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Electrons move with momentum k through the lattice with dispersion "(k)
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2⇥ Volume inside Fermi surface

(2⇡)d
= density of electrons (mod 2)

Luttinger theorem



1. Kondo lattice model:  the heavy Fermi liquid (HFL)  as 

the Higgs phase of a U(1) gauge theory


2. Kondo lattice model: the FL* phase — 

fractionalization, emergent gauge fields, and Luttinger 

violation


3. Hubbard model: the vanilla FL phase

4. Hubbard model: the FL* phase at small doping p,  

using ancilla qubits
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• The spinon number constraint introduces a U(1)gauge gauge symmetry fi� ! fi�e�i#i .

So the total symmetry is U(1)gauge⇥ U(1).

• The U(1)gauge⇥ U(1) symmetry is ‘Higgsed’ by the condensation of the hybridization

boson Bi ⇠ f†
i�ci� to a diagonal U(1)diag symmetry.

• The Luttinger theorem arguments can only be applied to the unbroken

U(1)diag symmetry, which counts both c and f fermions.

• The Fermi surface is large, of size 1 + p, and we obtain the HFL state.

Coleman, Read, Newns, Millis, P.A. Lee, Auerbach, Levin
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<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

density p

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +

X

i

JK c†
i�

⌧��0

2
ci�0 · Si +

X

hiji

JH Si · Sj

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

density 1

<latexit sha1_base64="WwLXMYYcMX5fg1fnScYySYWxe1g="></latexit>

• The spinon number constraint introduces a U(1)gauge gauge symmetry fi� ! fi�e�i#i .

So the total symmetry is U(1)gauge⇥ U(1).

• The U(1)gauge⇥ U(1) symmetry is ‘Higgsed’ by the condensation of the hybridization

boson Bi ⇠ f†
i�ci� to a diagonal U(1)diag symmetry.

• The Luttinger theorem arguments can only be applied to the unbroken

U(1)diag symmetry, which counts both c and f fermions.

• The Fermi surface is large, of size 1 + p, and we obtain the HFL state.

Coleman, Read, Newns, Millis, P.A. Lee, Auerbach, Levin
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<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

density p

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +

X

i

JK c†
i�

⌧��0

2
ci�0 · Si +

X

hiji

JH Si · Sj

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

density 1

<latexit sha1_base64="WwLXMYYcMX5fg1fnScYySYWxe1g="></latexit>

• The spinon number constraint introduces a U(1)gauge gauge symmetry fi� ! fi�e�i#i .

So the total symmetry is U(1)gauge⇥ U(1).

• The U(1)gauge⇥ U(1) symmetry is ‘Higgsed’ by the condensation of the hybridization

boson Bi ⇠ f†
i�ci� to a diagonal U(1)diag symmetry.

• The Luttinger theorem arguments can only be applied to the unbroken

U(1)diag symmetry, which counts both c and f fermions.

• The Fermi surface is large, of size 1 + p, and we obtain the HFL state.

Coleman, Read, Newns, Millis, P.A. Lee, Auerbach, Levin
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<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

density p

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +

X

i

JK c†
i�

⌧��0

2
ci�0 · Si +

X

hiji

JH Si · Sj

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

density 1

<latexit sha1_base64="Xjkc9QPIG0qccn2B3URbdlq79MM="></latexit>

• The HFL state now appears puzzling: the mobile electron density is p, and
it appears that the Fermi surface should be ‘small’.

• Express each spin in terms of fermionic spinons: Si =
1
2f

†
i�⌧��0fi�,P

� f
†
i�fi� = 1. This introduces a U(1)gauge gauge symmetry fi� ! fi�e�i#i .

• Variational wavefunction for HFL with ‘large’ Fermi surface of size 1 + p:
|HFLi = [Projection onto one f per site] ./ |Slater determinant of (c, f)i

<latexit sha1_base64="WwLXMYYcMX5fg1fnScYySYWxe1g="></latexit>

• The spinon number constraint introduces a U(1)gauge gauge symmetry fi� ! fi�e�i#i .

So the total symmetry is U(1)gauge⇥ U(1).

