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A simple model of a metal with quasiparticles
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Random matrix model
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The Sachdev-Ye-Kitaev (SYK) model



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

<latexit sha1_base64="5n1qJAN0Ms1m0eoo78JXepQIAG0="></latexit>

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

S(T ! 0) = N(s0 + �T )

A. Georges, O. Parcollet, and 
S. Sachdev, 
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Complex SYK model
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The complex SYK model

S. Sachdev and J. Ye, 

PRL 70, 3339 (1993)
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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Conformal solution at µ = 0, G(⌧) ⇠ sgn(⌧)p
|⌧ |

.



The SYK model

+
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Conformal Perturbation theory

S = SCFT +
X

h

gh

Z �

0
d⌧Oh(⌧)

whereGCFT ⇠ sgn(⌧)/
p

|⌧ | and hOh(⌧)Oh(0)i ⇠ 1/|⌧ |2h

Gross, Rosenhaus (2017) 
Klebanov, Tarnopolsky (2017) 



The SYK model

+

<latexit sha1_base64="2jY3+BYrMpUjnsZt1XxDc8jvBxA=">AAACB3icdVDLSgNBEJz1bXxFPXoZDIKnsIkhMTfRizcVjQayS5iddJIhs7PLTK8alnyAB6/6Gd7Eq5/hV/gLTuIKKlrQUFR1090VxFIYdN03Z2p6ZnZufmExt7S8srqWX9+4NFGiOTR4JCPdDJgBKRQ0UKCEZqyBhYGEq2BwNPavrkEbEakLHMbgh6ynRFdwhlY6P2n32/mCW3SrbqVSpZZMYEm9Vturl2kpUwokw2k7/+51Ip6EoJBLZkyr5Mbop0yj4BJGOS8xEDM+YD1oWapYCMZPJ6eO6I5VOrQbaVsK6UT9PpGy0JhhGNjOkGHf/PbG4l9eK8Huvp8KFScIin8u6iaSYkTHf9OO0MBRDi1hXAt7K+V9phlHm07OM2CjUz3spx7CLd6Ijt2T7hXLQo1sQl8x0P/JZblYqhbLZ5XCwWGW1QLZIttkl5RIjRyQY3JKGoSTHrknD+TRuXOenGfn5bN1yslmNskPOK8fVXKaYQ==</latexit>

Oh
<latexit sha1_base64="2jY3+BYrMpUjnsZt1XxDc8jvBxA=">AAACB3icdVDLSgNBEJz1bXxFPXoZDIKnsIkhMTfRizcVjQayS5iddJIhs7PLTK8alnyAB6/6Gd7Eq5/hV/gLTuIKKlrQUFR1090VxFIYdN03Z2p6ZnZufmExt7S8srqWX9+4NFGiOTR4JCPdDJgBKRQ0UKCEZqyBhYGEq2BwNPavrkEbEakLHMbgh6ynRFdwhlY6P2n32/mCW3SrbqVSpZZMYEm9Vturl2kpUwokw2k7/+51Ip6EoJBLZkyr5Mbop0yj4BJGOS8xEDM+YD1oWapYCMZPJ6eO6I5VOrQbaVsK6UT9PpGy0JhhGNjOkGHf/PbG4l9eK8Huvp8KFScIin8u6iaSYkTHf9OO0MBRDi1hXAt7K+V9phlHm07OM2CjUz3spx7CLd6Ijt2T7hXLQo1sQl8x0P/JZblYqhbLZ5XCwWGW1QLZIttkl5RIjRyQY3JKGoSTHrknD+TRuXOenGfn5bN1yslmNskPOK8fVXKaYQ==</latexit>

Oh
<latexit sha1_base64="+E6L7ORyWsbhN614+ZBqWOlFDGM=">AAACBXicdVDLSgNBEJz1bXxFPXoZDIKnZXeNSbwFRfCoYBIhCTI76SSDs7PLTK8alpw9eNXP8CZe/Q6/wl9wEiOoaEFDUdVNd1eYSGHQ896cqemZ2bn5hcXc0vLK6lp+faNu4lRzqPFYxvoiZAakUFBDgRIuEg0sCiU0wqujkd+4Bm1ErM5xkEA7Yj0luoIztNLZ8WW+4Lml0v5BUKGe640xIsVy4FeoP1EKZILTy/x7qxPzNAKFXDJjmr6XYDtjGgWXMMy1UgMJ41esB01LFYvAtLPxoUO6Y5UO7cbalkI6Vr9PZCwyZhCFtjNi2De/vZH4l9dMsVtpZ0IlKYLin4u6qaQY09HXtCM0cJQDSxjXwt5KeZ9pxtFmk2sZsMGpHvazFsIt3oiO3ZPtuYFQQ5vQVwz0f1IPXL/kBmfFQvVwktUC2SLbZJf4pEyq5ISckhrhBMg9eSCPzp3z5Dw7L5+tU85kZpP8gPP6Abh4mX0=</latexit>

