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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is

⇢ =
m⇤

ne2
1

⌧

with a universal scattering rate

1

⌧
⇡ kBT

~ ,

independent of the strength of interactions!
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Table 1  |  Slope of T-linear resistivity and Planckian limit in seven materials.

Material n 
(1027 m-3)

 m*
(m0)

A1 / d  
(! / K)

h / (2e2 TF)
(! / K)

⍺

Bi2212 p = 0.23 6.8 8.4 ± 1.6 8.0 ± 0.9 7.4 ± 1.4 1.1 ± 0.3

Bi2201 p ~ 0.4 3.5 7 ± 1.5 8 ± 2 8 ± 2 1.0 ± 0.4

LSCO p = 0.26 7.8 9.8 ± 1.7 8.2 ± 1.0 8.9 ± 1.8 0.9 ± 0.3

Nd-LSCO p = 0.24 7.9 12 ± 4 7.4 ± 0.8 10.6 ± 3.7 0.7 ± 0.4

PCCO x = 0.17 8.8 2.4 ± 0.1 1.7 ± 0.3 2.1 ± 0.1 0.8 ± 0.2

LCCO x = 0.15 9.0 3.0 ± 0.3 3.0 ± 0.45 2.6 ± 0.3 1.2 ± 0.3

TMTSF P = 11 kbar 1.4 1.15 ± 0.2 2.8 ± 0.3 2.8 ± 0.4 1.0 ± 0.3
 

 

Table 1 | Slope of T-linear resistivity vs Planckian limit in seven materials.  

Comparison of the measured slope of the T-linear resistivity in the T = 0 limit,  

A1 , with the value predicted by the Planckian limit (Eq. 1; penultimate column), 

for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two 

electron-doped cuprates (PCCO and LCCO) and the organic conductor 

(TMTSF)2PF6 , as discussed in the text (and Supplementary Information).     

The ratio α of the experimental value, A1
☐ = A1 / d, over the predicted value,       

is given in the last column. Although A1
☐ varies by a factor 5, the ratio m* / n  

(~1/TF) is seen to vary by the same amount, so that α = 1.0 in all cases,        

within error bars. 
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Nature Physics 15, 142 (2019)
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~
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The complex SYK model
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U↵�;�� are independent random variables

with U↵�;�� = 0 and |U↵�;��|2 = U2
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Flat band

U↵�;�� are independent random variables

with U↵�;�� = 0 and |U↵�;��|2 = U2
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The complex SYK model
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The complex SYK model

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)

There is a one-parameter family
of critical solutions with varying e/U ,

yielding di↵erent 0 < Q < 1.

For long (imaginary) times ⌧ > 0
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Determines the particle-hole asymmetry,
and E = e/U , with = 0.41 from a

numerical solution.
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Known dimensionless constant
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Planckian dynamics
with peak width ⇠ kBT/~
and independent of U
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The SYK model



• All electrons in the (flat band) SYK model have the
same e

• In a more realistic metal, the electrons have a dispersion
ek (k is momentum), and ek = 0 is the Fermi surface.
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Adding dispersion

ek < 0
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Fermi surface
with ek = 0
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Flat band metal
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Planckian dynamics
with peak width ⇠ kBT/~
and independent of U
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Planckian metal ansatz
with dispersion

Electrons ‘remember’ their
momentum, and have a
SYK spectral function
according to their ek
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A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)
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Planckian metal ansatz
with dispersion

Electrons ‘remember’ their
momentum, and have a
SYK spectral function
according to their ek
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Crossing the 
remnant Fermi surface

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)
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Remnant 
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For a dispersionless SYK model

⌦
c↵(⌧)c

†
↵(0)

↵
⇠ e�(e/U)2⇡ T⌧ ⇥

✓
T/U

sin(⇡T ⌧)

◆1/2

The exponential pre-factor determines
the particle-hole asymmetry

with = 0.41.
<latexit sha1_base64="R5koPgbXvTSFOeDs491seoNuh/k="></latexit>

Flat band metal

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)



Planckian metal ansatz
with dispersion

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)

For a strongly-interacting metal with
underlying quasiparticle dispersion ek

(k is the momentum)

D
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†
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E
⇠ e�(ek/U)2⇡ T⌧ ⇥

✓
T/U

sin(⇡T ⌧)

◆1/2

The exponential pre-factor determines
the particle-hole asymmetry

with = 0.41.
At ek = 0 we have a ‘remnant Fermi surface’

with a particle-hole symmetric spectral function.
<latexit sha1_base64="+vVK7IJyIlcKws+4V5EGXORA2tg="></latexit>
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For a strongly-interacting metal with
underlying quasiparticle dispersion ek

(k is the momentum)
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sin(⇡T ⌧)

◆1/2

The exponential pre-factor determines
the particle-hole asymmetry

with = 0.41.
At ek = 0 we have a ‘remnant Fermi surface’

with a particle-hole symmetric spectral function.
<latexit sha1_base64="+vVK7IJyIlcKws+4V5EGXORA2tg="></latexit>

No free parameters—everything is determined
by the (underlying) quasiparticle dispersion ek,

and the interaction strength U .
<latexit sha1_base64="QvNV479VIFrEq0woKwZnyl10Wg4="></latexit>



A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)

Resistivity of a Planckian metal as T ! 0

From the Kubo formula,

� =
e2m⇤v2F

2T

Z 1

�1

de

2⇡

Z 1

�1

d!

4⇡

h
ImGR

SYK

⇣
e,

!

T

⌘i2
sech2

⇣ !

2T

⌘

where the Fermi surface is defined by ek = 0, vF = rkek on the
Fermi surface, and

m⇤ =
d VFSH
FS |vF |

,

with d the spatial dimensionality, and VFS is the volume enclosed by
the Fermi surface. For a circular Fermi surface, this is the usual m⇤.

