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Fundamental principles of Fermi liquid theory:

• Low energy excitations are nearly-free “quasielectrons”
near the Fermi surface.

• The electron-electron scattering rate, 1/⌧ ⇠ U2T 2, much
slower than the Planckian bound kBT/~ as T ! 0.

• Luttinger theorem: the size of the Fermi surface (i.e. the
carrier density) is independent of the strength of electron-
electron interactions, U
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Fundamental principles of Fermi liquid theory:

• Low energy excitations are nearly-free “quasielectrons”
near the Fermi surface.

• The electron-electron scattering rate, 1/⌧ ⇠ U2T 2, much
slower than the Planckian bound kBT/~ as T ! 0.

• Luttinger theorem: the size of the Fermi surface (i.e. the
carrier density) is independent of the strength of electron-
electron interactions, U

S. Sachdev, Quantum Phase Transitions (1999)
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Table 1  |  Slope of T-linear resistivity and Planckian limit in seven materials.

Material n 
(1027 m-3)

 m*
(m0)

A1 / d  
(! / K)

h / (2e2 TF)
(! / K)

⍺

Bi2212 p = 0.23 6.8 8.4 ± 1.6 8.0 ± 0.9 7.4 ± 1.4 1.1 ± 0.3

Bi2201 p ~ 0.4 3.5 7 ± 1.5 8 ± 2 8 ± 2 1.0 ± 0.4

LSCO p = 0.26 7.8 9.8 ± 1.7 8.2 ± 1.0 8.9 ± 1.8 0.9 ± 0.3

Nd-LSCO p = 0.24 7.9 12 ± 4 7.4 ± 0.8 10.6 ± 3.7 0.7 ± 0.4

PCCO x = 0.17 8.8 2.4 ± 0.1 1.7 ± 0.3 2.1 ± 0.1 0.8 ± 0.2

LCCO x = 0.15 9.0 3.0 ± 0.3 3.0 ± 0.45 2.6 ± 0.3 1.2 ± 0.3

TMTSF P = 11 kbar 1.4 1.15 ± 0.2 2.8 ± 0.3 2.8 ± 0.4 1.0 ± 0.3
 

 

Table 1 | Slope of T-linear resistivity vs Planckian limit in seven materials.  

Comparison of the measured slope of the T-linear resistivity in the T = 0 limit,  

A1 , with the value predicted by the Planckian limit (Eq. 1; penultimate column), 

for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two 

electron-doped cuprates (PCCO and LCCO) and the organic conductor 

(TMTSF)2PF6 , as discussed in the text (and Supplementary Information).     

The ratio α of the experimental value, A1
☐ = A1 / d, over the predicted value,       

is given in the last column. Although A1
☐ varies by a factor 5, the ratio m* / n  

(~1/TF) is seen to vary by the same amount, so that α = 1.0 in all cases,        

within error bars. 

 

 

 

 

 

A. Legros et al., Nature Physics 15, 142 (2019)
Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is

⇢ =
m⇤

ne2
1

⌧

with a universal scattering rate

1

⌧
⇡ kBT

~ ,

independent of the strength of interactions!

Current flow without quasiparticles
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Planckian electron scattering time ⌧ in 6 di↵erent cuprates
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~

See also: G. Grissonnanche et al.,  arXiv:2011.13054
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• Needed: a theory of a Planckian metal
with 1/⌧ ⇠ kBT/~
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A simple model of a metal with quasiparticles

tij are independent random variables with tij = 0 and |tij |2 = t2

<latexit sha1_base64="XdCzTKAnyrTx007PqPBG3vEX6oM="></latexit>

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj � µ

X

i

c
†
i ci

1

N

X

i

c
†
i ci = Q



A simple model of a metal with quasiparticles
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Many-body density of states
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)
S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

The Sachdev-Ye-Kitaev (SYK) model
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Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U2

N ! 1 yields Planckian metal.
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PRB 63, 134406 (2001)
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No quasiparticle
decomposition
of many-body states

