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Topological materials

Descendants of the integer quantum
Hall effect

Protected gapless edge states, while
bulk excitations are “trivial”

Descendants of the fractional quantum
Hall effect

Bulk topological excitations which cannot
be created from the ground state by the
action of a local operator.



Topological materials

Descendants of the integer quantum
Hall effect

Protected gapless edge states, while
bulk excitations are “trivial”
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Descendants of the fractional quantum
Hall effect

Bulk topological excitations which cannot
be created from the ground state by the
action of a local operator.

Can also appear in gapless metallic states.

\

J




Z; lattice gauge theory

(zauss’s Law:
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(Wegner, 1971)
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Z) lattice gauge theory — (YVegner 1971)

We = HTZ
C

Deconfined phase. Confined phase.
‘Perimeter law’ for ‘Area law’ for
Wegner-Wilson loops Wegner-Wilson loops




Z; lattice gauge theory

Deconfined phase.
Zio Hlux expelled.

Zo (toric code)
topological order.

Topological
phase
transition

Confined phase.
Z5 flux proliferates.
No topological order.
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E. Fradkin and S. H. Shenker, PRD 19, 3682 (1979); N. Read and S. Sachdev, PRL 66, 1773 (1991);
X.-G.Wen, PRB 44,2664 (1991); A.Y. Kitaev,Annals of Physics 303,2 (2003)



Classical XY model
27 dez
Zxy = H/ exp (—H/T)
= Jo

27
—JZ cos(0; — 0,)
(27)

10;

S
||

°
I

€

Describes non-zero T phase
transitions of superfluids,
magnets with "easy-plane’ spins,



Classical XY model in D=3

(®;) # 0 (i) =
<(I) (I)*> eXp(_’ri _Tj’/f)
Frrrt o i =7
A Symmetry XY SRO
XY LRO BEREE breaking
A A | phase
11 I I 1 | transition
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Classical XY model in D=2

Ordering, metastability and phase transitions in two- J. Phys. C 1973
dimensional systems

J M Kosterlitz and D J Thouless

A new definition of order called topological order is proposed for two-dimensional

systems in which no long-range order of the conventional type exists.
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Classical XY model in D=3

Can we have a topological phase
transition in a XY model in D=3/

(®;) # 0 (i) =
<(I) (I)*> eXp(_’ri _Tj’/f)
T s ri = 5]
A A A Symmetry XY SRO
XY LRO W E breaking
I B B B | phase
11 1T I T |transition
e
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(: Add terms which suppress -
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" Add terms which suppress =27 but not £4x vortices.
A convenient form is obtained

using an auxiliary variable
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5 0;; = =1 on the links of the cubic lattice.
N 27 d@
Zxy = Z H / ~-H /T)
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Zxy = Y. H/% 49, H/T)

{oi;}=%1 1
H = —JZO’Z]COS (0, —0,)/2] — KZ H 0
(17) L1 (ig)e

e At small K, we can explicitly sum over o;;, order-
by-order in K, and the theory reduces to an ordinary
XY model with multi-site interactions. The resulting
effective action of the XY model is periodic in 6; —

0; + 2m (for any site i), and preserves the symmetry
0; — 0; 4+ c (for all sites 7).



2o = Y M1 Pew(-m)

{oi;}=%1 1
H = —JZO’Z]COS (0, —0,)/2] — KZ H 0
(i7) L (ig)€

e The theory has a Zy gauge invariance: we can change

Oij = Mi0ijNj

with n; = £1, and the energy remains unchanged.
¢ The XY order parameter ¥,; = e is gauge invari-
ant, as are all physical observables. So this is an
XY model with a modified Hamiltonian, and no ad-

ditional degrees of freedom have been introduced.
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Classical XY model in D=3

Can we have a topological phase
transition in D=3

(®;) # 0 (i) =
<(I) (I)*> eXp(_’ri _Tj’/f)
Frrrtt o i =7
A A A Symmetry XY SRO
XY LRO W E breaking
I B B B | phase
11 T T T | transition
i