Evaluating the integrals, we find

⇢ =
m⇤

ne2
2.71

kBT

~ , using E = e/U ,

where n = VFS/(2⇡)d is the density.
<latexit sha1_base64="vR711//4A/Ky8j+daBIqkLSrTyI="></latexit>



Aavishkar Patel A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)

Resistivity of a Planckian metal as T ! 0

⇢ =
m⇤

ne2
2.71

kBT

~

Note that all explicit dependence on U has cancelled out!

Choosing = 0.41 as in the SYK model, we have the prefactor
2.71 = 1.11.

<latexit sha1_base64="TAvh54XYv7WANiaB1DvK5Shz0yw="></latexit>



U↵�;��(ka) is a random function of ↵��� (as before)
ek has a bandwidth W .

The random ki dependence of U allows only resonant interactions
with ek1 + ek2 = ek3 + ✏k4 .

U(k1, k2, k3, k4)U⇤(k5, k6, k7, k8) =

U2
h
�(k1 + k2 � k3 � k4 � k5 � k6 + k7 + k8)

i

⇥
h
�(ek1 + ek2 � ek3 � ✏k4) + �(ek5 + ek6 � ek7 � ek8)

i
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U

A lattice SYK model

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999);  Yingfei Gu, Xiao-Liang Qi, D. Stanford,  JHEP (2017) 125

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119, 216601 (2017); Pengfei Zhang, PRB 96, 
205138 (2017); Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, PRX 8, 031024 

(2018); Aavishkar A. Patel, John McGreevy, Daniel P. Arovas, Subir Sachdev, PRX 8, 021049 (2018) 
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<latexit sha1_base64="cSI0LkSf3aqmaNV4ZdvNN6klD+s="></latexit>

• Disordered Fermi liquid for T < W 2/U with
resistivity ⇠ T 2.

• Incoherent, bad metal for W 2/U < T < U with
linear-in-T resistivity ⇠ (h/e2)(T/(W 2/U)).
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Resonant SYK model
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We examine a model with weaker W . U , but impose a
resonance condition.

This leads to a solution which obeys the Planckian ansatz as T ! 0.

U(k1, k2, k3, k4)U⇤(k5, k6, k7, k8) =

U2
h
�(k1 + k2 � k3 � k4 � k5 � k6 + k7 + k8)

i

⇥
h
�(ek1 + ek2 � ek3 � ek4) + �(ek5 + ek6 � ek7 � ek8)

i

This implies o↵-site interactions with correlations
which decay with a power-law in space.
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Interactions with ek1 + ek2 6= ek3 + ek4 are non-resonant: we

“integrate these out” in a RG procedure, and assume that their

main e↵ect is a renormalization of the quasiparticle dispersion ek,
which we have already accounted for.

Keep only the

interactions resonant in the bare quasiparticle energy
with ek1 + ek2 = ek3 + ek4 and account for them with a

self-consistent SYK-like analysis.

This is precisely the e↵ective Hamiltonian method, when low

energy states are separated from high energy states by a gap; we

are assuming it can also apply in a gapless system.
<latexit sha1_base64="gCypd2zrtipcFDA6zIcKImJWJTw="></latexit>



Mathias Scheurer Grigory Tarnopolsky

Harley Scammell

Physical Review B 99, 054516 (2019)

HARVARD

Gauge theory for the cuprates near optimal doping



on, inelastic neutron scattering demonstrate that there is no long-
range antiferromagnetic order for the reduced samples in the dop-
ing range from x ¼ 0:13–0.18 but that the large magnetic fluctua-
tions provide some indications of its role for a possible pairing
mechanism. Although similar studies of antiferromagnetism and
superconductivity are made difficult by the severe difficulties
encountered in their growth, a similar temperature-doping phase
diagram for the IL Sr1"xLaxCuO2 polycrystalline samples has been
gathered by Ishawata et al. [19] from a few rare data in the

literature. The phase diagram already presented in Fig. 3(a) shows
TNðxÞ behaving very similarly to the T0 phase with a very similar
sharp transition between the antiferromagnetic and the supercon-
ducting samples.

In Fig. 5, we compare the phase diagrams of the T0 phase with
that of hole-doped La2"xSrxCuO4 underlining in particular the
extent of the doping range for the antiferromagnetic phase on
the electron-doped side and the very narrow range for cerium
contents with superconductivity. One can also observe the pseu-
dogap line which will be described in Section 4.1 and a zone (in
light blue) where magnetic correlations are strong but long-range
order does not set in as will be discussed in Section 4.5. Despite
an apparent asymmetry in these phase diagrams, the most
important message of this schematic is the presence of
antiferromagnetism and superconductivity on either side, sug-
gesting that the mechanism modifying the electronic properties
and leading to superconductivity is most probably the same for
both types of doping. Of course, there are many differences in
these phase diagrams: for example, the pseudogap signatures in
the physical properties are quite different in electron- and hole-
doped cuprates. There are solid evidence of two-band-like beha-
viours in the transport properties of electron-doped cuprates
while only hole-type carriers are observed for hole-doped cup-
rates (except at very large doping [30]). Moreover, hole-doped
cuprates present a wealth of electronic phases like stripe order,
charge-density waves, . . .[1] that have not yet been confirmed
in electron-doped cuprates and may be absent (and perhaps
irrelevant for the mechanism of superconductivity).

We should underline that Sr in SrCuO2 can be substituted by iso-
valent Ca as shown first by Siegrist et al. [31]. In fact, it was the first
report on the growth of the IL structure in the Sr1"yCayCuO2 system
as the addition of Ca allows one to stabilize the IL crystal structure
and favour the growth of small Ca0.86Sr0.14CuO2 single crystals. We
should underline also that CaCuO2 do exists in the IL structure and
has been inserted successfully in (CaCuO2)n/(SrTiO3)m and
(SrCuO2)n/(BaCuO2)m heterostructures with surprising results like
superconductivity up to 70 K [32,33].

