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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1
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cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
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cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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The ouroboros, Kekulé's
inspiration for the structure of
benzene.

is single half the time and double half the time. A firmer theoretical basis for a similar idea was
later proposed in 1928 by Linus Pauling, who replaced Kekulé's oscillation by the concept of
resonance between quantum-mechanical structures.[14]

The new understanding of benzene, and hence of all aromatic
compounds, proved to be so important for both pure and applied
chemistry after 1865 that in 1890 the German Chemical Society
organized an elaborate appreciation in Kekulé's honor,
celebrating the twenty-fifth anniversary of his first benzene
paper. Here Kekulé spoke of the creation of the theory. He said
that he had discovered the ring shape of the benzene molecule
after having a reverie or day-dream of a snake seizing its own tail
(this is an ancient symbol known as the ouroboros).[15] This is
likely an example of the exercise of a particular imaginative state,
involving homospatial and janusian processes, followed by
stepwise logical thinking.[16]

A similar humorous depiction of benzene had appeared in 1886 in
the Berichte der Durstigen Chemischen Gesellschaft (Journal of
the Thirsty Chemical Society), a parody of the Berichte der Deutschen Chemischen Gesellschaft,
only the parody had six monkeys seizing each other in a circle, rather than a single snake as in
Kekulé's anecdote.[17] Some historians have suggested that the parody was a lampoon of the snake
anecdote, possibly already well-known through oral transmission even if it had not yet appeared in
print.[18] Others have speculated that Kekulé's story in 1890 was a re-parody of the monkey spoof,
and was a mere invention rather than a recollection of an event in his life.

Kekulé's 1890 speech,[19] in which these anecdotes appeared, has been translated into English.[20]

If one takes the anecdote as reflecting an accurate memory of a real event, circumstances
mentioned in the story suggest that it must have happened early in 1862.[21]

He told another autobiographical anecdote in the same 1890 speech, of an earlier vision of dancing
atoms and molecules that led to his theory of structure, published in May 1858. This happened, he
claimed, while he was riding on the upper deck of a horse-drawn omnibus in London. Once again,
if one takes the anecdote as reflecting an accurate memory of a real event, circumstances related in
the anecdote suggest that it must have occurred in the late summer of 1855.[22]

Lehrbuch der Organischen Chemie (https://gutenberg.beic.it/webclient/DeliveryManager?pi
d=6594362) (in German). 1. Erlangen: Enke. 1859–1861.
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Triangular lattice antiferromagnet

H = J
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Nearest-neighbor model has non-collinear Neel order 
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Spin model with S=1/2 per unit cell 
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Excitations are particle-like,
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by local operators.
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RVB: Z2 spin liquid 

Fractionalized excitations: a “spinon” 
with spin S=1/2
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Quantum phase transition  
from ordered antiferromagnet to Z2 spin liquid
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Read and Sachdev (1990):
The RVB spin liquid has an emergent Z2 spin liquid.
The spinons carry electric Z2 gauge charges.
There are also emergent particles (‘visons’ or ‘m’) which carry magnetic Z2

gauge charges.
This structure (“unitary modular tensor category”) is the same as that
found in Kitaev’s toric code (1997).
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FIG. 1. Triangular lattice quantum spin liquid (QSL). Panel a shows
the NaYbSe2 crystal structure. Panel b shows the conceptual phase
diagram of CsYbSe2, KYbSe2, and NaYbSe2 as a function of fitted
J2/J1 values [30]. The theoretical boundary to the quantum spin liq-
uid phase for the isotropic model is detected by neural quantum state
(NQS) simulations at J2/J1 ↭ 0.063 ± 0.001 (see Supplemental Ma-
terials) locating NaYbSe2 well within the QSL phase. Panel c shows
schematics for potential gapped phases on the triangular lattice: the
gapped Z2 QSL as resonating valence bond (left), a chiral QSL (cen-
ter), and a particular ordering pattern [14] for a 12-site valence bond
solid (right). Note: overlapping ovals represent resonating singlet
bonds.

disorder (as in the ill-fated Yb3+ QSL candidates YbMgGaO4
[31] and Yb2Ti2O7 [32]). To further clarify NaYbSe2, we
measured the inelastic neutron spectra, AC calorimetry, and
AC susceptibility with high quality samples. We observe co-
herent excitations, lack of magnetic order, and evidence in
bulk susceptibility of a 2.1 µeV gap at low temperature. This
is strong evidence for a QSL ground state in NaYbSe2 and a
gapped QSL on the triangular lattice.

The neutron spectra at 100 mK, shown in Fig. 5, show a
highly dispersive continuum of excitations with a well-defined
lower bound, similar to KYbSe2 [28] (see supplemental ma-
terials for experimental details). This is qualitatively different
from the spectra measured by Dai et al [27] on the 3% Yb/Na
site-mixed sample which in contrast showed smeared our con-
tinua in k-space and diffuse spectra extending to low energies
in many regions of reciprocal space. (Later in the text, we will
explain why we believe our samples are free from mixing dis-
order.) Here, the only region of reciprocal space which has ap-
preciable intensity down to low energies is (1/3, 1/3, 0), corre-
sponding to the 120→ magnetic order seen in sister compounds
KYbSe2 [28] and CsYbSe2 [29]. Down to 50 µeV (the limit
before the incoherent scattering on the elastic line obscures
the scattering energy for the incident energy of Ei = 1 meV),
no gap in the spectrum is resolved.

For comparison we also show matrix product state (MPS)
calculated spectra in 5f-i with J2/J1 = 0.071 (this value de-

rived from finite field non-linear spin wave fits [30]), at vary-
ing levels of exchange anisotropy ∆ (see Supplemental Ma-
terials). The boundary to the quantum spin liquid phase for
the isotropic model is at J2/J1 = 0.063 calculated using neu-
ral quantum states (see Supplemental Materials) locating the
material in the theoretically predicted QSL phase for weak
anisotropies. Because of finite size lattice effects the calcu-
lated spectra are gapped, and it is difficult to make quantitative
comparisons between theory and neutron experiments. Never-
theless, the calculated spectra are consistent with the observed
spectra, corroborating the idea that a J2/J1 model with easy-
plane anisotropy is an appropriate model for NaYbSe2.

Despite intensity concentrated at (1/3, 1/3, 0) and similar
spectra to CsYbSe2 and KYbSe2, we observe no static mag-
netic order in NaYbSe2 in neutron scattering measurements
down to 100 mK. No magnetic ordering features are visible
in heat capacity down to 100 mK either, as shown in Fig. 3.
(Note also that our sample has similar low-temperature spe-
cific heat to those reported in Refs. [25, 33]. If the C/T max-
imum at 800 mK is an indication of sample quality, our sam-
ple is free from the site mixing reported in Ref. [27].) To test
whether applied hydrostatic pressure can induce order—as in
KYbSe2 wherein pressure enhanced TN [30]—we also mea-
sured AC calorimetry under pressure (see Supplemental Mate-
rials) shown in Fig. 3b. Up to 2.0 GPa, no sharp feature as ex-
pected for an ordering transition is seen in the data (pressure-
dependent thermalization issues cause the low-T specific heat
to increase at low T , but this is a known artifact and would not
mask a sharp ordering transition).

Also in Fig. 3c we compare NaYbSe2 heat capacity to
KYbSe2, with the temperature axis rescaled by the fitted J1
[30]. This shows not only a lack of ordering transition, but
also a smaller kBT/J1 ↑ 0.2 maximum heat capacity and
greater low-temperature heat capacity in NaYbSe2 relative
to KYbSe2. Comparing this to thermal pure quantum state
(TPQ) simulations of the 27-site 2D triangular lattice in Fig.
3d, these trends are beautifully explained with a larger J2/J1
in NaYbSe2: the low-temperature heat capacity is largest
when J2/J1 ↑ 0.07 and the kBT/J1 = 0.2 bump is suppressed
with larger J2. Because the TPQ simulations are of a finite
size cluster which induces an artificial energy gap, the low-
est temperature trends are not quantitatively accurate. How-
ever, on a qualitative level, this is remarkable confirmation
that NaYbSe2 is indeed closer to or inside the triangular QSL
phase.

To investigate the magnetic state to lower temperatures, we
measured AC susceptibility down to 20 mK with AC and DC
field applied along the a and c directions on NaYbSe2 (see
Supplemental Materials). In this case we observe a clear
magnetization plateau in the B ↓ a direction at 5 T, but not
for B ↓ c (note these data were collected simultaneously on
two separate crystals mounted on two separate susceptome-
ters mounted on the same dilution refrigerator). This agrees
with previous measurements [25], and indicates an easy-plane
exchange anisotropy in NaYbSe2: in the perfectly isotropic
triangular model, 1/3 magnetization plateaux appear both in-
plane and out-of-plane, but the out-of-plane plateau is sup-
pressed by planar anisotropy [34–36], although the in-plane
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[31] and Yb2Ti2O7 [32]). To further clarify NaYbSe2, we
measured the inelastic neutron spectra, AC calorimetry, and
AC susceptibility with high quality samples. We observe co-
herent excitations, lack of magnetic order, and evidence in
bulk susceptibility of a 2.1 µeV gap at low temperature. This
is strong evidence for a QSL ground state in NaYbSe2 and a
gapped QSL on the triangular lattice.

The neutron spectra at 100 mK, shown in Fig. 5, show a
highly dispersive continuum of excitations with a well-defined
lower bound, similar to KYbSe2 [28] (see supplemental ma-
terials for experimental details). This is qualitatively different
from the spectra measured by Dai et al [27] on the 3% Yb/Na
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explain why we believe our samples are free from mixing dis-
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KYbSe2 [28] and CsYbSe2 [29]. Down to 50 µeV (the limit
before the incoherent scattering on the elastic line obscures
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no gap in the spectrum is resolved.
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calculated spectra in 5f-i with J2/J1 = 0.071 (this value de-
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theless, the calculated spectra are consistent with the observed
spectra, corroborating the idea that a J2/J1 model with easy-
plane anisotropy is an appropriate model for NaYbSe2.

Despite intensity concentrated at (1/3, 1/3, 0) and similar
spectra to CsYbSe2 and KYbSe2, we observe no static mag-
netic order in NaYbSe2 in neutron scattering measurements
down to 100 mK. No magnetic ordering features are visible
in heat capacity down to 100 mK either, as shown in Fig. 3.
(Note also that our sample has similar low-temperature spe-
cific heat to those reported in Refs. [25, 33]. If the C/T max-
imum at 800 mK is an indication of sample quality, our sam-
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pected for an ordering transition is seen in the data (pressure-
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3d, these trends are beautifully explained with a larger J2/J1
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when J2/J1 ↑ 0.07 and the kBT/J1 = 0.2 bump is suppressed
with larger J2. Because the TPQ simulations are of a finite
size cluster which induces an artificial energy gap, the low-
est temperature trends are not quantitatively accurate. How-
ever, on a qualitative level, this is remarkable confirmation
that NaYbSe2 is indeed closer to or inside the triangular QSL
phase.

To investigate the magnetic state to lower temperatures, we
measured AC susceptibility down to 20 mK with AC and DC
field applied along the a and c directions on NaYbSe2 (see
Supplemental Materials). In this case we observe a clear
magnetization plateau in the B ↓ a direction at 5 T, but not
for B ↓ c (note these data were collected simultaneously on
two separate crystals mounted on two separate susceptome-
ters mounted on the same dilution refrigerator). This agrees
with previous measurements [25], and indicates an easy-plane
exchange anisotropy in NaYbSe2: in the perfectly isotropic
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Proximate spin liquid and fractionalization 
in the triangular antiferromagnet KYbSe2

A. O. Scheie    1  , E. A. Ghioldi2,3, J. Xing4, J. A. M. Paddison    4, N. E. Sherman5,6, 
M. Dupont    5,6, L. D. Sanjeewa7,8, Sangyun Lee9, A. J. Woods9, D. Abernathy    1, 
D. M. Pajerowski    1, T. J. Williams    1, Shang-Shun Zhang10, L. O. Manuel3, 
A. E. Trumper    3, C. D. Pemmaraju    11, A. S. Sefat4, D. S. Parker4, 
T. P. Devereaux    11,12, R. Movshovich    9, J. E. Moore    5,6, C. D. Batista    2,13   & 
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The Heisenberg triangular-lattice quantum spin liquid and its phase 
transitions to nearby magnetic orders have received much theoretical 
attention, but clear experimental manifestations of these states are rare. 
Here we demonstrate that a spin-half delafossite material, namely, KYbSe2, 
shows close proximity to the triangular-lattice Heisenberg quantum spin 
liquid. Using neutron scattering, we identify a di!use continuum with a sharp 
lower bound within the measured spectra. Applying entanglement witnesses 
to the data indicates multipartite entanglement spread between its 
neighbours, and an analysis of its magnetic-exchange couplings reveals close 
proximity to the theoretical quantum spin-liquid phase. The key features of 
the data are reproduced by Schwinger boson theory and tensor network 
calculations with a substantial next-nearest-neighbour coupling. The 
strength of the dynamical structure factor at the Brillouin-zone K point shows 
a scaling collapse down to 0.3 K, indicating the existence of a second-order 
quantum phase transition. Comparing this with previous theoretical work 
suggests that the proximate phase at a larger next-nearest-neighbour 
coupling is a gapped ℤ
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 spin liquid, resolving a long-debated issue.

A quantum spin liquid (QSL) is an elusive state of matter where magnetic 
degrees of freedom on a lattice are in a highly entangled, fluctuating 
ground state with exotic quasiparticle excitations1–4. The quasipar-
ticles are of singular interest, for example, in quantum information 
applications2,5, but have been—together with the extended entangle-
ment—frustratingly difficult to experimentally identify.

The search for a QSL is a very active field of research with many 
candidate QSL materials: from organic materials6,7 to two-dimensional 
(2D) kagome minerals8 to rare-earth pyrochlores9,10. However, despite 
tremendous effort, no material has unambiguously been shown to 
realize a genuine QSL. This is partly because many studies focus on 
‘negative evidence’ such as lack of magnetic order, lack of coherent 
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ticles are of singular interest, for example, in quantum information 
applications2,5, but have been—together with the extended entangle-
ment—frustratingly difficult to experimentally identify.

The search for a QSL is a very active field of research with many 
candidate QSL materials: from organic materials6,7 to two-dimensional 
(2D) kagome minerals8 to rare-earth pyrochlores9,10. However, despite 
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bosons or spinons, whose condensation leads to long-range magnetic 
ordering58,59. Methods provides the details.

The dynamical spin structure factor S(q, ω) at T = 0 using SB60 for 
J2/J1 = 0.05 is shown in Fig. 5d. On a qualitative level, this result captures 
the features seen in the experimental data: the strong dispersive cone 
emanating from K, the continuum scattering at higher energies, the 
diffuse high-energy feature at M and the pronounced low-energy 
‘roton-like’ mode at M. We note that the downturn of the roton-like 
mode is much less pronounced in the SB result because of the lack  
of 1/N corrections to the internal vertices and the single-spinon 
propagator60. However, the most remarkable aspect of this com-
parison is that the SB approach captures the intensity modulation of  
the continuum scattering at higher energies, which is determined 
by the two-spinon continuum of the SB theory. This correspond-
ence points to the continuum scattering in KYbSe2 originating from 
its proximity to a deconfined spin-liquid state with fractionalized 
spinon excitations.

The measured continuum scattering extends up to higher ener-
gies than SB predicts: ∼1.6 meV, approximately three times the fitted 
value, that is, J1 = 0.56(3) meV (Supplementary Fig. 5). We attribute 
this discrepancy to the lack of four-spinon contributions arising from  
Feynman diagrams, which have not been included in the SB calcu-
lation60. Note that the KYbSe2 continuum extent does match the 

predicted continuum extent near the J2/J1 ≈ 0.06 transition point as 
calculated by Gutzwiller-projected variational Monte Carlo61.

Tensor networks: full-spectrum model
The third technique we use to model the diffuse inelastic neutron 
scattering is based on tensor networks (Methods). A related approach 
was recently used to interpret and describe the scattering of CsYbSe2  
(ref. 28), and provides a full quantum picture of the neutron spectrum. 
The downside to this technique is finite-size effects, which cause broad-
ened modes and gaps in the low-energy spectrum. Nevertheless, quali-
tative comparisons can be made.