Classical XY model in D=3

Z5 Hlux expelled
XY SRO Odd (£2m, £67...) vortices expelled

Z; topological order Even (47, +8m...) vortices proliferate

1
; o ; ; ; Symmetry XY SRO
XY LRO . breaking | No topological
F LT T ohase
1111 T transition order
| All (£27, t4m. . .)

vortices proliferate




Classical XY model in D=3

Z5 Hlux expelled
XY SRO Odd (£2m, £67...) vortices expelled

Z; topological order Even (+4m, +87...) vortices pr&liferate

)

Same transition
as in the pure
Z; gauge theory

0 &
U | s
XY LRO breaking | No topological
11 T 1T T'| phase
[T 1 1T T | transition order
e All (£27, +47...)

vortices proliferate




Antiferromagnetism in the Hubbard Model

H= =S tycdaera + U (mr = 5) (s = 5) ~n S clae

1<J

t;; — “hopping”. U — local repulsion, u — chemical potential

Mean-field theory with a spin density wave (SDW)
order parameter ®; = (—1)%=+i <c;fa5’agcf,;5> /2
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Symmetry
SDW LRO e SDW SRO
Reconstructed Fermi surface | transition Large Fermi surface.

(B) # 0 (@) =0

U/t



Antiferromagnetism in the Hubbard Model

H= =S tycdaera + U (mr = 5) (s = 5) ~n S clae

1<J

t;; — “hopping”. U — local repulsion, u — chemical potential

Both states have Luttinger volume Fermi surfaces

/’\
x g

Symmetry
SDW LRO e SDW SRO
Reconstructed Fermi surface | transition Large Fermi surface.

(B) £ 0 (3) =0

U/t



/ x SDW SRO

i B Z; or U(1) topological order.
\ ﬂ Reconstructed Fermi surface.

- Symmetry
SDW LRO e SDW SRO
Reconstructed Fermi surface | transition Large FeEmi surface.

(®) # 0 (3) = 0

U/t



SDW SRO

Z; or U(1) topological order.
Reconstructed Fermi surface.

(B) =0 N_—

. Oa\ Transition

Z; gauge theory
S aq e
= lrang; tion e \

Symmetry

breaking
SDW LRO ohase SDWV SRO

Reconstructed Fermi surface | transition Large Fermi surface.

(@) # 0 (3) = 0

U/t




[ Topological
]/ x[ trap:saifiin
N
]

SDW SRO

Reconstructed Fermi surface
with non-Luttinger volume.
Z; vortices or hedgehogs expelled.

Z; or U(1) topological order.

SDW SRO
Large Fermi surface
with Luttinger volume.
No topological order

Metallic states with non-Luttinger volume
Fermi surfaces must have topological order

T. Senthil, M.Vojta, and S. Sachdev, PRB 69,0351 11 (2004)
S. Sachdey, M. A. Metlitski, Y. Qi,and C. Xu, PRB 80, 155129 (2009)



[ Topological

/ x phase
transition;

phases of a
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x / a theory
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with an emergent
SU(2) gauge field.

SDW SRO

Reconstructed Fermi surface
with non-Luttinger volume.
Z; vortices or hedgehogs expelled.

Z; or U(1) topological order.

SDW SRO
Large Fermi surface
with Luttinger volume.
No topological order

Metallic states with non-Luttinger volume
Fermi surfaces must have topological order

T. Senthil, M.Vojta, and S. Sachdev, PRB 69,0351 11 (2004)
S. Sachdey, M. A. Metlitski, Y. Qi,and C. Xu, PRB 80, 155129 (2009)



79

We can (exactly) transform the Hubbard model to the “spin-fermion
model: electrons c;, on the square lattice with dispersion

Zt (’604 Z—|—’Up,ﬁc’j—l—’vp,a za) MZ za za_l_Hmt

are coupled to an antiferromagnetic SDW order parameter
O(i), L = 2,9, 2

mt—_)\znzq)e za aﬂc ’5‘|‘V<I>

where 1; = +1 on the two sublattices. (For suitable Vg, integrating
out the ®* yields back the Hubbard model).