E

<latexit sha1_base64="UyzcdbiFTbu8OQGJi7+fIDQMo4M="></latexit>

Conformal Perturbation theory

S = SCFT +
X

h

gh

Z �

0
d⌧Oh(⌧)

whereGCFT ⇠ sgn(⌧)/
p

|⌧ | and hOh(⌧)Oh(0)i ⇠ 1/|⌧ |2h
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Solution of eigenvalue equation with E = 1 yields a tower of operators
Oh with scaling dimensions h. Smallest non-trivial value is h = 2, and
O2 is the ‘boundary graviton’.

G(⌧) ⇠ sgn(⌧)p
|⌧ |

 
1 +

X

h

chgh

|⌧ |h�1
+ . . .

!

Gross, Rosenhaus (2017) 
Klebanov, Tarnopolsky (2017) 



1.  SYK: a solvable model without quasiparticles

2.  Spin liquid and spin glass of S=1/2 SU(2) spins  

3.  Time reparameterization soft mode 

4.  Charged black holes
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Sherrington-Kirkpatrick model

H =
X

i<j

Jij�i �j

�i = ±1

Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.

Edwards-Anderson order parameter qEA = h�ii2
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Quantum generalization of the Sherrington-Kirkpatrick model to
S = 1/2 spins with SU(2) symmetry

H =
X

i<j

JijSi · Sj

[Siµ, Sj⌫ ] = i�ij✏µ⌫�Si� , S2
i = 3/4

Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.
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Two possible ground states
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Quantum generalization of the Sherrington-Kirkpatrick model to
S = 1/2 spins with SU(2) symmetry

H =
X

i<j

JijSi · Sj

[Siµ, Sj⌫ ] = i�ij✏µ⌫�Si� , S2
i = 3/4

Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.
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I. Gapless spin liquid

lim
⌧!1

hSi(⌧) · Si(0)i ⇠
1

|⌧ |a

II. Spin glass order

lim
⌧!1

hSi(⌧) · Si(0)i = qEA > 0

where qEA is the spin glass order parameter.
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Introduce n ! 0 replicas, average over Jij , and take the large N limit.
Then we have to determine the saddle points of the action S[Q] for the
quantum spin glass order parameter: Qab(⌧), a, b = 1 . . . n.

Qab is ⌧ independent for a 6= b.

Qab(⌧ � ⌧ 0) =
1

N

X

i

Sia(⌧) · Sib(⌧
0)

qEA = hSi(⌧)i · hSi(0)i = lim
n!0

1

n(n� 1)

X

a 6=b

Qab

qEA = lim
⌧!1

hSi(⌧) · Si(0)i = lim
n!0

lim
⌧!1

1

n

X

a

Qaa(⌧), T = 0
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Action for quantum spin glass order Qab(⌧)
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S[Q] =
�J2

2

Z
d⌧ [Qab(⌧)]

2 � lnZf [Q]

Zf [Q] =

Z
DSa(⌧)�(S

2
a � 1) exp


� i

2

Z
d⌧Aa(Sa) · @⌧Sa

� J2

Z
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Generalize to SU(M) spins by writing S↵� = f†
↵f� , f

†
↵f↵ = M/2,

↵ = 1, . . . ,M . In the limit M ! 1, the saddle point equations for
the fermion Green’s function, self energy and Q become

⌃ab(⌧) = J2Qab(⌧)Gab(⌧)

Gab(i!) = [i!�ab � ⌃ab(i!)]
�1

Qab(⌧) = �Gab(⌧)Gba(�⌧)

It is not possible for a fermion Green’s function to have non-zero
replica o↵-diagonal components. Then Qab must also be replica di-
agonal, and these equations are precisely those of the SYK model!