The simulated data along high-symmetry directions of the 
Brillouin zone for J2/J1 = 0.05 are shown in Fig. 5e. The overall features 
of the experimental data are reproduced in the simulations: the asym-
metric dispersive modes emanating from K, the diffuse continuum 
extending to high energies and even the broad 1 meV feature at M. 
This shows that the triangular-lattice Heisenberg J1–J2 model is indeed 
an appropriate model for KYbSe2. Further microscopic simulations 
show that most of the high-energy scattering remains unchanged 
as J2 is increased and the system enters the QSL phase, showing that 
the high-energy scattering can be interpreted as bound spinons of a 
proximate spin liquid.

Critical scaling
So far, the entanglement witnesses and theoretical comparisons indi-
cate that KYbSe2 is close to the J1–J2 QSL quantum critical point. If this is 
true, we should see quantum critical scaling in the finite-temperature 
neutron spectrum62–65. Plotting scattered intensity times (kBT)α versus 
#ω/kBT (Fig. 6), we see a critical exponent α = 1.73(12) over more than 
a decade in ω/T. Theoretically, the semiclassical spin-wave scattering 
from an ordered Heisenberg triangular lattice predicts an exponent 
of α = 1. The observed scattering is unquestionably inconsistent with 
this (Fig. 6a). Thus, this scaling shows that the inelastic spectrum of 
KYbSe2 is dominated by non-magnon quasiparticles, confirming the 
above interpretation of fractionalized spinons.

Elastic Bragg scattering and heat capacity show a transition to 
long-range magnetic order below TN = 290 mK (Supplementary Fig. 1), 
showing that KYbSe2 is on the 120° side of the phase boundary. Never-
theless, the critical scaling is strong evidence that KYbSe2 is within the 
quantum critical regime at finite T.

This scaling holds over a single decade in #ω/kBT, which may not 
be enough to definitively establish the power-law behaviour. Neverthe-
less, if it holds over a larger range, it has important implications regard-
ing the nature of the QSL state. Indeed, the gapped ℤ

2

 QSL state 
proposed in another work66 is the only liquid that can be continuously 
connected with 120° Néel ordered state, as it does not break any sym-
metries and has the lowest-energy modes at the K points67 (the 
low-energy excitations of the other possibility, a π-flux state, are 
gapped at the K points and gapless at the M points, inconsistent with 
the observations). The resulting quantum critical point is expected to 
have a dynamically generated O(4) symmetry68,69.

Conclusion
These results show that KYbSe2 is within the quantum critical fan of 
a QSL state. The CEF fits show an isotropic J = 1/2 doublet with strong 
quantum effects, and ORF simulations show a J2/J1 ratio within the 
120° ordered phase but very close to the QSL quantum critical point 
of J2/J1 ≈ 0.06. Entanglement witnesses reveal an entangled ground 
state with distributed entanglement, just as was shown in the 1D case 
to indicate proximity to quantum criticality53. Finally, there are strong 
signs of quantum criticality in the neutron spectrum: (1) the majority 
spectral weight in the continuum, (2) the sharp lower continuum bound 
reminiscent of the 1D spinon spectrum, (3) strong correspondence to 
SB and tensor network simulations near the transition to a spin liquid 
and (4) critical scaling incompatible with semiclassical excitations; 
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Fig. 5 | Comparison between experimental KYbSe2 scattering and theoretical 
simulations. a,b, ORF fits to energy-integrated paramagnetic KYbSe2 scattering 
at 1 K (a) and 2 K (b). SCGA, self-consistent Gaussian approximation. In each 
panel, the data are on the left and the fit is on the right. c–e, Neutron scattering 
along high-symmetry directions. The experimental data for KYbSe2 (c) and the 
zero-temperature simulated spectrum from SB calculations (d) are shown, with 
J1 = 0.56(3) meV and J2/J1 = 0.05. e, Tensor network simulations of a triangular 
lattice with the same J1 and J2 on a cylinder with a circumference of 6 sites and 
a length of 36 sites. On a qualitative level, the theory captures the continuum 
excitations observed in experiment.
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FIG. 1. Triangular lattice quantum spin liquid (QSL). Panel a shows
the NaYbSe2 crystal structure. Panel b shows the conceptual phase
diagram of CsYbSe2, KYbSe2, and NaYbSe2 as a function of fitted
J2/J1 values [30]. The theoretical boundary to the quantum spin liq-
uid phase for the isotropic model is detected by neural quantum state
(NQS) simulations at J2/J1 ↭ 0.063 ± 0.001 (see Supplemental Ma-
terials) locating NaYbSe2 well within the QSL phase. Panel c shows
schematics for potential gapped phases on the triangular lattice: the
gapped Z2 QSL as resonating valence bond (left), a chiral QSL (cen-
ter), and a particular ordering pattern [14] for a 12-site valence bond
solid (right). Note: overlapping ovals represent resonating singlet
bonds.

disorder (as in the ill-fated Yb3+ QSL candidates YbMgGaO4
[31] and Yb2Ti2O7 [32]). To further clarify NaYbSe2, we
measured the inelastic neutron spectra, AC calorimetry, and
AC susceptibility with high quality samples. We observe co-
herent excitations, lack of magnetic order, and evidence in
bulk susceptibility of a 2.1 µeV gap at low temperature. This
is strong evidence for a QSL ground state in NaYbSe2 and a
gapped QSL on the triangular lattice.

The neutron spectra at 100 mK, shown in Fig. 5, show a
highly dispersive continuum of excitations with a well-defined
lower bound, similar to KYbSe2 [28] (see supplemental ma-
terials for experimental details). This is qualitatively different
from the spectra measured by Dai et al [27] on the 3% Yb/Na
site-mixed sample which in contrast showed smeared our con-
tinua in k-space and diffuse spectra extending to low energies
in many regions of reciprocal space. (Later in the text, we will
explain why we believe our samples are free from mixing dis-
order.) Here, the only region of reciprocal space which has ap-
preciable intensity down to low energies is (1/3, 1/3, 0), corre-
sponding to the 120→ magnetic order seen in sister compounds
KYbSe2 [28] and CsYbSe2 [29]. Down to 50 µeV (the limit
before the incoherent scattering on the elastic line obscures
the scattering energy for the incident energy of Ei = 1 meV),
no gap in the spectrum is resolved.

For comparison we also show matrix product state (MPS)
calculated spectra in 5f-i with J2/J1 = 0.071 (this value de-

rived from finite field non-linear spin wave fits [30]), at vary-
ing levels of exchange anisotropy ∆ (see Supplemental Ma-
terials). The boundary to the quantum spin liquid phase for
the isotropic model is at J2/J1 = 0.063 calculated using neu-
ral quantum states (see Supplemental Materials) locating the
material in the theoretically predicted QSL phase for weak
anisotropies. Because of finite size lattice effects the calcu-
lated spectra are gapped, and it is difficult to make quantitative
comparisons between theory and neutron experiments. Never-
theless, the calculated spectra are consistent with the observed
spectra, corroborating the idea that a J2/J1 model with easy-
plane anisotropy is an appropriate model for NaYbSe2.

Despite intensity concentrated at (1/3, 1/3, 0) and similar
spectra to CsYbSe2 and KYbSe2, we observe no static mag-
netic order in NaYbSe2 in neutron scattering measurements
down to 100 mK. No magnetic ordering features are visible
in heat capacity down to 100 mK either, as shown in Fig. 3.
(Note also that our sample has similar low-temperature spe-
cific heat to those reported in Refs. [25, 33]. If the C/T max-
imum at 800 mK is an indication of sample quality, our sam-
ple is free from the site mixing reported in Ref. [27].) To test
whether applied hydrostatic pressure can induce order—as in
KYbSe2 wherein pressure enhanced TN [30]—we also mea-
sured AC calorimetry under pressure (see Supplemental Mate-
rials) shown in Fig. 3b. Up to 2.0 GPa, no sharp feature as ex-
pected for an ordering transition is seen in the data (pressure-
dependent thermalization issues cause the low-T specific heat
to increase at low T , but this is a known artifact and would not
mask a sharp ordering transition).

Also in Fig. 3c we compare NaYbSe2 heat capacity to
KYbSe2, with the temperature axis rescaled by the fitted J1
[30]. This shows not only a lack of ordering transition, but
also a smaller kBT/J1 ↑ 0.2 maximum heat capacity and
greater low-temperature heat capacity in NaYbSe2 relative
to KYbSe2. Comparing this to thermal pure quantum state
(TPQ) simulations of the 27-site 2D triangular lattice in Fig.
3d, these trends are beautifully explained with a larger J2/J1
in NaYbSe2: the low-temperature heat capacity is largest
when J2/J1 ↑ 0.07 and the kBT/J1 = 0.2 bump is suppressed
with larger J2. Because the TPQ simulations are of a finite
size cluster which induces an artificial energy gap, the low-
est temperature trends are not quantitatively accurate. How-
ever, on a qualitative level, this is remarkable confirmation
that NaYbSe2 is indeed closer to or inside the triangular QSL
phase.

To investigate the magnetic state to lower temperatures, we
measured AC susceptibility down to 20 mK with AC and DC
field applied along the a and c directions on NaYbSe2 (see
Supplemental Materials). In this case we observe a clear
magnetization plateau in the B ↓ a direction at 5 T, but not
for B ↓ c (note these data were collected simultaneously on
two separate crystals mounted on two separate susceptome-
ters mounted on the same dilution refrigerator). This agrees
with previous measurements [25], and indicates an easy-plane
exchange anisotropy in NaYbSe2: in the perfectly isotropic
triangular model, 1/3 magnetization plateaux appear both in-
plane and out-of-plane, but the out-of-plane plateau is sup-
pressed by planar anisotropy [34–36], although the in-plane

2

FIG. 1. Triangular lattice quantum spin liquid (QSL). Panel a shows
the NaYbSe2 crystal structure. Panel b shows the conceptual phase
diagram of CsYbSe2, KYbSe2, and NaYbSe2 as a function of fitted
J2/J1 values [30]. The theoretical boundary to the quantum spin liq-
uid phase for the isotropic model is detected by neural quantum state
(NQS) simulations at J2/J1 ↭ 0.063 ± 0.001 (see Supplemental Ma-
terials) locating NaYbSe2 well within the QSL phase. Panel c shows
schematics for potential gapped phases on the triangular lattice: the
gapped Z2 QSL as resonating valence bond (left), a chiral QSL (cen-
ter), and a particular ordering pattern [14] for a 12-site valence bond
solid (right). Note: overlapping ovals represent resonating singlet
bonds.

disorder (as in the ill-fated Yb3+ QSL candidates YbMgGaO4
[31] and Yb2Ti2O7 [32]). To further clarify NaYbSe2, we
measured the inelastic neutron spectra, AC calorimetry, and
AC susceptibility with high quality samples. We observe co-
herent excitations, lack of magnetic order, and evidence in
bulk susceptibility of a 2.1 µeV gap at low temperature. This
is strong evidence for a QSL ground state in NaYbSe2 and a
gapped QSL on the triangular lattice.

The neutron spectra at 100 mK, shown in Fig. 5, show a
highly dispersive continuum of excitations with a well-defined
lower bound, similar to KYbSe2 [28] (see supplemental ma-
terials for experimental details). This is qualitatively different
from the spectra measured by Dai et al [27] on the 3% Yb/Na
site-mixed sample which in contrast showed smeared our con-
tinua in k-space and diffuse spectra extending to low energies
in many regions of reciprocal space. (Later in the text, we will
explain why we believe our samples are free from mixing dis-
order.) Here, the only region of reciprocal space which has ap-
preciable intensity down to low energies is (1/3, 1/3, 0), corre-
sponding to the 120→ magnetic order seen in sister compounds
KYbSe2 [28] and CsYbSe2 [29]. Down to 50 µeV (the limit
before the incoherent scattering on the elastic line obscures
the scattering energy for the incident energy of Ei = 1 meV),
no gap in the spectrum is resolved.

For comparison we also show matrix product state (MPS)
calculated spectra in 5f-i with J2/J1 = 0.071 (this value de-

rived from finite field non-linear spin wave fits [30]), at vary-
ing levels of exchange anisotropy ∆ (see Supplemental Ma-
terials). The boundary to the quantum spin liquid phase for
the isotropic model is at J2/J1 = 0.063 calculated using neu-
ral quantum states (see Supplemental Materials) locating the
material in the theoretically predicted QSL phase for weak
anisotropies. Because of finite size lattice effects the calcu-
lated spectra are gapped, and it is difficult to make quantitative
comparisons between theory and neutron experiments. Never-
theless, the calculated spectra are consistent with the observed
spectra, corroborating the idea that a J2/J1 model with easy-
plane anisotropy is an appropriate model for NaYbSe2.

Despite intensity concentrated at (1/3, 1/3, 0) and similar
spectra to CsYbSe2 and KYbSe2, we observe no static mag-
netic order in NaYbSe2 in neutron scattering measurements
down to 100 mK. No magnetic ordering features are visible
in heat capacity down to 100 mK either, as shown in Fig. 3.
(Note also that our sample has similar low-temperature spe-
cific heat to those reported in Refs. [25, 33]. If the C/T max-
imum at 800 mK is an indication of sample quality, our sam-
ple is free from the site mixing reported in Ref. [27].) To test
whether applied hydrostatic pressure can induce order—as in
KYbSe2 wherein pressure enhanced TN [30]—we also mea-
sured AC calorimetry under pressure (see Supplemental Mate-
rials) shown in Fig. 3b. Up to 2.0 GPa, no sharp feature as ex-
pected for an ordering transition is seen in the data (pressure-
dependent thermalization issues cause the low-T specific heat
to increase at low T , but this is a known artifact and would not
mask a sharp ordering transition).

Also in Fig. 3c we compare NaYbSe2 heat capacity to
KYbSe2, with the temperature axis rescaled by the fitted J1
[30]. This shows not only a lack of ordering transition, but
also a smaller kBT/J1 ↑ 0.2 maximum heat capacity and
greater low-temperature heat capacity in NaYbSe2 relative
to KYbSe2. Comparing this to thermal pure quantum state
(TPQ) simulations of the 27-site 2D triangular lattice in Fig.
3d, these trends are beautifully explained with a larger J2/J1
in NaYbSe2: the low-temperature heat capacity is largest
when J2/J1 ↑ 0.07 and the kBT/J1 = 0.2 bump is suppressed
with larger J2. Because the TPQ simulations are of a finite
size cluster which induces an artificial energy gap, the low-
est temperature trends are not quantitatively accurate. How-
ever, on a qualitative level, this is remarkable confirmation
that NaYbSe2 is indeed closer to or inside the triangular QSL
phase.

To investigate the magnetic state to lower temperatures, we
measured AC susceptibility down to 20 mK with AC and DC
field applied along the a and c directions on NaYbSe2 (see
Supplemental Materials). In this case we observe a clear
magnetization plateau in the B ↓ a direction at 5 T, but not
for B ↓ c (note these data were collected simultaneously on
two separate crystals mounted on two separate susceptome-
ters mounted on the same dilution refrigerator). This agrees
with previous measurements [25], and indicates an easy-plane
exchange anisotropy in NaYbSe2: in the perfectly isotropic
triangular model, 1/3 magnetization plateaux appear both in-
plane and out-of-plane, but the out-of-plane plateau is sup-
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We report neutron scattering, pressure-dependent AC calorimetry, and AC magnetic susceptibility measure-
ments of triangular lattice NaYbSe2. We observe a continuum of scattering, which is reproduced by matrix
product simulations, and no phase transition is detected in any bulk measurements. Comparison to heat capacity
simulations suggest the material is within the Heisenberg spin liquid phase. AC Susceptibility shows a signifi-
cant 23 mK downturn, indicating a gap in the magnetic spectrum. The combination of a gap with no detectable
magnetic order, comparison to theoretical models, and comparison to other AYbSe2 compounds all strongly
indicate NaYbSe2 is within the quantum spin liquid phase. The gap also allows us to rule out a gapless Dirac
spin liquid, with a gapped Z2 liquid the most natural explanation.

A quantum spin liquid (QSL) is a state of matter first pre-
dicted by P. W. Anderson in 1973, wherein spins arranged in
a lattice exhibit a massively entangled and fluctuating ground
state [1]. One defining characteristic of QSLs is their frac-
tional excitations, which interact with each other through
emergent gauge fields [2, 3]. The potential for topologi-
cal protection from decoherence makes QSLs appealing plat-
forms for quantum technologies. However, despite decades
of searching and extensive theoretical work, no unambiguous
examples of a quantum spin liquid material have been found.

