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(Wegner, 1971)Z2 lattice gauge theory
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Z2 lattice gauge theory

Deconfined phase.
‘Perimeter law’ for

Wegner-Wilson loops
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transition

Deconfined phase.
Z2 flux expelled.
Z2 (toric code)

topological order.
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Confined phase.
Z2 flux proliferates.
No topological order.
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Figure 1: Schematic picture of ferro- and antiferromagnets. The chequerboard pat-

tern in the antiferromagnet is called a Néel state.

the role of symmetry in physics. Using new experimental techniques, hidden
patterns of symmetry were discovered. For example, there are magnetic mate-
rials where the moments form a chequerboard pattern where the neighbouring
moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
zation, such antiferromagnets are nevertheless ordered states, and the pattern
of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
the magnetization, ~mi = µ ~Si, where µ is the magnetic moment and ~Si the spin
on site i. In an ordered phase, the average value of all the spins is different from
zero, h~mii 6= 0. The magnetization is an example of an order parameter, which
is a quantity that has a non-zero average in the ordered phase. In a crystal it
is natural to think of the sites as just the atomic positions, but more generally
one can define “block spins” which are averages of spins on many neighbouring
atoms. The “renormalization group” techniques used to understand the theory
of such aggregate spins are crucial for understanding phase transitions, and
resulted in a Nobel Prize for Ken Wilson in 1982.

It is instructive to consider a simple model, introduced by Heisenberg, that
describes both ferro- and antiferromagnets. The Hamiltonian is

HF = �J
X

hiji

~Si · ~Sj � µ
X

i

~B · ~Si (1)
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Figure 3: To the left a single vortex configuration, and to the right a vortex-

antivortex pair. The angle ✓ is shown as the direction of the arrows, and the cores of

the vortex and antivortex are shaded in red and blue respectively. Note how the arrows

rotate as you follow a contour around a vortex. (Figure by Thomas Kvorning.)

by the Hamiltonian,

HXY = �J
X

hiji

cos(✓i � ✓j) (3)

where hiji again denotes nearest neighbours and the angular variables, 0 
✓i < 2⇡ can denote either the direction of an XY-spin or the phase of a
superfluid. We shall discuss this model in some detail below.

Although the GL and BCS theories were very successful in describing many
aspects of superconductors, as were the theories developed by Lev Landau
(Nobel Prize 1962), Nikolay Bogoliubov, Richard Feynman, Lars Onsager and
others for the Bose superfluids, not everything fit neatly into the Landau
paradigm of order parameters and spontaneous symmetry breaking. Problems
occur in low-dimensional systems, such as thin films or thin wires. Here, the
thermal fluctuations become much more important and often prevent ordering
even at zero temperature [39]. The exact result of interest here is due to
Wegner, who showed that there cannot be any spontaneous symmetry breaking
in the XY-model at finite temperature [53].

So far we have discussed phenomena that can be understood using classical
concepts, at least as long as one accepts that superfluids are characterised
by a complex phase. There are however important macroscopic phenomena
that cannot be explained without using quantum mechanics. To find the
ground state of a quantum many-body problem is usually very difficult, but
there are some important examples where solutions to simplified problems give
deep physical insights. Electromagnetic response in crystalline materials is an
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Figure 1: Schematic picture of ferro- and antiferromagnets. The chequerboard pat-

tern in the antiferromagnet is called a Néel state.

the role of symmetry in physics. Using new experimental techniques, hidden
patterns of symmetry were discovered. For example, there are magnetic mate-
rials where the moments form a chequerboard pattern where the neighbouring
moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
zation, such antiferromagnets are nevertheless ordered states, and the pattern
of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
the magnetization, ~mi = µ ~Si, where µ is the magnetic moment and ~Si the spin
on site i. In an ordered phase, the average value of all the spins is different from
zero, h~mii 6= 0. The magnetization is an example of an order parameter, which
is a quantity that has a non-zero average in the ordered phase. In a crystal it
is natural to think of the sites as just the atomic positions, but more generally
one can define “block spins” which are averages of spins on many neighbouring
atoms. The “renormalization group” techniques used to understand the theory
of such aggregate spins are crucial for understanding phase transitions, and
resulted in a Nobel Prize for Ken Wilson in 1982.

It is instructive to consider a simple model, introduced by Heisenberg, that
describes both ferro- and antiferromagnets. The Hamiltonian is

HF = �J
X

hiji

~Si · ~Sj � µ
X

i

~B · ~Si (1)
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• At small K, we can explicitly sum over �ij , order-
by-order in K, and the theory reduces to an ordinary
XY model with multi-site interactions. The resulting
e↵ective action of the XY model is periodic in ✓i !
✓i + 2⇡ (for any site i), and preserves the symmetry
✓i ! ✓i + c (for all sites i).
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• The theory has a Z2 gauge invariance: we can change

✓i ! ✓i + ⇡(1� ⌘i)

�ij ! ⌘i�ij⌘j ,

with ⌘i = ±1, and the energy remains unchanged.

• The XY order parameter  i = ei✓i is gauge invari-

ant, as are all physical observables. So this is an

XY model with a modified Hamiltonian, and no ad-

ditional degrees of freedom have been introduced.
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Figure 1: Schematic picture of ferro- and antiferromagnets. The chequerboard pat-

tern in the antiferromagnet is called a Néel state.

the role of symmetry in physics. Using new experimental techniques, hidden
patterns of symmetry were discovered. For example, there are magnetic mate-
rials where the moments form a chequerboard pattern where the neighbouring
moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
zation, such antiferromagnets are nevertheless ordered states, and the pattern
of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
the magnetization, ~mi = µ ~Si, where µ is the magnetic moment and ~Si the spin
on site i. In an ordered phase, the average value of all the spins is different from
zero, h~mii 6= 0. The magnetization is an example of an order parameter, which
is a quantity that has a non-zero average in the ordered phase. In a crystal it
is natural to think of the sites as just the atomic positions, but more generally
one can define “block spins” which are averages of spins on many neighbouring
atoms. The “renormalization group” techniques used to understand the theory
of such aggregate spins are crucial for understanding phase transitions, and
resulted in a Nobel Prize for Ken Wilson in 1982.