• The U(1)gauge⇥ U(1) symmetry is ‘Higgsed’ by the condensation of the hybridization

boson Bi ⇠ f†
i�ci� to a diagonal U(1)diag symmetry.

• The Luttinger theorem arguments can only be applied to the unbroken

U(1)diag symmetry, which counts both c and f fermions.

• The Fermi surface is large, of size 1 + p, and we obtain the HFL state.

Coleman, Read, Newns, Millis, 
P.A. Lee, Auerbach, Levin



1. Kondo lattice model:  the heavy Fermi liquid (HFL)  as 

the Higgs phase of a U(1) gauge theory


2. Kondo lattice model: the FL* phase — 

fractionalization, emergent gauge fields, and Luttinger 

violation


3. Hubbard model: the vanilla FL phase

4. Hubbard model: the FL* phase at small doping p,  

using ancilla qubits
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<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

density p

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +
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⌧��0

2
ci�0 · Si +

X

hiji

JH Si · Sj

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

density 1

T. Senthil, M. Vojta, and S. Sachdev, PRB 69, 035111 (2004)

<latexit sha1_base64="24+ugbSngPF2tgqFeUNRws2wdPY="></latexit>

• FL*: The U(1)gauge⇥ U(1) symmetry is unbroken (or broken to Z2,gauge⇥ U(1)).

• The unbroken gauge symmetry requires the presence of fractionalized spinons and
emergent gauge fields i.e. a spin-liquid sector.

• The Luttinger arguments applied to U(1) lead to a small Fermi surface of electrons of
size p.

• The Luttinger arguments applied to U(1)gauge lead to ‘symmetry enriched topological
(SET)’ or ‘symmetry fractionalization’ constraints on the spin liquid sector.



Kondo 
lattice

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

density p

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +

X

i

JK c†
i�

⌧��0

2
ci�0 · Si +

X

hiji

JH Si · Sj

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

density 1

T. Senthil, M. Vojta, and S. Sachdev, PRB 69, 035111 (2004)

<latexit sha1_base64="24+ugbSngPF2tgqFeUNRws2wdPY="></latexit>

• FL*: The U(1)gauge⇥ U(1) symmetry is unbroken (or broken to Z2,gauge⇥ U(1)).

• The unbroken gauge symmetry requires the presence of fractionalized spinons and
emergent gauge fields i.e. a spin-liquid sector.

• The Luttinger arguments applied to U(1) lead to a small Fermi surface of electrons of
size p.

• The Luttinger arguments applied to U(1)gauge lead to ‘symmetry enriched topological
(SET)’ or ‘symmetry fractionalization’ constraints on the spin liquid sector.
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e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

density p

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +
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2
ci�0 · Si +

X

hiji

JH Si · Sj

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
density 1f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

T. Senthil, M. Vojta, and S. Sachdev, PRB 69, 035111 (2004)

<latexit sha1_base64="24+ugbSngPF2tgqFeUNRws2wdPY="></latexit>

• FL*: The U(1)gauge⇥ U(1) symmetry is unbroken (or broken to Z2,gauge⇥ U(1)).

• The unbroken gauge symmetry requires the presence of fractionalized spinons and
emergent gauge fields i.e. a spin-liquid sector.

• The Luttinger arguments applied to U(1) lead to a small Fermi surface of electrons of
size p.

• The Luttinger arguments applied to U(1)gauge lead to ‘symmetry enriched topological
(SET)’ or ‘symmetry fractionalization’ constraints on the spin liquid sector.
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<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>
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• FL*: The U(1)gauge⇥ U(1) symmetry is unbroken (or broken to Z2,gauge⇥ U(1)).

• The unbroken gauge symmetry requires the presence of fractionalized spinons and
emergent gauge fields i.e. a spin-liquid sector.

• The Luttinger arguments applied to U(1) lead to a small Fermi surface of electrons of
size p.

• The Luttinger arguments applied to U(1)gauge lead to ‘symmetry enriched topological
(SET)’ or ‘symmetry fractionalization’ constraints on the spin liquid sector.
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• FL*: The U(1)gauge⇥ U(1) symmetry is unbroken (or broken to Z2,gauge⇥ U(1)).

