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TR Statistical interpretation of entropy

(1870)
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| Density of quantum states D(F) = exp(S(F)/kp)

Ludwig Boltzmann
20 February 1844 - September 5, 1906
Vienna, Austria



Boltzmann equation (1872)
Dilute classical gas
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Molecular chaos: successive collisions are statistically independent
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Quantum Boltzmann equation (Landau)
Dense gas of electrons
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Quantum
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Quantum Entanglement

Einstein, Podolsky, Rosen (1935)

Measurement of one
electron instantaneously
determines the state of the
other electron very far away

Spooky action at a distance !



i hierfiir eine bisher recht verniinftig ¢
 keit gefunden habe. Die rechnerischen < erig
 jedoch so groB}, daf ich ins Gras beifien werde, bev
 ecine sichere Uberzeugung hieriiber |
~ bin ich fest iberzeugt, dafl man schlief3l
~ landen wird, deren gesetzmiflig verbundene Dinge
~ scheinlichkeiten sondern gedachte Tatbestinde

- & bis vor kurzem als selbstverstindlich betrach

i en,datm hitt’ ich es nicht 5o
e-Lir zu schreiben. Darum, erstens hat
rda&* dische Lebensideal tiefen Ein-
Enr 5 es mich nicht gewundert hitte,
A ———

MS‘, den Du dem sonderba-
1 mir gewidmeten Band gege-

“3""-":(,-,*

mir ge

3 ol e v




as - . a3 et
-endigkel rarde
» von Dir Klar erkannt WS
rst

Il s o the framowYss =T be rec-
' arly as mecerng e ause the theory cannOF 5 d
lity in time and

| cannot seriously believe in it because the theory cannot be reconciled with the idea that
physics should represent a reality in time and space, free from spooky actions at distance

Albert Einstein to Max Born, 3 March 1947



Che New Aork Eimes
Sorry, Einstein. Quantum Study Suggests
‘Spooky Action’ Is Real.

By JOHN MARKOFF OCT. 21, 2015

In a landmark study, scientists at Delft University of Technology in the
Netherlands reported that they had conducted an experiment that they say proved
one of the most fundamental claims of quantum theory — that objects separated by

great distance can instantaneously affect each other’s behavior.

Part of the laboratory setup for an
experiment at Delft University of
Technology, in which two
diamonds were set 1.3 kilometers
apart, entangled and then shared
information.




Quantum theory of
electrons:
ordinary metals
and
strange metals




Each copper atom donates its outermost electron
These electrons move freely throughout the crystal and carry current



Current flow with electrons in Copper
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Flow of electrons described by Boltzmann equation =
typical scattering time 7 ~ 1/T%, resistivity p(T') = p(0) + AT

h
kT

The time 7 1s much longer than a limiting ‘Planckian time’
The long scattering time implies that individual electrons are well-defined.

The motion of electrons is ‘ballistic’ or ‘integrable’
up to the long time 7, after which it is chaotic.
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Linear-in temperatureresistivity froman Nature 595, 667-672 (2021)
isotropic Planckian scattering rate

G. Grissonnanche,Y. Fang,A. Legros, S.Verret, F. Laliberte, C. Collignon, J. Zhou, D. Graf, P. Goddard,
L. Taillefer, B. |. Ramshaw
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Questions

e Needed: A theory for current flow in a ‘strange metal’ with
an entangled soup of electrons.

¢ Needed: theory for collision time in resistivity ~ h/(kgT).

e Needed: theory for the appearance of superconductivity in
such a ‘strange metal’.



Quantum
black holes

and
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Black Holes

Objects so dense that light 1s
oravitationally bound to them.

2G M

2

Horizon radius R =

GG Newton’s constant, ¢ velocity of light, M mass of black hole
For M = earth’s mass, R ~ 9mm/!



The supermassive black hole lurking at the
heart of the Milky Way — Sagittarius A*
contains about 4.3 million solar masses,
and, as it turns out, nearly all of the mass
at the very center of the galaxy.