It is instructive to consider a simple model, introduced by Heisenberg, that
describes both ferro- and antiferromagnets. The Hamiltonian is

HF = �J
X

hiji

~Si · ~Sj � µ
X

i

~B · ~Si (1)

2
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Figure 1: Schematic picture of ferro- and antiferromagnets. The chequerboard pat-

tern in the antiferromagnet is called a Néel state.

the role of symmetry in physics. Using new experimental techniques, hidden
patterns of symmetry were discovered. For example, there are magnetic mate-
rials where the moments form a chequerboard pattern where the neighbouring
moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
zation, such antiferromagnets are nevertheless ordered states, and the pattern
of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
the magnetization, ~mi = µ ~Si, where µ is the magnetic moment and ~Si the spin
on site i. In an ordered phase, the average value of all the spins is different from
zero, h~mii 6= 0. The magnetization is an example of an order parameter, which
is a quantity that has a non-zero average in the ordered phase. In a crystal it
is natural to think of the sites as just the atomic positions, but more generally
one can define “block spins” which are averages of spins on many neighbouring
atoms. The “renormalization group” techniques used to understand the theory
of such aggregate spins are crucial for understanding phase transitions, and
resulted in a Nobel Prize for Ken Wilson in 1982.

It is instructive to consider a simple model, introduced by Heisenberg, that
describes both ferro- and antiferromagnets. The Hamiltonian is

HF = �J
X

hiji

~Si · ~Sj � µ
X

i

~B · ~Si (1)

2
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Odd (±2⇡, ±6⇡ . . .) vortices expelled
Even (±4⇡, ±8⇡ . . .) vortices proliferate
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Figure 1: Schematic picture of ferro- and antiferromagnets. The chequerboard pat-

tern in the antiferromagnet is called a Néel state.

the role of symmetry in physics. Using new experimental techniques, hidden
patterns of symmetry were discovered. For example, there are magnetic mate-
rials where the moments form a chequerboard pattern where the neighbouring
moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
zation, such antiferromagnets are nevertheless ordered states, and the pattern
of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
the magnetization, ~mi = µ ~Si, where µ is the magnetic moment and ~Si the spin
on site i. In an ordered phase, the average value of all the spins is different from
zero, h~mii 6= 0. The magnetization is an example of an order parameter, which
is a quantity that has a non-zero average in the ordered phase. In a crystal it
is natural to think of the sites as just the atomic positions, but more generally
one can define “block spins” which are averages of spins on many neighbouring
atoms. The “renormalization group” techniques used to understand the theory
of such aggregate spins are crucial for understanding phase transitions, and
resulted in a Nobel Prize for Ken Wilson in 1982.

It is instructive to consider a simple model, introduced by Heisenberg, that
describes both ferro- and antiferromagnets. The Hamiltonian is

HF = �J
X

hiji

~Si · ~Sj � µ
X

i

~B · ~Si (1)
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SDW LRO
Reconstructed Fermi surface

SDW SRO
Large Fermi surface.

Increasing SDW order

U/t

Antiferromagnetism in the  Hubbard Model
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tij ! “hopping”. U ! local repulsion, µ ! chemical potential

Mean-field theory with a spin density wave (SDW)
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Increasing SDW order

U/t
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Mean-field theory with a spin density wave (SDW)
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Both states have Luttinger volume Fermi surfaces



SDW LRO
Reconstructed Fermi surface

SDW SRO
Large Fermi surface.
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SDW SRO
Z2 or U(1) topological order.
Reconstructed Fermi surface.

Increasing SDW order
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<latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit>

