
important, and without it the path integral is invariant under the

reparametrization and gauge transformations A. Georges and O. Parcollet
PRB 59, 5341 (1999)
A. Kitaey, 2015
T = f(0) S. Sachdev, PRX 5, 041025 (2015)
—1/4 o2
G(r1,72) = [f'(01) f (02)] o) ¢ G(01,02)
g(o2)
—3/4 g\O
S(rm) = 1100 )] 2 (01,0
g(o2)

where f(o) and g(o) are arbitrary functions.



G-Y Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

path
integral

— /DG(ﬁ, 7o) DX (11, T2) exp(—NS)

S =lIndet [0(m1 — 72)(0r, + 1) — X(71,7T2)]

—+ /dTldTQ [Z(Tl,TQ)G(T277_1) -+ (UZ/Z)GZ(T%Tl)G2(7-177_2)}

At tfrequencies < U, the time derivative in the determinant is less

important, and without it the path integral is invariant under the We can map the T = 0
reparametrization and gauge transformations A. Georges and O. Parcollet ,
PRB 59,5341 (1999 solution to the 1" > 0
. KItaey,
T = f(0) S. Sachdey, PRX 5, 041025 2015)  solution by
—1/4 o2
G(11,m2) = [f'(01)f (02)] / 92015 G (o1, 02) 1
g( 2) T = — tan(7wl'o)
—3/4 g\o1 T
Yi(T1,T2) = [f/(ffl)f (02)] Z((71,02)
9(02) g(()') _ 6—27TSTJ

where f(o) and g(o) are arbitrary functions.



G-
path
integral

Reparametrization and phase zero modes

We can write the path integral for the SYK model as
Z = /DG(Tl,Tg)Dz(Tl,Tg)QNS[G’E]

for a known action S|G, X]. We find the saddle point, G, ¥4, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
cauge symmetries by writing

G(1,m2) = [f' (1) f ()] 2 G (f(11) — f(7o))e® (T 7i002)

(and similarly for ). Then the path integral is approximated by
z - / Df (1) D(r)eFo/ T+Nso=NSeaslf.9]

where Fg o< IV is the ground state energy.
J. Maldacena and D. Stanford, arXiv:1604.07818;

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.|612.00849;
S.Sachdev, PRX 5, 041025 (2015); J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;
K.Jensen, arXiv:1605.06098; ]. Engelsoy, I.G. Mertens, and H.Verlinde, arXiv:1606.03438



Symmetries of the large N saddle point
Let us write the large N saddle point solutions of S as

GS(71—7'2> -/ (7‘1—7'2)_1/2

So(r— 1) ~ (1 —1) 32

The saddle point will be invariant under a reperamateri-
zation f(7) when choosing G(1,7) = Gs(m — T2) leads
to a transformed G(o1,02) = G4(o1 — 03) (and similarly
for ). It turns out this is true only for the SL(2, R)
transtormations under which

atT + b
f(r) i ad — bc

So the (approximate) reparametrization symmetry is spon-
taneously broken down to SL(2, R) by the saddle point.

A. Kitaev



Symmetries of the large N saddle point
e The saddle-point

6—27T5T(T1—7'2) 1 28
G(ri —m2) =—A
(11 — T2) N (sin(wT(ﬁ — Tz)))

is invariant only under PSL(2, R) transformations which map
the thermal circle onto itself, and an associated gauge trans-
formation

tan(7T'7) b
tan(ml'f (7)) _ T I ad — be — 1
[ tan(wTT) 7 7
C - d
'l
_Z¢(T) — _Z¢O + QWET(T B f(T)> A. Kitaev, 2015

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, |55131 (2017)



G-
path
integral

Symmetry arguments, and explicit computations, show that the effective action is

N~y

/T
47T2/0 dr {tan(7T f(71)), T},

where f(7) is a monotonic map from [0,1/7T] to [0,1/T], the couplings K, ~, and &
can be related to thermodynamic derivatives and we have used the Schwarzian:

2
B g/// 3 g//
{g7 T} T g/ 2 (g/ ’

Specifically, an argument constraining the effective at T' = 0 1is

at + b

Seff f(T): CT—|—d7¢(T>:O :Oa

and this is origin of the Schwarzian.