Solution of these equations yield a spin liquid ground state.
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Numerical solution of SYK equations (SY, PRL 1993), compared with
conformal perturbation theory. C is a known number, and � is the

co-e�cient of the action for the ‘boundary graviton’ in holographic dual.
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Dynamic spin susceptibility of the spin liquid at M = 1
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Adding spin glass order to the SU(M ! 1) equations:

⌃(⌧) = J2Qaa(⌧)G(⌧)

G(i!) = [i! � ⌃(i!)]�1

Qab(⌧) = �G(⌧)G(�⌧)�ab +qab

Need only add the static spin glass order parameter qab,
which is determined by the 1/M corrections.
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Adding spin glass order to the SU(M ! 1) equations:

⌃(⌧) = J2Qaa(⌧)G(⌧)

G(i!) = [i! � ⌃(i!)]�1

Qab(⌧) = �G(⌧)G(�⌧)�ab +qab

Need only add the static spin glass order parameter qab,
which is determined by the 1/M corrections.
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Entropy S(T ! 0) = 0.
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Dope the quantum Sherrington-Kirkpatrick model

with mobile electrons

H =

X
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�tijc
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1

2
c
†
i↵�↵�ci�
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j� ]+ = �ij�↵� ,
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i↵ci↵  1

1
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X

i↵

c
†
i↵ci↵ = 1� p

Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.

tij = 0, t
2
ij = t

2
, Di↵erent tij uncorrelated.

D. Chowdhury, A. Georges, O. Parcollet, S. Sachdev, review article, to appear



• J = 0.5t, U = 4t

 18Phase diagram (doping driven QCP)
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• Quasiparticle lifetime in the Fermi liquid
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Extrapolated to ω=0
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Planckian metal
for p ⇡ pc

• Quasiparticle lifetime in the Fermi liquid
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1.  SYK: a solvable model without quasiparticles

2.  Spin liquid and spin glass of S=1/2 SU(2) spins  

3.  Time reparameterization soft mode 

4.  Charged black holes
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Time reparameterization symmetry and 2D gravity
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After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as

Z =

Z
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For simplicity, we neglect the replica indices, and introduce the
identity
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]
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⇥
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2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
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where f(�) and g(�) are arbitrary functions.
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⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
e⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.

A. Georges and O. Parcollet

PRB 59, 5341 (1999) 


A. Kitaev, 2015

S. Sachdev, PRX 5, 041025 (2015)
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Time reparameterization symmetry and 2D gravity



J. Maldacena and D. Stanford, arXiv:1604.07818; 

R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, arXiv.1612.00849; 


S. Sachdev, PRX 5, 041025 (2015); J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;                               

K. Jensen, arXiv:1605.06098; J. Engelsoy, T.G. Mertens, and H. Verlinde, arXiv:1606.03438
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Time reparameterization symmetry and 2D gravity
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Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+NS(E0)�NSeff [f,�] ,

where E0 / N is the ground state energy.
The same Z is obtained for the boundary graviton of 2D gravity in AdS2.



J. Maldacena and D. Stanford, arXiv:1604.07818; 

R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017); 


A. Gaikwad, L.K. Joshi, G. Mandal, and S.R. Wadia, arXiv:1802.07746

Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

N�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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Time reparameterization symmetry and 2D gravity
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Consequences of 2D-gravity for the dynamic spin susceptibility of SYK model

�L(!) =
P

n |h0|S+i |ni|2 �(~! � En + E0), (at T = 0)

�L(!) ⇠ tanh

✓
~!

2kBT

◆
1� C� ! tanh

✓
~!

2kBT

◆
� . . .

�
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• Exact evaluation of the path integral over f(⌧) and �(⌧) leads
to the many-body density of states

D(E) ⇠ 2eS0 sinh(
p

2N�E)

• Saddle-point shift leads to a correction to the Green’s func-
tion:

G(⌧) ⇠ sgn(⌧)p
|⌧ |

✓
1 +

↵G

|⌧ | + . . .

◆

There is a universal relationship between ↵G and �, the co-
e�cient of the Schwarzian and the linear-T entropy. This is
due to the connection between the h = 2 Oh operator and
the ‘boundary graviton’.

Maldacena, Stanford (2016); Bagrets et al. (2017); Cotler et al. (2017); Kitaev, Suh (2017); Stanford, Witten (2017) 



1.  SYK: a solvable model without quasiparticles

2.  Spin liquid and spin glass of S=1/2 SU(2) spins  

3.  Time reparameterization soft mode 

4.  Charged black holes
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Thermodynamics of quantum black holes:

Z
Dgµ⌫ exp

✓
�1

~ S(3+1)
Einstein gravity[gµ⌫ ]

◆

= exp
⇣
SBH

⌘
⇥
 

....????...

!

Metric of  
spacetime
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In general, this summation is not well defined, because to the
uncontrollably large number of spacetime configurations.