h~�i 6= 0
<latexit sha1_base64="/FBGkyQOV5uNeT6BNPrTT569Cp4=">AAACCXicdZDNTgIxFIU7+If4N+rSTZWYuCIzgoI7ohuXmIiQMIR0ygUaOp2x7ZCQCWs3voobF2rc+gbufBsLjIkaPUmTk+/em9t7/IgzpR3nw8osLC4tr2RXc2vrG5tb9vbOjQpjSaFOQx7Kpk8UcCagrpnm0IwkkMDn0PCHF9N6YwRSsVBc63EE7YD0BesxSrRBHXvf40T0OWBvBDTxagM2wZ5MkYBb7HTsvFNwTtxKycXGzGTMablYdIvYTUkepap17HevG9I4AKEpJ0q1XCfS7YRIzSiHSc6LFUSEDkkfWsYKEoBqJ7NTJvjQkC7uhdI8ofGMfp9ISKDUOPBNZ0D0QP2uTeFftVase5V2wkQUaxB0vqgXc6xDPM0Fd5kEqvnYGEIlM3/FdEAkodqklzMhfF2K/zf148JZwb0q5avnaRpZtIcO0BFyURlV0SWqoTqi6A49oCf0bN1bj9aL9TpvzVjpzC76IevtE+dqmfY=</latexit><latexit sha1_base64="/FBGkyQOV5uNeT6BNPrTT569Cp4=">AAACCXicdZDNTgIxFIU7+If4N+rSTZWYuCIzgoI7ohuXmIiQMIR0ygUaOp2x7ZCQCWs3voobF2rc+gbufBsLjIkaPUmTk+/em9t7/IgzpR3nw8osLC4tr2RXc2vrG5tb9vbOjQpjSaFOQx7Kpk8UcCagrpnm0IwkkMDn0PCHF9N6YwRSsVBc63EE7YD0BesxSrRBHXvf40T0OWBvBDTxagM2wZ5MkYBb7HTsvFNwTtxKycXGzGTMablYdIvYTUkepap17HevG9I4AKEpJ0q1XCfS7YRIzSiHSc6LFUSEDkkfWsYKEoBqJ7NTJvjQkC7uhdI8ofGMfp9ISKDUOPBNZ0D0QP2uTeFftVase5V2wkQUaxB0vqgXc6xDPM0Fd5kEqvnYGEIlM3/FdEAkodqklzMhfF2K/zf148JZwb0q5avnaRpZtIcO0BFyURlV0SWqoTqi6A49oCf0bN1bj9aL9TpvzVjpzC76IevtE+dqmfY=</latexit><latexit sha1_base64="/FBGkyQOV5uNeT6BNPrTT569Cp4=">AAACCXicdZDNTgIxFIU7+If4N+rSTZWYuCIzgoI7ohuXmIiQMIR0ygUaOp2x7ZCQCWs3voobF2rc+gbufBsLjIkaPUmTk+/em9t7/IgzpR3nw8osLC4tr2RXc2vrG5tb9vbOjQpjSaFOQx7Kpk8UcCagrpnm0IwkkMDn0PCHF9N6YwRSsVBc63EE7YD0BesxSrRBHXvf40T0OWBvBDTxagM2wZ5MkYBb7HTsvFNwTtxKycXGzGTMablYdIvYTUkepap17HevG9I4AKEpJ0q1XCfS7YRIzSiHSc6LFUSEDkkfWsYKEoBqJ7NTJvjQkC7uhdI8ofGMfp9ISKDUOPBNZ0D0QP2uTeFftVase5V2wkQUaxB0vqgXc6xDPM0Fd5kEqvnYGEIlM3/FdEAkodqklzMhfF2K/zf148JZwb0q5avnaRpZtIcO0BFyURlV0SWqoTqi6A49oCf0bN1bj9aL9TpvzVjpzC76IevtE+dqmfY=</latexit><latexit sha1_base64="/FBGkyQOV5uNeT6BNPrTT569Cp4=">AAACCXicdZDNTgIxFIU7+If4N+rSTZWYuCIzgoI7ohuXmIiQMIR0ygUaOp2x7ZCQCWs3voobF2rc+gbufBsLjIkaPUmTk+/em9t7/IgzpR3nw8osLC4tr2RXc2vrG5tb9vbOjQpjSaFOQx7Kpk8UcCagrpnm0IwkkMDn0PCHF9N6YwRSsVBc63EE7YD0BesxSrRBHXvf40T0OWBvBDTxagM2wZ5MkYBb7HTsvFNwTtxKycXGzGTMablYdIvYTUkepap17HevG9I4AKEpJ0q1XCfS7YRIzSiHSc6LFUSEDkkfWsYKEoBqJ7NTJvjQkC7uhdI8ofGMfp9ISKDUOPBNZ0D0QP2uTeFftVase5V2wkQUaxB0vqgXc6xDPM0Fd5kEqvnYGEIlM3/FdEAkodqklzMhfF2K/zf148JZwb0q5avnaRpZtIcO0BFyURlV0SWqoTqi6A49oCf0bN1bj9aL9TpvzVjpzC76IevtE+dqmfY=</latexit>
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h~�i = 0
<latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit>

h~�i = 0
<latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit><latexit sha1_base64="cwmaWXVDli/9HiEe4deaP/XsRMQ=">AAACBnicdZDNSgMxFIUz9a/Wv6pLQYJFcFVmbLV1IRTduKxgbaEzlEx624ZmMkOSKZShOze+ihsXKm59Bne+jWk7gooeCBy+ey839/gRZ0rb9oeVWVhcWl7JrubW1jc2t/LbO7cqjCWFBg15KFs+UcCZgIZmmkMrkkACn0PTH15O680RSMVCcaPHEXgB6QvWY5Rogzr5fZcT0eeA3RHQxK0P2AS7co7Osd3JF+yifeJUyw42ZiZjTiulklPCTkoKKFW9k393uyGNAxCacqJU27Ej7SVEakY5THJurCAidEj60DZWkACUl8zumOBDQ7q4F0rzhMYz+n0iIYFS48A3nQHRA/W7NoV/1dqx7lW9hIko1iDofFEv5liHeBoK7jIJVPOxMYRKZv6K6YBIQrWJLmdC+LoU/28ax8WzonNdLtQu0jSyaA8doCPkoAqqoStURw1E0R16QE/o2bq3Hq0X63XemrHSmV30Q9bbJzuVmHU=</latexit>