• The unbroken gauge symmetry requires the presence of fractionalized spinons and
emergent gauge fields i.e. a spin-liquid sector.

• The Luttinger arguments applied to U(1) lead to a small Fermi surface of electrons of
size p.

• The Luttinger arguments applied to U(1)gauge lead to ‘symmetry enriched topological
(SET)’ or ‘symmetry fractionalization’ constraints on the spin liquid sector.
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• FL*: The U(1)gauge⇥ U(1) symmetry is unbroken (or broken to Z2,gauge⇥ U(1)).

• The unbroken gauge symmetry requires the presence of fractionalized spinons and
emergent gauge fields i.e. a spin-liquid sector.

• The Luttinger arguments applied to U(1) lead to a small Fermi surface of electrons of
size p.

• The Luttinger arguments applied to U(1)gauge lead to ‘symmetry enriched topological
(SET)’ or ‘symmetry fractionalization’ constraints on the spin liquid sector.

P. Bonderson, M. Cheng, K. Patel, E. Plamadeala, arXiv:1601.07902
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Kondo lattice of f electron spins coupled

to a conduction band of c electrons of density p.

Kondo-breakdown transition

‘Selective Mott’ transition

Deconfined criticality of a U(1) gauge theory with a Higgs field,

spinons, and a small Fermi surface of electrons.

S. Burdin, D. R. Grempel, and A. Georges, PRB 66, 045111 (2002) 
T. Senthil, M. Vojta, and S. Sachdev, PRB 69, 035111 (2004) 
A. Paramekanti and A. Vishwanath, PRB 70, 245118 (2004)
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spinons, and a small Fermi surface of electrons.
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Deconfined criticality of a U(1) gauge theory with a

Higgs field, spinons, and a small Fermi surface of electrons.

(FL* can be replaced by a confining phase with AFM or VBS order).
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FIG. 2. dHvA oscillations in 0.09% Sn-substituted CeCoIn5 and comparison to DFT
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1. Kondo lattice model:  the heavy Fermi liquid (HFL)  as 

the Higgs phase of a U(1) gauge theory


2. Kondo lattice model: the FL* phase — 

fractionalization, emergent gauge fields, and Luttinger 

violation


3. Hubbard model: the vanilla FL phase

4. Hubbard model: the FL* phase at small doping p,  

using ancilla qubits
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• The Luttinger theorem implies a FL phase with ‘large’ Fermi surface of
size 1 + p holes (or 1� p electrons) for all U and all p.

• Vanilla FL theory: Luttinger theorem applies as p ! 0 with wavefunction
|Vanillai = [Project out sites with 2 c’s] ./ |Slater determinant of ci

• The main e↵ect of the projection is a ‘Brinkman-Rice’ enhancement of
the quasiparticle mass as p ! 0, with m⇤/m ⇠ 1/p.
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• The Luttinger theorem implies a FL phase with ‘large’ Fermi surface of
size 1 + p holes (or 1� p electrons) for all U and all p.

• Vanilla FL theory: Luttinger theorem applies as p ! 0 with wavefunction
|Vanillai = [Project out sites with 2 c’s] ./ |Slater determinant of ci

• The main e↵ect of the projection is a ‘Brinkman-Rice’ enhancement of
the quasiparticle mass as p ! 0, with m⇤/m ⇠ 1/p.
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• The Luttinger theorem implies a FL phase with ‘large’ Fermi surface of
size 1 + p holes (or 1� p electrons) for all U and all p.

• Vanilla FL theory: Luttinger theorem applies as p ! 0 with wavefunction
|Vanillai = [Project out sites with 2 c’s] ./ |Slater determinant of ci

• The main e↵ect of the projection is a ‘Brinkman-Rice’ enhancement of
the quasiparticle mass as p ! 0, with m⇤/m ⇠ 1/p.