Anderson’s original prediction for a QSL state was the two-
dimensional triangular lattice antiferromagnet. With nearest-
neighbor exchange only, this system orders magnetically, but
a small antiferromagnetic second-nearest-neighbor exchange
J2 theoretically stabilizes a QSL phase [4–10]. Though the ex-
istence of this phase is well-accepted theoretically (although
not experimentally until now), it is not clear what kind of QSL
such a state would be. Proposals include a gapless U1 Dirac
QSL [6, 10–12], a valence bond crystal [13, 14], a gapped
Z2 QSL [4, 5, 15, 16], or a chiral spin liquid [17]. Because
numerical simulations are limited by finite size, theoretical re-
sults are ambiguous [13, 18]. The best (and perhaps only) way
to resolve this question would be to find a real material which
harbors the triangular lattice QSL ground state.

→ scheie@lanl.gov
† ml10k@lanl.gov
‡ jemoore@berkeley.edu
§ dtennant@utk.edu

Inelastic neutron scattering studies of triangular antifer-
romagnets with nearest-neighbor exchange have revealed
anomalous continuum scattering that cannot be explained by
semiclassical theories [19–21]. The measured single-magnon
dispersion was accurately reproduced using a Schwinger Bo-
son approach, where magnons are obtained as two-spinon
bound states [22, 23]. This suggests that these ordered mag-
nets are in close proximity to a gapped Z2 QSL as the decon-
fined Schwinger Boson phase. But an unambiguous measure-
ment of a material in the deconfined QSL phase has not been
reported.

A very promising class of materials is the Yb delafossites
AYbSe2 where A is an alkali metal [24–29]. These form ideal
triangular lattices of magnetic Yb3+, and appear to approxi-
mate the Heisenberg J2/J1 model [30], see Fig. 1. Of these,
CsYbSe2 and KYbSe2 have been observed to order magnet-
ically at zero field [28, 29]. However, following a trend in
the periodic table that a smaller A-site element enhances J2
and destabilizes order [30], no long-range magnetic order has
been observed in NaYbSe2 [24, 27], which makes it a prime
candidate for a QSL ground state. Importantly, the tunabil-
ity of these compounds means that the QSL phase can be ap-
proached systematically from magnetic order (Fig. 1). This
allows for greater confidence and rigor than studying a single
compound in isolation would.

Previous NaYbSe2 studies reported a diffuse neutron spec-
trum that was interpreted in terms of spinon Fermi surface ex-
citations from a QSL [27], but because of 3% Na site disorder
on those samples, it is not clear whether the magnetic order
and coherent excitations were destroyed by small amounts of
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We observe a continuum of (neutron) scattering,
which is reproduced by matrix product
simulations, and no phase transition is detected
in any bulk measurements . . .

AC susceptibility shows a significant 23
mK downturn, indicating a gap in the magnetic
spectrum . . .

NaYbSe2 is within the quantum spin liquid
phase . . . with a gapped Z2 liquid the most
natural explanation.
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Quantum spin liquids, exotic phases of matter with topological order, have been a major focus
of explorations in physical science for the past several decades. Such phases feature long-range
quantum entanglement that can potentially be exploited to realize robust quantum computation.
We use a 219-atom programmable quantum simulator to probe quantum spin liquid states. In our
approach, arrays of atoms are placed on the links of a kagome lattice and evolution under Rydberg
blockade creates frustrated quantum states with no local order. The onset of a quantum spin liquid
phase of the paradigmatic toric code type is detected by evaluating topological string operators
that provide direct signatures of topological order and quantum correlations. Its properties are
further revealed by using an atom array with nontrivial topology, representing a first step towards
topological encoding. Our observations enable the controlled experimental exploration of topological
quantum matter and protected quantum information processing.

Motivated by visionary theoretical work carried out
over the past five decades, a broad search is currently
underway to identify signatures of quantum spin liquids
(QSL) in novel materials [1, 2]. Moreover, inspired by
the intriguing predictions of quantum information the-
ory [3], techniques to engineer such systems for topologi-
cal protection of quantum information are being actively
explored [4]. Systems with frustration [5] caused by the
lattice geometry or long-range interactions constitute a
promising avenue in the search for QSLs. In particular,
such systems can be used to implement a class of so-
called dimer models [6–10], which are among the most
promising candidates to host quantum spin liquid states.
However, realizing and probing such states is challeng-
ing since they are often surrounded by other competing
phases. Moreover, in contrast to topological systems in-
volving time-reversal symmetry breaking, such as in the
fractional quantum Hall e↵ect [11], these states cannot
be easily probed via, e.g., quantized conductance or edge
states. Instead, to diagnose spin liquid phases, it is es-
sential to access nonlocal observables, such as topolog-
ical string operators [1, 2]. While some indications of
QSL phases in correlated materials have been previously
reported [12, 13], thus far, these exotic states of matter
have evaded direct experimental detection.

Programmable quantum simulators are well suited for
the controlled exploration of these strongly correlated
quantum phases [14–20]. In particular, recent work
showed that various phases of quantum dimer models
can be e�ciently implemented using Rydberg atom ar-
rays [21] and that a dimer spin liquid state of the toric
code type could be potentially created in a specific frus-
trated lattice [22]. We note that toric code states have

been dynamically created in small systems using quan-
tum circuits [23, 24]. However, some of the key prop-
erties, such as topological robustness, are challenging to
realize in such systems. Spin liquids have also been ex-
plored using quantum annealers, but the lack of coher-
ence in these systems has precluded the observation of
quantum features [25].

Dimer Models in Rydberg Atom Arrays. The key
idea of our approach is based on a correspondence [22]
between Rydberg atoms placed on the links of a kagome
lattice (or equivalently the sites of a ruby lattice), as
shown in Fig. 1A, and dimer models on the kagome lattice
[8, 10]. The Rydberg excitations can be viewed as “dimer
bonds” connecting the two adjacent vertices of the lat-
tice (Fig. 1B). Due to the Rydberg blockade [26], strong
and properly tuned interactions constrain the density of
excitations such that each vertex is touched by a maxi-
mum of one dimer. At 1/4 filling, each vertex is touched
by exactly one dimer, resulting in a perfect dimer cov-
ering of the lattice. Smaller filling fractions result in a
finite density of vertices with no proximal dimers, which
are referred to as monomers. A quantum spin liquid
can emerge within this dimer-monomer model close to
1/4 filling [22], and can be viewed as a coherent superpo-
sition of exponentially many degenerate dimer coverings
with a small admixture of monomers [10] (Fig. 1C). This
corresponds to the resonating valence bond (RVB) state
[6, 27], predicted long ago but so far still unobserved in
any experimental system.

To create and study such states experimentally, we uti-
lize two-dimensional arrays of 219 87Rb atoms individu-
ally trapped in optical tweezers [29, 30] and positioned
on the links of a kagome lattice, as shown in Fig. 1A. The
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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T. Senthil, M. Vojta, S.S., PRB 69, 035111 (2004) tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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broaden into a continuum:  
 
Most natural interpretation 
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to that observed on the 
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angle 2θ fixed at 146◦ and 149.5◦ for I21 and ID32, re-
spectively. The scattering geometry is shown in Fig. 1(a).
We assume there is negligible dispersion in the features of
interest from variation of l , and therefore we focus only
on the momentum transferred in the (h, k) plane. Spectra
were principally measured along the two high-symmetry lines
(h, 0) and (h, h) as indicated with red arrows in Fig. 1(b)
with energy resolution "E " 35 meV. The x = 0 and 0.12
measurements were performed at I21 and the x = 0.16 mea-
surements were performed at ID32 and repeated at I21. In both
doped compounds, further measurements were performed at
ID32 with "E " 50 meV on a grid of Q points evenly dis-
tributed throughout a quadrant of the Brillouin zone indicated
by the red shaded region in Fig. 1(b). The energy resolution
was established using elastic scattering from a silver paint or
carbon tape reference. For I21, a background was measured
from either a dark image taken after the collection or by fitting
a constant background outside the excitation range!−0.1 and
"5 eV.

D. Analysis

1. Data processing

In order to carry out a quantitative analysis of the data,
we follow recent practice [6,7,13,26,33,35] and assume that
the magnetic intensity observed in RIXS is proportional to
the spin-spin dynamical structure factor S(Q,ω) which is
used to interpret neutron scattering experiments [36]. S(Q,ω)
is, in turn, proportional to χ ′′(Q,ω) multiplied by the Bose
factor n(ω) + 1 = [1 − exp(−h̄ω/kBT )]−1. Clearly the scat-
tering processes in RIXS and INS are very different, with
the observed RIXS intensity being dependent on the rela-
tive orientation of the photon electric field to the Cu 3d
orbitals as well as the absorption of the x-ray photons within
the sample. These factors are known to vary slowly with
Q [37,38], nevertheless, to correct for these effects we initially
normalize our raw counts Iraw to the energy-integrated dd
excitation intensity obtained from the same spectrum. The
intensity of the dd excitations is known to be dependent on
the polarization ε and wave vector k and can be described
by a function g(ε, ε′, k, k′). We denote the measured intensity
IRIXS as Iraw/g where g =

∫
g(ε, ε′, k, k′) dω is the integral

described above evaluated over the range 1–3 eV.
The spectra were aligned to the elastic reference and

the exact zero-energy position was established by fitting an
elastic peak with a Gaussian function. The aligned spectra
were modeled within a range −80 to 800 meV. As well as
the spin excitations, we fit an elastic peak and low-energy
excitations, which are interpreted as phonons, using Gaus-
sian functions. Electron-hole excitations and broadened dd
excitations contribute to the low-energy RIXS scattering for
doped compositions [11]. This contribution was modeled with
a linear function which was fixed for all spectra of the same
composition. The gradient of the linear function was found
by fitting the spectra at low Q. In the insulating parent
compound this contribution was not required. However, a
broad continuum of multimagnon excitations is resolvable at
∼400−600 meV. This was modeled with a Gaussian function.

The spectra were not deconvolved to take account of the
instrument energy resolution "35 meV. The most noticeable

FIG. 2. IRIXS intensity maps as a function of Q in LSCO x =
0 (T ≈ 20 K), 0.12, and 0.16 (T ≈ 30 K). Showing measurements
along the (h, 0) and (h, h) lines. The measurements were performed
in grazing-out geometry and with LH polarization at I21 at Diamond
Light Source. The configuration favors magnetic scattering. All three
compositions show charge scattering in the form of phonons below
100 meV and a charge density wave peak is observed near h = 0.23
in x = 0.12. The dashed white line marks the antiferromagnetic
Brillouin zone boundary (see Fig. 1).

effect of this was in the determination of γ and ' values (see
Sec. II D 2). We estimate that our fitted values are increased
by 5% in the worse case.

2. Damped harmonic oscillator model

A damped harmonic oscillator (DHO) model may be used
to describe a given spin-wave mode with wave vector Q. This
approach has recently been taken in a number of RIXS stud-
ies [11,13,33,39]. The analogous mechanical DHO equation
is [40]

ẍ + ω2
0x + γ ẋ = f /m, (1)

where ω0 is the frequency of the undamped mode and γ
is the damping parameter. In our case, both of these are Q
dependent, thus ω0 = ω0(Q) and γ = γ (Q).

The imaginary part of the DHO response function for a
given wave vector can be written as

χ ′′(Q,ω) = χ ′(Q) ω2
0(Q) γ (Q) ω

[
ω2 − ω2

0(Q)
]2 + ω2γ 2(Q)

, (2)

where χ (Q) ≡ χ ′(Q) ≡ χ ′(Q,ω = 0) is the real part of the
zero frequency susceptibility. The solution of Eq. (1) can be
represented by two poles with complex frequencies:

ω = ±
[
ω2

0 −
(
γ 2/4

)]1/2 = ±ω1 − iγ
2

. (3)
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We report high-resolution resonant inelastic x-ray scattering (RIXS) measurements of the collective spin
fluctuations in three compositions of the superconducting cuprate system La2−xSrxCuO4. We have mapped
out the excitations throughout much of the two-dimensional (h, k) Brillouin zone. The spin fluctuations in
La2−xSrxCuO4 are found to be fairly well described by a damped harmonic oscillator model, thus our data allows
us to determine the full wave vector dependence of the damping parameter. This parameter increases with doping
and is largest along the (h, h) line, where it is peaked near (0.2, 0.2). We have used a new procedure to determine
the absolute wave vector dependent susceptibility for the doped compositions La2−xSrxCuO4 (x = 0.12, 0.16)
by normalizing our data to La2CuO4 measurements made with inelastic neutron scattering (INS). We find that
the evolution with doping of the intensity of high-energy excitations measured by RIXS and INS is consistent.
For the doped compositions, the wave vector dependent susceptibility is much larger at ( 1

4 , 1
4 ) than at ( 1

2 , 0). It
increases rapidly along the (h, h) line towards the antiferromagnetic wave vector of the parent compound ( 1

2 , 1
2 ).

Thus, the strongest magnetic excitations, and those predicted to favor superconductive pairing, occur towards the
( 1

2 , 1
2 ) position as observed by INS.

DOI: 10.1103/PhysRevB.100.214510

I. INTRODUCTION

The origin of high temperature superconductivity (HTS) in
doped layered cuprate materials remains a subject of intense
interest in both experimental and theoretical research, despite
over 30 years of activity. It is widely believed that the mag-
netic degrees of freedom and in particular spin fluctuations
are primarily responsible for superconductive pairing in the
cuprates [1–4]. In this case, it is important to characterize
the collective spin excitations as a function of wave vector,
energy, doping, and temperature to see how they correlate
with the occurrence of superconductivity and compare with
theoretical models.

Resonant inelastic x-ray scattering (RIXS) [5–14] and in-
elastic neutron scattering (INS) [15–21] are complementary
probes which directly yield information about the wave vector
and energy of the dynamical structure factor S(Q,ω) or
dynamic susceptibility (response function) χ ′′(Q,ω) at high
frequencies. The La2−xSrxCuO4 (LSCO) system allows the
evolution of S(Q,ω) to be measured across the phase diagram,
from the antiferromagnetic (AF) parent compound La2CuO4
(LCO) through superconducting compositions.

In La2CuO4, the spin waves have their lowest ener-
gies at the #, Q = (0, 0) and M, Q = ( 1

2 , 1
2 ) positions and

*kejin.zhou@diamond.ac.uk
†s.hayden@bristol.ac.uk

χ ′′(Q,ω) is small near # and largest near M. INS measure-
ments [15,19,20] throughout the Brillouin zone have shown
that the magnetic excitations can be fairly well described
as spin waves derived from a Heisenberg model with next-
nearest neighbor interactions including a ring exchange. As
expected, they are strongest near the AF wave vector Q =
( 1

2 , 1
2 ) and show anomalously strong damping at the X or

( 1
2 , 0) position [10,20,22].

For superconducting compositions in LSCO, INS shows
that the strongest response [16,21,23–25] occurs near Q =
( 1

2 , 1
2 ) at low and intermediate energies (0–150 meV), with

comparable intensity to the parent antiferromagnet. For op-
timally doped (x = 0.16) LSCO, an incommensurate struc-
ture is observed [23] for h̄ω ! 25 meV. Above 50 meV the
magnetic excitations disperse [21,23,25] away from ( 1

2 , 1
2 ). At

high energies, h̄ω ≈ 250 meV, excitations are observed [16]
on the Brillouin zone boundary at Q = ( 1

2 , 0) in LSCO (x =
0.14) demonstrating the persistence of high energy spin ex-
citations for superconducting compositions. For overdoped
compositions [21,24] x = 0.22–0.25, the lower energy (h̄ω ∼
50 meV) features observed at optimal doping are suppressed.