h~�i 6= 0
<latexit sha1_base64="/FBGkyQOV5uNeT6BNPrTT569Cp4=">AAACCXicdZDNTgIxFIU7+If4N+rSTZWYuCIzgoI7ohuXmIiQMIR0ygUaOp2x7ZCQCWs3voobF2rc+gbufBsLjIkaPUmTk+/em9t7/IgzpR3nw8osLC4tr2RXc2vrG5tb9vbOjQpjSaFOQx7Kpk8UcCagrpnm0IwkkMDn0PCHF9N6YwRSsVBc63EE7YD0BesxSrRBHXvf40T0OWBvBDTxagM2wZ5MkYBb7HTsvFNwTtxKycXGzGTMablYdIvYTUkepap17HevG9I4AKEpJ0q1XCfS7YRIzSiHSc6LFUSEDkkfWsYKEoBqJ7NTJvjQkC7uhdI8ofGMfp9ISKDUOPBNZ0D0QP2uTeFftVase5V2wkQUaxB0vqgXc6xDPM0Fd5kEqvnYGEIlM3/FdEAkodqklzMhfF2K/zf148JZwb0q5avnaRpZtIcO0BFyURlV0SWqoTqi6A49oCf0bN1bj9aL9TpvzVjpzC76IevtE+dqmfY=</latexit><latexit sha1_base64="/FBGkyQOV5uNeT6BNPrTT569Cp4=">AAACCXicdZDNTgIxFIU7+If4N+rSTZWYuCIzgoI7ohuXmIiQMIR0ygUaOp2x7ZCQCWs3voobF2rc+gbufBsLjIkaPUmTk+/em9t7/IgzpR3nw8osLC4tr2RXc2vrG5tb9vbOjQpjSaFOQx7Kpk8UcCagrpnm0IwkkMDn0PCHF9N6YwRSsVBc63EE7YD0BesxSrRBHXvf40T0OWBvBDTxagM2wZ5MkYBb7HTsvFNwTtxKycXGzGTMablYdIvYTUkepap17HevG9I4AKEpJ0q1XCfS7YRIzSiHSc6LFUSEDkkfWsYKEoBqJ7NTJvjQkC7uhdI8ofGMfp9ISKDUOPBNZ0D0QP2uTeFftVase5V2wkQUaxB0vqgXc6xDPM0Fd5kEqvnYGEIlM3/FdEAkodqklzMhfF2K/zf148JZwb0q5avnaRpZtIcO0BFyURlV0SWqoTqi6A49oCf0bN1bj9aL9TpvzVjpzC76IevtE+dqmfY=</latexit><latexit sha1_base64="/FBGkyQOV5uNeT6BNPrTT569Cp4=">AAACCXicdZDNTgIxFIU7+If4N+rSTZWYuCIzgoI7ohuXmIiQMIR0ygUaOp2x7ZCQCWs3voobF2rc+gbufBsLjIkaPUmTk+/em9t7/IgzpR3nw8osLC4tr2RXc2vrG5tb9vbOjQpjSaFOQx7Kpk8UcCagrpnm0IwkkMDn0PCHF9N6YwRSsVBc63EE7YD0BesxSrRBHXvf40T0OWBvBDTxagM2wZ5MkYBb7HTsvFNwTtxKycXGzGTMablYdIvYTUkepap17HevG9I4AKEpJ0q1XCfS7YRIzSiHSc6LFUSEDkkfWsYKEoBqJ7NTJvjQkC7uhdI8ofGMfp9ISKDUOPBNZ0D0QP2uTeFftVase5V2wkQUaxB0vqgXc6xDPM0Fd5kEqvnYGEIlM3/FdEAkodqklzMhfF2K/zf148JZwb0q5avnaRpZtIcO0BFyURlV0SWqoTqi6A49oCf0bN1bj9aL9TpvzVjpzC76IevtE+dqmfY=</latexit><latexit sha1_base64="/FBGkyQOV5uNeT6BNPrTT569Cp4=">AAACCXicdZDNTgIxFIU7+If4N+rSTZWYuCIzgoI7ohuXmIiQMIR0ygUaOp2x7ZCQCWs3voobF2rc+gbufBsLjIkaPUmTk+/em9t7/IgzpR3nw8osLC4tr2RXc2vrG5tb9vbOjQpjSaFOQx7Kpk8UcCagrpnm0IwkkMDn0PCHF9N6YwRSsVBc63EE7YD0BesxSrRBHXvf40T0OWBvBDTxagM2wZ5MkYBb7HTsvFNwTtxKycXGzGTMablYdIvYTUkepap17HevG9I4AKEpJ0q1XCfS7YRIzSiHSc6LFUSEDkkfWsYKEoBqJ7NTJvjQkC7uhdI8ofGMfp9ISKDUOPBNZ0D0QP2uTeFftVase5V2wkQUaxB0vqgXc6xDPM0Fd5kEqvnYGEIlM3/FdEAkodqklzMhfF2K/zf148JZwb0q5avnaRpZtIcO0BFyURlV0SWqoTqi6A49oCf0bN1bj9aL9TpvzVjpzC76IevtE+dqmfY=</latexit>
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SDW SRO
Large Fermi surface

with Luttinger volume.
No topological order

SDW SRO
Reconstructed Fermi surface
with non-Luttinger volume.

Z2 vortices or hedgehogs expelled.
Z2 or U(1) topological order.

Increasing SDW order

Metallic states with non-Luttinger volume 
Fermi surfaces must have topological order

T. Senthil, M. Vojta, and S. Sachdev, PRB 69, 035111 (2004)
S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)

Topological

phase 


transition



g

Topological

phase 


transition;

phases of a


a theory 

with an emergent

SU(2) gauge field.

SDW SRO
Large Fermi surface

with Luttinger volume.
No topological order

SDW SRO
Reconstructed Fermi surface
with non-Luttinger volume.

Z2 vortices or hedgehogs expelled.
Z2 or U(1) topological order.

Increasing SDW order

Metallic states with non-Luttinger volume 
Fermi surfaces must have topological order

T. Senthil, M. Vojta, and S. Sachdev, PRB 69, 035111 (2004)
S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)



We can (exactly) transform the Hubbard model to the “spin-fermion”

model: electrons ci↵ on the square lattice with dispersion

Hc = �

X

i,⇢

t⇢
⇣
c†i,↵ci+v⇢,↵

+ c†i+v⇢,↵
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are coupled to an antiferromagnetic SDW order parameter
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(i)c†i,↵�

`
↵�ci,� + V�

where ⌘i = ±1 on the two sublattices. (For suitable V�, integrating

out the �
`
yields back the Hubbard model).

When �
`
(i) = (non-zero constant) independent of i, we have long-

range SDW order, which transforms the Fermi surfaces from large

to small.
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For (fluctuating) SDW SRO, we transform to a
rotating reference frame using the SU(2) rotation Ri
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in terms of fermionic “chargons”  s and a Higgs field H
a(i)

�
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a
H
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The Higgs field is the SDW order in the rotating reference frame.
Note that this representation is ambiguous up to a
SU(2) gauge transformation, Vi
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The simplest e↵ective Hamiltonian for the fermionic chargons is
the same as that for the electrons, with the SDW order replaced
by the Higgs field.