J. Maldacena and D. Stanford, arXiv:1604.07818;

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017);
A. Gaikwad, L.K. Joshi, G. Mandal, and S.R.Wadia, arXiv:1802.07746



Low temperature thermodynamics: for kT < U

Irexp ( kHT>
B

50 Df(r)Do(r) 1
o) | st eXp( el “)’W”)

e Feynman path integral over f(7), the
reparameterization of the time of the
SYK model, and ¢(7) a phase con-

jugate to the total charge O.

Z

exp (N

S.Sachdey, Phys. Rev. Lett. 105, 151602 (20
A. Kitaev (20
J. Maldacena and D. Stanford, Phys. Rev.D 94, 106002 (20

0)
6)



Many-body density of states
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

Energy, in units of U

1.5

1.0

Number Number

(Numerics: G. Tarnopolsky) COm IeX SYK mOdel



D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

At Q =1/2
Energy, in units of U (S(T — ()) — N(SO —+- ’VT)\
Catal In 2
1.0 = eNsotv2Nyl — 0.46484769917 . . . .

A. Georges, O. Parcollet, and S. Sachdey,
PRB 63, 134406 (2001)
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D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

At Q =1/2
Energy, in units of U (S(T — ()) — N(SO —+- ”YT)\
Catal In 2
1.0 = eNsotv2Nyl — 0.46484769917 . . . .

A. Georges, O. Parcollet, and S. Sachdey,
PRB 63, 134406 (2001)

0.9

—1.40

4 )
Energy level

: —NS() |
SPACIINEZ ~ € .
\_ P 5 _/

—1.0 | —1.46 k/////,
N

o quasiparticle decomposition:
wavefunctions change chaotically
Number Number from one state to the next.

(Numerics: G. Tarnopolsky) COm IeX SYK mOdel
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Quantum Entanglement across a black hole horizon

By computations outside
the black hole,

@ — |1 l> - lT> Hawking obtained

where A i1s area of the

§)> black hole horizon.

\ All other systems have

entropy proportional to
their volume.

¢ Black hole
\e horizon




The Einstein action for gravity in 3+1 dimensions is

1
IE - /d4a‘;\@ 2/12724 ] Z = /Dgexp(—]E),

where k% = 87(G v is the gravitational constant, R4 is the Ricci scalar. The Schwarzschild solution
of the saddle-point equations is

ds® = V(r)dr” +r°dQ; + - B

where d€)3 is the metric of the 2-sphere, and

Vir)=1

-
The gravitational mass of the black hole is M = 2G ym. The black hole horizon is at » = rg where
Vi(rg) = 0; so

o — TN



h/(kpT)

Distance E

1 outside horizon

The T > 0 quantum partition function is obtained in a spacetime which is periodic as a function
of 7 with period A/(kgT). We have to ensure that there is no singularity at the horizon ry where
V(ro) = 0. Let us change radial co-ordinates to y, where r = rq + y?. Then for small y

4 _(V/(TO))Q 2 7 2 2_ 2 112 4
— d d dS)s5 =

ds?

y?d6? + dy?| + r5d;

The expression in the square brackets is the metric of the flat plane in polar co-ordinates, with
radial co-ordinate y and angular co-ordinate 8 = V'(rg)7/2. Smoothness requires periodicity in ¢

with period 27, and so

1
4] = V/(T‘()) - — .
m



The free energy SF = Ig, where 8 = 1/T. So the entropy is

OF 9
o= 8T:(686 1)IE

However, the metric is 7-independent, and the only explicit dependence of the action is via I = 8H.
Such an action implies S = 0.

The entire contribution to the entropy comes from the vicinity of the co-ordinate singularity at
r = rg. We evaluate the action is the small region around this point

W

G

lorvav = Ig +1cer , Igm :/d%\@
%,

nere K3 is t.

1ibbons-Haw.

Kol 2= / Dgexp(—Loa) .

ne extrinsic scalar curvature of the 3-dimensional boundary of spacetime. Igg is the

king boundary term, deduced by the requirement that the Euler-Lagrange equations

of Igray co-incide with the Einstein equations, with no additional boundary terms. The entire
contribution to the entropy will come from Iqg.



r=7To \ T
| \J
We evaluate Iy by using the identity

0
/dgx\/%/Cg = —/dgx\/ﬁ
0 on Ja
where n 1s the Gaussian normal co-ordinate of the boundary. Evaluating at y = €, we have
/ d’x\/q, = 2me A
o,

where A = 4mrg is the area of the horizon. Combining everything, we have the famous result of
Hawking




Quantum Entanglement across a black hole horizon

By computations outside
the black hole,

@ — |1 l> - lT> Hawking obtained

where A i1s area of the

§)> black hole horizon.