<latexit sha1_base64="5n1qJAN0Ms1m0eoo78JXepQIAG0="></latexit>

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

S(T ! 0) = N(s0 + �T )

A. Georges, O. Parcollet, and 
S. Sachdev, 


PRB 63, 134406 (2001)

<latexit sha1_base64="1IwZtrU+0hpy/Xhn4/a1Z9fFzjM=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4GnqSyWQ8CEEvHiOYBZIQejo9SZOehe4eIQ7BX/HiQRGv/oc3/8bOIqjog4LHe1VU1fMTzqRC6MNYWl5ZXVvPbeQ3t7Z3ds29/YaMU0FoncQ8Fi0fS8pZROuKKU5biaA49Dlt+qPLqd+8pUKyOLpR44R2QzyIWMAIVlrqmYeyh+A5RJbjOp7jdXg/VrJnFpCFXK+ESlOnVEHlM01QuWK7HrQtNEMBLFDrme+dfkzSkEaKcCxl20aJ6mZYKEY4neQ7qaQJJiM8oG1NIxxS2c1m10/giVb6MIiFrkjBmfp9IsOhlOPQ150hVkP525uKf3ntVAVeN2NRkioakfmiIOVQxXAaBewzQYniY00wEUzfCskQC0yUDiyvQ/j6FP5PGkXLdq3itVOoXiziyIEjcAxOgQ0qoAquQA3UAQF34AE8gWfj3ng0XozXeeuSsZg5AD9gvH0CjROTZg==</latexit>

s0 = 0.464848 . . .

<latexit sha1_base64="H7ahe9n9zrz+WU8uUxI907weSBQ="></latexit>

D(E) ⇠

2 eNs0
p

2N�E

<latexit sha1_base64="Djm+W/9JJEX6VIafr/AWQ4YE6lI="></latexit>

D(E) =
X

a

�(E � Ea); E0 + Ea ) Many body eigenvalue

Many-body density of states

Complex SYK model



<latexit sha1_base64="MLvb1+RERIyx7Z60V+sMb8cae1k="></latexit>

No quasiparticle
decomposition
of many-body states

<latexit sha1_base64="5n1qJAN0Ms1m0eoo78JXepQIAG0="></latexit>
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• Low energy theory is scale invariant: characterized
by relaxation at the Planckian scale kBT/~ and in-
dependent of U .

• Low energy theory is invariant under time reparam-
eterizations ⌧ ! f(⌧).

• Low energy dynamics is described by an e↵ective ac-
tion for the time reparameterization soft mode f(⌧).

• Time reparameterization soft mode leads to:

– Log correction to entropy
S(T ! 0) = Ns0 � 3/2 ln(1/T ).

– Many-body density of states⇠ eNs0 sinh(
p
2N�E).

– Linear-in-T resistivity in the random t-J model
(after including fractionalization)

The SYK model
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Horizon radius R =
2GM

c2

Objects so dense that light is 
gravitationally bound to them.

Black Holes

In Einstein’s theory, the 
region inside the black hole 
horizon is disconnected from 

the rest of the universe.
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G Newton’s constant, c velocity of light, M mass of black hole
For M = earth’s mass, R ⇡ 9mm!
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Black hole 

horizon

Quantum Entanglement across a black hole horizon

To an outside observer, the state 
of the electron inside the black 

hole is an unknown:  
black holes have an entropy  

and a temperature



Bekenstein (1973) 
Hawking (1974) 

Quantum

Black

holes
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• Black holes have an entropy and
a temperature, TH .

• The entropy, SBH is proportional
to their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).
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• What are the microscopic degrees of freedom

that lead to black hole entropy (strings ?)