3. Growth and reduction

The growth of T0 and IL electron-doped cuprates is generally
complicated by the stability of other related oxide phases that
compete in the temperature-composition phase diagram.3 These
oxide phases can even be intercalated in the bulk as an epitaxial
layer and are difficult to eliminate completely. In fact, in some
instances, they may appear during the post-annealing process.
Unfortunately, these competing phases can lead to many erroneous
conclusions on the physical properties and extra care has been taken
in recent years to improve the quality of the materials. Moreover, the
post-annealing required for the reduction is tricky as it involves
removing a tiny amount of oxygen in conditions approaching the
decomposition line of the phase. In here, we will simply enumerate
separately the typical route used to grow high quality single crys-
talline samples for the T0 and IL compounds, namely single crystals
and epitaxial thin films. We will then discuss the reduction condi-
tions and the resulting structural impacts.

3.1. T0 single crystal growth

Single crystals of the T0 phase have mostly been grown success-
fully by two different methods: in-flux solidification and travelling-
solvent floating zone (TSFZ). The first group of techniques involves
the directional growth of millimeter size high-quality single crystals

Fig. 4. (a) Temperature-doping phase diagram of Nd2"xCexCuO4 polycrystalline
samples obtained by muon spin resonance [2] showing the Néel temperature TN

and the superconducting transition Tc as a function of doping. (b) Temperature-
doping phase diagram for as-grown (solid circles) and reduced (open symbols)
Nd2"xCexCuO4 single crystals. The solid grey circles result from a shift assuming that
oxygen removal provides additional carriers (electrons). Adapted from Ref. [29].

Fig. 5. Schematic of the phase diagrams comparing hole-doped La2"xSrxCuO4 and
electron-doped Ln2"xCexCuO4. The diagram shows the doping range for supercon-
ductivity (in red), antiferromagnetism (in blue) and T%ðxÞ as the pseudogap line
(Section 4.1). In the light blue region above the superconducting dome, strong
magnetic correlations without long-range order persist (Section 4.5). Adapted from
Ref. [6]. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

3 In the case of thin films, the growth phase diagram involves also oxygen pressure.
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Correlation between Fermi surface transformations and superconductivity in the electron-doped
high-Tc superconductor Nd2−xCexCuO4
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Two critical points have been revealed in the normal-state phase diagram of the electron-doped cuprate
superconductor Nd2− xCexCuO4 by exploring the Fermi surface properties of high-quality single crystals by
high-field magnetotransport. First, the quantitative analysis of the Shubnikov-de Haas effect shows that the weak
superlattice potential responsible for the Fermi surface reconstruction in the overdoped regime extrapolates to
zero at the doping level xc = 0.175 corresponding to the onset of superconductivity. Second, the high-field Hall
coefficient exhibits a sharp drop right below optimal doping xopt = 0.145 where the superconducting transition
temperature is maximum. This drop is most likely caused by the onset of long-range antiferromagnetic ordering.
Thus the superconducting dome appears to be pinned by two critical points to the normal state phase diagram.

DOI: 10.1103/PhysRevB.92.094501 PACS number(s): 74.72.Ek, 71.18.+y, 72.15.Gd, 74.25.Jb

I. INTRODUCTION

In order to clarify the mechanism responsible for high-
temperature superconductivity in the superconducting (SC)
cuprates profound knowledge on the exact nature of the
underlying “normal,” i.e., nonsuperconducting state is manda-
tory. This long-standing issue, however, remains controversial.
Even for the relatively simple case of the electron-doped
cuprates Ln2− xCexCuO4 (Ln = Nd, Pr, Sm, La), where the
SC state emerges in direct neighborhood of a state with
commensurate antiferromagnetic (AF) order, it is not clear
whether the two states coexist and, if yes, to which extent [1].
For example, a number of neutron scattering studies have been
reported, providing arguments both for [2– 5] and against [6]
the coexistence. Angle-resolved photoemission spectroscopy
(ARPES) reveals a reconstruction of the Fermi surface by
a long-range commensurate, Q = (π/a,π/a), superlattice
potential VQ in the underdoped regime, which possibly
survives up to the optimal SC doping level xopt ≈ 0.15 [7– 10].
Magnetotransport studies go even further, indicating the
presence of two types of charge carriers [11– 20] and, hence,
a reconstructed Fermi surface even in the overdoped region of
the phase diagram. Based on the normal-state Hall and Seebeck
effects in Ln = Pr thin films a quantum critical point (QCP)
associated with the Fermi surface reconstruction was proposed
to lie under the SC dome in the overdoped range of the phase
diagram [11,16]. Finally, studies of the power-law temperature
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dependence of the resistivity in Ln = La films [21] have
suggested a QCP at exactly the SC critical doping level xc

on the overdoped side of the phase diagram.
For cuprate superconductors, sample quality or surface

effects are often invoked to explain apparently contradictory
results. Indeed, the crystalline quality and doping homogeneity
may be serious issues for thin films or for large crystal arrays
required, e.g., for neutron scattering experiments. Optical and
ARPES techniques are sensitive to surface properties. In this
respect, techniques based on magnetic quantum oscillations
have obvious advantages: they probe bulk properties and can
be performed on small single crystals, whose high quality is
already ensured by the very existence of quantum oscillations.

The first experiment on magnetoresistance quantum oscil-
lations (Shubnikov-de Haas, SdH effect) in Nd2− xCexCuO4
(NCCO) crystals [18] apparently corroborated the existence of
a QCP hidden under the SC dome on the overdoped side, i.e.,
between xopt and xc. However, subsequent more elaborate SdH
experiments [19,20] have further extended the range in which
the Fermi surface stays reconstructed up to at least x = 0.17,
the highest (though still SC) doping level attainable in bulk
NCCO crystals. Thus, while the existence of one or even more
critical points associated with a Fermi surface reconstruction
in the electron-doped cuprates is generally accepted [1,22– 24],
the question about their location with respect to the SC part of
the phase diagram and their possible relation to the SC pairing
remains open.