\ All other systems have

entropy proportional to
their volume.

¢ Black hole
\e horizon




Charged black holes

We consider a charged black hole in Einstein-Maxwell theory of g and a U(1) gauge flux F' = dA

_ ! ! _
IEM:/d4£I}\/§ 2R4 | 2F2 : ZQ:/DQDAGXP(—]EM—]GH).
2K 497,

The saddle-point equations now yield a solution as before with

V(fr)zll@2 = ; AT:i,u(l TO) . O =

r2 r

O - AT urg g 21w A

g%

where Q is the total charge, the chemical potential is y, and as before the horizon is where V' (ry) = 0,
the temperature T'= V'(rg)/(47), and A = 4nr§.

This defines a two parameter family of charged black hole solutions of Igjs determined by T and Q.



Charged black holes

Now we take the limit T° — 0 at fixed ©O. Then we find the remarkable feature that the horizon

radius remains finite
Q/ng

RhETQ(T%O, Q) — e

In this limit, entropy becomes

47TR%L B 47T2R?L

S(T'—0,9) = ao T =g

For the near-horizon metric, it is useful to introduce the co-ordinate ¢

so that the horizon at 7' =0 is at ( = oo. Then in the near-horizon regime R; < ( < oo the T'=10
metric 1s

dr? + d¢?
(2
This spacetime is AdSy x SZ.

ds* = R} - RjdQ3



Reissner-Nordstrom black hole of
Einstein-Maxwell theory

4 )

Horizon
G

_J

AdSQ ) SQ Boundary AdS4

graviton

Dimensional reduction from 341 dimensions
to 1+1 dimensions (AdSs) at low energies!

The isometry group of AdSs is the 0+1 dimensional conformal group SL(2,R).
Faulkner, Liu, McGreevy, Vegh 2009; Sachdev 2010




Thermodynamics of quantum black holes with charge Q:

L (341
Z(Q7 T) — /DQMVDAM €XP (_7_1 ]E(]inst)ein gravity+Maxwell EM [g,u’/7 AH])

Saddle-point: A(T)CS A()C3 (

2w A 2T
Spu(T — 0,Q) = ACh - 4Gh (T40) | )

hc

Ay = 2G Q% /c* is the area of the
charged black hole horizon at 1" = 0.



Thermodynamics of quantum black holes with charge Q:

L (341
Z(Q7 T) — /DQMVDAM €XP <_7_i ]]g]inst)ein gravity+Maxwell EM [g,LW7 AM]>

AQCS 1 (141)
~ €Xp (4hG> /DQW/DAM CxXPp (_ﬁ IJT gravity of AdS,;+boundary graviton Lg,uV’ AM]

Saddle-point: AT Ape? 9 1/2
0C (WAQ) T
(T =0.Q) === :4Gh( ’ hic ’ )

Ay = 2G Q% /c* is the area of the
charged black hole horizon at 1" = 0.

Maldacena, Stanford, Yang (201 6)



Thermodynamics of quantum black holes with charge Q:

L (341
Z(Q7 T) — /DQMVDAM €XP (_7_1 ]E(]inst)ein gravity+Maxwell EM [g,u’/7 AM])

AA()C3 1 (141)
~ €Xp (4hG> /DQW/DAM CxXPp (_ﬁ IJT gravity of AdS,;+boundary graviton Lg,uV’ AM]

— /Df(T)ng(T) exp (—%ISYK time reparameterizations f(7), phase rotations (b(T)])
Saddle-point: A(T)e3  Ane3 N AL/ 2T
Spu(T'—0,Q) = )e — 20" (- (o) -
4G h 4G h hc

Ay = 2G Q% /c* is the area of the
charged black hole horizon at 1" = 0.

Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); Moitra,
Trivedi,Vishal (2018) ; Gaikwad, Joshi, Mandal,Wadia (2018); Sachdev (2019); lliesiu, Turaci (2020)



Maxwell’s electromagnetism
and Einstein’s general relativity
allow black hole solutions with a net charge

The quantum versions of
Maxwell’s and Einstein’s
equations in this

two-dimensional spacetime are
also the equations describing

electron entanglement in the
SYK model!