• How do we keep track of the quantum infor-

mation carried by additional matter added

to the black hole, and what happens to it

when the black hole evaporates ?
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to their surface area.
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Recent developments: Many aspects of black hole
entropy and quantum information are independent
of microscopic (i.e. UV) details, and can be under-
stood in a semiclassical theory of Einstein gravity.



evidence case (amax ¼ bmax ¼ 100), we employ a
conservative choice. In Fig. 2 we display, in blue, the
median and 90% credible intervals of the posterior prob-
ability distributions pðHjDN; a; bÞ. Single-event likeli-
hoods are shown in gray for comparison. We finally
compute the probability that the Bekenstein-Hod bound
(gold vertical line) is obeyed on a population level, by
computing the p-value (p̃ ≔ pðH < 1jDN; a; bÞ) for each
of a; b sample obtained from Eq. (3). The result yields a p̃-
value distribution strongly peaked towards unity with
median and 90% credible levels given by p̃ ¼ 0.94þ0.05

−0.14,
where p̃ ¼ 1 would indicate perfect agreement with the
prediction, while p̃ ¼ 0 perfect disagreement. The
Bekenstein-Hod bound is respected with very high con-
fidence by the observed BBH population. As an additional
check, we compared our result with the corresponding
value coming from a naive point-estimate of the averageH
likelihood, the latter being insensitive to specific hierar-
chical modeling choices. A weighted average over single
events likelihoods, with weights given by the respective
evidences, yields the red curve displayed in Fig. 2, corre-
sponding to p̃ ¼ 0.93. The excellent agreement between
this un-modelled estimate and the median of the hierar-
chical population posterior confirms the robustness of the
adopted population model.
Conclusions.—BHs are expected to be the fastest dis-

sipating objects in the Universe, in the sense that they

possess the shortest possible relaxation time for a given
temperature [18]. In this Letter, we obtained an observa-
tional verification of the Bekenstein-Hod information
emission bound using a Bayesian time-domain analysis
applied to the binary black holes of the LIGO-Virgo
GWTC-2 catalog. The result is consistent with the pre-
dictions of GR, BH thermodynamics, and information
theory. Our analysis provides the first experimental veri-
fication of a long-standing prediction on the dynamical
information-emission process of a BH.
Software.—Open-software PYTHON packages, accessible

through PyPi, used in this work comprise CORNER,
GWSURROGATE, H5PY, MATPLOTLIB, NUMBA, NumPy,
SciPy, SEABORN, and surfinBH [74,75,86–92].
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FIG. 2. Median and 90% credible levels on the Bekenstein-Hod
parameter H parent distribution, obtained through a hierarchical
model (blue area). Single-events likelihood (grey curves) are also
displayed, together with their evidence-weighted average (red
curve). The probability that the bound (gold dashed line) is
obeyed by the whole population are p̃ ¼ 0.94þ0.05

−0.14 when assum-
ing the posterior distribution and p̃ ¼ 0.93 when assuming the
average likelihood.
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Compiling Messages from Neutron
Stars
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The combination of gravitational-wave and x-ray observations of
neutron stars provides new insight into the structure of these
stars, as well as new confirmation of Einstein’s theory of gravity.
Read More »
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Rising Tides on Black Holes
March 30, 2021

New calculations show that spinning black holes—unlike
nonspinning ones—can be tidally deformed by a nonsymmetric
gravitational field. Read More »
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Wormholes Open for Transport
March 9, 2021

New theories of wormholes—postulated tunnels through
spacetime—explore whether they could be traversable by
humans. Read More »

SYNOPSIS

Black Holes Obey Information-Emission
Limits
April 22, 2021 • Physics 14, s47

An analysis of the gravitational waves emitted from black hole mergers confirms that black holes are the fastest
known information dissipaters.

The extreme nature of black holes means that they o!er unique opportunities for testing the limits of physics laws.
One law that researchers have wanted to test in this way is the one describing the maximum rate at which
information can flow out from a system. But until recently, this test was impossible with black holes because of a
lack of suitable candidates. That changed with the first measurements of gravitational waves. Now, an analysis of
the gravitational waves detected from eight black hole mergers confirms that the law applies to these extreme
objects [1].