Here, we report systematic high-field magnetotransport
studies on high-quality NCCO crystals, which allow us to
precisely locate two critical doping levels in the normal-
state phase diagram of this material and correlate them
with the position of the SC dome. First, by performing
a quantitative analysis of SdH oscillations observed in the
magnetic-breakdown (MB) regime on overdoped samples, we
evaluate the small MB gap "MB ≃ VQ, separating the hole
and electron pockets of the reconstructed Fermi surface, as a
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function of x . The x dependence of the gap is found to mimic
that of the SC critical temperature Tc(x ), both extrapolating
to zero at the same characteristic doping level xc ≈ 0.175.
Second, we present high-field Hall resistance measurements
which, in combination with the SdH data, reveal a large energy
gap emerging in the system right below the optimal doping
level xopt = 0.145. Although the present data alone cannot give
a direct key to the microscopic origin of the detected Fermi
surface transformations, they provide a strong evidence of the
importance of these transformations for superconductivity.

II. EXPERIMENTAL PROCEDURES

The NCCO crystals with Ce concentrations 0.13 ! x !
0.17 were grown using the traveling solvent floating zone tech-
nique, annealed, and characterized as described in Ref. [25].
For each x , several single crystals showing the best residual
resistance ratios and narrow SC transitions were selected. The
electrical leads for magnetotransport experiments were made
using 10- or 20-µm-diameter annealed platinum wires glued to
the crystals using Epotek H20E silver-based conductive epoxy.
The typical contact resistance was ∼1–10 !. Different sample
shapes were chosen in order to optimize the geometrical
configuration for the quantum oscillation and Hall effect mea-
surements, respectively. Quantum oscillations of the interlayer
resistance were measured on samples having a small, ∼0.1
mm2, cross section in the plane of CuO2 layers and a length of
1–2 mm along the c axis, see Fig. 1(a). In the Hall effect studies,
the current was applied along the CuO2 layers. The samples
were prepared in the shape of a thin plate with a thickness of
0.05 mm along the c axis. The width and length of the plates
were 0.2–0.3 mm and 2–5 mm in the a and b directions, re-
spectively [see Fig. 1(b)]. Particular care was taken to achieve
low-resistance electrical contacts between the current leads
and the sample edges, ensuring a homogeneous current flow.

All the experiments were done in magnetic fields perpen-
dicular to the CuO2 layers. Most of the results were obtained
in pulsed magnetic fields. Additionally, measurements in
steady fields at precisely controlled temperatures were done
for evaluating effective cyclotron masses. In the Hall effect
experiments, magnetic-field sweeps of opposite polarities were

FIG. 1. (Color online) NCCO single crystals prepared for mea-
suring (a) the four-point interlayer resistance and (b) the in-plane
Hall resistance. In both cases, thin Pt wires are glued by silver-based
epoxy to the sample surface and the samples are fixed to a sapphire
substrate by Stycast 2850FT (blue).

always made in order to eliminate the even magnetoresistance
component.

III. SDH EFFECT IN THE MB REGIME

A. Experimental results and analysis

Figure 2 shows examples of SdH oscillations in the
interlayer resistance of optimally doped and overdoped
NCCO at T ≈ 2.5 K. For x " 0.15, the oscillations
contain two characteristic frequencies: Fα ≃ 250–300 T
and Fβ ≃ 11 kT. The slow α oscillations are associated
with orbits on the small hole pockets of the reconstructed
Fermi surface [18]. The fast β oscillations reveal a cyclotron
orbit, which is geometrically equivalent to that on the large
unreconstructed Fermi surface and arises from the MB
effect [19,20,26]. The fast oscillations are dominant at high
fields for x = 0.17 and rapidly diminish at decreasing doping.
For x = 0.15, they are about 100-times weaker than the slow
oscillations at the same field strength. At optimal doping,
xopt = 0.145, the α oscillations are ∼20% weaker than at
x = 0.15, whereas the β oscillations are no longer resolvable
above the noise level, #10−4 of the total resistance.

On the qualitative level, the observed behavior is easily
understood as a result of an enhancement of the superlattice
potential VQ, hence, of the MB gap with decreasing x .
Moreover, due to the very good signal-to-noise ratio of
our measurements, the data can be analyzed quantitatively,
allowing us to estimate the MB gap as a function of x . To this
end, we have applied the standard Lifshitz-Kosevich (LK) for-
malism [27,28], additionally taking into account the MB effect.

FIG. 2. (Color online) Black lines: SdH oscillations obtained on
NCCO crystals with different doping levels x at T ≈ 2.5 K. The
data are normalized to the nonoscillating field-dependent background
resistance Rbg. Red lines: fits to the experimental data made as
described in the text. The fitting parameters are given in Table I.
The calculated curves are vertically shifted by a small negative offset
for clarity. Inset in (b): enlarged view of the fast MB oscillations for
x = 0.15 after subtracting the slowly oscillating component.

094501-2

• Quantum oscillations show the presence of
small hole pockets up to a doping x = 0.175
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Although antiferromagnetic
order disappears near
x = 0.14, perhaps there
is field-induced antiferro-
magnetic order up to
x = 0.175 ?
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• New photoemission measurements in NCCO at zero

magnetic field show Fermi surfaces in quantitative

agreement with quantum oscillation measurements.

• The energy gap between the electron and hole pock-

ets collapses near x = 0.17 like an order parameter.