D. Chowdhury, A. Georges, O. Parcollet, and S. S., Rev. Mod. Phys. 94, 035004 (2022)
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two-dimensional spacetime are
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electron entanglement in the
SYK model!

D. Chowdhury, A. Georges, O. Parcollet, and S. S., Rev. Mod. Phys. 94, 035004 (2022)



Quantum simulation of charged black holes
by the SYK model

e Lor generic charged black holes in 341
dimensions, the SYK model yields, in

terms of Ag = 2GQ%/c* the horizon
area at 1 = 0:

~
A()CS —347/90 A() CS |
D(E)N(ﬁG> exp(4hG)Smh
\_

There is no degeneracy, but an expo-
nentially small level spacing down to
the ground state.




Quantum simulation of charged black holes
by the SYK model

e Lor generic charged black holes in 341
dimensions, the SYK model yields, in

terms of Ag = 2GQ%/c* the horizon
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Quantum simulation of charged black holes
by the SYK model

e Lor generic charged black holes in 341
dimensions, the SYK model yields, in

terms Of AO — 2GQ2/64 th@ hOI’iZOﬂ CDeveIopments from the SYK model ;’,;:
area at T = 0:(}.. " =
Vil [ rEfyp e (202@( Bekenstein-Hawking) \

~ g Iz T 11/2
D(E) A()CS 347/90 AOCS Ch ﬁAg/QCQ B /
hG SRS WTTel A G

. i
There is no degeneracy, but an expo-

nentially small level spacing down to
the ground state.

D(E)



String theory of charged black holes

e With sufficient low energy D(FE) = Z o(F — E;)
supersymmetry, string z
theory yields:

Aoc? f(E —A)
D(FE) =exp ( e ) o(F) 5(E)
+O0(FE —A)f(E—A)+ ...
There are exponentially many
degenerate BPS ground states, E
and an energy gap A above 0 A
the ground state. M. Heydeman, L.V. lliesiu, G. |. Turiaci, and W. Zhao, 2020

L.V. lliesiu, S. Murthy, G. . Turiaci, 2022



Quantum simulation of charged black holes
by the SYK model

e Lor generic charged black holes in 341
dimensions, the SYK model yields, in

terms of Ag = 2GQ%/c* the horizon
area at 1 = 0:

- - _
A3 —347/90 Ayc? ﬁAg/zcg
D(E) ~ inh S 5)
(E) ( hG > b (4hG> - 2G
. i

e ‘Wormbhole’ contributions to this quan-
tum simulation have led to an under- D(E)
standing of the Page curve of entangle-
ment entropy ot evaporating black holes.
Saad, Shenker, Stanford (2019)



|. Large-N theory of the SYK model
2. Finite-N theory of the SYK model
3. Quantum Einstein-Maxwell gravity theory

of charged black holes

4. Universal theory of strange metals



Temperature (K)

250

200

—
o)
o

guic
-
-

AF Insulator

0.1

+ Strange
\\\ Metal

0.2
Hole doping, p

Ordinary
Metal

0.3

11.6802 A

3.8872 A




Temperature (K)

250
\\
\
\\ ""t
200 \
\ Strange
\
\ Metal
150 \
\\
O \ 100} <l
oguad \ S
ALY \ a |
100 e \ S0}
— \\ : 016 017 048 019
L& \\ A e e e
50 ) - % 50 100 150 200 250 300
Superconductor c T (K)
\ be LSCO: Giraldo-Gallo et al. 2018
0 |
0.0 0.1 0.2 0.3

Hole doping, p



Transport properties of a strange metal:

1. Resistivity p(T) =po+ AT + ... asT — 0
and p(T) < h/e? (in d = 2).
Metals with p(T') > h/e* are bad metals.

2. Optical conductivity

K 1 D hw
. ~ | -
1 - m;;krans (w) | Ttrans (w) kB T

(10V,
Terans (W) m B. Michon......A. Georges, arXiv:2205.04030

o(lw) =

Electronic properties of a marginal Fermi liquid:

1. Photoemission: nearly marginal Fermi liquid electron spectral density:

how

. 1 hw
ImY(w) ~ |w|**®s; (kBT) with a =~ 1/2 ; @) ~ |w|Ps (kBT>

T.]. Reber....D. Dessau, Nature Communications 10,5737 (2019)