Any perturbed object will emit information about its state until it returns to equilibrium. Theory predicts a limit to
the rate of this information emission, with that limit depending on the object’s temperature and its relaxation time
(how fast it regains equilibrium). For freshly merged black holes, these parameters are encoded in the emitted
gravitational waves.

Of the roughly 50 black hole mergers so-far detected, researchers from the University of Pisa, Italy, and the
University of Glasgow, UK, selected eight from which they could make confident measurements of relaxation times.
For each of these mergers, the team calculated the maximum average rate of information emission per unit of
energy. They found that these rates are the fastest for any known object: about  bits per second per
joule, or 75% of the theoretical maximum. At this extreme rate, perturbed black holes broadcast information at a
rate roughly 11 orders of magnitude higher than those involving “everyday” room-temperature objects that are
roughly a meter wide.

The result confirms that black holes obey fundamental principles of general relativity, information theory, and
thermodynamics—a finding that the team says wasn’t guaranteed to be true. Any future extensions to general
relativity, they say, must obey this information bound as well.

–Christopher Crockett

Christopher Crockett is a freelance writer based in Arlington, Virginia.
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Compiling Messages from Neutron
Stars
May 3, 2021

The combination of gravitational-wave and x-ray observations of
neutron stars provides new insight into the structure of these
stars, as well as new confirmation of Einstein’s theory of gravity.
Read More »
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Rising Tides on Black Holes
March 30, 2021

New calculations show that spinning black holes—unlike
nonspinning ones—can be tidally deformed by a nonsymmetric
gravitational field. Read More »
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Wormholes Open for Transport
March 9, 2021

New theories of wormholes—postulated tunnels through
spacetime—explore whether they could be traversable by
humans. Read More »
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Black Holes Obey Information-Emission
Limits
April 22, 2021 • Physics 14, s47

An analysis of the gravitational waves emitted from black hole mergers confirms that black holes are the fastest
known information dissipaters.

The extreme nature of black holes means that they o!er unique opportunities for testing the limits of physics laws.
One law that researchers have wanted to test in this way is the one describing the maximum rate at which
information can flow out from a system. But until recently, this test was impossible with black holes because of a
lack of suitable candidates. That changed with the first measurements of gravitational waves. Now, an analysis of
the gravitational waves detected from eight black hole mergers confirms that the law applies to these extreme
objects [1].

Any perturbed object will emit information about its state until it returns to equilibrium. Theory predicts a limit to
the rate of this information emission, with that limit depending on the object’s temperature and its relaxation time
(how fast it regains equilibrium). For freshly merged black holes, these parameters are encoded in the emitted
gravitational waves.

Of the roughly 50 black hole mergers so-far detected, researchers from the University of Pisa, Italy, and the
University of Glasgow, UK, selected eight from which they could make confident measurements of relaxation times.
For each of these mergers, the team calculated the maximum average rate of information emission per unit of
energy. They found that these rates are the fastest for any known object: about  bits per second per
joule, or 75% of the theoretical maximum. At this extreme rate, perturbed black holes broadcast information at a
rate roughly 11 orders of magnitude higher than those involving “everyday” room-temperature objects that are
roughly a meter wide.

The result confirms that black holes obey fundamental principles of general relativity, information theory, and
thermodynamics—a finding that the team says wasn’t guaranteed to be true. Any future extensions to general
relativity, they say, must obey this information bound as well.

–Christopher Crockett

Christopher Crockett is a freelance writer based in Arlington, Virginia.
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Gravity wave
observations of

8 di↵erent black holes
show a relaxation time
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• Black holes have an entropy and
a temperature, TH .