P. W. Anderson, P. A. Lee, M. Randeria, T. M. Rice, N. Trivedi, and F. C. Zhang,  
Journal of Physics Condensed Matter 16, R755 (2004) 
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1+p mobile holes in a filled band

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0
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Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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1. Kondo lattice model:  the heavy Fermi liquid (HFL)  as 

the Higgs phase of a U(1) gauge theory


2. Kondo lattice model: the FL* phase — 

fractionalization, emergent gauge fields, and Luttinger 

violation


3. Hubbard model: the vanilla FL phase

4. Hubbard model: the FL* phase at small doping p,  

using ancilla qubits
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“Fermi arcs”
Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,

Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)
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Ca2-xNaxCuO2Cl2 
at x = 0.10

Photoemission at small p



Yawen Fang, Gaël Grissonnanche, Anaëlle Legros, Simon Verret, Francis Laliberté, Clément Collignon, Amirreza Ataei, 
Maxime Dion, Jianshi Zhou, David Graf,  M. J. Lawler,  Paul Goddard, Louis Taillefer, and B. J. Ramshaw, arXiv:2004.01725
We use angle-dependent magnetoresistance (ADMR) to measure the Fermi surface of the cuprate La1.6−xNd0.4SrxCuO4. Above the critical 
doping p*—outside of the pseudogap phase—we find a Fermi surface that is in quantitative agreement with angle-resolved photoemission. 
Below p*, however, the ADMR is qualitatively different, revealing a clear change in Fermi surface topology. We find that our data is most 
consistent with a Fermi surface that has been reconstructed by a Q = (π,π) wavevector. While static Q = (π,π) antiferromagnetism is not found 
at these dopings, our results suggest that this wavevector is a fundamental organizing principle of the pseudogap phase. 
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FIG. 2. Fermi surface of Nd-LSCO at p = 0.24p = 0.24p = 0.24. (a) Left panels: The angle-dependent mag-

netoresistance of Nd-LSCO at p = 0.24 as a function of ✓ for four di↵erent temperatures, T = 25,

20, 12, 6 K, and at B = 45 T. The grey bar near ✓ = 90� for T = 6 K and 12 K indicates the

presence of superconductivity. Right panels: simulations obtained from the Chambers formula,

using the tight-binding parameters from ARPES measurements [12], and in which the relaxation

time ⌧(k) is the only free parameter. (b) The Fermi surface used for the calculation in panel (a),

shown as cuts at kz = 0, ⇡/c, and 2⇡/c, where c is the height of the body-centered-tetragonal unit

cell (and c/2 is the distance between copper oxide layers). (c) The full 3D Fermi surface obtained

from ADMR at p = 0.24. The coloring corresponds to the vz component of the Fermi velocity,

with positive vz in teal, negative vz in purple, and vz = 0 in magenta. A single cyclotron orbit,

perpendicular to the magnetic field, is drawn in black, with the Fermi velocity at di↵erent points

around the orbit shown as gray arrows. The strong variation in vz around the cyclotron orbits is

what leads to ADMR.

!c is the cyclotron frequency, m? is the cyclotron e↵ective mass, e is the electron charge, and

12

FIG. 4. Fermi surface reconstruction in Nd-LSCO at p = 0.21p = 0.21p = 0.21. The top three panels show the

Fermi surface for three di↵erent scenarios, and the bottom three panels show the resulting ADMR

simulations. (b) Calculated ADMR using the same tight-binding and scattering rate parameters

as in Figure 2a, but with the chemical potential shifted past the van Hove singularity (p ⇡ 0.23) to

p = 0.21, for which the Fermi surface is shown in panel (a). (d) Calculated ADMR for a period-3

CDW reconstructed Fermi surface; the section of reconstructed Fermi surface used to calculate the

ADMR is highlighted in orange in panel (c), the unreconstructed Fermi surface is shown with a

blue dashed line. These are the small nodal electron pockets believed to result from CDW order in

YBa2Cu3O6+x and are able to account for the ADMR in YBa2Cu3O6+x at p = 0.11. (f) Calculated

ADMR for reconstruction of the Fermi surface caused by a (⇡,⇡) order parameter, using the same

tight-binding parameters as Figure 2, a gap of 58 kelvin, and a constant scattering rate; (e) The

hole pockets used to simulate the ADMR in (f) are highlighted in orange.

weakest along � = 45�. The gap magnitude (the strength of the potential associated with

the FSR) that best reproduces the data is 58 kelvin — comparable to the onset temperature

T
? of the pseudogap phase at this doping [11, 29]. We find that a momentum-independent

p > pc Large Fermi surface
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Fermi surface transformation at the pseudogap critical point of a cuprate superconductor 
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Main lesson from the Kondo lattice

Do not fractionalize the mobile electron, ci� 6= fi�b†.