2. Speciﬁc heat ~ Tln(l/T) as 1 — 0. S.A. Hartnoll and A.P. MacKenzie, RMP (2022)



Fermi surface coupled to a critical boson

Occupied states

e(k) <0 K

e

Empty states
e(k) >0

a
critical
T boson
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Quantum criticality of Ising-nematic ordering in a metal

or
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Pomeranchuk instability as a function of coupling A



Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal
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Fermi surface

. 5(k)> Pk

—J ()T (r)ih(r)i(r)



Fermi surface + critical boson

a critical boson @
e.g. Ising-nematic order

- P (r)(r) ¢(r)




Fermi surface coupled to a critical boson

“Yukawa” coupling: g/dQTdT O (r, ), 7)o (1, T)

(2
Boson self energy Il(q, 1)) ~ — 92u (Landau damping) Q

q s .

1
Boson Green’s function D(q, () =
(2,5 7> +72/q
Fermion self energy Z(]A{‘,, iw) ~ —isgn(w)|wl|?/? PR
1 ) |
Fermion Green’s function G(k,iw) = - — ’
W — 8(,{7) o Z(kv ZCU) P.A. Lee (1989)

Yields a state without quasiparticle excitations, but the theory is not systematic at large IV

Sung-Sik Lee (2009)



Fermi surface + critical boson

These results can also be obtained from the saddle-point and response functions
of a G-X-D-1I action. Such an action can formally be obtained in a Yukawa-SY K-
like large-/N limit of a theory with couplings which are random in an additional
(fictitious) flavor space.

— / DG DX DD DIl exp(—N San)

1
Sal = —Indet(0r + (k) — p+ ) A 21ndet(—03+q2—|—m§—ﬂ)

i 1
/d7d2 /dT d=r' | =27, v';7,0)G(r,r; 7, 1) - 2H(7",I";7‘, r)D(r,r;7, 1)

| 2 G(r,v; 7, " \G(7',v';7,0v)D(r,r; 7', 1" | .




Fermi surface + critical boson

These results can also be obtained from the saddle-point and response functions
of a G-X-D-1I action. Such an action can formally be obtained in a Yukawa-SY K-
like large-/N limit of a theory with couplings which are random in an additional

(fictitious) flavor space.

Z = /DGDZDDDHexp(—NSaH)

Saddle-point equations: M(1,r) = ¢°D(71,r)G(T,1),
Migdal-Eliashberg [1(r,r) = —¢°G(—7, —r)G(T,1),
1
Giw, k) =
(i, k) iw—e(k)+p—X(iw, k)’
1
D(i€, q)




Fermi surface + critical boson

a o, o
i ( I 5(k)> Dr a critical boson @

e.g. Ising-nematic order

st e (0

Solution of Migdal-Eliashberg equations for electron (G)
and boson (D) Green’s functions at small w: P.A. Lee (1989)

A 1 1
gl ) e S P T @




Fermi surface + critical boson

Ly =y (;T I €(k)) U

L

Transport—a perfect metal!
Conservation of momentum and
fermion-boson drag imply:

Relo(w)| = Dé(w) + ...

p(r)]

a critical boson @
e.g. Ising-nematic order

=+ o)) olr)

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)

D. L. Maslov, V. I. Yudson, and A. V. Chubukov PRL 106, 106403 (20

S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (20]

1)
4)

A. Eberlein, I. Mandal, and S.S. PRB 94, 045133 (20

10)



Fermi surface + critical boson

Ly =y (867 l €(k)> Ui

a critical boson ¢
e.g. Ising-nematic order

p(r)]

=+ o) olr)

Optical conductivity—Diagrams

O @ O D ED

Re [o(w)] = C |w|~2/3

Yong Baek Kim, A. Furusaki, Xi1ao-Gang Wen,
and P. A. Lee, PRB 50, 17917 (1994).



Fermi surface + critical boson

o=l ( 0 I 5(k)> D a critical boson ¢

e.g. Ising-nematic order

@ k \ P(r)]° - T () (r) o(r)

kx J

Optical conductivity—Diagrams

R ARG RC RGN

Re [O’ (w )] p— C |w | o 2/ 3 Yong Baek Kim, A. Furusaki, Xi1ao-Gang Wen,
and P. A. Lee, PRB 50, 17917 (1994).