• “The totality of the data points to a mysterious or-

der between x = 0.14 and x = 0.17, whose appear-

ance favors the FS reconstruction and disappearance

defines the quantum critical doping. A recent topo-

logical proposal provides an ansatz for its origin.”
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Transforming to a rotating reference frame

We can (exactly) transform the Hubbard model to

the “spin-fermion” model:

electrons ci↵ on the square lattice with dispersion
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For fluctuating antiferromagnetism

(spin density waves (SDW)), we transform

to a rotating reference frame using the SU(2)

rotation Ri

✓
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in terms of fermionic “chargons”  s and a

Higgs field H
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The Higgs field is the SDW order in the

rotating reference frame.
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Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge

Electron c fermion 1 2 -1

AF order � boson 1 3 0

Chargon  fermion 2 1 -1

Spinon R or z boson 2̄ 2 0

Higgs H boson 3 1 0

TABLE I. Quantum numbers of the matter fields in L and Lg. The transformations under the SU(2)’s

are labelled by the dimension of the SU(2) representation, while those under the electromagnetic U(1)

are labeled by the U(1) charge. The antiferromagnetic spin correlations are characterized by � in (5.3).

The Higgs field determines local spin correlations via (5.12).

A summary of the charges carried by the fields in the resulting SU(2) gauge theory, Lg, is

in Table I. This rotating reference frame perspective was used in the early work by Shraiman

and Siggia on lightly-doped antiferromagnets [89, 90], although their attention was restricted to

phases with antiferromagnetic order. The importance of the gauge structure in phases without

antiferromagnetic order was clarified in Ref. [85].

Given the SU(2) gauge invariance associated with (5.6), when we express L in terms of  we

naturally obtain a SU(2) gauge theory with an emergent gauge field A
a

µ
= (Aa

⌧
,Aa), with a = 1, 2, 3.

We write the Lagrangian of the resulting gauge theory as [85–87]

Lg = L + LY + LR + LH . (5.9)

The first term for the  fermions descends directly from the Lc for the electrons

L =
X
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and uses the same hopping terms for  as those for c, along with a minimal coupling to the SU(2)

gauge field. Inserting (5.6) into Lcn, we find that the resulting expression involves 2 complex Higgs

fields, Ha

x
and H

a

y
, which are SU(2) adjoints; these are defined by

H
a

x
⌘

1

2
�x`Tr[�

`
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†], (5.11)

and similarly for Ha

y
. Let us also note the inverse of (5.11)
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For (fluctuating) SDW SRO, we transform to a
rotating reference frame using the SU(2) rotation Ri

✓
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in terms of fermionic “chargons”  s and a Higgs field H
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a
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The Higgs field is the SDW order in the rotating reference frame.
Note that the transformation to a rotating reference frame is am-
biguous up to a SU(2) gauge transformation, Vi
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The simplest e↵ective Hamiltonian for the fermionic chargons is
the same as that for the electrons, with the SDW order replaced
by the Higgs field.

H = �

X

i,⇢

t⇢

⇣
 
†
i,s i+v⇢,s

+  
†
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X
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†
i,s i,s +Hint
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X
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⌘iH
a(i) †

i,s�
a
ss0 i,s0 + V (Ha)

IF we can transform to a rotating reference frame in whichH
a(i) =

a constant independent of i and time, THEN the  fermions in
the presence of (fluctuating) SDW SRO will inherit the small Fermi
surfaces of the electrons in the presence of SDW LRO.
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Spectral function of SU(2) gauge theory with topological order 

      Gap opening and back bending of the bands can be obtained in the absence of long-range order 

and translational symmetry breaking if the system exhibits topological order1,2. Fig. 7 shows an 

example of the calculated spectral function of an SU(2) gauge theory of fluctuating 

antiferromagnetism within the formalism of Ref. 2 for the parameters relevant to our experiments 

on NCCO.  

      The gap opening, band folding and back bending in the simulated spectral function are similar to 

those observed by ARPES, but there are also additional weak features inside the gap which are not 

visible in the experimental data.  

 

Figure 7 | Spectrum of SU(2) gauge theory with topological order. Spectral function 𝐴𝜔(𝑘) (b) 

along a momentum cut through the electron-like pocket (a). The parameters used in the simulation 

are: |𝐻0| = 0.06𝑡0 , 𝑇 = 0.006𝑡0 , Δ = 0.002𝑡0 , t0
′ = −0.45𝑡0 , 𝐽 = 0.1𝑡0 , 𝜂 = 0.003 𝑡0 , 𝑡 = 𝑍𝑡0 =

380meV and doping level of 𝑥 = 0.15. Please refer to Ref. 2 for the SU(2) gauge theory and the 

physical meaning of the parameters. 

Reference:  

1. Sachdev, S., Topological order and Fermi surface reconstruction. arXiv: 1801.01125v3 (2018). 

2. Scheurer, M. S. et al. Topological order in the pseudogap metal.  Proc. Nat. Acad. Sci. 115, 

E3665-E3672 (2018). 

9 
 

 237 

Figure 1 | Fermi surface reconstruction in optimal-doped NCCO. a, Schematic diagram of a 238 
reconstructed Fermi surface with electron-like pockets near antinode and hole-like pockets near 239 
node. The dashed lines indicate the antiferromagnetic Brillouin zone. b, Schematic band dispersion 240 
along a momentum cut on the electron-like pocket (near hotspot), marked by the red arrow in (a). 241 
The original dispersion is split into conduction and valence bands by an AFM energy gap. The 242 
reconstructed bands bend back at the AFMZB. c, Schematic band dispersion along a momentum cut 243 
on the hole-like pocket (nodal cut), marked by the blue arrow in (a). The AFM energy gap is slightly 244 
above EF, but the folded band (back-bent hole band) disperses below EF. The gray (dashed) line in 245 
(b,c) represents the original (folded) band.  d-f, the same as a-c, but for the original Fermi surface 246 
without reconstruction. g-i, Photoemission intensity plot (g), second derivative image with respect 247 
to energy (h) and raw energy distribution curves (EDCs) (i) for optimal-doped NCCO, measured along 248 
a momentum cut on the electron-like pocket (near hotspot, labelled by the red arrow in the inset of 249 
h). Conduction and valence bands extracted from the EDCs (blue triangles in i) are also presented in 250 
g (black circles) and h (white circles). The EDC at the AFMZB is shown in red (i). The main band and 251 
folded band are marked by “MB” and “FB”, respectively. j-l, the same as g-i, but for the nodal cut 252 
(labelled by the blue arrow in the inset of h).  253 