We avoid this particular fractionalization because the excitations around the small
Fermi surface carry spin-1/2 and charge e, just like the bare electron: so it is cum-
bersome to fractionalize all the electrons, and then undo the fractionalization for a
small density of them by forming bound states of spinons and holons. In particular,
no complete theory of this bound state formation has yet been presented.
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Main lesson from the Kondo lattice

Do not fractionalize the mobile electron, ci� 6= fi�b†.

We avoid this particular fractionalization because the excitations around the small
Fermi surface carry spin-1/2 and charge e, just like the bare electron: so it is cum-
bersome to fractionalize all the electrons, and then undo the fractionalization for a
small density of them by forming bound states of spinons and holons. In particular,
no complete theory of this bound state formation has yet been presented.
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We avoid this particular fractionalization because the excitations around the small
Fermi surface carry spin-1/2 and charge e, just like the bare electron: so it is
cumbersome to fractionalize all the electrons (which occurs on energy scale J), and
then undo the fractionalization for a small density of them by forming bound states
of spinons and holons (which occurs on an energy scale t). In particular, no complete
theory of this bound state formation has yet been presented.
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We use the operator equation (valid on each site i):
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This yields the ‘Hertz-Millis’ theory for a ‘paramagnon quantum rotor’ �i coupled

to otherwise free fermions ci�.
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Key idea:
Fractionalize the ‘paramagnon rotor’ �i

into 2 “ancilla qubits”,
S = 1/2 spins S1i and S2i on each site,

and don’t fractionalize the mobile electron ci�.
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S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="nyFBLGDWED6SlvcvxWAZkdY1ttU="></latexit>

Hancilla =
X

p

"pc
†
p�cp� +

X

i

h
JK c†i�

⌧��0

2
ci�0 · S1i + J? S1i · S2i

i
+

X

hiji

[J1 S1i · S1j + J2 S2i · S2j ]

Ancilla theory of the Hubbard model 



Ancilla theory of the Hubbard model 
density 

1+p
<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

{

{
<latexit sha1_base64="Mh0SUrn+bK1/r896plrmUTg7+dU="></latexit>

Large Fermi surface.
Density: 1� p

<latexit sha1_base64="7AxdXvKW1bGu3IVeRFFkbHQBSpg="></latexit>

Trivial insulator

<latexit sha1_base64="Xs/LB5+eIsIXIR4SztPAFrFir74=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFcSElU1GXRjcuK9gFNCJPppB06MwkzE6WEfIHf4FbX7sStX+HSP3HaZmFbD1w4nHMv53LChFGlHefbWlpeWV1bL22UN7e2d3btyl5LxanEpIljFstOiBRhVJCmppqRTiIJ4iEj7XB4M/bbj0QqGosHPUqIz1Ff0IhipI0U2JXMCzm8zwP3BHoNRQM3sKtOzZkALhK3IFVQoBHYP14vxiknQmOGlOq6TqL9DElNMSN52UsVSRAeoj7pGioQJ8rPJq/n8MgoPRjF0ozQcKL+vcgQV2rEQ7PJkR6oeW8s/ud1Ux1d+RkVSaqJwNOgKGVQx3DcA+xRSbBmI0MQltT8CvEASYS1aWsmJeS56cSdb2CRtE5r7kXt7O68Wr8u2imBA3AIjoELLkEd3IIGaAIMnsALeAVv1rP1bn1Yn9PVJau42QczsL5+AYIZmX0=</latexit>