: ' O
C=0; ow)~1t/(w)+w +...
Haoyu Guo, Aavishkar Patel, Ilya Esterlis, S.S. PRB 106, 115151 (2022)
Z.. Darius Shi, D.V. Else, H. Goldman and T. Senthil, arXiv:2208.04328




Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport




Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NO strange metal transport




Fermi surface + critical boson with potential disorder

0 a critical boson @
Ly =) - e(k
(0 k ( e )) Vi e.g. Ising-nematic order
2
(7))

J

- YT (r)y(r) o(r)
+o(r)y (r)y(r)

Spatially random potential v(r) with v(r) = 0, v(r)v(r") = v*6(r — ')



Fermi surface + critical boson with potential disorder

All results are obtained from the large N saddle-point and response functions of
this G->3-D-II theory:

— / DG DX DD DIl exp(—N San)

1
San = —Indet(0, +e(k) — u+ X) A 21ndet(—6’$+q2+mg—ﬂ)

i 1
/d7d2 /dT d=r' | =37, v 7, 0)G (T, r; 7, 1)) A 2H(T’,I";T, r)D(r,r;7,r')

1)2

G (7, ;7 G(', s, e)D(7,r; 7', 1) - ; G(r,v; 7, )G(7',vr';7,r)0(r — 1)

2




Fermi surface + critical boson with potential disorder

All results are obtained from the large N saddle-point and response functions of
this G->3-D-II theory:

Z = /DGDZDDDHGXP(—NSau)

Saddle-point equations

M(7,r) = ¢°D(1,v)G(1,v) + v°G(1,1)6 (1),
[I(r,r) = —¢°G(—7, —1)G(T, 1),

1
) —
Gliw, k) iw—e(k) + p— 2(iw, k)’
D(if2, q) = :

0?2 + g+ m; — 113, q)



Fermi surface + critical boson with potential disorder

Lo = ,‘; ( 0 | 5(@) m a critical boson ¢

e.g. Ising-nematic order

- P (r)(r) ¢(r)

J
+o(r)y’ (r)y(r)
g° 1
B If . 11 ~ () D(q,18)) =
oson self energy UQ‘ ’ (q,282) Z 0]
g° 1
Fermion self energy: X(iw) ~ —iv®sgn(w) — i wln(1/|wl); ~ €]
U Tin(é‘)

Marginal Fermi liquid self energy and T In(1/7") specific heat



Fermi surface + critical boson with potential disorder

P .

A . a critical boson ¢

( I g(k)> Vi e.g. Ising-nematic order
2

(7))

W(T)w(r) aﬁ(r)

J
Conductivity: o(w) ~ ] ; ~
10 Ttrans
Ttrans

MFL self-energy cancels in transport.




Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NO strange metal transport




Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:

Interaction disorder g’

A marginal Fermi liquid AND strange metal transport



Fermi surface + critical boson with potential disorder

a critical boson @
e.g. Ising-nematic order

- YT (r)y(r) o(r)
+o(r)y! (r)i(r)




Spatially random interactions!

OD23K

Puddle formation, persistent gaps, and ol o |
non-mean-field breakdown of 43[—‘_’_,_\_0:3;‘-
superconductivity in overdoped 20}

(Pb,B1)25r,Cu046+3

Willem O. Tromp, Tjerk Benschop, Jian-Feng Ge,
Irene Battisti, Koen M. Bastiaans, Damianos Chatzopoulos,
Amber Vervloet, Steef Smit, Erik van Heumen,

Mark S. Golden, Yinkai Huang, Takeshi Kondo, Y1 Yin,
Jennifer E. Hoffman, Miguel Antonio Sulangi, Jan Zaanen,

Milan P. Allan

Our scanning tunneling spectroscopy measurements in the
overdoped regime of the (Pb,B1),Sr,CuQOg.s high-
temperature superconductor show the emergence of
puddled superconductivity, featuring nanoscale
superconducting i1slands 1n a metallic matrix

arXiv:2205.09740



Fermi surface + critical boson with potential and interaction disorder

_ 0 a critical boson ¢
fy = QM; (5’7 I E(k)> Vi e.g. Ising-nematic order
o (7)]° T
S A ORO




Fermi surface + critical boson with potential and interaction disorder

Lo = Qp}; (87 | 5(k)> m a critical boson ¢

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)i(r)