Cu L3 RIXS [6,7,10–14,26] measurements of the spin
fluctuation in LSCO are complementary to INS. They are
restricted to a circular region in (h, k) centered on # [see
Figs. 1(a) and 1(b)] but are able to isolate high energy
excitations (h̄ω " 300 meV) more easily. Early RIXS mea-
surements in LSCO [7] verified the existence of dispersing
spin fluctuations. Spin excitations are observed [7,11–14,26]

2469-9950/2019/100(21)/214510(12) 214510-1 ©2019 American Physical Society
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Ref. 10

FIG. 1. Phases of the S = 1/2 J1-J2 antiferromagnet on the square lattice, from the numerical results

of Refs. [7–10], all of which agree that the spin liquid is gapless. Each ellipse in the valence bond solid

(VBS) represents a singlet pair of electrons. Lower part of figure adapted from Ref. [11].

are the nature of the quantum phases of the model, and of the quantum phase transitions between

them, as a function of increasing J2/J1 after the Néel order vanishes at a critical value of J2/J1.

These questions are also the focus of our attention here.

An early proposal [5, 6, 12, 13] was that there was a direct transition from the Néel state to

a valence bond solid (VBS) (see Fig. 1) which restores spin rotation symmetry but breaks lattice

symmetries (followed by a first order transition at larger J2/J1 to a ‘columnar’ state which breaks

spin rotation symmetry, and which we do not address in the present paper). A theory of ‘deconfined

criticality’ was developed [14–16] showing that a continuous Néel-VBS transition was possible, even

though it was not allowed in the Landau-Ginzburg-Wilson framework because distinct symmetries

were broken in the two phases. Evidence has since accumulated for the presence of a VBS phase in

the J1-J2 model, but the nature of the Néel-VBS transition in this model has remained a question
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Current flow with electrons in ordinary metals
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Flow of electrons described by Boltzmann equation )
typical scattering time ⌧ ⇠ 1/(UT )2 (U is the strength of interactions),

resistivity ⇢(T ) = ⇢(0) +AT 2

The time ⌧ is much longer than a limiting ‘Planckian time’
~

kBT
.

The long scattering time implies that individual electrons are well-defined.

The motion of electrons is ‘ballistic’ or ‘integrable’
up to the long time ⌧ , after which it is chaotic.
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photoemission spectroscopy (ARPES)30. These observations are qua-
litatively consistent with the T-linear dependence of the resistivity and
Planckianbehavior. In contrast, by analyzing themodulus andphaseof
the optical conductivity itself, a power-law behavior σðωÞ = C=ð#iωÞν

*

with an exponent ν* < 1 was reported at higher frequencies
ℏω ≳ 1.5kBT23,24,28,29,31,32. The exponent was found to be in the range
ν* ≈0.65 with some dependence on sample and doping level23,26,28,29.
Hence, from these previous analyses, it would appear that different
power laws are needed to describe optical spectroscopy data: one at
low frequency consistent with ℏω/kBT scaling and Planckian behavior
(ν = 1) and another one with ν* < 1 at higher frequency, most apparent
on the optical conductivity itself in contrast to 1/τ. A number of the-
oretical approaches have considered a power-law dependence of the
conductivity33–42 without resolving this puzzle. A notable exception is
the work of Norman and Chubukov43. The basic assumption of this
work is that the electrons are coupled to a Marginal Fermi Liquid
susceptibility3,4,44,45. The logarithmic behavior of the susceptibility and
corresponding high-energy cut-off observed to be ~ 0.4 eV with
ARPES46, is responsible for the apparent sub-linear power law behavior
of the optical conductivity. Our work broadens and amplifies this
observation. A quantitative description of all aspects at low and high
energy in one fell swoop has, to the best of our knowledge, not been
presented to this day.

Here we present systematic measurements of the optical spectra,
as well as dc resistivity, of a La2−xSrxCuO4 (LSCO) sample with x = p =
0.24 close to the pseudogap critical point, over a broad range of
temperature and frequency. We demonstrate that the data display
Planckian quantum critical scaling over an unprecedented range of
ℏω/kBT. Furthermore, a direct analysis of the data reveals a logarithmic
temperature dependence of the optical effective mass. This

establishes a direct connection to another hallmark of Planckian
behavior, namely the logarithmic enhancement of the specific heat
coefficient C=T ∼ lnT previously observed for LSCO at p = 0.2447 as
well as for other cuprate superconductors such as Eu-LSCO and Nd-
LSCO48.

We introduce a theoretical framework which relies on aminimal
Planckian scaling Ansatz for the inelastic scattering rate. We show
that this provides an excellent description of the experimental data.
Our theoretical analysis offers, notably, a solution to the puzzle
mentioned above. Indeedwe show that, despite the purely Planckian
Ansatz which underlies our model, the optical conductivity com-
puted in this framework is well described by an apparent power law
with ν* < 1 over an intermediate frequency regime, as also observed
in our experimental data. The effective exponent ν* is found to be
non-universal and to depend on the inelastic coupling constant,
which we determine from several independent considerations. The
proposed theoretical analysis provides a unifying framework in
which the behavior of the T-linear resistivity, lnT behavior of C/T,
and scaling properties of the optical spectra can all be understood in
a consistent manner.

Results
Optical spectra and resistivity
Wemeasured the optical properties and extracted the complex optical
conductivity σ(ω, T) of an LSCO single crystal with a-b orientation
(CuO2 planes). The holedoping is p = x =0.24, whichplaces our sample
above and close to the pseudogap critical point of the LSCO
family7,14,49. The pseudogap state for T < T*, p < p* is well characterized
by transport measurements12 and ARPES11. The relatively low Tc = 19 K
of this sample is interesting for extracting the normal-state properties
in optics down to low temperatures without using any external mag-
netic field. In particular, this sample is the same LSCO p = 0.24 sample
as in Ref. 50, where the evolution of optical spectral weights as a
function of doping was reported.

The quantity probed by the optical experiments of the present
study is the planar complex dielectric function ϵ(ω). The dielectric
function has contributions from the free charge carriers, as well as
interband (bound charge) contributions. In the limit ω→0, the latter
contribution converges to a constant real value, traditionally indicated
with the symbol ϵ∞:

ϵðωÞ = ϵ1 + i
σðωÞ
ϵ0ω

ð1Þ

σðωÞ = i
e2K=ð_dcÞ
_ω+MðωÞ

: ð2Þ

Here the free-carrier response σ(ω) is given by the generalized Drude
formula, where all dynamical mass renormalization (m*/m) and
relaxation (ℏ/τ) processes are represented by a memory-function51,52

MðωÞ = _ω
m*ðωÞ
m

# 1
! "

+ i
_

τðωÞ
: ð3Þ

The free-carrier spectral weight per plane is given by the constant K
and the interplanar spacing is dc. The scattering rate ℏ/τ(ω) deduced
using Eqs. ((1), (2), (3)) and the values of K and ϵ∞ discussed below are
displayed in Fig. 1c. It depends linearly on frequency for
kBT≪ ℏω≲0.4 eV and approaches a constant value for ℏω < kBT. This
behavior is similar to that reported for Bi221223. The sign of the
curvature above 0.4 eV depends on ϵ∞ and changes from positive to
negativenear ϵ∞ = 4.5.Our determination ϵ∞ = 2.76presented in Scaling
analysis does not take into account data for ℏω > 0.4 eV and may
therefore yield unreliable values of ℏ/τ in that range (see Supplemen-
tary Information Sec. A and B).

Fig. 1 | Optical data of La2−xSrxCuO4 atp =0.24. aReal andb imaginary part of the
optical conductivity σ deduced from the dielectric function ϵ (Supplementary
Fig. 1), using Eq. (14) and the value ϵ∞ = 2.76. c Scattering rate and d effective mass
deduced from Eqs. (16) and (17) using K = 211 meV. The values of ϵ∞ and K are
discussed and justified in the text. Inset: Temperature dependence of m*/m at
ℏω = 5kBT (see dots in d). In each panel errorbars are indicated for three repre-
sentative frequencies and pertain to the upper curve, i.e., the lowest temperature
for σ(ω), m*(ω)/m and the highest temperature for ℏ/τ(ω). They represent the
uncertainty arising from reflectivity calibration using in-situ gold evaporation, and
have been estimated by repeating the Kramers--Kronig analysis after multiplying
the reflectivity curves by 1 ± 0.002.
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This linear dependence of the scattering rate calls for a com-
parison with resistivity. Hence we have also measured the tem-
perature dependence of the resistivity of our sample under two
magnetic fields H = 0 T and H = 16 T. As displayed in Fig. 2a, the
resistivity has a linear T-dependence ρ = ρ0 + AT over an extended
range of temperature, with A ≈ 0.63 μΩcm/K. This is a hallmark of
cuprates in this regime of doping10,13,14,20,53. It is qualitatively con-
sistent with the observed linear frequency dependence of the scat-
tering rate and, as discussed later in this paper, also in good
quantitative agreement with the ω→ 0 extrapolation of our optical
data within experimental uncertainties.

The optical mass enhancement m*(ω)/m is displayed in Fig. 1d.
With the chosen normalization, m*/m does not reach the asymptotic
value of one in the range ℏω <0.4 eV, which means that intra- and
interband and/or mid-infrared transitions overlap above 0.4 eV. The
inset of Fig. 1d shows a semi-log plot of the mass enhancement eval-
uated atℏω = 5kBT, where thenoise level is low forT⩾ 40K.Despite the
larger uncertainties at low T, this plot clearly reveals a logarithmic
temperature dependence ofm*/m. This is a robust feature of the data,
independent of the choice of ϵ∞ and K. We note that the specific heat
coefficient C/T of LSCO at the same doping level was previously
reported to display a logarithmic dependence on temperature, see
Fig. 2c47,48. We will further elaborate on this important finding of a
logarithmic dependence of the optical mass and discuss its relation to
specific heat in the next section.

Scaling analysis
In this section, we consider simultaneously the frequency and tem-
peraturedependenceof theoptical properties and investigatewhether
ℏω/kBT scaling holds for this sample close to the pseudogap critical

point. We propose a procedure to determine the three parameters ϵ∞,
K, and m introduced above.

Puttingω/T scaling to the test. Quantum systems close to a quantum
critical point display scale invariance. Temperature being the only
relevant energy scale in the quantumcritical regime, this leads inmany
cases toω/T scaling22 (inmost of the discussion below, we set ℏ = kB = 1
except when mentioned explicitly). In such a system we expect the
complex optical conductivity to obey a scaling behavior 1/
σ(ω, T)∝ TνF(ω/T), with ν⩽ 1 a critical exponent. More precisely, the
scaling properties of the optical scattering rate and effective mass
read:

1=τðω,TÞ=Tνf τ ðω=TÞ ð4Þ

m*ðω,TÞ #m*ð0,TÞ=Tν#1f mðω=TÞ ð5Þ

with fτ and fm two scaling functions. This behavior requires that both ℏω
and kBT are smaller than a high-energy electronic cutoff, but their ratio
can be arbitrary. Furthermore, we note that when ν = 1 (Planckian case)
the scaling is violated by logarithmic terms, which control in particular
the zero-frequency value of the optical mass m*(0,T). As shown in
Theorywithin a simple theoreticalmodel,ω/T scalingnonetheless holds
in this case to an excellent approximation provided that m*(0, T) is
subtracted, as in Eq. (5). We also note that in a Fermi liquid, the single-
particle scattering rate∝ω2 + (πT)2 does obeyω/T scaling (with formally
ν = 2), but the optical conductivity does not. Indeed, it involves ω/T2

terms violating scaling, and hence depends on two scaling variables
ω/T2 and ω/T, as is already clear from an (approximate) generalized
Drudeexpression 1/σ ≈ − iω + τ0[ω2 + (2πT)2]. For a detaileddiscussionof
this point, see Ref. 54. Such violations of scaling by ω/Tν terms apply
more generally to the case where the scattering rate varies as Tν with
ν > 1. Hence, ω/T scaling for both the optical scattering rate and optical
effective mass are a hallmark of non-Fermi liquid behavior with ν⩽ 1.
Previous work has indeed provided evidence for ω/T scaling in the
optical properties of cuprates23,24.

Here, we investigate whether our optical data obey ω/T scaling.
We find that the quality of the scaling depends sensitively on the
chosen value of ϵ∞. Different prescriptions in the literature to fix ϵ∞
yield—independently of themethod used—values ranging from ϵ∞ ≈ 4.3
for strongly underdoped Bi2212 to ϵ∞ ≈ 5.6 for strongly overdoped
Bi221232,55. The parameter ϵ∞ is commonly understood to represent the
dielectric constant of thematerial in the absenceof the charge carriers,
and is caused by the bound charge responsible for interband transi-
tions at energies typically above 1 eV. While this definition is unam-
biguous for the insulating parent compound, for the doped material
one is confronted with the difficulty that the optical conductivity at
these higher energies also contains contributions described by the
self-energy of the conduction electrons, caused for example by their
coupling to dd-excitations56. Consequently, not all of the oscillator
strength in the interband region represents bound charge. Our model
overcomes this hurdle by determining the low-energy spectrumbelow
0.4 eV, and subsuming all bound charge contributions in a single
constant ϵ∞. Its value is expected to be bound from above by the value
of the insulating phase, in other words we expect to find ϵ∞ < 4.5 (see
Supplementary Information Sec. A). Rather than setting an a priori
value for ϵ∞, we follow here a different route and we choose the value
that yields the best scaling collapse for a given value of the exponent ν.
This program is straightforwardly implemented for 1/τ and indicates
that the best scaling collapse is achieved with ν ≈ 1 and ϵ∞ ≈ 3, see
Fig. 2b as well as Supplementary Information Sec. B and Supplemen-
tary Fig. 2. Turning to m*, we found that subtracting the dc value
m*(ω =0, T) is crucial when attempting to collapse the data. Extra-
polating optical data to zero frequency is hampered by noise. Hence,

Fig. 2 | Scaling of scattering rate and mass enhancement. a Temperature-
dependent resistivity measured in zero field (black) and at 16 teslas (red). The inset
emphasizes the linearity of the 16 T data at low temperature. The dashed line shows
ρ0 +AT with ρ0 = 12.2 μΩcm and A =0.63 μΩcm/K. b Scattering rate divided by
temperature plotted versus ω/T; the collapse of the curves indicates a behavior 1/
τ ~ Tfτ(ω/T). c Effective quasiparticle mass (in units of the indicated band mass m)
deduced from the low-temperature electronic specific heat47

[m*
Cp = ð3=πÞð_

2dc=k
2
BÞðC=TÞ] and zero-frequency optical mass enhancement; the

dashed lines indicate lnT behavior. dOptical mass minus the zero-frequencymass
shown in c plotted versus ω/T; the collapse of the curves indicates a behavior
m*(ω) −m*(0) ~ fm(ω/T). The data between0.22 and0.4 eV are shown asdotted lines.
ϵ∞ = 2.76 was used here as in Fig. 1.
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Although now popular in its modern, westernized form as a kids’ game, did you know

that Snakes & Ladders traces its roots to a traditional Indian board game based on

religious philosophies? In the original, it served as a lesson in morality. Playing this

game wasn’t just about winning or losing, but finding out how close you were, to

heaven or hell.

It is believed to have been invented by Jain monks to promote the concept of
liberation

The history of Snakes & Ladders goes back around 1000 years to 10th century CE where

it is believed to have been invented by Jain monks to promote the concept of

liberation from the bondage of passions. The game was symbolic of a man’s journey in

life and the design had a few similarities with the ancient Jain mandalas in which

various squares were illustrated with the notions of karma and moksha.

Jain mandala, 16th century CE | www.mfa.org

As the monks travelled with the game, it acquired many regional names like Gyan
Chaupar in northern India and Mokshapat around Maharashtra, along with Leela and

Parampada Sopanapata. Meanwhile, there also developed other ‘philosophical’

variations – a Hindu and a very rare, Sufi Muslim version.

The ladders represented virtues while the snakes represented vices

In the game, the ladders represented virtues such as faith, generosity, humility and

asceticism while the snakes represented vices such as anger, theft, lust and greed. The

last square represented either a God or heaven meaning you have attained liberation.

The ladders conveyed that good deeds lead you to heaven and evil to a cycle of re-

births. The number of ladders was less than the number of snakes, a reminder that the

path of good is much more difficult to tread, than a path of sins.
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In a nut-shell the game was meant to inspire players to introspect rather than

compete with each other.

Jain version, painting on cloth, 19th century

Interestingly, the reason the game pivoted around pure luck was because it was in

keeping with the Jain philosophical notion – emphasizing the ideas of fate and destiny.

This was in contrast to other ancient games such as Chaturanga which needed skill or

Pachisi, which focused on a mixture of both.