M. S. Scheurer, S. Chatterjee, Wei Wu, 
M. Ferrero, A. Georges, and S. Sachdev, 
PNAS 115, E3665 (2018)

Mathias Scheurer
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Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge

Electron c fermion 1 2 -1

AF order � boson 1 3 0

Chargon  fermion 2 1 -1

Spinon R or z boson 2̄ 2 0

Higgs H boson 3 1 0

TABLE I. Quantum numbers of the matter fields in L and Lg. The transformations under the SU(2)’s

are labelled by the dimension of the SU(2) representation, while those under the electromagnetic U(1)

are labeled by the U(1) charge. The antiferromagnetic spin correlations are characterized by � in (5.3).

The Higgs field determines local spin correlations via (5.12).

A summary of the charges carried by the fields in the resulting SU(2) gauge theory, Lg, is

in Table I. This rotating reference frame perspective was used in the early work by Shraiman

and Siggia on lightly-doped antiferromagnets [89, 90], although their attention was restricted to

phases with antiferromagnetic order. The importance of the gauge structure in phases without

antiferromagnetic order was clarified in Ref. [85].

Given the SU(2) gauge invariance associated with (5.6), when we express L in terms of  we

naturally obtain a SU(2) gauge theory with an emergent gauge field A
a

µ
= (Aa

⌧
,Aa), with a = 1, 2, 3.

We write the Lagrangian of the resulting gauge theory as [85–87]

Lg = L + LY + LR + LH . (5.9)

The first term for the  fermions descends directly from the Lc for the electrons

L =
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and uses the same hopping terms for  as those for c, along with a minimal coupling to the SU(2)

gauge field. Inserting (5.6) into Lcn, we find that the resulting expression involves 2 complex Higgs

fields, Ha

x
and H

a

y
, which are SU(2) adjoints; these are defined by

H
a

x
⌘

1

2
�x`Tr[�

`
R�

a
R

†], (5.11)
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SU(2) gauge theory for FL*: Assume the  and R
form an electron-like bound state, and develop an

e↵ective theory for the Higgs fields and the elec-

trons to describe also the crossover/transition to

the Fermi liquid state on the overdoped side.
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Taking the continuum limit for the Higgs field:

We obtain di↵erent numbers of adjoint Higgs scalars, Nh,

depending upon the spatial dependence of the local spin

correlations:

Neel correlations (electron doped cuprates):

Nh = 1,

K = (⇡,⇡),

H
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a
1 (r)e

iK·ri

Bidirectional incommensurate correlations (hole doped cuprates):
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on, inelastic neutron scattering demonstrate that there is no long-
range antiferromagnetic order for the reduced samples in the dop-
ing range from x ¼ 0:13–0.18 but that the large magnetic fluctua-
tions provide some indications of its role for a possible pairing
mechanism. Although similar studies of antiferromagnetism and
superconductivity are made difficult by the severe difficulties
encountered in their growth, a similar temperature-doping phase
diagram for the IL Sr1"xLaxCuO2 polycrystalline samples has been
gathered by Ishawata et al. [19] from a few rare data in the

literature. The phase diagram already presented in Fig. 3(a) shows
TNðxÞ behaving very similarly to the T0 phase with a very similar
sharp transition between the antiferromagnetic and the supercon-
ducting samples.

In Fig. 5, we compare the phase diagrams of the T0 phase with
that of hole-doped La2"xSrxCuO4 underlining in particular the
extent of the doping range for the antiferromagnetic phase on
the electron-doped side and the very narrow range for cerium
contents with superconductivity. One can also observe the pseu-
dogap line which will be described in Section 4.1 and a zone (in
light blue) where magnetic correlations are strong but long-range
order does not set in as will be discussed in Section 4.5. Despite
an apparent asymmetry in these phase diagrams, the most
important message of this schematic is the presence of
antiferromagnetism and superconductivity on either side, sug-
gesting that the mechanism modifying the electronic properties
and leading to superconductivity is most probably the same for
both types of doping. Of course, there are many differences in
these phase diagrams: for example, the pseudogap signatures in
the physical properties are quite different in electron- and hole-
doped cuprates. There are solid evidence of two-band-like beha-
viours in the transport properties of electron-doped cuprates
while only hole-type carriers are observed for hole-doped cup-
rates (except at very large doping [30]). Moreover, hole-doped
cuprates present a wealth of electronic phases like stripe order,
charge-density waves, . . .[1] that have not yet been confirmed
in electron-doped cuprates and may be absent (and perhaps
irrelevant for the mechanism of superconductivity).

We should underline that Sr in SrCuO2 can be substituted by iso-
valent Ca as shown first by Siegrist et al. [31]. In fact, it was the first
report on the growth of the IL structure in the Sr1"yCayCuO2 system
as the addition of Ca allows one to stabilize the IL crystal structure
and favour the growth of small Ca0.86Sr0.14CuO2 single crystals. We
should underline also that CaCuO2 do exists in the IL structure and
has been inserted successfully in (CaCuO2)n/(SrTiO3)m and
(SrCuO2)n/(BaCuO2)m heterostructures with surprising results like
superconductivity up to 70 K [32,33].

3. Growth and reduction

The growth of T0 and IL electron-doped cuprates is generally
complicated by the stability of other related oxide phases that
compete in the temperature-composition phase diagram.3 These
oxide phases can even be intercalated in the bulk as an epitaxial
layer and are difficult to eliminate completely. In fact, in some
instances, they may appear during the post-annealing process.
Unfortunately, these competing phases can lead to many erroneous
conclusions on the physical properties and extra care has been taken
in recent years to improve the quality of the materials. Moreover, the
post-annealing required for the reduction is tricky as it involves
removing a tiny amount of oxygen in conditions approaching the
decomposition line of the phase. In here, we will simply enumerate
separately the typical route used to grow high quality single crys-
talline samples for the T0 and IL compounds, namely single crystals
and epitaxial thin films. We will then discuss the reduction condi-
tions and the resulting structural impacts.