We can (exactly) transform the Hubbard model to the “spin-fermion”
model: electrons c;, on the square lattice with dispersion

Zt (’604 Z—|—’Up,ﬁc’j—l—’vp,a za) MZ za za_l_Hmt

are coupled to an antiferromagnetic SDW order parameter
O(i), L = 2,9, 2

mt—_)\znzq)e za aﬂc ’5‘|‘V<I>

where 1; = +1 on the two sublattices. (For suitable Vg, integrating
out the ®* yields back the Hubbard model).

When ®*(i) = (non-zero constant) independent of i, we have long-
range SDW order, which transforms the Fermi surfaces from large
to small. ]%u\
N/




For (fluctuating) SDW SRO, we transform to a
rotating reference frame using the SU(2) rotation R;

(3)-a(3)

Cil %

in terms of fermionic “chargons” 1, and a Higgs field H* ()
ot ®4(i) = R; 0“H(7) R,}L

The Higgs field is the SDW order in the rotating reference frame.

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)



For (fluctuating) SDW SRO, we transform to a
rotating reference frame using the SU(2) rotation R;

(3)-a(3)

Cil %

in terms of fermionic “chargons” 1, and a Higgs field H* ()
ot ®%(i) = R; 0“H (i) R,}L

The Higgs field is the SDW order in the rotating reference frame.
Note that this representation is ambiguous up to a
SU(2) gauge transformation, V;

Vi ([ Vi
(m:>%"(wr>
R, — R,V

o H (i) — V; " H(3) V1.

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)



Fluctuating SDWV

The simplest effective Hamiltonian for the fermionic chargons is

the same as that for the electrons, with the SDW order replaced
by the Higgs field.

_ T T
o th (w’i,Sw’i—F’l}p,s w’l/‘l—’vp, .,S) o Nzwi,swijs Hlﬂt
1,0 1

Hmt — _AZUZHCL wz sY ss’ % s’ + Vi

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)



Fluctuating SDWV

The simplest effective Hamiltonian for the fermionic chargons is
the same as that for the electrons, with the SDW order replaced
by the Higgs field.

_ T T
o th (w’i,Sw’i—F’l}p,s w’l‘l—’vp, .,S) o Nzwi,swijs Hlﬂt
1,0 1

Hmt — _AZUZHCL wz sY ss’ % s’ + Vi

IF we can transform to a rotating reference frame in which H%(i) =
a constant independent of ¢ and time, THEN the ¢ fermions in

the presence of (fluctuating) SDW SRO will inherit the small Fermi
surfaces of the electrons in the presence of SDW LRO.

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)



Fluctuating SDWV

We cannot always ﬁnd a single-valued SU(2) rotation R; to make
the Higgs field H*(7) a constant !

\ \ \ /f // VO rtce;fdi 2 ':A\FM
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R \ / simplicity)
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Fluctuating SDW

We cannot always find a single-valued SU(2) rotation R; to make
the Higgs field H*(7) a constant !

N

vortex in AFM

K I 7\‘ order
NI \ / ‘\)/
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S.Sachdey, E. Berg, S. Chatterjee,
and Y. Schattner, PRB 94, 1 15147 (2016)



Fluctuating SDWV

We cannot always find a single-valued SU(2) rotation R; to make
the Higgs field H*(7) a constant !

N e A

R

vortex in AFM

order
(assume
B R easy-plane
> AFM for
' simplicity)

! I

[ The HIGGS PHAS

<, with H® condensed, has fluctuating R an
SDW SRO with odd vortices expelled (for easy-plane SDW).
Such a metal has topological order and the fermions which

a

cec

>

kinherit the small Fermi surfaces of the metal with SDW LRO.
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SDW SRO
Higgs phase
Z; or U(1) topological order.

Z; vortices or hedgehogs expelled.
(@) =0

-
Symmetry SDW SRO

SDW LRO . | Confinement
transition | No topological order.