H = �
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⌘iH
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i,s
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ss0 i,s0 + VH

IF we can transform to a rotating reference frame in whichH
a(i) =

a constant independent of i and time, THEN the  fermions in
the presence of (fluctuating) SDW SRO will inherit the small Fermi
surfaces of the electrons in the presence of SDW LRO.

Fluctuating SDW
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We cannot always find a single-valued SU(2) rotation Ri to make

the Higgs field H
a
(i) a constant !

vortex in AFM 
order

S. Sachdev, E. Berg, S. Chatterjee, 
and Y. Schattner, PRB 94, 115147 (2016)

(assume 
easy-plane 
AFM for 

simplicity)
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the Higgs field H
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(i) a constant !
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simplicity)

Fluctuating SDW

The HIGGS PHASE, with H
a condensed, has fluctuating R and

SDW SRO with odd vortices expelled (for easy-plane SDW).
Such a metal has topological order and the fermions which

inherit the small Fermi surfaces of the metal with SDW LRO.
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function A!k ,!=0"=−1/" ImG!k ,0" for a 2D Hubbard
model with U=8t at zero temperature for two values of dop-
ing. For n =0.78 !left panels" we have a large electron-type
Fermi surface #blue/dark gray line in the r!k" panel$ separat-
ing the occupied region of the Brillouin zone !green/gray",
defined by r!k"# 0 from the unoccupied region !yellow/light
gray" defined by r!k"$ 0. The Fermi surface can be also
traced in the A!k" panel as the maximum of the spectral
function. On the other hand, for n =0.92 a qualitatively dif-
ferent picture emerges. The Fermi surface !blue/dark gray
line" is now represented by a hole pocket and, in addition, we
have a line of zeros of the Green function !red dashed line"
close to the !" ,"" region of the Brillouin zone. Furthermore,
there is no one-to-one correspondence between the Fermi
surface and the maximum of the spectral function. This be-
havior has two origins, !1" the proximity of a zero line sup-
presses the weight of the quasiparticle on the far side of the
pocket, and !2" for k points corresponding to r!k"!0 the
quasiparticles are pushed away from !=0 and a pseudogap
opens at the Fermi level. We show this explicitly in Fig. 5 by
comparing the low frequency dependence of the spectral
function in three different points of the Brillouin zone,
marked by A, B and C in Fig. 4. Notice the suppression of
the zero-frequency peak at point B and the frequency shift
%=−0.05t of the peak at point C. The cumulant approach
provides a simple interpretation of this effect, observed in
photoemission experiments,12 in terms of the emergence of
infinite self-energy lines or equivalently Luttinger lines !lines
of zeros of the Green function".

IV. CONCLUSIONS

In conclusion, our strong coupling CDMFT study of the
Hubbard model shows that the lightly doped system is char-
acterized by a small, closed Fermi line that appears in the
zero-frequency spectral function as an arc due to the pres-
ence of a line of zeros of the Green function near the “dark
side” of the Fermi surface. These lines of poles of the self-
energy appear near the Mott insulator and have the important
consequence of violating the Luttinger relation between the
number of particles and the volume of the Fermi surface as
determined by the poles of the Green function.13 The vanish-
ing of both the real and imaginary parts of the Green func-
tion at specific locations in the Brillouin zone is an appealing
scenario that is consistent with the growth of the real and
imaginary parts of the self-energy as the temperature is re-
duced. This is the hallmark of the Mott transition in
CDMFT,11 and should be contrasted with the weak coupling
scenario where the real part of the self-energy is regular, and
only the imaginary part exhibits singularities. The divergence
of the self-energy in certain points of the Brillouin zone is
observed in cluster DMFT calculation, using both real
space14 !CDMFT" and momentum space15 cluster schemes.
This behavior seems at odds with the very spirit of DMFT
and shows that the self-energy is not the appropriate quantity
to describe Mott physics governed by short-range correla-
tions. We argue that the irreducible quantity that should be
used to describe this physics is the two-point cumulant. In
particular for the Hubbard model, a precursor of the self-
energy divergence can be observed even for values of the
on-site interaction smaller than the bandwidth.15 A critical
reevaluation of the data for this regime from the cumulant
perspective would be extremely useful.
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FIG. 4. !Color online" Renormalized energy r!k" !upper panels"
and spectral function A!k" !lower panels" for the 2D Hubbard
model with U=8t and T=0. The color code for the upper panels is
green/gray !r# 0", blue/dark gray line !r=0", yellow/light gray !r
$ 0", red dashed line !r→ & ". The frequency dependence of the
spectral function for the points marked by A, B, and C is shown in
Fig. 5.
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FIG. 5. !Color online" Frequency dependence of the spectral
function for three points in the Brillouin zone marked by A, B, and
C in Fig. 4. Point A !blue line with triangles" is on the Fermi
surface, close to !" /2 ," /2"; point B !green squares" is on the “dark
side” of the Fermi surface, in the vicinity of the zero line; and point
C !red circles" is in the pseudogap region on the line and corre-
sponding to the maxima of the spectral function !see Fig. 4". Notice
that the leading edge gap is quantitatively much smaller than the
distance between the peaks at positive and negative energy.

FERMI ARCS AND HIDDEN ZEROS OF THE GREEN… PHYSICAL REVIEW B 74, 125110 !2006"

125110-5

T.D. Stanescu and G. Kotliar, PRB 74, 125110 (2006)

Cluster DMFT studies of hole-doped cuprates (Hubbard model)

• Momentum-space di↵erentia-
tion: electron self-energy is
enhanced at low frequencies
in the anti-nodal region (ap-
parent pole in self-energy), and
vanishes in the nodal region.