S1, 1

<latexit sha1_base64="PMKEhF1m+sk/pQDOpJNnChw866c=">AAACCXicbVDLSsNAFJ3UV62vVJduBovgQkpSRV0W3bisaB/QhDCZTtuhM5MwM1FKyBf4DW517U7c+hUu/ROnbRa29cCFwzn3ci4njBlV2nG+rcLK6tr6RnGztLW9s7tnl/dbKkokJk0csUh2QqQIo4I0NdWMdGJJEA8ZaYejm4nffiRS0Ug86HFMfI4GgvYpRtpIgV1OvZDD+yyonUKvoWhQC+yKU3WmgMvEzUkF5GgE9o/Xi3DCidCYIaW6rhNrP0VSU8xIVvISRWKER2hAuoYKxIny0+nrGTw2Sg/2I2lGaDhV/16kiCs15qHZ5EgP1aI3Ef/zuonuX/kpFXGiicCzoH7CoI7gpAfYo5JgzcaGICyp+RXiIZIIa9PWXErIM9OJu9jAMmnVqu5F9ezuvFK/ztspgkNwBE6ACy5BHdyCBmgCDJ7AC3gFb9az9W59WJ+z1YKV3xyAOVhfv4VHmX8=</latexit>

S2, 2

<latexit sha1_base64="NkqHaIQasyAGrbsmJV7yh7fGuE8="></latexit>

Large Fermi surface of size 1 + p

|FLi = |Rung singlets of  1, 2i
⌦ |Slater determinant of ci

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FL<latexit sha1_base64="Mk7mTC2Z38SfXt/Mu9JRZ2bsk1Y="></latexit>

JK



e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

Ancilla theory of the Hubbard model 
density 

1+p
<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="Xs/LB5+eIsIXIR4SztPAFrFir74=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFcSElU1GXRjcuK9gFNCJPppB06MwkzE6WEfIHf4FbX7sStX+HSP3HaZmFbD1w4nHMv53LChFGlHefbWlpeWV1bL22UN7e2d3btyl5LxanEpIljFstOiBRhVJCmppqRTiIJ4iEj7XB4M/bbj0QqGosHPUqIz1Ff0IhipI0U2JXMCzm8zwP3BHoNRQM3sKtOzZkALhK3IFVQoBHYP14vxiknQmOGlOq6TqL9DElNMSN52UsVSRAeoj7pGioQJ8rPJq/n8MgoPRjF0ozQcKL+vcgQV2rEQ7PJkR6oeW8s/ud1Ux1d+RkVSaqJwNOgKGVQx3DcA+xRSbBmI0MQltT8CvEASYS1aWsmJeS56cSdb2CRtE5r7kXt7O68Wr8u2imBA3AIjoELLkEd3IIGaAIMnsALeAVv1rP1bn1Yn9PVJau42QczsL5+AYIZmX0=</latexit>

S1, 1

<latexit sha1_base64="PMKEhF1m+sk/pQDOpJNnChw866c=">AAACCXicbVDLSsNAFJ3UV62vVJduBovgQkpSRV0W3bisaB/QhDCZTtuhM5MwM1FKyBf4DW517U7c+hUu/ROnbRa29cCFwzn3ci4njBlV2nG+rcLK6tr6RnGztLW9s7tnl/dbKkokJk0csUh2QqQIo4I0NdWMdGJJEA8ZaYejm4nffiRS0Ug86HFMfI4GgvYpRtpIgV1OvZDD+yyonUKvoWhQC+yKU3WmgMvEzUkF5GgE9o/Xi3DCidCYIaW6rhNrP0VSU8xIVvISRWKER2hAuoYKxIny0+nrGTw2Sg/2I2lGaDhV/16kiCs15qHZ5EgP1aI3Ef/zuonuX/kpFXGiicCzoH7CoI7gpAfYo5JgzcaGICyp+RXiIZIIa9PWXErIM9OJu9jAMmnVqu5F9ezuvFK/ztspgkNwBE6ACy5BHdyCBmgCDJ7AC3gFb9az9W59WJ+z1YKV3xyAOVhfv4VHmX8=</latexit>