The Pahari style of the game could run up to 360 squares

Also, it is to be noted that unlike the 100 squares game that is ubiquitous with the

Snakes & Ladder board game today, there wasn’t any standardization then. The most

common types were 84-square Jain board, 101-square Sufi board and the 72 square

Hindu (predominantly Vaishnav) board, followed by their expanded variants, which in

Pahari style can run up to 360-squares.

Often made simply of painted cloth and sometimes on paper, few boards have

survived from any earlier than the mid-18th century. The iconography on it depicts

cosmological elements, with upper regions depicting divine beings and the heavens.

The rest of the board was covered with pictures of animals, flowers and people.

Gyan Chaupar - 19th century CE | Rajasthan Oriental Research Institute, Jodhpur

The appeal of this game not only transcended religious boundaries but also

geographical ones. When it was first brought to Victorian England in 1892 for instance,

it was a big hit. Here it was customised to suit Christian sensibilities. The squares of

fulfilment, grace and success were accessible by ladders of thrift and penitence and

snakes of indulgence, disobedience and indolence caused one to end up in illness,

disgrace and poverty. While the Indian version of the game had snakes outnumbering

ladders, the English counterpart was more forgiving, as it contained each in the same

amount. This concept of equality signifies the cultural ideal that for every sin one

commits, there exists another chance at redemption.

Chutes and Ladders which taught kids about good and bad deeds | www.indoindians.com

In 1943, it was rebranded as Chutes and Ladders in the United States by game pioneer

Milton Bradley. Over time, the game was simplified, stripped of moral lessons

altogether and in its recent avatar, it came to be known as Snakes and Ladders.

This game serves as a perfect example of how even a simple game can evolve over

time and space. In this case, also how a profound lesson in morality, became a game

children play.
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The Sachdev-Ye-Kitaev 
model of  

many-particle entanglement

My spooky dream (1992)*

*not true
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Place electrons randomly on some sites
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The Sachdev-Ye-Kitaev (SYK) model
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A solvable model of multi-particle  
quantum entanglement.

 
No quasiparticles: yields a metal in which 

current is carried  
not by individual electrons,  

but by an entangled “quantum soup” 

The Sachdev-Ye-Kitaev (SYK) model
Sachdev, Ye (1993); Kitaev (2015)



The SYK model
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Consequences of emergent time-reparameterization and conformal symmetries
in low-energy theory in 0+1 spacetime dimensions:

1. Planckian dynamics!
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ω(ε) =
⊋

kBT
F

(
⊋ε
kBT

)
independent of U .

No bosons, fermions, anyons . . .

S. Sachdev and J. Ye, PRL 70, 3339 (1993); A. Georges and O. Parcollet PRB 59, 5341 (1999)
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= exp (S/kB) �(E) + . . .
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2. Zero temperature entropy
without exponential ground state degeneracy!

A. Georges, O. Parcollet, and S. Sachdev (GPS), Physical Review B 63, 134406 (2001)
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s0 = 0.46484769917080510749.... for Q = 1/2.
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Important development: EDMFT of quantum criticality  
in Kondo lattice models by Qimiao Si



From  
the SYK model  

to  
black holes 



Objects so dense that light is 
gravitationally bound to them.

Black Holes

Horizon radius R =
2GM

c2

<latexit sha1_base64="DmHY5rKnFNBAMp1nOXUIIHLQ/tU="></latexit>

G Newton’s constant, c velocity of light, M mass of black hole
For M = earth’s mass, R ⇡ 9mm!
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Karl Schwarzschild (1916)



The supermassive black hole at the 
center of the M87 galaxy contains 

about 6.5 billion solar masses. 
 

It is rotating at about 90%  
of the maximal spin

Event Horizon Telescope

<latexit sha1_base64="Bf5fdTUwl28/Wga6spsXiUl5QUE="></latexit>

R = 1.8→ 1013m

↑ solar system size



What is inside a black hole ???

In Einstein’s theory, all the matter in a black hole collapses 
to a singularity at the center of the black hole. 

Horizon

Matter of infinite density! 
Requires quantum theory



_

Quantum Entanglement across a black hole horizon



_

Quantum Entanglement across a black hole horizon

Black hole 
horizon



_

Quantum Entanglement across a black hole horizon

Black hole 
horizon



Quantum Entanglement across a black hole horizon

Bekenstein, Hawking: Black holes have a temperature and an entropy!
 

To an outside observer, the state of the electron inside the black hole cannot be 
known, and so the outside electron is in a random state. 

Black hole 
horizon

J. D. Bekenstein, PRD 7, 2333 (1973); S. W. Hawking, Nature 248, 30 (1974)



Quantum Entanglement across a black hole horizon

Black hole 
horizon

= | ↑↓〉 − | ↓↑〉

Quantum entanglement 
on the surface
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By computations outside
the black hole,

Bekenstein-Hawking obtained

S =
kBAc3

4G~

whereA is area of the black

hole horizon.

All other systems have en-

tropy proportional to their

volume.



Quantum Black Holes
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S =
kBAc3

4G~
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S = kB logD
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• Can we find a quantum theory for the collapsed matter at the

center of the black hole, whose density of quantum states D(E)

[the quantum analog of Boltzmann’s W ] matches Bekenstein-

Hawking entropy, in accordance with Boltzmann’s principles

of statistical mechanics, S(E) = kB logD(E) ?

• Answer from string theory for ‘supersymmetric’ charged black

holes: D(E) = eS�(E) i.e. all the states required by Hawking’s

entropy have exactly the same energy.



Connections between the SYK model and black holes

S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010)  
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• Black hole ‘ring-down’ or ‘quasinormal mode damping’ or

‘chaos’ times are Planckian ⇠ ~/(kBT )

• Charged black holes have a non-zero Bekenstein-Hawking

entropy in the limit T ! 0:

SBH = A0c3/(4~G) where A0 = 2GQ2/c4 is the area

of the charged black hole horizon at T = 0.

Also applies to rotating neutral black holes.

• The example of the SYK model implies that SBH is not
realized by an exponentially large ground state degeneracy

(as is the case in all earlier string-theoretic computations).

C.V.  Vishveshwara, Nature 227, 936 (1970)  
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U. Moitra, S.K. Sake, S.P. Trivedi and V. Vishal, JHEP 11 (2019) 047. 
D. Kapec, A. Sheta, A. Strominger and C. Toldo, PRL 133 (2024) 021601 
M. Kolanowski, D. Marolf, I. Rakic, M. Rangamani and G.J. Turiaci, arXiv:2409.16248

C.V.  Vishveshwara, Nature 227, 936 (1970)  
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• Black hole ‘ring-down’ or ‘quasinormal mode damping’ or

‘chaos’ times are Planckian ⇠ ~/(kBT )

• Charged black holes have a non-zero Bekenstein-Hawking

entropy in the limit T ! 0:

SBH = A0c3/(4~G) where A0 = 2GQ2/c4 is the area

of the charged black hole horizon at T = 0.

Also applies to rotating neutral black holes.

• The example of the SYK model implies that SBH is not
realized by an exponentially large ground state degeneracy

(as is the case in all earlier string-theoretic computations).

C.V.  Vishveshwara, Nature 227, 936 (1970)  
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Zooming into the  
near-horizon region  

of a charged black hole  
at low temperature,  

yields a theory  
in one space (   ) and  
one time dimension

⇣

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 
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Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 

~x ⇣
So we need only consider 
complex entanglement at 

one spatial “point”  
on the horizon (          ),  

just as is described  
by the SYK model

<latexit sha1_base64="Jsqk9TTqOXEw4HiAfqpsLsyBrdE="></latexit>

⇣h
<latexit sha1_base64="RxN+G0ZJRXxUPs+zxA1U49VZOtU="></latexit>

⇣ = ⇣h



Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 

~x ⇣
The quantum versions of 
Maxwell’s and Einstein’s 

equations in this  
two-dimensional spacetime are 
also the equations describing 
electron entanglement in the 

SYK model!

Maldacena, Stanford Yang; Kitaev Suh
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The SYK model  
simulates the  

interior of the black hole  
to an outside observer

Quantum simulation of charged black holes 
by the SYK model
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D(E) =
X

i

�(E � Ei)

= exp (S/kB) �(E) + . . .

Iliesiu, Murthy, Turiaci (2022) 

Bekenstein-Hawking

D(E) of charged black holes 
from the SYK model

Developments from the SYK model

D. Chowdhury, A. Georges, O. Parcollet, and S. S., Rev. Mod. Phys. 94, 035004 (2022)
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• For generic charged black holes in 3+1 di-
mensions with horizon area A0 at T = 0 and
fixed charge Q (A0 = 2GQ2/c4), the density
of quantum states at small energy E is

D(E) ⇠
✓
A0c3
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◆�347/90
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Similar remarks apply to rotating neutral black holes.



From the SYK model  
to the 

universal 2d-YSYK  
theory of strange metals

Aavishkar Patel, Flatiron Haoyu Guo, Cornell Ilya Esterlis, Wisconsin

Aavishkar A. Patel, Haoyu Guo, Ilya Esterlis, S. S., Science 381, 790 (2023) 
Chenyuan Li,  Aavishkar A. Patel, Haoyu Guo, Davide Valentinis, Jorg Schmalian, S.S., Ilya Esterlis, PRL 133, 186502 (2024)

See also Tsz Chun Wu, Yunxiang Liao, and Matthew S. Foster, PRB 106, 155108 (2022)
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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(b)
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Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Quantum phase transition of Fermi surface change

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Quantum phase transition of Fermi surface change

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Hertz-Millis (and EDMFT) theory

of Fermi surface reconstruction with

! a spin density wave (SDW) order.

Can apply at lower T
after accounting for disorder,

but SDW correlations are not

strong enough to induce the

anti-nodal gap in the higher

temperature pseudogap.
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Quantum phase transition of Fermi surface change

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).

PRL 95, 077001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
12 AUGUST 2005

077001-2

<latexit sha1_base64="kQOPyGjVnpwnop1JLFjywvOfxM0=">AAACB3icdVDLSgNBEJz1GeMr6tHLYBA8LbuS1zHoxWNEY4QkhNlJJxkyO7vM9GrCkg/w4FU/w5t49TP8Cn/BSYygogUNRVU33V1BLIVBz3tzFhaXlldWM2vZ9Y3Nre3czu6ViRLNoc4jGenrgBmQQkEdBUq4jjWwMJDQCIanU79xA9qISF3iOIZ2yPpK9ARnaKWLYWfUyeU9t1jyi5UC9VxvhikpemXPp/5cyZM5ap3ce6sb8SQEhVwyY5q+F2M7ZRoFlzDJthIDMeND1oempYqFYNrp7NQJPbRKl/YibUshnanfJ1IWGjMOA9sZMhyY395U/MtrJtirtFOh4gRB8c9FvURSjOj0b9oVGjjKsSWMa2FvpXzANONo08m2DNjoVB8HaQthhLeia/ekvlsRamIT+oqB/k+ujl2/5JbOC/nqyTyrDNknB+SI+KRMquSM1EidcNIn9+SBPDp3zpPz7Lx8ti4485k98gPO6weKX5qG</latexit>

kx

<latexit sha1_base64="6mkTlCx96wLaVfXUBEQ0WMVgxHY=">AAACB3icdVDLSgNBEJz1bXxFPXoZDIKnZVfM4yh68RjRxEASwuykkwyZnV1metVlyQd48Kqf4U28+hl+hb/g5CGoaEFDUdVNd1cQS2HQ896dufmFxaXlldXc2vrG5lZ+e6duokRzqPFIRroRMANSKKihQAmNWAMLAwnXwfBs7F/fgDYiUleYxtAOWV+JnuAMrXQ57KSdfMFziyW/WDmmnutNMCZFr+z51J8pBTJDtZP/aHUjnoSgkEtmTNP3YmxnTKPgEka5VmIgZnzI+tC0VLEQTDubnDqiB1bp0l6kbSmkE/X7RMZCY9IwsJ0hw4H57Y3Fv7xmgr1KOxMqThAUny7qJZJiRMd/067QwFGmljCuhb2V8gHTjKNNJ9cyYKNTfRxkLYQ7vBVduyfz3YpQI5vQVwz0f1I/cv2SW7o4LpyczrJaIXtknxwSn5TJCTknVVIjnPTJA3kkT8698+y8OK/T1jlnNrNLfsB5+wSMAJqH</latexit>

ky

<latexit sha1_base64="kQOPyGjVnpwnop1JLFjywvOfxM0=">AAACB3icdVDLSgNBEJz1GeMr6tHLYBA8LbuS1zHoxWNEY4QkhNlJJxkyO7vM9GrCkg/w4FU/w5t49TP8Cn/BSYygogUNRVU33V1BLIVBz3tzFhaXlldWM2vZ9Y3Nre3czu6ViRLNoc4jGenrgBmQQkEdBUq4jjWwMJDQCIanU79xA9qISF3iOIZ2yPpK9ARnaKWLYWfUyeU9t1jyi5UC9VxvhikpemXPp/5cyZM5ap3ce6sb8SQEhVwyY5q+F2M7ZRoFlzDJthIDMeND1oempYqFYNrp7NQJPbRKl/YibUshnanfJ1IWGjMOA9sZMhyY395U/MtrJtirtFOh4gRB8c9FvURSjOj0b9oVGjjKsSWMa2FvpXzANONo08m2DNjoVB8HaQthhLeia/ekvlsRamIT+oqB/k+ujl2/5JbOC/nqyTyrDNknB+SI+KRMquSM1EidcNIn9+SBPDp3zpPz7Lx8ti4485k98gPO6weKX5qG</latexit>

kx

<latexit sha1_base64="6mkTlCx96wLaVfXUBEQ0WMVgxHY=">AAACB3icdVDLSgNBEJz1bXxFPXoZDIKnZVfM4yh68RjRxEASwuykkwyZnV1metVlyQd48Kqf4U28+hl+hb/g5CGoaEFDUdVNd1cQS2HQ896dufmFxaXlldXc2vrG5lZ+e6duokRzqPFIRroRMANSKKihQAmNWAMLAwnXwfBs7F/fgDYiUleYxtAOWV+JnuAMrXQ57KSdfMFziyW/WDmmnutNMCZFr+z51J8pBTJDtZP/aHUjnoSgkEtmTNP3YmxnTKPgEka5VmIgZnzI+tC0VLEQTDubnDqiB1bp0l6kbSmkE/X7RMZCY9IwsJ0hw4H57Y3Fv7xmgr1KOxMqThAUny7qJZJiRMd/067QwFGmljCuhb2V8gHTjKNNJ9cyYKNTfRxkLYQ7vBVduyfz3YpQI5vQVwz0f1I/cv2SW7o4LpyczrJaIXtknxwSn5TJCTknVVIjnPTJA3kkT8698+y8OK/T1jlnNrNLfsB5+wSMAJqH</latexit>

ky

 
T. Senthil, M. Vojta, and S. S., PRB 69, 035111 (2004)

<latexit sha1_base64="xgz4XIyX7TVZVpzCFOOxVVVz1zw="></latexit>

Fermi volume change

without symmetry breaking.

Requires a “background”

spin liquid in the

small Fermi surface phase.

! is a Higgs boson, carrying

emergent gauge charges

of the spin liquid.

Important to include spatial

disorder in the position of sc.



<latexit sha1_base64="hTYcagE2gtn/etUUwfn7ydA7E20="></latexit>

Kondo
exchange

JK

<latexit sha1_base64="goyY2WuM4NEcyi3kR210WxHsRM4=">AAACEXicbZBNTsMwEIUd/il/BZZsLAoSqyhpoWWJYMMSJAqV2gg57qS1cJxgT4Aq6ilYsIVjsENsOQGn4Aq4pRJQeJKlpzczmvEXplIY9Lx3Z2Jyanpmdm6+sLC4tLxSXF07N0mmOdR5IhPdCJkBKRTUUaCERqqBxaGEi/DqaFC/uAFtRKLOsJdCELOOEpHgDG0UbEVbFCRw1Ikyl8WS59aq5Uq5Qj3XG+rb+CNTIiOdXBY/Wu2EZzEo5JIZ0/S9FIOcaRRcQr/QygykjF+xDjStVSwGE+TDo/t02yZtGiXaPoV0mP6cyFlsTC8ObWfMsGvGa4Pwv1ozw2g/yIVKMwTFvxZFmaSY0AEB2hbaflj2rGFcC3sr5V2mGUfLqdAyYCGqDnbzFsId3oq23ZP77p5QfUvIH+fx15yXXb/q7p6WSweHI1ZzZINskh3ikxo5IMfkhNQJJ9fkgTySJ+feeXZenNev1glnNLNOfsl5+wRqrp4r</latexit>

f electrons
<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*

<latexit sha1_base64="2suG6oXnlQ1Vi89IZcNmXPN4B1s="></latexit>

c electrons.
Fermi surface

size p

 
T. Senthil, M. Vojta, and S. S., PRB 69, 035111 (2004)

Luttinger volume violation in the Kondo lattice

<latexit sha1_base64="TXkEjmb8gMo0ImBrXVSqnH+OcbQ="></latexit>

c electron Fermi surface
size does not change
(to all orders) after

Kondo coupling, JK , to
f electron spin liquid.