• Gapped spectrum in the anti-
nodal region

• Fermi arcs in the nodal region

• Apparent zero of Green’s func-
tion on a “Luttinger surface”.
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cf. previous work by Parcollet, Kotliar, Stanescu et al. Gull, Millis et al., Sakai, Imada et al.,  
Tsvelik et al., Civelli, YRZ phenomenology; Berthod, Biermann, Giamarchi



Electron Green’s function in Higgs phase of SU(2) gauge theory
The e↵ective Hamiltonian of the chargons in a constant Higgs potential

hH
a
i = H

a
0 is (the hoppings have been renormalized by hR

†
iRji):
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The chargon Fermi surface reconstructs into “small pockets”, even though

translational and spin rotation symmetries remain unbroken. The diagonal

chargon Green’s function is

G (!,
~k) =

1

! � "~k � ⌃ (!,
~k)

, ⌃ (!,
~k) =

H
2
0

! � "~k+~Q

, ~Q = (⇡,⇡) .

This has poles at the pocket Fermi surfaces,

and zeros at "~k+~Q. The electron Green’s function

is computed via a convolution with the spinons (R),

and then the zeros are smeared to approximate zeros.



Full Brillouin zone spectra of chargons ( ) and electrons (c)

Red line indicates the locus
of ReG(k,! = 0) = 0

Red line indicates the locus
of G(k,! = 0) = 0

Electron Green’s function in Higgs phase of SU(2) gauge theory



Luttinger relation in Higgs phase of SU(2) gauge theory

• The electron density is equal to the chargon density:

c†i ci =  †
i i

• In the Higgs phase, the chargons experience an e↵ective

Hamiltonian that is the same as that of electrons in the

presence of long-range AFM order.

• Apply the Luttinger argument to the chargons: volume

enclosed by chargon Fermi surfaces equals the chargon

density (= electron density) modulo filled bands in the

AFM Brillouin zone.

• The topological order allows one to ‘break’ translational

symmetry in gauge-dependent quantities, but preserve

translation invariance in all gauge-invariant observables.

This is su�cient to obtain a non-Luttinger volume en-

closed by all Fermi services of fermions carrying the

global U(1) charge.
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Anti-nodal spectra compared to cluster DMFT

T = t/30 , U = 7t , p = 0.05

t0 takes di↵erent negative values

Electron Green’s function in Higgs phase of SU(2) gauge theory



Lifshitz transition compared to cluster DMFT

✏̃~k = ✏~k +Re⌃~k(! = 0) = �Re
⇣
Gc(! = 0,~k)

⌘�1

The p-t0 dependence of the “interacting Lifshitz transition”, defined by the sign
change of the renormalized quasiparticle energy ✏̃(⇡,0) at !peak > 0, is shown as
solid blue lines calculated from the SU(2) gauge theory, part (a), and DCA, part
(b). The black dashed lines show the location of the same transition for non-
interacting electrons. The red lines indicate where the particle-hole asymmetry
of the self-energy changes, i.e., where the peak position !peak of the anti-nodal
Im(self-energy) changes sign.

(a) (b)



 New classes of quantum states with topological 
order

 Can be understood as:                                          
(a) defect suppression in states with fluctuating 
order associated with broken symmetries                                    
(b) Higgs phases of emergent gauge fields

 A metal with bulk topological order (i.e. long-range 
quantum entanglement) can explain existing 
experiments in cuprates, and agrees well with 
cluster-DMFT

arXiv:1707.06602 arXiv:1711.09925
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(b) Higgs phases of emergent gauge fields
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Optimal doping 
criticality.

Fits doping 
dependence of 

Hall 
co-efficient

(S. Chatterjee et al. 
PRB 96, 075103 

(2017))
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Change of carrier density at the pseudogap critical 
point of a cuprate superconductor
S. Badoux1, W. Tabis2,3, F. Laliberté2, G. Grissonnanche1, B. Vignolle2, D. Vignolles2, J. Béard2, D. A. Bonn4,5, W. N. Hardy4,5, 
R. Liang4,5, N. Doiron-Leyraud1, Louis Taillefer1,5 & Cyril Proust2,5

The pseudogap is a partial gap in the electronic density of states 
that opens in the normal (non-superconducting) state of cuprate 
superconductors and whose origin is a long-standing puzzle. 
Its connection to the Mott insulator phase at low doping (hole 
concentration, p) remains ambiguous1 and its relation to the charge 
order2–4 that reconstructs the Fermi surface5,6 at intermediate 
doping is still unclear7–10. Here we use measurements of the Hall 
coefficient in magnetic fields up to 88 tesla to show that Fermi-
surface reconstruction by charge order in the cuprate YBa2Cu3Oy 
ends sharply at a critical doping p = 0.16 that is distinctly lower than 
the pseudogap critical point p* = 0.19 (ref. 11). This shows that the 
pseudogap and charge order are separate phenomena. We find that 
the change in carrier density n from n = 1 + p in the conventional 
metal at high doping (ref. 12) to n = p at low doping (ref. 13) starts 
at the pseudogap critical point. This shows that the pseudogap and 
the antiferromagnetic Mott insulator are linked.

Electrons in cuprate materials go from a correlated metallic state at 
high p to a Mott insulator at p =  0. How the system evolves from one 
state to the other remains a fundamental question. At high doping, 
the Fermi surface of cuprates is well established. It is a large hole-like 
cylinder whose volume yields a carrier density n =  1 +  p, as meas-
ured, for example, by quantum oscillations14, in agreement with 
band structure calculations. The carrier density can also be measured 
using the Hall coefficient RH, because in the limit of T =  0 the Hall 
number nH of a single-band metal is such that nH =  n. Indeed, in the 
cuprate Tl2Ba2CuO6+δ (Tl-2201), the normal-state Hall coefficient 
RH at p ≈  0.3, measured at T →  0 in magnetic fields large enough to 
suppress superconductivity, is such that nH =  V/(eRH) ≈  1 +  p, where 
e is the electron charge and V the volume per Cu atom in the CuO2 
planes12,15.