3.1. T0 single crystal growth

Single crystals of the T0 phase have mostly been grown success-
fully by two different methods: in-flux solidification and travelling-
solvent floating zone (TSFZ). The first group of techniques involves
the directional growth of millimeter size high-quality single crystals

Fig. 4. (a) Temperature-doping phase diagram of Nd2"xCexCuO4 polycrystalline
samples obtained by muon spin resonance [2] showing the Néel temperature TN

and the superconducting transition Tc as a function of doping. (b) Temperature-
doping phase diagram for as-grown (solid circles) and reduced (open symbols)
Nd2"xCexCuO4 single crystals. The solid grey circles result from a shift assuming that
oxygen removal provides additional carriers (electrons). Adapted from Ref. [29].

Fig. 5. Schematic of the phase diagrams comparing hole-doped La2"xSrxCuO4 and
electron-doped Ln2"xCexCuO4. The diagram shows the doping range for supercon-
ductivity (in red), antiferromagnetism (in blue) and T%ðxÞ as the pseudogap line
(Section 4.1). In the light blue region above the superconducting dome, strong
magnetic correlations without long-range order persist (Section 4.5). Adapted from
Ref. [6]. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

3 In the case of thin films, the growth phase diagram involves also oxygen pressure.
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The remarkable underlying ground states of cuprate superconductors 
Cyril Proust and Louis Taillefer, arXiv:1807.0507

Figure 6

Across the quantum critical point. a) Normal-state electronic specific heat in the T = 0 limit
as a function of doping, plotted as Cel/T vs p (red symbols) in Eu-LSCO (squares), Nd-LSCO
(circles) and LSCO (diamonds). From ref. (75). We also show Cel/T in YBCO (blue dots (18))
and in Tl2201 (green dot (76)). The vertical grey lines mark the limits of the CDW phase in
Nd-LSCO, between p = 0.08 and p ' 0.19. b) Normal-state Hall number nH (= V/e RH) in the
T = 0 limit as a function of doping, in YBCO (blue circles (21), p?= 0.19) and Nd-LSCO (red
squares (4), p?= 0.23). We also show nH in LSCO (grey squares (67)) and YBCO (grey circles
(68)) at low doping, and nH in Tl2201 (white diamond (29)) at high doping.

5. PSEUDOGAP PHASE
DOS: Density of
states (NF)

�E: Condensation
energy

Hc1: Lower critical
field

�: Residual linear
term in the specific
heat, C(T ) at T = 0,
purely electronic

The two traditional signatures of the pseudogap phase are: 1) a loss of density of

states (DOS) below p
?; 2) the opening of a partial spectral gap below T

?, seen by ARPES

(Figs. 1c, 1d) and optical conductivity, for example. Here we summarize recent high-field

measurements of the specific heat in the LSCO family (75) showing that there is a large

mass enhancement at p
?. The new data show that the pseudogap does not simply cause

a loss of DOS below p
?; instead, there is huge peak in the DOS at p

? (Fig. 6a) – much

larger than expected from a van Hove singularity (75, 80). We then show how high-field

measurements of the Hall coe�cient reveal a new signature of the pseudogap phase – a

rapid drop in the carrier density, at p?(Fig. 6c). These new properties alter profoundly our

view of the pseudogap phase, and of the strange metal just above it (sec. 6).

5.1. Density of states

5.1.1. Condensation energy. One way to access the DOS, NF, is via the superconduct-

ing condensation energy �E, since �E = NF�
2

0/4, where �0 is the d-wave gap maxi-

mum. Experimentally, and in the framework of BCS theory, �E can be measured using

the upper and lower critical fields, Hc2 and Hc1, to get the thermodynamic field Hc via

H
2

c = Hc1Hc2/(ln() + 0.5), given that �E = H
2

c /2µ0. In Fig. 2b, we plot �E/Tc
2 vs p

thus obtained for YBCO (17). We see that �E/Tc
2 / NF drops by a factor 8-9 between

p = 0.18 and p = 0.1, in agreement with the drop reported earlier from an analysis of spe-

cific heat data measured in low fields up to T > Tc in YBCO (71) and Bi2212 (72). Note

www.annualreviews.org • The remarkable underlying ground states of cuprate superconductors 9
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Taking the continuum limit for the Higgs field:

We obtain di↵erent numbers of adjoint Higgs scalars, Nh,

depending upon the spatial dependence of the local spin

correlations:

Neel correlations (electron doped cuprates):

Nh = 1,

K = (⇡,⇡),

H
a
(i) = H

a
1 (r)e

iK·ri

Bidirectional incommensurate correlations (hole doped cuprates):

Nh = 4,

Ky = (⇡,⇡ � �), Kx = (⇡ � �,⇡),

H
a
(i) = Re

�
[H

a
1 (r) + iH

a
2 (r)] e

iKx·ri + [H
a
3 (r) + iH

a
4 (r)] e

iKy·ri
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Gauge theory of fluctuating SDW



Taking the continuum limit for the Higgs field:

We obtain di↵erent numbers of adjoint Higgs scalars, Nh,

depending upon the spatial dependence of the local spin

correlations:

Neel correlations (electron doped cuprates):
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Bidirectional incommensurate correlations (hole doped cuprates):
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Gauge theory of fluctuating SDW
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Optimal doping for hole-doped cuprates

SU(2) gauge theory

For the hole-doped cuprates, Nh = 4, we define complex Higgs fields
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Optimal doping for hole-doped cuprates

There are multiple gauge-invariant order parameters for broken symmetries

(Note: there is no SDW order in the Higgs phase)