<latexit sha1_base64="hTYcagE2gtn/etUUwfn7ydA7E20="></latexit>

Kondo
exchange

JK

<latexit sha1_base64="IDuHtRqo3fnhlvbbtX6R42iXCoc="></latexit>

f + c electrons.
Fermi surface
size 1 + p

<latexit sha1_base64="goyY2WuM4NEcyi3kR210WxHsRM4=">AAACEXicbZBNTsMwEIUd/il/BZZsLAoSqyhpoWWJYMMSJAqV2gg57qS1cJxgT4Aq6ilYsIVjsENsOQGn4Aq4pRJQeJKlpzczmvEXplIY9Lx3Z2Jyanpmdm6+sLC4tLxSXF07N0mmOdR5IhPdCJkBKRTUUaCERqqBxaGEi/DqaFC/uAFtRKLOsJdCELOOEpHgDG0UbEVbFCRw1Ikyl8WS59aq5Uq5Qj3XG+rb+CNTIiOdXBY/Wu2EZzEo5JIZ0/S9FIOcaRRcQr/QygykjF+xDjStVSwGE+TDo/t02yZtGiXaPoV0mP6cyFlsTC8ObWfMsGvGa4Pwv1ozw2g/yIVKMwTFvxZFmaSY0AEB2hbaflj2rGFcC3sr5V2mGUfLqdAyYCGqDnbzFsId3oq23ZP77p5QfUvIH+fx15yXXb/q7p6WSweHI1ZzZINskh3ikxo5IMfkhNQJJ9fkgTySJ+feeXZenNev1glnNLNOfsl5+wRqrp4r</latexit>

f electrons <latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK
<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*
<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

Fermi-volume-changing QPT in the Kondo lattice

<latexit sha1_base64="2suG6oXnlQ1Vi89IZcNmXPN4B1s="></latexit>

c electrons.
Fermi surface

size p

 
T. Senthil, M. Vojta, and S. S., PRB 69, 035111 (2004)

<latexit sha1_base64="uOthc3vWR8MWqpZUNsKDRjc9UkY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZqlUXQtGNywq2FjpDyaR32tBMZkgyQhnqxl9x40IRt/6FO//G9LHQ1gMXTs65l9x7goQzpR3n28otLC4tr+RXC2vrG5tb9vZOQ8WppFCnMY9lMyAKOBNQ10xzaCYSSBRwuA/61yP//gGkYrG404ME/Ih0BQsZJdpIbXvP40R0OWCv1mPYk5PHJXbadtEpOeXKxekxNmQM7M6SIpqi1ra/vE5M0wiEppwo1XKdRPsZkZpRDsOClypICO2TLrQMFSQC5WfjC4b40CgdHMbSlNB4rP6eyEik1CAKTGdEdE/NeiPxP6+V6vDcz5hIUg2CTj4KU451jEdx4A6TQDUfGEKoZGZXTHtEEqpNaAUTwtzJ86RRLrmVUuX2pFi9msaRR/voAB0hF52hKrpBNVRHFD2iZ/SK3qwn68V6tz4mrTlrOrOL/sD6/AG/4JXO</latexit>

h�i = 0
<latexit sha1_base64="WYCwDZkDeF4zsFHvq1n4NX1dnIE=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYqqRAga2ChbFI9CE1UeW4t61Vxwm2g1RFHVj4FRYGEGLlI9j4G9w2A7Qc6UrH59wr33uCmDOlHefbWlpeWV1bz23kN7e2d3btvf2GihJJoU4jHslWQBRwJqCumebQiiWQMODQDIbXE7/5AFKxSNzpUQx+SPqC9Rgl2kgdu+BxIvocsFcbMOzJ7CHgHjsdu+iUnHLl8uwEGzIFdudJEWWodewvrxvRJAShKSdKtV0n1n5KpGaUwzjvJQpiQoekD21DBQlB+en0iDE+MkoX9yJpSmg8VX9PpCRUahQGpjMkeqDmvYn4n9dOdO/CT5mIEw2Czj7qJRzrCE8SwV0mgWo+MoRQycyumA6IJFSb3PImhIWTF0mjXHIrpcrtabF6lcWRQwV0iI6Ri85RFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrmzlAf2B9/gBlUJdP</latexit>

h�i 6= 0
<latexit sha1_base64="MK/1Ro5gb0sc32reyrVCb+sAEcw="></latexit>

Higgs boson

� ⇠ f†
�c�

condenses.

<latexit sha1_base64="RdVUVaoFeTkRHciE/1fZoBmcq7E="></latexit>

Jc



<latexit sha1_base64="hTYcagE2gtn/etUUwfn7ydA7E20="></latexit>

Kondo
exchange

JK

<latexit sha1_base64="IDuHtRqo3fnhlvbbtX6R42iXCoc="></latexit>

f + c electrons.
Fermi surface
size 1 + p

<latexit sha1_base64="goyY2WuM4NEcyi3kR210WxHsRM4=">AAACEXicbZBNTsMwEIUd/il/BZZsLAoSqyhpoWWJYMMSJAqV2gg57qS1cJxgT4Aq6ilYsIVjsENsOQGn4Aq4pRJQeJKlpzczmvEXplIY9Lx3Z2Jyanpmdm6+sLC4tLxSXF07N0mmOdR5IhPdCJkBKRTUUaCERqqBxaGEi/DqaFC/uAFtRKLOsJdCELOOEpHgDG0UbEVbFCRw1Ikyl8WS59aq5Uq5Qj3XG+rb+CNTIiOdXBY/Wu2EZzEo5JIZ0/S9FIOcaRRcQr/QygykjF+xDjStVSwGE+TDo/t02yZtGiXaPoV0mP6cyFlsTC8ObWfMsGvGa4Pwv1ozw2g/yIVKMwTFvxZFmaSY0AEB2hbaflj2rGFcC3sr5V2mGUfLqdAyYCGqDnbzFsId3oq23ZP77p5QfUvIH+fx15yXXb/q7p6WSweHI1ZzZINskh3ikxo5IMfkhNQJJ9fkgTySJ+feeXZenNev1glnNLNOfsl5+wRqrp4r</latexit>

f electrons <latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK
<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*
<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

Fermi-volume-changing QPT in the Kondo lattice

<latexit sha1_base64="2suG6oXnlQ1Vi89IZcNmXPN4B1s="></latexit>

c electrons.
Fermi surface

size p

 
T. Senthil, M. Vojta, and S. S., PRB 69, 035111 (2004)

<latexit sha1_base64="uOthc3vWR8MWqpZUNsKDRjc9UkY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZqlUXQtGNywq2FjpDyaR32tBMZkgyQhnqxl9x40IRt/6FO//G9LHQ1gMXTs65l9x7goQzpR3n28otLC4tr+RXC2vrG5tb9vZOQ8WppFCnMY9lMyAKOBNQ10xzaCYSSBRwuA/61yP//gGkYrG404ME/Ih0BQsZJdpIbXvP40R0OWCv1mPYk5PHJXbadtEpOeXKxekxNmQM7M6SIpqi1ra/vE5M0wiEppwo1XKdRPsZkZpRDsOClypICO2TLrQMFSQC5WfjC4b40CgdHMbSlNB4rP6eyEik1CAKTGdEdE/NeiPxP6+V6vDcz5hIUg2CTj4KU451jEdx4A6TQDUfGEKoZGZXTHtEEqpNaAUTwtzJ86RRLrmVUuX2pFi9msaRR/voAB0hF52hKrpBNVRHFD2iZ/SK3qwn68V6tz4mrTlrOrOL/sD6/AG/4JXO</latexit>

h�i = 0
<latexit sha1_base64="WYCwDZkDeF4zsFHvq1n4NX1dnIE=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYqqRAga2ChbFI9CE1UeW4t61Vxwm2g1RFHVj4FRYGEGLlI9j4G9w2A7Qc6UrH59wr33uCmDOlHefbWlpeWV1bz23kN7e2d3btvf2GihJJoU4jHslWQBRwJqCumebQiiWQMODQDIbXE7/5AFKxSNzpUQx+SPqC9Rgl2kgdu+BxIvocsFcbMOzJ7CHgHjsdu+iUnHLl8uwEGzIFdudJEWWodewvrxvRJAShKSdKtV0n1n5KpGaUwzjvJQpiQoekD21DBQlB+en0iDE+MkoX9yJpSmg8VX9PpCRUahQGpjMkeqDmvYn4n9dOdO/CT5mIEw2Czj7qJRzrCE8SwV0mgWo+MoRQycyumA6IJFSb3PImhIWTF0mjXHIrpcrtabF6lcWRQwV0iI6Ri85RFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrmzlAf2B9/gBlUJdP</latexit>

h�i 6= 0
<latexit sha1_base64="MK/1Ro5gb0sc32reyrVCb+sAEcw="></latexit>

Higgs boson

� ⇠ f†
�c�

condenses.

<latexit sha1_base64="cH++G+4PCdHWxJ5HpUypEEuMVmc="></latexit>

Crucial to include
spatial disorder

in the value of JK



<latexit sha1_base64="htZYEjNLY6WqutMi0IWWkPL/tw4="></latexit>

+[s+ ωs(r)] [!(r)]2 + [g + g→(r)] c†ω(r)fω(r)!(r) + H.c.

kx

ky

Kondo lattice + critical boson with potential and mass disorder

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g

<latexit sha1_base64="ZBbmczIw8DHXal8a0NdP8q6U/qo="></latexit>

+K [→r!(r)]
2 + u [!(r)]4

<latexit sha1_base64="gp8Vfs+npi1NEDlJidHbBpDI9AM="></latexit>

+v(r)c†ω(r)cω(r)

<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>

Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)
<latexit sha1_base64="Zy1tXkTFFnZr00aKXKw8EkouOAw="></latexit>

Spatially random mass �s(r) with �s(r) = 0, �s(r)�s(r0) = �s2�(r � r0)

<latexit sha1_base64="mXrVVwNUVNmhpUrE6rE48RWDaEM="></latexit>

c†kω

(
ω

ωε
+ ϑ(k)

)
ckω + f†

kω

(
ω

ωε
+ ϑ1(k)

)
fkω

<latexit sha1_base64="TV7yaOHiFhXxLE9hipukbJr+7Zg="></latexit>

v(r) leads to elastic scattering of cω and ‘Altshuler-Aronov’ corrections;

Harris disorder ωs(r) is strongly relevant—cannot use perturbative methods.



<latexit sha1_base64="htZYEjNLY6WqutMi0IWWkPL/tw4="></latexit>

+[s+ ωs(r)] [!(r)]2 + [g + g→(r)] c†ω(r)fω(r)!(r) + H.c.

kx

ky

Kondo lattice + critical boson with potential and mass disorder

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g

<latexit sha1_base64="ZBbmczIw8DHXal8a0NdP8q6U/qo="></latexit>

+K [→r!(r)]
2 + u [!(r)]4

<latexit sha1_base64="gp8Vfs+npi1NEDlJidHbBpDI9AM="></latexit>

+v(r)c†ω(r)cω(r)

<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>

Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)
<latexit sha1_base64="Zy1tXkTFFnZr00aKXKw8EkouOAw="></latexit>

Spatially random mass �s(r) with �s(r) = 0, �s(r)�s(r0) = �s2�(r � r0)

<latexit sha1_base64="mXrVVwNUVNmhpUrE6rE48RWDaEM="></latexit>

c†kω

(
ω

ωε
+ ϑ(k)

)
ckω + f†

kω

(
ω

ωε
+ ϑ1(k)

)
fkω

<latexit sha1_base64="TV7yaOHiFhXxLE9hipukbJr+7Zg="></latexit>

v(r) leads to elastic scattering of cω and ‘Altshuler-Aronov’ corrections;

Harris disorder ωs(r) is strongly relevant—cannot use perturbative methods.

<latexit sha1_base64="uc1BZf7+CStudLS5S4vv9hPNRkE="></latexit>

Rescale !

Aavishkar A. Patel, Haoyu Guo, Ilya Esterlis, S. Sachdev, Science 381, 790 (2023)



<latexit sha1_base64="htZYEjNLY6WqutMi0IWWkPL/tw4="></latexit>

+[s+ ωs(r)] [!(r)]2 + [g + g→(r)] c†ω(r)fω(r)!(r) + H.c.

kx

ky

Kondo lattice + critical boson with potential and interaction disorder

<latexit sha1_base64="ZBbmczIw8DHXal8a0NdP8q6U/qo="></latexit>

+K [→r!(r)]
2 + u [!(r)]4

<latexit sha1_base64="gp8Vfs+npi1NEDlJidHbBpDI9AM="></latexit>

+v(r)c†ω(r)cω(r)

<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>

Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)
<latexit sha1_base64="d8xSXS2wUraBNZ6ZbYD+4EH671E="></latexit>

Spatially random Yukawa coupling g0(r) with g0(r) = 0, g0(r)g0(r0) = g02�(r � r0)

<latexit sha1_base64="twP7KJ8kyXHja3b636A9YZ1Ec10=">AAAB+3icbVBNS8NAEN3Ur1q/qh69 LBZBEELSaqu3ohePFUwttKFstpt26e4m7G6EEvIbvOrZm3j1x3j0n7htA9rqg4HHezPMzAtiRpV2nE+rsLK6tr5R3Cxtbe/s7pX3D9oqSiQmHo5YJDsBUoRRQTxNNSOdWBLEA0YegvHN1H94JFLRSNzrSUx8joaChhQjbSQPnkFV6pcrjt2o1q5qdejYzgw/xM1JBeRo9ctfvUGEE06Exgwp1XWdWPspkppiRrJSL1EkRniMhqRrqECcKD+dHZvBE6MMYBhJU0LDmfp7IkVcqQkPTCdHeqSWvan4n9dNdHjpp1TEiSYCzxeFCYM6gtPP4YBKgjWbGIKwpOZWiEdIIqxNPgtbAp6ZTNzlBP6SdtV26/bF3XmleZ2nUwRH4BicAhc0QBPcghbwAAYUPIFn8GJl1qv1Zr3PWwtWPnMIFmB9fAMCvJRS</latexit>

+s

Aavishkar A. Patel, Haoyu Guo, Ilya Esterlis, S. Sachdev, Science 381, 790 (2023)

<latexit sha1_base64="mXrVVwNUVNmhpUrE6rE48RWDaEM="></latexit>

c†kω

(
ω

ωε
+ ϑ(k)

)
ckω + f†

kω

(
ω

ωε
+ ϑ1(k)

)
fkω

<latexit sha1_base64="nChZk8znC+u9X5IIJxluFaqQPRk="></latexit>

The 2d-YSYK model: can apply self-consistent SYK methods!
Should be applicable as long as eigenmodes of !(r) are extended.



photoemission spectroscopy (ARPES)30. These observations are qua-
litatively consistent with the T-linear dependence of the resistivity and
Planckianbehavior. In contrast, by analyzing themodulus andphaseof
the optical conductivity itself, a power-law behavior σðωÞ = C=ð#iωÞν

*

with an exponent ν* < 1 was reported at higher frequencies
ℏω ≳ 1.5kBT23,24,28,29,31,32. The exponent was found to be in the range
ν* ≈0.65 with some dependence on sample and doping level23,26,28,29.
Hence, from these previous analyses, it would appear that different
power laws are needed to describe optical spectroscopy data: one at
low frequency consistent with ℏω/kBT scaling and Planckian behavior
(ν = 1) and another one with ν* < 1 at higher frequency, most apparent
on the optical conductivity itself in contrast to 1/τ. A number of the-
oretical approaches have considered a power-law dependence of the
conductivity33–42 without resolving this puzzle. A notable exception is
the work of Norman and Chubukov43. The basic assumption of this
work is that the electrons are coupled to a Marginal Fermi Liquid
susceptibility3,4,44,45. The logarithmic behavior of the susceptibility and
corresponding high-energy cut-off observed to be ~ 0.4 eV with
ARPES46, is responsible for the apparent sub-linear power law behavior
of the optical conductivity. Our work broadens and amplifies this
observation. A quantitative description of all aspects at low and high
energy in one fell swoop has, to the best of our knowledge, not been
presented to this day.