By contrast, at low doping, measurements of RH in La2−xSrxCuO4 
(LSCO) (ref. 13) and YBa2Cu3Oy (YBCO) (ref. 16) yield nH ≈  p, below 
p ≈  0.08. Having a carrier density equal to the hole concentration, n =  p, 
is known to be an experimental signature of the lightly doped cuprates. 
The question is: at what doping does the transition between those two 
limiting regimes take place? Specifically, does the transition from 
n =  1 +  p to n =  p occur at p* , the critical doping for the onset of the 
pseudogap phase? The pseudogap is a partial gap in the normal-state 
density of states that appears below p*  ≈  0.19 (ref. 11), and whose origin 
is a central puzzle in the physics of correlated electrons and the subject 
of much debate.

To answer this question using Hall measurements, one needs to reach 
low temperatures, which requires the use of large magnetic fields to 
suppress superconductivity. The only prior high-field study of cuprates 
that goes across p*  was performed on LSCO (ref. 17), a cuprate super-
conductor with a relatively low critical temperature (Tc <  40 K) and 
critical field (Hc2 <  60 T). For mainly two reasons, studies on LSCO 
were inconclusive on the transition from n =  1 +  p to n =  p. First, the 

Fermi surface of overdoped LSCO undergoes a Lifshitz transition from 
a hole-like to an electron-like surface as its band structure crosses a  
saddle-point van Hove singularity at p ≈  0.2 (ref. 18). This transition 
causes large changes in RH(T) (ref. 15) that can mask the effect of the 
pseudogap onset at p*  ≈  0.19. The second reason is the ill-defined impact 
of the charge-density-wave (CDW) modulations that develop at low 
temperature in a doping range near p ≈  0.12 (ref. 19). Such CDW mod-
ulations should cause a reconstruction of the Fermi surface, and hence 
change RH at low temperature6. Therefore, the anomalies in nH versus 
p observed below 60 K in LSCO (ref. 17)—and in Bi2La2−xSrxCuO6+δ 
(ref. 20)—between p ≈  0.1 and p ≈  0.2 are most likely to be the combined 
result of three effects that have yet to be disentangled: Lifshitz transition, 
Fermi-surface reconstruction (FSR) and pseudogap.

Here we turn to YBCO, a cuprate material with several advantages. 
First, it is one of the cleanest and best ordered of all cuprates, thereby 
ensuring a homogeneous doping ideal for distinguishing nearby crit-
ical points. Second, the location of the pseudogap critical point is well 
established in YBCO, at p*  =  0.19 ±  0.01 (ref. 11). Third, the Lifshitz 
transition in YBCO occurs at p >  0.29 (ref. 21), well above p* . Fourth, 
the CDW modulations in YBCO have been thoroughly characterized. 
They are detected by X-ray diffraction (XRD) between p ≈  0.08 and 
p ≈  0.16 (refs 22, 23), below a temperature TXRD (Fig. 1a). Above a 
threshold magnetic field, CDW order is detected by NMR (refs 2, 24) 
below a temperature TNMR (Fig. 1b). Fifth, the FSR caused by the CDW 
modulations has a well-defined signature in the Hall effect of YBCO: 
RH(T) decreases smoothly to become negative at low temperature6—
the signature of an electron pocket in the reconstructed Fermi sur-
face. Prior Hall measurements in magnetic fields up to 60 T show that 
the CDW-induced FSR begins sharply at p =  0.08 and persists up to 
p =  0.15, the highest doping reached so far6.

YBCO has one disadvantage, however. Its orthorhombic structure 
contains conducting CuO chains along the b axis, which reduce the Hall 
signal coming from the CuO2 planes. While this has no impact on the 
qualitative features of RH(T) (such as its sign or its qualitative T depend-
ence), it does modify the quantitative relation between the meas-
ured Hall number nH and the inferred carrier density n. Specifically, 
n =  (ρb/ρa)nH (ref. 16), where ρb and ρa are the in-plane resistivities 
parallel and perpendicular to the b axis, respectively (see Methods and 
Extended Data Fig. 1).

We have performed Hall measurements in YBCO up to 88 T, 
allowing us to extend the doping range upwards, and hence track the 
 normal-state properties across p* , down to at least T =  40 K. Our com-
plete data on four YBCO samples with dopings p =  0.16, 0.177, 0.19 and 
0.205 are displayed in Extended Data Figs 2, 3, 4 and 5, respectively. In 
Fig. 2, we compare field sweeps of RH versus H at p =  0.15 (Fig. 2a; from 
ref. 6) and p =  0.16 (Fig. 2b), at various temperatures down to 25 K. The 
difference is striking. At p =  0.15, the high-field isotherms RH(H) drop 
monotonically with decreasing T until they become negative at low T. 
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Change of carrier density at the pseudogap critical 
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The pseudogap is a partial gap in the electronic density of states 
that opens in the normal (non-superconducting) state of cuprate 
superconductors and whose origin is a long-standing puzzle. 
Its connection to the Mott insulator phase at low doping (hole 
concentration, p) remains ambiguous1 and its relation to the charge 
order2–4 that reconstructs the Fermi surface5,6 at intermediate 
doping is still unclear7–10. Here we use measurements of the Hall 
coefficient in magnetic fields up to 88 tesla to show that Fermi-
surface reconstruction by charge order in the cuprate YBa2Cu3Oy 
ends sharply at a critical doping p = 0.16 that is distinctly lower than 
the pseudogap critical point p* = 0.19 (ref. 11). This shows that the 
pseudogap and charge order are separate phenomena. We find that 
the change in carrier density n from n = 1 + p in the conventional 
metal at high doping (ref. 12) to n = p at low doping (ref. 13) starts 
at the pseudogap critical point. This shows that the pseudogap and 
the antiferromagnetic Mott insulator are linked.