• Ising nematic order
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• (Modulated) scalar spin chirality
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Reconstructed (FL*) Fermi
surfaces, with large length scale
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One or more of Ising-nematic,

CDW, scalar spin chirality, and

Z2 topological orders
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Broken symmetries and topological order in the Higgs phase
Optimal doping for hole-doped cuprates

Phenomenologically attractive state with
uni-directional CDW, Ising-nematic, and scalar

spin chirality order:
H

a
x = sin ✓(0, 0, 1), Ha

y = cos ✓(1, i, 0)
i.e. short-range collinear spin correlations along x,
and short-range spiral spin correlations along y.
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Antiferromagnetic
metal

Confining
phase of 

SU(2) gauge 
theory

Higgs phase of SU(2) 
gauge theory

CDW, Ising-nematic, 
and/or 

Z2 topological order
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�a ) Incommensurate antiferromagnetism
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1. Planckian metals 

2. Gauge theory for the cuprates near  
             optimal doping  

3.  Bilocal quantum criticality



The path integral for the SYK model is a
bilocal field theory

Z =

Z
DG(⌧1, ⌧1)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. The saddle point,
Gs(⌧1�⌧2), ⌃s(⌧1�⌧2), depends only on time dif-
ferences, and obeys Planckian !/T scaling. The
fluctuations

G(⌧1, ⌧2) = Gs(⌧1 � ⌧2) + �G(⌧1, ⌧2)

⌃(⌧1, ⌧2) = ⌃s(⌧1 � ⌧2) + �⌃(⌧1, ⌧2)

require bilocal fields.
Similar remarks apply to other random quan-

tum systems, and to DMFT.
<latexit sha1_base64="CoxwpgSs4ODHF4/ECkI+VV6Z7Tc="></latexit>



Gauge theory of fluctuating SDW
coupled to large Fermi surface

SU(2) gauge theory for Higgs field H
a
`

a = 1, 2, 3 is a SU(2) gauge index

` = 1 . . . Nh is a flavor index.

S =

Z
d2xd⌧


1

2

�
@µH

a
` � ✏abcA

b
µH

c
`

�2
+

1

4g2
F a
µ⌫F

a
µ⌫ + V (H

a
` )

�

+Sf–coupling to electrons with large Fermi surface
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Gauge theory of fluctuating SDW
coupled to large Fermi surface

Gauge-invariant order parameters at x, ⌧ couple to gauge
invariant order parameters at x, ⌧ 0 with Jf (⌧) ⇠ 1/⌧2

via Fermi surface excitations.

This coupling is irrelevant by naive power-counting.
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Sf = �
1

2Nh

Z
d2xd⌧d⌧ 0Ha

` (x, ⌧)H
a
m(x, ⌧)Jf (⌧ � ⌧ 0)Hb

`(x, ⌧
0)Hb

m(x, ⌧ 0)
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Gauge theory of fluctuating SDW
coupled to large Fermi surface

In the large Nh limit, we are required to decouple Sf by introducing
a bilocal field Cab(x, ⌧, ⌧ 0)

Sf =

Z
d2xd⌧d⌧ 0

"
Nh

2

[Cab(x, ⌧, ⌧ 0)]
2

Jf (⌧ � ⌧ 0)
� Cab(x, ⌧, ⌧

0)Ha
` (x, ⌧)H

b
`(x, ⌧

0)

#

At the large Nh saddle point, we have Cab(x, ⌧, ⌧ 0) = �abC(⌧ � ⌧ 0).
Saddle point equations show that Cab displays strong scaling, and Sf

is not irrelevant.. . .
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Aavishkar Patel (Harvard        Miller Fellow at Berkeley)  

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)

• Resonant SYK models are compressible and dispersive quan-

tum systems with ~!/(kBT ) scaling as T ! 0.

• The resonance is a single ‘fine-tuning’ condition designed to

obtain ~!/(kBT ) scaling as T ! 0. However, then many

other nice features follow: we obtain a Planckian metal with

remnant large Fermi surface at ek = 0, and an e↵ective

mass m⇤
defined by the dispersion of ek, with a resistivity

⇢ ⇠ (m⇤/(ne2))kBT/~ independent of the strength of inter-

actions.

• SU(2) gauge theory of fluctuating SDW order predicts:

(i) Electron-doped cuprates: a crossover from a Higgs-U(1)-

photon regime to a confining Fermi liquid for the electron-

doped cuprates.

(ii) Hole-doped cuprates: sharp transition (in the absence

of disorder) from a Higgs state with one or more of Ising-

nematic, CDW, scalar spin chirality, and Z2 topological or-

ders, to a confining Fermi liquid (for the case of Z2 topological

order, sharp transition survives in the presence of disorder).

• SYK model and SU(2) gauge theories (with large Fermi sur-

face) both realize bilocal quantum criticality.
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obtain ~!/(kBT ) scaling as T ! 0. However, then many

other nice features follow: we obtain a Planckian metal with

remnant large Fermi surface at ek = 0, and an e↵ective

mass m⇤
defined by the dispersion of ek, with a resistivity

⇢ ⇠ (m⇤/(ne2))kBT/~ independent of the strength of inter-

actions.

• SU(2) gauge theory of fluctuating SDW order predicts:

(i) Electron-doped cuprates: a crossover from a Higgs-U(1)-

photon regime to a confining Fermi liquid for the electron-

doped cuprates.

(ii) Hole-doped cuprates: sharp transition (in the absence

of disorder) from a Higgs state with one or more of Ising-

nematic, CDW, scalar spin chirality, and Z2 topological or-

ders, to a confining Fermi liquid (for the case of Z2 topological

order, sharp transition survives in the presence of disorder).

• SYK model and SU(2) gauge theories (with large Fermi sur-

face) both realize bilocal quantum criticality.
<latexit sha1_base64="FV2fKbw+xj+XOh/IlGlGnjGWBDs="></latexit>