Here we present systematic measurements of the optical spectra,
as well as dc resistivity, of a La2−xSrxCuO4 (LSCO) sample with x = p =
0.24 close to the pseudogap critical point, over a broad range of
temperature and frequency. We demonstrate that the data display
Planckian quantum critical scaling over an unprecedented range of
ℏω/kBT. Furthermore, a direct analysis of the data reveals a logarithmic
temperature dependence of the optical effective mass. This

establishes a direct connection to another hallmark of Planckian
behavior, namely the logarithmic enhancement of the specific heat
coefficient C=T ∼ lnT previously observed for LSCO at p = 0.2447 as
well as for other cuprate superconductors such as Eu-LSCO and Nd-
LSCO48.

We introduce a theoretical framework which relies on aminimal
Planckian scaling Ansatz for the inelastic scattering rate. We show
that this provides an excellent description of the experimental data.
Our theoretical analysis offers, notably, a solution to the puzzle
mentioned above. Indeedwe show that, despite the purely Planckian
Ansatz which underlies our model, the optical conductivity com-
puted in this framework is well described by an apparent power law
with ν* < 1 over an intermediate frequency regime, as also observed
in our experimental data. The effective exponent ν* is found to be
non-universal and to depend on the inelastic coupling constant,
which we determine from several independent considerations. The
proposed theoretical analysis provides a unifying framework in
which the behavior of the T-linear resistivity, lnT behavior of C/T,
and scaling properties of the optical spectra can all be understood in
a consistent manner.

Results
Optical spectra and resistivity
Wemeasured the optical properties and extracted the complex optical
conductivity σ(ω, T) of an LSCO single crystal with a-b orientation
(CuO2 planes). The holedoping is p = x =0.24, whichplaces our sample
above and close to the pseudogap critical point of the LSCO
family7,14,49. The pseudogap state for T < T*, p < p* is well characterized
by transport measurements12 and ARPES11. The relatively low Tc = 19 K
of this sample is interesting for extracting the normal-state properties
in optics down to low temperatures without using any external mag-
netic field. In particular, this sample is the same LSCO p = 0.24 sample
as in Ref. 50, where the evolution of optical spectral weights as a
function of doping was reported.

The quantity probed by the optical experiments of the present
study is the planar complex dielectric function ϵ(ω). The dielectric
function has contributions from the free charge carriers, as well as
interband (bound charge) contributions. In the limit ω→0, the latter
contribution converges to a constant real value, traditionally indicated
with the symbol ϵ∞:

ϵðωÞ = ϵ1 + i
σðωÞ
ϵ0ω

ð1Þ

σðωÞ = i
e2K=ð_dcÞ
_ω+MðωÞ

: ð2Þ

Here the free-carrier response σ(ω) is given by the generalized Drude
formula, where all dynamical mass renormalization (m*/m) and
relaxation (ℏ/τ) processes are represented by a memory-function51,52

MðωÞ = _ω
m*ðωÞ
m

# 1
! "

+ i
_

τðωÞ
: ð3Þ

The free-carrier spectral weight per plane is given by the constant K
and the interplanar spacing is dc. The scattering rate ℏ/τ(ω) deduced
using Eqs. ((1), (2), (3)) and the values of K and ϵ∞ discussed below are
displayed in Fig. 1c. It depends linearly on frequency for
kBT≪ ℏω≲0.4 eV and approaches a constant value for ℏω < kBT. This
behavior is similar to that reported for Bi221223. The sign of the
curvature above 0.4 eV depends on ϵ∞ and changes from positive to
negativenear ϵ∞ = 4.5.Our determination ϵ∞ = 2.76presented in Scaling
analysis does not take into account data for ℏω > 0.4 eV and may
therefore yield unreliable values of ℏ/τ in that range (see Supplemen-
tary Information Sec. A and B).

Fig. 1 | Optical data of La2−xSrxCuO4 atp =0.24. aReal andb imaginary part of the
optical conductivity σ deduced from the dielectric function ϵ (Supplementary
Fig. 1), using Eq. (14) and the value ϵ∞ = 2.76. c Scattering rate and d effective mass
deduced from Eqs. (16) and (17) using K = 211 meV. The values of ϵ∞ and K are
discussed and justified in the text. Inset: Temperature dependence of m*/m at
ℏω = 5kBT (see dots in d). In each panel errorbars are indicated for three repre-
sentative frequencies and pertain to the upper curve, i.e., the lowest temperature
for σ(ω), m*(ω)/m and the highest temperature for ℏ/τ(ω). They represent the
uncertainty arising from reflectivity calibration using in-situ gold evaporation, and
have been estimated by repeating the Kramers--Kronig analysis after multiplying
the reflectivity curves by 1 ± 0.002.
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This linear dependence of the scattering rate calls for a com-
parison with resistivity. Hence we have also measured the tem-
perature dependence of the resistivity of our sample under two
magnetic fields H = 0 T and H = 16 T. As displayed in Fig. 2a, the
resistivity has a linear T-dependence ρ = ρ0 + AT over an extended
range of temperature, with A ≈ 0.63 μΩcm/K. This is a hallmark of
cuprates in this regime of doping10,13,14,20,53. It is qualitatively con-
sistent with the observed linear frequency dependence of the scat-
tering rate and, as discussed later in this paper, also in good
quantitative agreement with the ω→ 0 extrapolation of our optical
data within experimental uncertainties.

The optical mass enhancement m*(ω)/m is displayed in Fig. 1d.
With the chosen normalization, m*/m does not reach the asymptotic
value of one in the range ℏω <0.4 eV, which means that intra- and
interband and/or mid-infrared transitions overlap above 0.4 eV. The
inset of Fig. 1d shows a semi-log plot of the mass enhancement eval-
uated atℏω = 5kBT, where thenoise level is low forT⩾ 40K.Despite the
larger uncertainties at low T, this plot clearly reveals a logarithmic
temperature dependence ofm*/m. This is a robust feature of the data,
independent of the choice of ϵ∞ and K. We note that the specific heat
coefficient C/T of LSCO at the same doping level was previously
reported to display a logarithmic dependence on temperature, see
Fig. 2c47,48. We will further elaborate on this important finding of a
logarithmic dependence of the optical mass and discuss its relation to
specific heat in the next section.

Scaling analysis
In this section, we consider simultaneously the frequency and tem-
peraturedependenceof theoptical properties and investigatewhether
ℏω/kBT scaling holds for this sample close to the pseudogap critical

point. We propose a procedure to determine the three parameters ϵ∞,
K, and m introduced above.

Puttingω/T scaling to the test. Quantum systems close to a quantum
critical point display scale invariance. Temperature being the only
relevant energy scale in the quantumcritical regime, this leads inmany
cases toω/T scaling22 (inmost of the discussion below, we set ℏ = kB = 1
except when mentioned explicitly). In such a system we expect the
complex optical conductivity to obey a scaling behavior 1/
σ(ω, T)∝ TνF(ω/T), with ν⩽ 1 a critical exponent. More precisely, the
scaling properties of the optical scattering rate and effective mass
read:

1=τðω,TÞ=Tνf τ ðω=TÞ ð4Þ

m*ðω,TÞ #m*ð0,TÞ=Tν#1f mðω=TÞ ð5Þ

with fτ and fm two scaling functions. This behavior requires that both ℏω
and kBT are smaller than a high-energy electronic cutoff, but their ratio
can be arbitrary. Furthermore, we note that when ν = 1 (Planckian case)
the scaling is violated by logarithmic terms, which control in particular
the zero-frequency value of the optical mass m*(0,T). As shown in
Theorywithin a simple theoreticalmodel,ω/T scalingnonetheless holds
in this case to an excellent approximation provided that m*(0, T) is
subtracted, as in Eq. (5). We also note that in a Fermi liquid, the single-
particle scattering rate∝ω2 + (πT)2 does obeyω/T scaling (with formally
ν = 2), but the optical conductivity does not. Indeed, it involves ω/T2

terms violating scaling, and hence depends on two scaling variables
ω/T2 and ω/T, as is already clear from an (approximate) generalized
Drudeexpression 1/σ ≈ − iω + τ0[ω2 + (2πT)2]. For a detaileddiscussionof
this point, see Ref. 54. Such violations of scaling by ω/Tν terms apply
more generally to the case where the scattering rate varies as Tν with
ν > 1. Hence, ω/T scaling for both the optical scattering rate and optical
effective mass are a hallmark of non-Fermi liquid behavior with ν⩽ 1.
Previous work has indeed provided evidence for ω/T scaling in the
optical properties of cuprates23,24.

Here, we investigate whether our optical data obey ω/T scaling.
We find that the quality of the scaling depends sensitively on the
chosen value of ϵ∞. Different prescriptions in the literature to fix ϵ∞
yield—independently of themethod used—values ranging from ϵ∞ ≈ 4.3
for strongly underdoped Bi2212 to ϵ∞ ≈ 5.6 for strongly overdoped
Bi221232,55. The parameter ϵ∞ is commonly understood to represent the
dielectric constant of thematerial in the absenceof the charge carriers,
and is caused by the bound charge responsible for interband transi-
tions at energies typically above 1 eV. While this definition is unam-
biguous for the insulating parent compound, for the doped material
one is confronted with the difficulty that the optical conductivity at
these higher energies also contains contributions described by the
self-energy of the conduction electrons, caused for example by their
coupling to dd-excitations56. Consequently, not all of the oscillator
strength in the interband region represents bound charge. Our model
overcomes this hurdle by determining the low-energy spectrumbelow
0.4 eV, and subsuming all bound charge contributions in a single
constant ϵ∞. Its value is expected to be bound from above by the value
of the insulating phase, in other words we expect to find ϵ∞ < 4.5 (see
Supplementary Information Sec. A). Rather than setting an a priori
value for ϵ∞, we follow here a different route and we choose the value
that yields the best scaling collapse for a given value of the exponent ν.
This program is straightforwardly implemented for 1/τ and indicates
that the best scaling collapse is achieved with ν ≈ 1 and ϵ∞ ≈ 3, see
Fig. 2b as well as Supplementary Information Sec. B and Supplemen-
tary Fig. 2. Turning to m*, we found that subtracting the dc value
m*(ω =0, T) is crucial when attempting to collapse the data. Extra-
polating optical data to zero frequency is hampered by noise. Hence,

Fig. 2 | Scaling of scattering rate and mass enhancement. a Temperature-
dependent resistivity measured in zero field (black) and at 16 teslas (red). The inset
emphasizes the linearity of the 16 T data at low temperature. The dashed line shows
ρ0 +AT with ρ0 = 12.2 μΩcm and A =0.63 μΩcm/K. b Scattering rate divided by
temperature plotted versus ω/T; the collapse of the curves indicates a behavior 1/
τ ~ Tfτ(ω/T). c Effective quasiparticle mass (in units of the indicated band mass m)
deduced from the low-temperature electronic specific heat47

[m*
Cp = ð3=πÞð_

2dc=k
2
BÞðC=TÞ] and zero-frequency optical mass enhancement; the

dashed lines indicate lnT behavior. dOptical mass minus the zero-frequencymass
shown in c plotted versus ω/T; the collapse of the curves indicates a behavior
m*(ω) −m*(0) ~ fm(ω/T). The data between0.22 and0.4 eV are shown asdotted lines.
ϵ∞ = 2.76 was used here as in Fig. 1.
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instead of attempting an extrapolation, we consider m*(0, T) as
adjustable values thatwe again tune such as to optimize the collapse of
the optical data. This analysis of m*/m confirms that the best scaling
collapse occurs for ν ≈ 1 but indicates a larger ϵ∞ ≈ 7 (Supplementary
Information Sec. B and Supplementary Fig. 3). The determination of ϵ∞
from the mass data depends sensitively on the frequency range tested
for scaling and drops to value below ϵ∞ = 3 when focusing on lower
frequencies. As a third step, we perform a simultaneous optimization
of the data collapse for 1/τ and m*/m, which yields the values ν = 1,
ϵ∞ = 2.76 which we will adopt throughout the following. Note that a
determination of ϵ∞ by separation of the high-frequency modes in a
Drude–Lorentz representation of ϵ(ω) yields a larger value
ϵ∞ = 4.5 ± 0.5, as typically found in the cuprates23,32,57. Importantly, all
our conclusions hold if we use this latter value in the analysis, however,
the quality of the scaling displayed in Figs. 2 and 5 is slightly degraded.

Scaling of the optical scattering rate and connection to resistivity.
The scaling properties of the scattering rate obtained from our optical
data according to the procedure described above is illustrated in
Fig. 2b,whichdisplaysℏ/τdividedby kBT andplotted versusℏω/kBT for
temperatures above the superconducting transition. The collapse of
the curves at different temperatures reveals the behavior
ℏ/τ∝ Tfτ(ω/T). The function fτ(x) reaches a constant fτ(0) > 0 at small
values of the argument, and behaves for large arguments as
fτ(x≫ 1)∝ x. This is consistent with the typical quantum critical beha-
vior _=τ ∼ maxðT ,ωÞ. When inserted in the ω =0 limit of Eq. (15), the
value fτ(0) ≈ 5 indicated by Fig. 2b yields 1/σ(0) =AT with A = 0.55 μΩ
cm/K, in fairly good agreement with the measured resistivity (Fig. 2a).
Hence the resistivity and optical-spectroscopy data are fully con-
sistent, both of them supporting a Planckian dissipation scenario with
ν = 1 for LSCO at p = 0.24.

Spectral weight, effective mass and connection to specific heat.
The dc mass enhancement values m*(0, T)/m resulting from the pro-
cedure described above are displayed in Fig. 2c. Remarkably, as seen
on this figure, the scaling analysis delivers an almost perfectly

logarithmic temperature dependence of m*(0, T), consistent with a
Planckian behavior ν = 1. As mentioned above, this logarithmic beha-
vior can actually be identified in the unprocessed optical data, (see
inset of Fig. 1). In order to compare this behavior to the corresponding
logarithmic behavior reported for the specific heat, we note that the
scaling analysis provides m*(0, T) up to a multiplicative constant Km,
where m is the band mass. In contrast, the electronic specific heat
yields the quasiparticle mass in units of the bare electron massme. We
expect that the logarithmic T-variation of m*(0, T) and m*

qp / C=T are
both due to the critical inelastic scattering and that the lnT term in
eachquantity should thereforehave identical prefactors. Imposing this
identity provides a relationship between Km and me, namely (m/me)
K = 583meV.

Remarkably, we have found that this condition is obeyed within
less than a percent by a square-lattice tight-binding model with para-
meters appropriate for LSCO at p =0.24 (Supplementary Information
Sec. E). This model has nearest and next-nearest neighbor hopping
amplitudes t =0.3 eV and t0=t = # 0:1758, respectively, and an electro-
nic densityn =0.76/a2. The Fermi-level density of states is 1.646/(eVa2),
which corresponds to a band massm/me = 2.76 using the LSCO lattice
parameter a = 3.78 Å. The spectral weight is K = 211meV, such that the
prediction of this tight-bindingmodel is (m/me)K = 582meV, in perfect
agreement with the previously determined value. In view of this
agreement, we use the tight-binding model in order to fix the
remaining two system parameters: m = 2.76me and K = 211meV. Fig-
ure 2c compares the mass enhancement inferred from the low-
temperature specific heat and from the scaling analysis of the optical
data. The tight-binding value of the product Km ensures that both data
sets have the same slope on a semi-log plot. However, the resulting
optical mass enhancement is larger than the quasiparticle mass
enhancement by≈0.75,which is also the amount bywhich the infrared
mass enhancement exceeds unity in Fig. 1d. A mass enhancement lar-
ger than unity at 0.4 eV implies that part of the intraband spectral
weight lies above 0.4 eV, overlapping with the interband transitions.
Conversely, interband spectral weight is likely leaking below 0.4 eV,
which prevents us from accessing the absolute value of the genuine
intraband mass by optical means. Figure 2d shows the collapse of the
frequency-dependent change of the mass enhancement, confirming
the behavior m*(ω) −m*(0) ≈ Tν−1fm(ω/T) with ν = 1. The shape of the
scaling function fm(x) agrees remarkably well with the theoretical
prediction derived in Theory below.