• The entropy, SBH is proportional
to their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).
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Recent developments: Many aspects of black hole
entropy and quantum information are independent
of microscopic (i.e. UV) details, and can be under-
stood in a semiclassical theory of Einstein gravity.
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• They relax to thermal equilibrium
with a Planckian rate kBTH/~,
implying connection to non-quasiparticle
dynamics.
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We show that there is a close correspondence between the physical properties of holographic metals

near charged black holes in anti–de Sitter (AdS) space, and the fractionalized Fermi liquid phase of the

lattice Anderson model. The latter phase has a ‘‘small’’ Fermi surface of conduction electrons, along with

a spin liquid of local moments. This correspondence implies that certain mean-field gapless spin liquids

are states of matter at nonzero density realizing the near-horizon, AdS2 ! R2 physics of Reissner-

Nordström black holes.

DOI: 10.1103/PhysRevLett.105.151602 PACS numbers: 11.25.Tq, 75.10.Kt, 75.30.Mb

There has been a flurry of recent activity [1–10] on the
holographic description of metallic states of nonzero den-
sity quantum matter. The strategy is to begin with a
strongly interacting conformal field theory (CFT) in the
ultraviolet (UV), which has a dual description as the
boundary of a theory of gravity in anti–de Sitter (AdS)
space. This CFT is then perturbed by a chemical potential
(!) conjugate to a globally conserved charge, and the
infrared (IR) physics is given a holographic description
by the gravity theory. For large temperatures T " !, such
an approach is under good control, and has produced a
useful hydrodynamic description of the physics of quan-
tum criticality [11]. Much less is understood about the low
temperature limit T # !: a direct solution of the classical
gravity theory yields boundary correlation functions de-
scribing a non-Fermi liquid metal [4], but the physical
interpretation of this state has remained obscure. It has a
nonzero entropy density as T ! 0, and this raises concerns
about its ultimate stability.

This Letter will show that there is a close parallel
between the above theories of holographic metals, and a
class of mean-field theories of the ‘‘fractionalized Fermi
liquid’’ (FFL) phase of the lattice Anderson model.

The Anderson model (specified below) has been a popu-
lar description of intermetallic transition metal or rare-
earth compounds: it describes itinerant conduction elec-
trons interacting with localized resonant states represent-
ing d (or f) orbitals. The FFL is an exotic phase of the
Anderson model, demonstrated to be generically stable in
Refs. [12,13]; it has a ‘‘small’’ Fermi surface whose vol-
ume is determined by the density of conduction electrons
alone, while the d electrons form a fractionalized spin
liquid state. The FFL was also found in a large spatial
dimension mean-field theory by Burdin et al. [14], and is
the ground state needed for a true ‘‘orbital-selective Mott
transition’’ [15]. The FFL should be contrasted from the
conventional Fermi liquid (FL) phase, in which there is a
‘‘large’’ Fermi surface whose volume counts both the con-
duction and d electrons: the FL phase is the accepted de-
scription of many ‘‘heavy fermion’’ rare-earth intermetal-

lics. However, recent experiments on YbRh2ðSi0:95Ge0:05Þ2
have observed an unusual phase for which the FFL is an
attractive candidate [16].
Here, we will describe the spin liquid of the FFL by the

gapless mean-field state of Sachdev and Ye [17] (SY). We
will then find that physical properties of the FFL are
essentially identical to those of the present theories of
holographic metals. Similar comments apply to other gap-
less quantum liquids [18] which are related to the SY state.
This agreement implies that nonzero density matter de-
scribed by the SY (or a related) state is a realization of the
near-horizon, AdS2 ! R2 physics of Reissner-Nordström
black holes.
We begin with a review of key features of the present

theory of holographic metals. The UV physics is holo-
graphically described by a Reissner-Nordström black
hole in AdS4. In the IR, the low-energy physics is captured
by the near-horizon region of the black hole, which has a
AdS2 ! R2 geometry [4]. The UV theory can be written as
a SUðNcÞ gauge theory, but we will only use gauge-
invariant operators to describe the IR physics. We use a
suggestive condensed matter notation to represent the IR,
anticipating the correspondence we make later. We probe
this physics by a ‘‘conduction electron’’ ck" (where k is a
momentum and " ¼" , # a spin index), which will turn out
to have a Fermi surface at a momentum k ' jkj ¼ kF. The
IR physics of this conduction electron is described by the
effective Hamiltonian [4,7]