S2, 2

<latexit sha1_base64="UqweduFbN24LfzTMPOeykevnENA="></latexit>

Small Fermi surface.
Density 2 + p ⇠= p

<latexit sha1_base64="hef8oejBLNKOLh9Jp6g4m29wn04="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of  1, 2]
./ |Slater determinant of (c, 1)i

⌦ |Slater determinant of  2i

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FL<latexit sha1_base64="Mk7mTC2Z38SfXt/Mu9JRZ2bsk1Y="></latexit>

JK
FL*



e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>
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Write fermion operators as 2⇥ 2 matrices
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Constraints  †
↵ ↵ = 1 and e †

↵
e ↵ = 1 lead to:

SU(2)1 :  !  U1 , e ! e 
SU(2)2 :  !  , e ! e U2

Rung singlet formation S1 + S2 ⇡ 0 leads to:

SU(2)S :  ! US , e ! US
e 



Ancilla theory of the Hubbard model 
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• Deconfined criticality of a (SU(2)S ⇥U(1)1)/Z2 gauge theory.

• ‘Hybridization-Higgs’ boson ⇠ C†
� a which condenses on the FL*

side (in Kondo lattice, Higgs boson was condensed on the FL side).

• Gauge-charged ‘ghost’ Fermi surface of  1 fermions.

• Large Fermi surface of c� gauge-neutral electrons.



“Fermi arc” spectral functionsFL* in a one-band model 
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“Fermi arcs”
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Photoemission at small p



Electronic dispersionFL* in a one-band model 
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Anti-node: kx = ⇡
<latexit sha1_base64="I8hoGDjChW+bce4w1o99J0JXCow="></latexit>

Node: kx = 2



Electronic dispersion in the pseudogap metal

ARPES experiment 
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He et al., Science 331, 1579 (2011)



Pair Density Wave 

Electronic dispersion in the PDW
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We added ck±2Q," which are coupled to ck" with matrix element C±2Q due to the CDW order

,but more importantly they are also coupled to c
†
�k±Q,#. As seen from the full spectra in the

supplementary material, the latter bands are also degenerate at the Fermi level and give rise to
splitting. Inclusion of this coupling help create a pseudo-gap in the tunneling density of states
which is closer to being particle-hole symmetric, as shown later.

In Fig.3 (f-i) we show a series of band dispersion with color intensity proportional to the spectral
weight |⌫↵|2 where ↵ = 1...5 labels the bands and ⌫↵ is the amplitude of the state ck" for eigenstate
↵. The states below the Fermi level in this plot can be directly compared with ARPES data, which
are reproduced in Fig.3 for Bi2201. As discussed in ref.[12], the spectra show two highly unusual
features. While a gap is seen at the Fermi level for ky near ⇡, the gap maximum is not at the Fermi
momentum kF determined at high temperatures as expected for BCS pairing. Instead the band
extends beyond kF and shows a peak at kG before losing spectral weight. As seen in Fig. 3 (f-h)
this unusual feature is captured by the Amperean pairing model. As ky increases this e↵ectively
pushes the Fermi level crossing somewhat beyond the kF of the original band. As shown in Fig.
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FIG. 2: Plot of the energy bands and the bare dispersion "k -µ versus kx for (a) ky = ⇡ and (b) ky =
⇡ � 1.0, using parameters appropriate for Bi-2201.][12] The dashed lines shows �("k±2K � µ). Turning on
�0 = 100 meV with k0 = 1.0 in Eq.(3) splits the bands and creates an energy gap for ky = ⇡. The gap
vanishes for ky = ⇡ � 1.0, creating a Fermi arc.
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FL*

• Recent evidence for a FL* phase in a Kondo lattice: CeCoIn5 (Maksimovic

et al., arXiv:2011.12951, and in CePdAl, Zhao et al., Nature Physics 15,
1261 (2019). And perhaps YbB12 (Liu et al. arXiv:2102.09545)?

• Ancilla theory of FL* for the pseudogap metal of the cuprates: Don’t

fractionalize the mobile electron, but fractionalize the ‘paramagnon rotor’

into ‘ancilla qubits’. Predicts electronic spectra in good agreement with

observations in both nodal and anti-nodal regions.