Apparent power-law behavior: a puzzle. The above scaling analysis
has led us to the following conclusions. (i) The optical scattering rate
and optical mass enhancement of LSCO at p =0.24 exhibit ω/T scaling
over two decades for the chosen value ϵ∞ = 2.76. (ii) The best collapse
of the data is achieved for an exponent ν = 1 corresponding to
Planckian dissipation. This behavior is consistent with the measured
T-linear resistivity. (iii) The temperature dependence of m*(0, T) that
produces the best data collapse is logarithmic, consistently with the
temperature dependence of the electronic specific heat.

Hence, the data presented in Fig. 2 provide compelling evidence
that the low-energy carriers in LSCO at the doping p = 0.24 experience
linear-in-energy and linear-in-temperature inelastic scattering pro-
cesses, as expected in a scale-invariant quantum critical system char-
acterized by Planckian dissipation. It is therefore at first sight
surprising that the infrared conductivity exhibits as a function of fre-
quency a power lawwith an exponent that is clearly smaller than unity,
as highlighted in Fig. 3a, b. These figures show that the modulus and
phase of σ are both to a good accuracy consistent with the behavior
σ / ð#iωÞ#ν* =ω#ν*eiπ2ν* with an exponent ν* = 0.8. A similar behavior
with exponent ν* ≈0.6 was reported for optimally- and overdoped
Bi221223, while earlier optical investigations of YBCO and Bi2212 have
also reportedpower lawbehavior of Re σðωÞ26,28,29.Wenowaddress this
question by considering a theoreticalmodel presented in the following

Fig. 3 | Sub-linear power lawat intermediate frequencies. aModulus andbphase
of the complex conductivity shown in Fig. 1a and b; the modulus decays with an
exponent ν* ≈0.8 and thephase approaches a value slightly lower than (π/2)ν*. c and
d: same quantities calculated using a Planckian model with linear-in-energy scat-
tering rate, Eqs. (7) and (10). The model and parameters are discussed in the text.
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The two-dimensional Yukawa-Sachdev-Ye-Kitaev (2d-YSYK) model provides a universal theory
of quantum phase transitions in metals in the presence of quenched random spatial fluctuations in
the local position of the quantum critical point. It has a Fermi surface coupled to a scalar field
by spatially random Yukawa interactions. We present full numerical solutions of a self-consistent
disorder averaged analysis of the 2d-YSYK model in both the normal and superconducting states,
obtaining electronic spectral functions, frequency-dependent conductivity, and superfluid stiffness.
Our results reproduce key aspects of observations in the cuprates as analyzed by Michon et al. (Nat.
Comm. 14, 3033 (2023)). We also find a regime of increasing zero temperature superfluid stiffness
with decreasing superconducting critical temperature, as is observed in bulk cuprates.

Higher temperature superconductors of correlated elec-
tron materials all display a ‘strange metal’ phase above
the critical temperature for superconductivity [1, 2]. This
is a metallic phase of matter where the Landau quasi-
particle approach breaks down. It is characterized most
famously by a linear in temperature (T ) electrical re-
sistivity. We use the term strange metal only for those
metals whose resistivity is smaller than the quantum unit
(h/e2 in d = 2 spatial dimensions). Metals with a linear-
in-T resistivity which is larger than the quantum unit are
‘bad metals’.

An often quoted model for a strange or bad metal
(e.g. [3, 4]) is one in which there is a large density of
states of low energy bosonic excitations, usually phonons,
and then quasi-elastic scattering of the electrons off the
bosons leads to linear-in-T resistivity from the Bose oc-
cupation function when T is larger than the typical boson
energy. However, studies of the optical conductivity in
the strange metal of the cuprates [5] show that the dom-
inant scattering is inelastic, not quasi-elastic, and leads
to a non-Drude power-law-in-frequency tail in the optical
conductivity. The optical conductivity data has been in-
cisively analyzed recently by Michon et al. [6]: they have
shown that while the transport scattering rate (related
to the real part of the inverse optical conductivity) ex-
hibits Planckian scaling behavior [1], there are significant

logarithmic deviations from scaling in the frequency and
temperature dependent effective transport mass (related
to the imaginary part of the inverse optical conductivity).
Furthermore, the optical conductivity data connects con-
sistently with d.c. measurements of resistivity and ther-
modynamics.

Our paper presents a self-consistent, disorder-averaged
analysis of a two-dimensional Yukawa-Sachdev-Ye-
Kitaev (2d-YSYK) model, which has a spatially random
Yukawa coupling between fermions,  , with a Fermi sur-
face and a nearly-critical scalar field, �. We use meth-
ods similar to those which yield the exact solution of the
zero-dimensional Sachdev-Ye-Kitaev model. Such a 2d-
YSYK model has been argued [7–9] to provide a universal
description of quantum phase transitions in metals, as-
sociated with the condensation of �, in the presence of
impurity-induced ‘Harris’ disorder [10–12] with spatial
fluctuations in the local position of the quantum critical
point. We find results that display all the key charac-
teristics of the optical conductivity and d.c. resistivity
described by Michon et al., as shown in Fig. 3.

Moreover, YSYK models also display instabilities of
the strange metal to superconductivity [13–17], with the
pairing type dependent upon the particular quantum
phase transition being studied. We will examine an insta-
bility to spin-singlet pairing in a simplified model which
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bosons or spinons, whose condensation leads to long-range magnetic 
ordering58,59. Methods provides the details.

The dynamical spin structure factor S(q, ω) at T = 0 using SB60 for 
J2/J1 = 0.05 is shown in Fig. 5d. On a qualitative level, this result captures 
the features seen in the experimental data: the strong dispersive cone 
emanating from K, the continuum scattering at higher energies, the 
diffuse high-energy feature at M and the pronounced low-energy 
‘roton-like’ mode at M. We note that the downturn of the roton-like 
mode is much less pronounced in the SB result because of the lack  
of 1/N corrections to the internal vertices and the single-spinon 
propagator60. However, the most remarkable aspect of this com-
parison is that the SB approach captures the intensity modulation of  
the continuum scattering at higher energies, which is determined 
by the two-spinon continuum of the SB theory. This correspond-
ence points to the continuum scattering in KYbSe2 originating from 
its proximity to a deconfined spin-liquid state with fractionalized 
spinon excitations.

The measured continuum scattering extends up to higher ener-
gies than SB predicts: ∼1.6 meV, approximately three times the fitted 
value, that is, J1 = 0.56(3) meV (Supplementary Fig. 5). We attribute 
this discrepancy to the lack of four-spinon contributions arising from  
Feynman diagrams, which have not been included in the SB calcu-
lation60. Note that the KYbSe2 continuum extent does match the 

predicted continuum extent near the J2/J1 ≈ 0.06 transition point as 
calculated by Gutzwiller-projected variational Monte Carlo61.

Tensor networks: full-spectrum model
The third technique we use to model the diffuse inelastic neutron 
scattering is based on tensor networks (Methods). A related approach 
was recently used to interpret and describe the scattering of CsYbSe2  
(ref. 28), and provides a full quantum picture of the neutron spectrum. 
The downside to this technique is finite-size effects, which cause broad-
ened modes and gaps in the low-energy spectrum. Nevertheless, quali-
tative comparisons can be made.

The simulated data along high-symmetry directions of the 
Brillouin zone for J2/J1 = 0.05 are shown in Fig. 5e. The overall features 
of the experimental data are reproduced in the simulations: the asym-
metric dispersive modes emanating from K, the diffuse continuum 
extending to high energies and even the broad 1 meV feature at M. 
This shows that the triangular-lattice Heisenberg J1–J2 model is indeed 
an appropriate model for KYbSe2. Further microscopic simulations 
show that most of the high-energy scattering remains unchanged 
as J2 is increased and the system enters the QSL phase, showing that 
the high-energy scattering can be interpreted as bound spinons of a 
proximate spin liquid.

Critical scaling
So far, the entanglement witnesses and theoretical comparisons indi-
cate that KYbSe2 is close to the J1–J2 QSL quantum critical point. If this is 
true, we should see quantum critical scaling in the finite-temperature 
neutron spectrum62–65. Plotting scattered intensity times (kBT)α versus 
#ω/kBT (Fig. 6), we see a critical exponent α = 1.73(12) over more than 
a decade in ω/T. Theoretically, the semiclassical spin-wave scattering 
from an ordered Heisenberg triangular lattice predicts an exponent 
of α = 1. The observed scattering is unquestionably inconsistent with 
this (Fig. 6a). Thus, this scaling shows that the inelastic spectrum of 
KYbSe2 is dominated by non-magnon quasiparticles, confirming the 
above interpretation of fractionalized spinons.

Elastic Bragg scattering and heat capacity show a transition to 
long-range magnetic order below TN = 290 mK (Supplementary Fig. 1), 
showing that KYbSe2 is on the 120° side of the phase boundary. Never-
theless, the critical scaling is strong evidence that KYbSe2 is within the 
quantum critical regime at finite T.

This scaling holds over a single decade in #ω/kBT, which may not 
be enough to definitively establish the power-law behaviour. Neverthe-
less, if it holds over a larger range, it has important implications regard-
ing the nature of the QSL state. Indeed, the gapped ℤ

2

 QSL state 
proposed in another work66 is the only liquid that can be continuously 
connected with 120° Néel ordered state, as it does not break any sym-
metries and has the lowest-energy modes at the K points67 (the 
low-energy excitations of the other possibility, a π-flux state, are 
gapped at the K points and gapless at the M points, inconsistent with 
the observations). The resulting quantum critical point is expected to 
have a dynamically generated O(4) symmetry68,69.

Conclusion
These results show that KYbSe2 is within the quantum critical fan of 
a QSL state. The CEF fits show an isotropic J = 1/2 doublet with strong 
quantum effects, and ORF simulations show a J2/J1 ratio within the 
120° ordered phase but very close to the QSL quantum critical point 
of J2/J1 ≈ 0.06. Entanglement witnesses reveal an entangled ground 
state with distributed entanglement, just as was shown in the 1D case 
to indicate proximity to quantum criticality53. Finally, there are strong 
signs of quantum criticality in the neutron spectrum: (1) the majority 
spectral weight in the continuum, (2) the sharp lower continuum bound 
reminiscent of the 1D spinon spectrum, (3) strong correspondence to 
SB and tensor network simulations near the transition to a spin liquid 
and (4) critical scaling incompatible with semiclassical excitations; 
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Fig. 5 | Comparison between experimental KYbSe2 scattering and theoretical 
simulations. a,b, ORF fits to energy-integrated paramagnetic KYbSe2 scattering 
at 1 K (a) and 2 K (b). SCGA, self-consistent Gaussian approximation. In each 
panel, the data are on the left and the fit is on the right. c–e, Neutron scattering 
along high-symmetry directions. The experimental data for KYbSe2 (c) and the 
zero-temperature simulated spectrum from SB calculations (d) are shown, with 
J1 = 0.56(3) meV and J2/J1 = 0.05. e, Tensor network simulations of a triangular 
lattice with the same J1 and J2 on a cylinder with a circumference of 6 sites and 
a length of 36 sites. On a qualitative level, the theory captures the continuum 
excitations observed in experiment.
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angle 2θ fixed at 146◦ and 149.5◦ for I21 and ID32, re-
spectively. The scattering geometry is shown in Fig. 1(a).
We assume there is negligible dispersion in the features of
interest from variation of l , and therefore we focus only
on the momentum transferred in the (h, k) plane. Spectra
were principally measured along the two high-symmetry lines
(h, 0) and (h, h) as indicated with red arrows in Fig. 1(b)
with energy resolution "E " 35 meV. The x = 0 and 0.12
measurements were performed at I21 and the x = 0.16 mea-
surements were performed at ID32 and repeated at I21. In both
doped compounds, further measurements were performed at
ID32 with "E " 50 meV on a grid of Q points evenly dis-
tributed throughout a quadrant of the Brillouin zone indicated
by the red shaded region in Fig. 1(b). The energy resolution
was established using elastic scattering from a silver paint or
carbon tape reference. For I21, a background was measured
from either a dark image taken after the collection or by fitting
a constant background outside the excitation range!−0.1 and
"5 eV.

D. Analysis

1. Data processing

In order to carry out a quantitative analysis of the data,
we follow recent practice [6,7,13,26,33,35] and assume that
the magnetic intensity observed in RIXS is proportional to
the spin-spin dynamical structure factor S(Q,ω) which is
used to interpret neutron scattering experiments [36]. S(Q,ω)
is, in turn, proportional to χ ′′(Q,ω) multiplied by the Bose
factor n(ω) + 1 = [1 − exp(−h̄ω/kBT )]−1. Clearly the scat-
tering processes in RIXS and INS are very different, with
the observed RIXS intensity being dependent on the rela-
tive orientation of the photon electric field to the Cu 3d
orbitals as well as the absorption of the x-ray photons within
the sample. These factors are known to vary slowly with
Q [37,38], nevertheless, to correct for these effects we initially
normalize our raw counts Iraw to the energy-integrated dd
excitation intensity obtained from the same spectrum. The
intensity of the dd excitations is known to be dependent on
the polarization ε and wave vector k and can be described
by a function g(ε, ε′, k, k′). We denote the measured intensity
IRIXS as Iraw/g where g =

∫
g(ε, ε′, k, k′) dω is the integral

described above evaluated over the range 1–3 eV.
The spectra were aligned to the elastic reference and

the exact zero-energy position was established by fitting an
elastic peak with a Gaussian function. The aligned spectra
were modeled within a range −80 to 800 meV. As well as
the spin excitations, we fit an elastic peak and low-energy
excitations, which are interpreted as phonons, using Gaus-
sian functions. Electron-hole excitations and broadened dd
excitations contribute to the low-energy RIXS scattering for
doped compositions [11]. This contribution was modeled with
a linear function which was fixed for all spectra of the same
composition. The gradient of the linear function was found
by fitting the spectra at low Q. In the insulating parent
compound this contribution was not required. However, a
broad continuum of multimagnon excitations is resolvable at
∼400−600 meV. This was modeled with a Gaussian function.

The spectra were not deconvolved to take account of the
instrument energy resolution "35 meV. The most noticeable

FIG. 2. IRIXS intensity maps as a function of Q in LSCO x =
0 (T ≈ 20 K), 0.12, and 0.16 (T ≈ 30 K). Showing measurements
along the (h, 0) and (h, h) lines. The measurements were performed
in grazing-out geometry and with LH polarization at I21 at Diamond
Light Source. The configuration favors magnetic scattering. All three
compositions show charge scattering in the form of phonons below
100 meV and a charge density wave peak is observed near h = 0.23
in x = 0.12. The dashed white line marks the antiferromagnetic
Brillouin zone boundary (see Fig. 1).

effect of this was in the determination of γ and ' values (see
Sec. II D 2). We estimate that our fitted values are increased
by 5% in the worse case.

2. Damped harmonic oscillator model

A damped harmonic oscillator (DHO) model may be used
to describe a given spin-wave mode with wave vector Q. This
approach has recently been taken in a number of RIXS stud-
ies [11,13,33,39]. The analogous mechanical DHO equation
is [40]

ẍ + ω2
0x + γ ẋ = f /m, (1)

where ω0 is the frequency of the undamped mode and γ
is the damping parameter. In our case, both of these are Q
dependent, thus ω0 = ω0(Q) and γ = γ (Q).

The imaginary part of the DHO response function for a
given wave vector can be written as

χ ′′(Q,ω) = χ ′(Q) ω2
0(Q) γ (Q) ω

[
ω2 − ω2

0(Q)
]2 + ω2γ 2(Q)

, (2)

where χ (Q) ≡ χ ′(Q) ≡ χ ′(Q,ω = 0) is the real part of the
zero frequency susceptibility. The solution of Eq. (1) can be
represented by two poles with complex frequencies:

ω = ±
[
ω2

0 −
(
γ 2/4

)]1/2 = ±ω1 − iγ
2

. (3)
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