H ¼ H0 þH1½d; c* þHAdS (1)

H0 ¼
X

"

Z d2k

4#2 ð"k +!Þcyk"ck"; (2)

with ck" canonical fermions and "k their dispersion, and

H1½d; c* ¼
X

"

Z d2k

4#2 ½Vkd
y
k"ck" þ V,

kc
y
k"dk"*; (3)

with Vk a ‘‘hybridization’’ matrix element. The dk" are
nontrivial operators controlled by the strongly coupled IR

PRL 105, 151602 (2010)
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Current understanding: Many key properties of suitable

random Hamiltonians self-average, and allow easier access

to the physics of strongly entangled and chaotic quantum

matter
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Thermodynamics of quantum black holes:

Z
Dgµ⌫ exp

✓
�1

~ S(3+1)
Einstein gravity[gµ⌫ ]

◆

= exp
⇣
SBH

⌘
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Metric of  
spacetime
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In general, this summation is not well defined, because to the
uncontrollably large number of spacetime configurations.

But in recent years, we have learnt how to evaluate
the summation for Einstein gravity in some cases,
and obtain the exact value of

thanks to connections to the Sachdev-Ye-Kitaev model.
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Gibbons, Hawking (1977)
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SBH =
A(TH)c3

4G~
With Z = Tre�H/(kBTH),
~/(kBTH) is the length of the Euclidean time circle.
A(TH) is the area of the black hole horizon at a temperature TH .

Interpretation: Black hole entropy is
entanglement entropy across the horizon.



Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 



~x
⇣

Zooming into the near-
horizon region of a 

charged black hole at 
low temperature, yields 
a gravitational theory 
in one space (   ) and 
one time dimension

⇣

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 



SYK model and charged black holes
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AdS2 ⇥ S2
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Area yields

Bekenstein-Hawking

entropy SBH
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dSBH/dQ = 2⇡E ,
where Q is the charge density,

and E is the electric field on the horizon.
Sen (2005); Sachdev (2015)



SYK model and charged black holes
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Quantum gravity can be
exactly solved in this region!
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Thermodynamics of quantum black holes with charge Q:
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A0 is the area of the charged black hole horizon at TH = 0.
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Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); 
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A0 is the area of the charged black hole horizon at TH = 0.
The ln(1/TH) term is the contribution of the boundary
graviton, and is also independent of UV details!
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which
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Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which
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Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which
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Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which
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Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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Pseudogap metal with
spin glass order and

non-Luttinger carrier density

4

the complement of A. Results for SvN(A) for subsystem
sizes M = 1, 2, 3, 4 and total system sizes N = 10, 12, 16
are shown in Fig. 3. We find that the single-site (M = 1)
and two-site (M = 2) entanglement entropy are well con-
verged as a function of total system size N . Analogously
to the thermal entropy, we find the ansatz in Eq. 4 to
also be an excellent fit for the entanglement entropy. The
value of ep only weakly depends on the subsystem size M

and the total system size N . For a N = 16 site cluster
and M = 4 we estimate,

ep ⇡ 0.285 ± 0.024 [from SvN(A)], (6)

in agreement with our estimate obtained from the ther-
mal entropy in Eq. 5.