• Theory of FL-FL* transition on a single band Hubbard model: (SU(2)⇥U(1))/Z2

gauge theory coupled to hybridization boson, a gauge-neutral large Fermi

surface of electrons, and a ‘ghost’ Fermi surface.

Prediction: critical ‘ghost’ Fermi surfaces near the transition.
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Figure 6

Across the quantum critical point. a) Normal-state electronic specific heat in the T = 0 limit
as a function of doping, plotted as Cel/T vs p (red symbols) in Eu-LSCO (squares), Nd-LSCO
(circles) and LSCO (diamonds). From ref. (75). We also show Cel/T in YBCO (blue dots (18))
and in Tl2201 (green dot (76)). The vertical grey lines mark the limits of the CDW phase in
Nd-LSCO, between p = 0.08 and p ' 0.19. b) Normal-state Hall number nH (= V/e RH) in the
T = 0 limit as a function of doping, in YBCO (blue circles (21), p?= 0.19) and Nd-LSCO (red
squares (4), p?= 0.23). We also show nH in LSCO (grey squares (67)) and YBCO (grey circles
(68)) at low doping, and nH in Tl2201 (white diamond (29)) at high doping.

5. PSEUDOGAP PHASE
DOS: Density of
states (NF)

�E: Condensation
energy

Hc1: Lower critical
field

�: Residual linear
term in the specific
heat, C(T ) at T = 0,
purely electronic

The two traditional signatures of the pseudogap phase are: 1) a loss of density of

states (DOS) below p
?; 2) the opening of a partial spectral gap below T

?, seen by ARPES

(Figs. 1c, 1d) and optical conductivity, for example. Here we summarize recent high-field

measurements of the specific heat in the LSCO family (75) showing that there is a large

mass enhancement at p
?. The new data show that the pseudogap does not simply cause

a loss of DOS below p
?; instead, there is huge peak in the DOS at p

? (Fig. 6a) – much

larger than expected from a van Hove singularity (75, 80). We then show how high-field

measurements of the Hall coe�cient reveal a new signature of the pseudogap phase – a

rapid drop in the carrier density, at p?(Fig. 6c). These new properties alter profoundly our

view of the pseudogap phase, and of the strange metal just above it (sec. 6).

5.1. Density of states

5.1.1. Condensation energy. One way to access the DOS, NF, is via the superconduct-

ing condensation energy �E, since �E = NF�
2

0/4, where �0 is the d-wave gap maxi-

mum. Experimentally, and in the framework of BCS theory, �E can be measured using

the upper and lower critical fields, Hc2 and Hc1, to get the thermodynamic field Hc via

H
2

c = Hc1Hc2/(ln() + 0.5), given that �E = H
2

c /2µ0. In Fig. 2b, we plot �E/Tc
2 vs p

thus obtained for YBCO (17). We see that �E/Tc
2 / NF drops by a factor 8-9 between

p = 0.18 and p = 0.1, in agreement with the drop reported earlier from an analysis of spe-

cific heat data measured in low fields up to T > Tc in YBCO (71) and Bi2212 (72). Note
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FIG. 1. Transport and heat capacity of hole and electron doped CeCoIn5 (a) Hall re-

sistivity versus magnetic field at 2.5 Kelvin. (b) Net carrier density (ntot) per unit cell, extracted

from the linear slope of the Hall resistance between 11-13 Tesla at 2.5 K (or at 0.35 K shown in

Supplement S9). ntot exhibits a step when the material is electron-doped. The dashed black line

indicates the expected ntot including and excluding the f -electrons, as evaluated from measure-

ments of LaCoIn5 (see text). (c) Heat capacity coe�cient at 2.5 Kelvin. (d) Resistance versus

temperature; curves are o↵set vertically for clarity. (e) The slope of the resistance versus temper-

ature (evaluated between 5 and 20 Kelvin) decreases rapidly when the material is electron-doped.

Error bars are derived primarily from uncertainties in the measurements of geometric factors for

transport samples, and sample masses for the heat capacity measurements.
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