But in recent years, we have learnt how to evaluate
the summation for Einstein gravity in some cases,
and obtain the exact value of

thanks to connections to the Sachdev-Ye-Kitaev model.
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SBH =
A(T )c3

4G~
(~/(kBT ) is the length of the Euclidean time circle)
A(T ) is the area of the black hole horizon at a temperature T .
Interpretation: Black holes have finite number of quantum de-
grees of freedom, and black hole entropy is their entanglement
entropy across the horizon.

Gibbons, Hawking (1977)
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Thermodynamics of quantum black holes:

Z
Dgµ⌫ exp
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~ S(3+1)
Einstein gravity[gµ⌫ ]
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= exp
⇣
SBH

⌘
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Metric of  
spacetime
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Thermodynamics of quantum black holes with charge Q:

Z
Dgµ⌫DAµ exp

✓
�1

~ S(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
⇥
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!

Gibbons, Hawking (1977)
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SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c

◆

A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.
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Thermodynamics of quantum black holes with charge Q:

Z
Dgµ⌫DAµ exp

✓
�1

~ S(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
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Gibbons, Hawking (1977)
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SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c

◆

A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.

Note the similarity to the large N entropy of the SYK model ! 
Sachdev PRL 2010



Reissner-Nordstrom black hole of 
Einstein-Maxwell theory

⇣

total
charge Q
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Horizon
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AdS2 ⇥ S2
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ds2 = R2
2
(d⇣2 � dt2)

⇣2
+R2

hd⌦
2
2

Gauge field: A =
E
⇣
dt
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Boundary
graviton
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Thermodynamics of quantum black holes with charge Q:

Z
Dgµ⌫DAµ exp

✓
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Einstein gravity+Maxwell EM[gµ⌫ , Aµ]
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= exp
⇣
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⌘
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⇡
Z

Dgµ⌫DAµ exp
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~ S(1+1)
JTgravity of AdS2 and boundary[gµ⌫ , Aµ]

◆
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SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c

◆

A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.



<latexit sha1_base64="MF2I/yvGhvbaPz6UK9vxpEqlNc8="></latexit>

Thermodynamics of quantum black holes with charge Q:
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Dgµ⌫DAµ exp
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~ S(1+1)
JTgravity of AdS2 and boundary[gµ⌫ , Aµ]

◆

<latexit sha1_base64="7SQrC+rdkjwW5FFkMRBp+OUB64s="></latexit>

=

Z
Df(⌧)D�(⌧) exp (�Schwarzian boundary graviton + rotor action[f,�])
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SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~
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1 +

2(⇡A0)1/2T
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◆

A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.
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Thermodynamics of quantum black holes with charge Q:
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JTgravity of AdS2 and boundary[gµ⌫ , Aµ]
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=

Z
Df(⌧)D�(⌧) exp (�Schwarzian boundary graviton + rotor action[f,�])

Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); 
Moitra, Trivedi, Vishal (2018) ; Gaikwad, Joshi, Mandal, Wadia (2018); Iliesiu, Turaci (2020) 
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S(T ! 0,Q) = SBH � 3

4
ln

✓
~c5
GT 2

◆

SBH =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c

◆

A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge. The lnT term
is the contribution of the boundary graviton.



Complex SYK model
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No quasiparticle
decomposition
of many-body states
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D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue
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D(E) ⇠ eS(E)

= eNs0+
p
2N�E

S(T ! 0) = N(s0 + �T )

A. Georges, O. Parcollet, and 
S. Sachdev, 


PRB 63, 134406 (2001)
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s0 = 0.464848 . . .
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Many-body density of states



Many-body density of states

Supersymmetric black holes and SYK models
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• SYK: a solvable model without quasiparticle excita-

tions, exhibiting thermalization and many-body chaos

in a time of order ~/(kBT ), independent of micro-

scopic energy scales.

• Low energy theory of time reparameterizations is the

theory of the boundary graviton in 2D quantum grav-

ity on AdS2.

• Boundary graviton leads to:

– Dynamic spin susceptibility⇠ sgn(!) [1� c|!|+ . . .]

– Universal�3/2 ln(1/T ) correction to Bekenstein-

Hawking entropy of low T charged black holes

in Einstein gravity.

• Spin S = 1/2 SU(2) quantum Sherrington-Kirkpatrick

model display co-existence of spin glass order and

SY(K) spin liquid behavior

• Random t-J model has a quantum phase transition

where spin glass order vanishes, with Planckian metal

criticality.
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