Finally, we investigate the charge susceptibility (com-
pressibility),

�c =
@n

@µ
=

✓
@

2
e

@n2

◆�1

=

✓
@

2
e

@p2

◆�1

, (7)

computed by taking the inverse of the second deriva-
tive of the internal state energy density e = E/N w.r.t.
doping p. Here, the chemical potential is given by
µ = @e/@n. Results for di↵erent temperatures at N = 18
are shown in Fig. 3(b). At temperatures T = 0 and
T = 0.1 we detect a maximum at doping p = 1/3. We
observe a shoulder-like feature at lower doping. At higher
temperatures T = 0.3 and T = 0.5 this feature devel-
ops into a maximum at p ⇡ 0.2. We notice, that this
shift matches the shift of ep in the thermal entropy shown
in Fig. 2(b,c). We note that the occurrence of a maxi-
mum in the compressibility, specific heat coe�cient and
local entanglement entropy has been recently discussed
in cluster-DMFT studies of the Hubbard model without
randomness in relation to the pseudogap and Mott criti-
cal points [34–37].

Luttinger’s theorem. Having found strong signatures
of a spin glass phase persisting from half filling up to
pc ⇡ 1/3, we now provide evidence of a Fermi liquid phase
at higher values of doping, which vanishes at a critical
value of doping near the onset of spin glass order. To
verify the presence of a Fermi liquid phase, we introduce
the one-particle energy distribution function,

N (✏) =
1

N

X

�

�(✏ � ✏�)
X

ij�

h�|ii hc
†
i�

cj�i hj|�i (8)

where |�i are the single-particle non-interacting eigen-
states with energy ✏�, obtained by diagonalizing the hop-
ping matrix tij . This quantity is analogous to the parti-
cle occupation number in momentum space, n(k), com-
monly used in systems with translational invariance. For
a non-interacting system with fixed particle number n,
the averaged quantity N (✏) converges to D(✏)✓(✏ � ✏F ),
where D(✏) is the single-particle density of states and ✏F

FIG. 3. (a) The ground state entanglement entropy SvN of
subsystems of size M . Results are compared for total system
size N = 10, 12, 16, shown as increasing opacity. The maxima
are attained at values close to p = 1/3, indicated by the gray
dashed line. Black dots show the ansatz Eq. 4 at optimal
fitting parameters. (b) Charge susceptibility �c for di↵erent
temperatures at N = 18. The low-temperature maximum at
doping p = 1/3 is shifted towards a smaller doping p ⇡ 0.2 at
higher temperatures.
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FIG. 4. (a) At high values of doping, the one-particle en-
ergy distribution function drops sharply near the energy level
predicted by Luttinger’s theorem (marked by crosses). At
lower values of doping, this function becomes more broad-
ened, suggesting a breakdown of Luttinger’s theorem. (b) A
comparison of the Fermi energy given by Luttinger’s theorem
and the numerically-computed value given by the inflection
point of the one-particle energy distribution function. For a
16 site cluster, the two show good agreement up to a critical
value between 6/16 = 0.38 and 7/16 = 0.44, in contrast with
the same quantity computed for free fermions which agree
well for all values of doping.

is the Fermi energy, defined by:

D(✏) =
1

N

X

�

�(✏ � ✏�) , n = 2

Z
✏F

�1
d✏ D(✏) . (9)

For the interacting system, we show in the supplemental
material [4] that, because the random couplings are all
to all, N (✏) displays self-averaging properties in the ther-
modynamic limit N ! 1. In this limit, the signature
of Luttinger’s theorem is a discontinuity of N (✏) at the
non-interacting value of ✏F defined in Eq. (9).

In Fig. 4, we plot the quantity N (✏)/D(✏), averaged
over 1000 realizations on a 16-site cluster. The density
of states D(✏) is a semicircle distribution in the large-N
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Fractionalization!
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2
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↵

c†i↵ci↵  1,
1

N

X

i↵

c†i↵ci↵ = 1� p

Jij random, Jij = 0, J2
ij = J2

tij random, tij = 0, t2ij = t2
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H = � 1p
N

NX

i,j=1

tij Pdc
†
i↵cj↵Pd +

1p
N

NX

i<j=1

Jij
~Si · ~Sj

Pd projects out doubly-occupied sites.

Fractionalized form:

H = � 1p
N

NX

i,j=1

tij f
†
i↵fj↵b

†
jbi +

1p
N

NX

i<j=1

Jij

4
f
†
i↵�↵�fi� · f†

j����fj�

Both tij and Jij are 4-parton terms, and this allows SYK
criticality in an intermediate regime.