U/t



Cluster DMFT studies of hole-doped cuprates (Hubbard model)

n=0.78
e Momentum-space differentia- (1.0) (r.m)

tion: electron self-energy is
enhanced at low frequencies
in the anti-nodal region (ap-
parent pole in self-energy), and
vanishes in the nodal region.

e (Gapped spectrum in the anti-
nodal region

e LFermi arcs in the nodal region

FIG. 4. (Color online) Renormalized energy r(k) (upper panels)
and spectral function A(k) (lower panels) for the 2D Hubbard

9
o Appareﬂt yASIN® Of Green S funC— model with U=8¢ and T=0. The color code for the upper panels is
green/gray (r<<0), blue/dark gray line (r=0), yellow/light gray (r

tion on a “Luttinger surface”. >0\ red dashed line (r—c).
T.D. Stanescu and G. Kotliar, PRB 74, 125110 (2006)

cf. previous work by Parcollet, Kotliar, Stanescu et al. Gull, Millis et al., Sakai, Imada et al.,
Tsvelik et al., Civelli, YRZ phenomenology; Berthod, Biermann, Giamarchi



Electron Green’s function in Higgs phase of SU(2) gauge theory

The effective Hamiltonian of the chargons in a constant nggs potential
(H*) = H{ is (the hoppings have been renormalized by <R R;)):

- ng (wi 'L—I—'vp, + wz—l—’vp, ',8) N ”Zwiswz S
1,0 ¢
B )\Z(_l)iw+inQ¢z s ss’ w

The chargon Fermi surface reconstructs into “small pockets”, even though
translational and spin rotation symmetries remain unbroken. The diagonal
chargon Green’s function is

Gy(w, k) = —, Xy(w, k) = —, Q= (m,m).
w— ey — 2y (w, k) W= EE1 3
. . T -
This has poles at the pocket Fermi surfaces, ; Rg,’ \Rq
. \
and zeros at ey el The electron Green’s function  “k_ ¢ v Ck

is computed via a convolution with the spinons (R), " 4
and then the zeros are smeared to approximate zeros. k—q k—q




Electron Green'’s function in Higgs phase of SU(2) gauge theory

T - ")' ~
—‘- RQI Y 4 ~ \_Rq
Ck , \ Ck
— — >
,(pT
k—q
surface 0.20
/ K‘J {125
\ & 1.00 0.15
\{\—
0.75 0.10
"\ / 1 10.50
. 0.05
0.25
0L . . . .
0 0 k. T
Red line indicates the locus Red line indicates the locus
of G(k,w=10)=0 of ReG(k,w=0)=0

Full Brillouin zone spectra of chargons (¢) and electrons (c)



Luttinger relation in Higgs phase of SU(2) gauge theory

o The electron density is equal to the chargon density:

cle; = ¥l

e In the Higgs phase, the chargons experience an effective
Hamiltonian that is the same as that of electrons in the
presence of long-range AFM order.

e Apply the Luttinger argument to the chargons: volume
enclosed by chargon Fermi surfaces equals the chargon

density (= electron density) modulo filled bands in the
AFM Brillouin zone.



Luttinger relation in Higgs phase of SU(2) gauge theory

o The electron density is equal to the chargon density:

cle; = ¥l

e In the Higgs phase, the chargons experience an effective
Hamiltonian that is the same as that of electrons in the
presence of long-range AFM order.

e Apply the Luttinger argument to the chargons: volume
enclosed by chargon Fermi surfaces equals the chargon

density (= electron density) modulo filled bands in the
AFM Brillouin zone.

e The topological order allows one to ‘break’ translational
symmetry in gauge-dependent quantities, but preserve
translation invariance in all gauge-invariant observables.
This is sufficient to obtain a non-Luttinger volume en-
closed by all Fermi services of fermions carrying the

global U(1) charge.