¢* “mass” disorder J'(r) is strongly relevant;
rescale ¢ to move disorder to the Yukawa coupling;

Spatially random Yukawa coupling ¢’(r) with ¢/(7) =0, ¢’(7)g¢'(7") = ¢"*6(r — ')

Spatially random potential v(r) with v(r) = 0, v(r)v(r’) = v*6(r — r’)



Fermi surface coupled to a critical boson with disorder

All results are obtained from the large N saddle-point and response functions of
this G-X-D-II theory:

— / DG DX DD DIl exp(—N San)

1
S.i1 = — Indet (9 —I—é‘ ) [L—I—Z) | 21ndet(—6‘3+q2+m§—ﬂ)

/2

92 G(r,v; 7,0 YG(7',v';7,v)D(7,r; 7', v)o(r — 1) | .

i 1
/d7d2 /dT dr' | =37, v; 1, v)G(T,r; 7', 1) (7", ;7 0)D(r,r; 7', 1)

2

112

G(r,r; 7,0 )G(7',v';7,0)D(7,r; 7", 1) > G(r,r; 7,0 )G(7',r';7,r)0(r — ')




Fermi surface coupled to a critical boson with disorder

All results are obtained from the large N saddle-point and response functions of
this G-X-D-II theory:

o /DGDZDDDHexp(—NSaM)

Saddle-point equations

S (1,1) = ¢>D(1,v)G(T, 1) + v2G(1,1)8%(r) + ¢ *G(7,1)D(7,1)5%(r),
[I(7,r) = —QZG(—T, —1)G(7,1) — g'QG(—T, r)G(T, r)52(r),

1
1) —
Gliw, k) iw—e(k) + p— X(iw, k)’
D(if2, q) = 1

0?2+ g%+ m; — 113, q)



Fermi surface coupled to a critical boson with disorder

— "; ( 0 | 5(@) m a critical boson ¢

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)y(r)

J?)OSOH Green’s function: D(q,iQ) ~ 1/(¢* + v|Q])

Fermion selt energy:
2

(i) ~ —iv?sga(e) =i (5 + 67wt/ — =~ (G +07) o

Marginal Fermi liquid self energy and 7T In(1/7") specific heat



Fermi surface coupled to a critical boson with disorder

Ly = }; ( 0 | 5(k)> Vi a, C].fitical bossm 0

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)i(r)

& J
SXE,

Conductivity: (a) (b) (c) (d) (e)
0Y,g 0%,9 OV,gq
2 72

all ladders and bubbles.....




Fermi surface coupled to a critical boson with disorder

1
Conductivity: o(w) ~ -
( ) 1 - mtrans (UJ)
TW
Ttrans (w) m
1 2 /2 M ans (W) 29/2
" . rairs ~ 1 A
Ttrans (w) v J ‘w| | T 7 n( /w)

Electron Green’s function: G(w) ~ 1 1

W (k) + i ( : ) sen(w)

Te  Tin(W)

1 2 1 92, 2 , m*(w) 2 QQI 2
— U : Cd) ~ (U2 | 9/ ) |w| 9 ~ 5 g/ IH(A/W)

Te Tin ( U

Residual resistivity is determined by v?; Linear-in-T resistivity determined by ¢’*;
Transport insensitive to g; Marginal Fermi liquid self energy and 7' In(1/7") specific heat.



Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:

Interaction disorder g’

A marginal Fermi liquid AND strange metal transport



Transport properties of a strange metal:

1. Resistivity p(T) =po+ AT + ... asT — 0
and p(T) < h/e? (in d = 2).
Metals with p(T') > h/e* are bad metals.

2. Optical conductivity

K 1 D hw
. ~ | -
1 - m;;krans (w) | Ttrans (w) kB T

(10V,
Terans (W) m B. Michon......A. Georges, arXiv:2205.04030

o(lw) =

Electronic properties of a marginal Fermi liquid:

1. Photoemission: nearly marginal Fermi liquid electron spectral density:

how

. 1 hw
ImY(w) ~ |w|**®s; (kBT) with a =~ 1/2 ; @) ~ |w|Ps (kBT>

T.]. Reber....D. Dessau, Nature Communications 10,5737 (2019)

2. Speciﬁc heat ~ Tln(l/T) as 1 — 0. S.A. Hartnoll and A.P. MacKenzie, RMP (2022)