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)
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We present a sign-problem-free quantum Monte Carlo study of a model that exhibits quantum phase
transitions without symmetry breaking and associated changes in the size of the Fermi surface. The model
is an Ising gauge theory on the square lattice coupled to an Ising matter field and spinful “orthogonal”
fermions at half filling, both carrying Ising gauge charges. In contrast to previous studies, our model hosts
an electronlike, gauge-neutral fermion excitation providing access to Fermi-liquid phases. One of the
phases of the model is a previously studied orthogonal semimetal, which has Z2 topological order and
Luttinger-volume-violating Fermi points with gapless orthogonal fermion excitations. We elucidate the
global phase diagram of the model: Along with a conventional Fermi-liquid phase with a large Luttinger-
volume Fermi surface, we also find a “deconfined” Fermi liquid in which the large Fermi surface
coexists with fractionalized excitations. We present results for the electron spectral function, showing its
evolution from the orthogonal semimetal with a spectral weight near momenta f!π=2;!π=2g to a large
Fermi surface.

DOI: 10.1103/PhysRevX.10.041057 Subject Areas: Computational Physics,
Condensed Matter Physics,
Strongly Correlated Materials

I. INTRODUCTION

Quantum phase transitions involving a change in the
volume enclosed by the Fermi surface play a fundamental
role in correlated electron compounds. In the cuprates,
there is increasing evidence of a phase transition from a
low-doping pseudogap metal state with small density of
fermionic quasiparticles to a higher-doping Fermi-liquid
(FL) state with a large Fermi surface of electronic quasi-
particles [1–9]. In the heavy fermion compounds, much
attention has focused on the transitions between metallic
states distinguished by whether the Fermi volume counts
the localized electronic f moments or not [10–13].

Given the strong coupling nature of such transitions,
quantum Monte Carlo simulations can offer valuable
guides to understanding the consequences for experimental
observations. As the transitions involve fermions at non-
zero density, the sign problem is a strong impediment to
simulating large systems. However, progress has been
possible in recent years by a judicious choice of micro-
scopic Hamiltonians which are argued to capture the
universal properties of the transition but are nevertheless
free of the sign problem. Such approaches focus on density
wave ordering transitions [14–27], where spontaneous
translational symmetry breaking accompanies the change
in the Fermi volume: Consequently, both sides of the
transition have a Luttinger-volume Fermi surface, after the
expansion of the unit cell by the density wave ordering is
taken into account.
Our paper presents Monte Carlo results for quantum

phase transitions without symmetry breaking, accompanied
by a change in the Fermi surface size from a non-Luttinger
volume to a Luttinger volume. The phase with a
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Fractionalization and emergent gauge fields leading to 
non-Luttinger volume phases in the pseudogap regime
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• SYK: a solvable model without quasiparticle excita-

tions, exhibiting thermalization and many-body chaos

in a time of order ~/(kBT ), independent of micro-

scopic energy scales.

• Low energy theory of time reparameterizations in

the SYK model is identical to the theory of a near-

horizon boundary graviton of charged black holes.

This leads to a logarithmic correction to the Bekenstein-

Hawking entropy at fixed charge Q:

S(TH ! 0,Q) = A/(4G)� (3/2) ln(1/TH).

• Similar corrections to the entropy in ‘wormholes’ have

recently lead to progress in understanding the flow

of quantum information in evaporating black holes.

• The random t-J model exhibits:

– A pseudogap phase at small doping with spin

glass order.

– A Fermi liquid at large doping.

– Planckian metal behavior near the quantum phase

transition

– SYK criticality.

– Linear-in-T resistivity in the Planckian metal

from the time reparameterization soft-mode.
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(the same mode that yields the leading correc-

tion to the BH entropy of charged black holes,

and the contribution of ‘wormholes’)