Electrons in cuprate materials go from a correlated metallic state at 
high p to a Mott insulator at p =  0. How the system evolves from one 
state to the other remains a fundamental question. At high doping, 
the Fermi surface of cuprates is well established. It is a large hole-like 
cylinder whose volume yields a carrier density n =  1 +  p, as meas-
ured, for example, by quantum oscillations14, in agreement with 
band structure calculations. The carrier density can also be measured 
using the Hall coefficient RH, because in the limit of T =  0 the Hall 
number nH of a single-band metal is such that nH =  n. Indeed, in the 
cuprate Tl2Ba2CuO6+δ (Tl-2201), the normal-state Hall coefficient 
RH at p ≈  0.3, measured at T →  0 in magnetic fields large enough to 
suppress superconductivity, is such that nH =  V/(eRH) ≈  1 +  p, where 
e is the electron charge and V the volume per Cu atom in the CuO2 
planes12,15.

By contrast, at low doping, measurements of RH in La2−xSrxCuO4 
(LSCO) (ref. 13) and YBa2Cu3Oy (YBCO) (ref. 16) yield nH ≈  p, below 
p ≈  0.08. Having a carrier density equal to the hole concentration, n =  p, 
is known to be an experimental signature of the lightly doped cuprates. 
The question is: at what doping does the transition between those two 
limiting regimes take place? Specifically, does the transition from 
n =  1 +  p to n =  p occur at p* , the critical doping for the onset of the 
pseudogap phase? The pseudogap is a partial gap in the normal-state 
density of states that appears below p*  ≈  0.19 (ref. 11), and whose origin 
is a central puzzle in the physics of correlated electrons and the subject 
of much debate.

To answer this question using Hall measurements, one needs to reach 
low temperatures, which requires the use of large magnetic fields to 
suppress superconductivity. The only prior high-field study of cuprates 
that goes across p*  was performed on LSCO (ref. 17), a cuprate super-
conductor with a relatively low critical temperature (Tc <  40 K) and 
critical field (Hc2 <  60 T). For mainly two reasons, studies on LSCO 
were inconclusive on the transition from n =  1 +  p to n =  p. First, the 

Fermi surface of overdoped LSCO undergoes a Lifshitz transition from 
a hole-like to an electron-like surface as its band structure crosses a  
saddle-point van Hove singularity at p ≈  0.2 (ref. 18). This transition 
causes large changes in RH(T) (ref. 15) that can mask the effect of the 
pseudogap onset at p*  ≈  0.19. The second reason is the ill-defined impact 
of the charge-density-wave (CDW) modulations that develop at low 
temperature in a doping range near p ≈  0.12 (ref. 19). Such CDW mod-
ulations should cause a reconstruction of the Fermi surface, and hence 
change RH at low temperature6. Therefore, the anomalies in nH versus 
p observed below 60 K in LSCO (ref. 17)—and in Bi2La2−xSrxCuO6+δ 
(ref. 20)—between p ≈  0.1 and p ≈  0.2 are most likely to be the combined 
result of three effects that have yet to be disentangled: Lifshitz transition, 
Fermi-surface reconstruction (FSR) and pseudogap.

Here we turn to YBCO, a cuprate material with several advantages. 
First, it is one of the cleanest and best ordered of all cuprates, thereby 
ensuring a homogeneous doping ideal for distinguishing nearby crit-
ical points. Second, the location of the pseudogap critical point is well 
established in YBCO, at p*  =  0.19 ±  0.01 (ref. 11). Third, the Lifshitz 
transition in YBCO occurs at p >  0.29 (ref. 21), well above p* . Fourth, 
the CDW modulations in YBCO have been thoroughly characterized. 
They are detected by X-ray diffraction (XRD) between p ≈  0.08 and 
p ≈  0.16 (refs 22, 23), below a temperature TXRD (Fig. 1a). Above a 
threshold magnetic field, CDW order is detected by NMR (refs 2, 24) 
below a temperature TNMR (Fig. 1b). Fifth, the FSR caused by the CDW 
modulations has a well-defined signature in the Hall effect of YBCO: 
RH(T) decreases smoothly to become negative at low temperature6—
the signature of an electron pocket in the reconstructed Fermi sur-
face. Prior Hall measurements in magnetic fields up to 60 T show that 
the CDW-induced FSR begins sharply at p =  0.08 and persists up to 
p =  0.15, the highest doping reached so far6.

YBCO has one disadvantage, however. Its orthorhombic structure 
contains conducting CuO chains along the b axis, which reduce the Hall 
signal coming from the CuO2 planes. While this has no impact on the 
qualitative features of RH(T) (such as its sign or its qualitative T depend-
ence), it does modify the quantitative relation between the meas-
ured Hall number nH and the inferred carrier density n. Specifically, 
n =  (ρb/ρa)nH (ref. 16), where ρb and ρa are the in-plane resistivities 
parallel and perpendicular to the b axis, respectively (see Methods and 
Extended Data Fig. 1).

We have performed Hall measurements in YBCO up to 88 T, 
allowing us to extend the doping range upwards, and hence track the 
 normal-state properties across p* , down to at least T =  40 K. Our com-
plete data on four YBCO samples with dopings p =  0.16, 0.177, 0.19 and 
0.205 are displayed in Extended Data Figs 2, 3, 4 and 5, respectively. In 
Fig. 2, we compare field sweeps of RH versus H at p =  0.15 (Fig. 2a; from 
ref. 6) and p =  0.16 (Fig. 2b), at various temperatures down to 25 K. The 
difference is striking. At p =  0.15, the high-field isotherms RH(H) drop 
monotonically with decreasing T until they become negative at low T. 
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