Electron Green’s function in Higgs phase of SU(2) gauge theory

(a) SU(2) gauge theory (c) SU(2) gauge theory
O 20 r r v r r 15: r r r r
5\ . ~—~ 10} M —Im>."
~ 015 3 \\‘
S 0.10} = LA [N
E e Of====== [ ESSSESSsssssss
< R s
~-04 -02 00 02 04 0.6 -04 -0.2 00 02 04 0.6

04 -02 00 02 04 06 04 -02 00 02 04 06
W W

T=t/30 , U=T7t , p=0.05

t' takes different negative values

Anti-nodal spectra compared to cluster DMFT



Lifshitz transition compared to cluster DMFT

(a) SU(2) gauge theory (b) DCA
0.2 ‘\ 0.2

e-like
0.1}

0.0} 0.0
/Q 20 =0 | Jo ~0.1] el 3 0.1}

02k T 0.2}
0.3

_0.3! _ 3l
¢ 0150
1m0 _0.4L ~ o | 4l . . .
0 005 01 015 0 005 01 015

0.1}

~0.4

D 1 p
gE = €p T Re ZE(w — O) = —Re (Gc(w = 0, E))

The p-t’ dependence of the “interacting Lifshitz transition”, defined by the sign
change of the renormalized quasiparticle energy € oy at wpeax > 0, is shown as
solid blue lines calculated from the SU(2) gauge theory, part (a), and DCA, part
(b). The black dashed lines show the location of the same transition for non-
interacting electrons. The red lines indicate where the particle-hole asymmetry
of the self-energy changes, i.e., where the peak position wpeax 0f the anti-nodal
Im(self-energy) changes sign.
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¢ New classes of quantum states with topological

. order |

arXiv: 1707.06602 arXiv:1711.09925
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¢ New classes of quantum states with topological
order

¢ Can be understood as:
(a) defect suppression in states with fluctuating
order associated with broken symmetries

-~ (b) Higgs phases of emergent gauge fields |

arXiv:1707.06602 arXiv:1711.09925
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¢ New classes of quantum states with topological
order

¢ Can be understood as:
(a) defect suppression in states with fluctuating
order associated with broken symmetries
(b) Higgs phases of emergent gauge fields

¢ A metal with bulk topological order (i.e. long-range
quantum entanglement) is consistent with existing
experiments in cuprates, and agrees well with

cluster-DMFT

~ @@
arXiv:1707.06602  arXiv:1711.09925




Square lattice Hubbard model at generic density
Review: arXiv:1801.01 125

/ x SDW SRO

| B Z; or U(1) topological order.
\ % Z; vortices or hedgehogs expelled.

Symmetry
breaking SDW SRO

SDW LRO phase

transition

No topological order.

U/t
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Figure: K. Fujita and J. C. Seamus Davis
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Figure: K. Fujita and J. C. Seamus Davis



Square lattice Hubbard model at generic density
Review: arXiv:1801.01 125

/ x SDW SRO

| B Z; or U(1) topological order.
\ % Z; vortices or hedgehogs expelled.

Symmetry
breaking SDW SRO

SDW LRO phase

transition

No topological order.

U/t



Square lattice Hubbard model at generic density
Review: arXiv:1801.01 125

B |
/ x SDW SRO Optimal doping
| L

Z; or U(1) topological grd criticality.

. Fits doping
x / Z; vortices or hedgehogs exp R
S ] <<I>€> _ Hall
mm T ~o\ :
to etr , \GO co-efficient
pologiCa/y breakln '(OQO\OQ 6\&\0(\ (S. Chatterjee et al.
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Symmetry

breaking SDW SRO
SDW LRO phase | No topological order.

transition

U/t



Change of carrier density at the pseudogap critical
° ® Cu?,Cud
point of a cuprate superconductor .o
S. Badoux!, W. Tabis*3, F. Laliberté?, G. Grissonnanche!, B. Vignolle?, D. Vignolles?, I. Béard?, D. A. Bonn*?, W. N. Hardy*>,
R. Liang*°, N. Doiron-Leyraud', Louis Taillefer'> & Cyril Proust?> ® v
210 | NATURE | VOL 531 | 10 MARCH 2016
. Ba?+
SN YBayCusOg . |
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