R=13x10"m

earth’s orbit

An artist’s impression of Sagittarius A*, the supermassive black hole at the heart of the Milky Way. Image:
International Gemini Observatory/NOIRLab/NSF/AURA/J. da Silva/(Spaceengine); M. Zamani (NSF's NOIRLab)



Quantum Entanglement across a black hole horizon
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Quantum Entanglement across a black hole horizon

Hawking (1975) used other arguments to show
that black hole horizons have a temperature
(The entanglement reasoning: to an outside

observer, the state of the electron inside the black
hole cannot be known, and so the outside
electron is in a random state. )

Black hole
horizon



e Black holes have an entropy and a temperature,
TH — th/(Sﬂ'GMkB)

e The entropy is proportional to their surface area.

S = AkBCS/(4Gh)

J. D. Bekenstein, PRD 7,2333 (1973)
S.W. Hawking, Nature 248, 30 (1974)

T.B. BAKKER / DR.].PVAN DER SCHAAR



Bohr-Sommerfeld semiclassical quantum theory
of a black hole in d spatial dimensions

1 ] h/(kT)
Z = /DgWDaM exp _ﬁ/d :E/O dT\/9 La|guw,ay)

g, = spacetime metric, g = det(g,,)

a,, = Electromagnetic gauge field

Lg = (Classical Einstein-Maxwell action

U(t) =exp(—tHt/h) < Z=Trexp(—H/(kpT))



Bohr-Sommerfeld semiclassical quantum theory
of a black hole in d spatial dimensions

1 ] h/(kT)
Z = /DgWDaM exp _ﬁ/d :E/O dT\/9 La|guw,ay)

g, = spacetime metric, g = det(g,,)

a,, = Electromagnetic gauge field

Lg = (Classical Einstein-Maxwell action

G.W. Gibbons and S.W. Hawking, U(i) = €XP (—th/h) < 2 =Tlrexp (_H/(kBT))

Phys. Rev. D 15,2752 (1977).

,‘ h (kgT) Spacetime geometry of a black hole
T In 1maginary time 7

Fvaluate path integral
at black hole saddle point

Distance
—_—

outside horizon



e Black holes have an entropy and a temperature,
TH — th/(Sﬂ'GMkB)

e The entropy is proportional to their surface area.

S = AkBCS/(4Gh)

J. D. Bekenstein, PRD 7,2333 (1973)
S.W. Hawking, Nature 248, 30 (1974)

Remarkable features:

e Entropy is finite.

e [intropy is not
proportional to volume
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e Black holes have an entropy and a temperature,
Ty = he’ /(8nGMkp).

e The entropy is proportional to their surface area.

S = AkBCS/(4Gh)

\‘ uantum ; J. D. Bekenstein, PRD 7,2333 (1973)
- S\pulation by-a S.W. Hawking, Nature 248, 30 (1974)
--1qubit Hologram

Remarkable teatures:

e Entropy is finite.

e [intropy is not
proportional to volume
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e Black holes have an entropy and a temperature,
Ty = he’ /(8nGMkp).

e The entropy is proportional to their surface area.

S = AkBCS/(4Gh)

e They relax to thermal equilibrium in a time
~ 8mGM/c?

Quantum ; J. D. Bekenstein, PRD 7,2333 (1973)
nnv -". UIatiO‘n by'a S.W. Hawking, Nature 248, 30 (1974)

JONL HOldgl’am' C.V. Vishveshwara, Nature 227, 936 (1970)

Remarkable teatures:

e Entropy is finite.

e [intropy is not
proportional to volume
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e Black holes have an entropy and a temperature,
Ty = he’ /(8nGMkp).

e The entropy is proportional to their surface area.

S = AkBCS/(4Gh)

e They relax to thermal equilibrium in a time
~ 8TGM/c® = h/(kgTy) which is Planckian!

Quantum ; J. D. Bekenstein, PRD 7,2333 (1973)
nnv -". UIatiO‘n by'a S.W. Hawking, Nature 248, 30 (1974)

¥z, 1 HOldgl’am' C.V. Vishveshwara, Nature 227, 936 (1970)

Remarkable teatures:

e Entropy is finite.

e [intropy is not
proportional to volume
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Black Holes Obey Information-Emission

Li m itS April 22,2021 « Physics 14,s47  -Christopher Crockett
G. Carullo, D. Laghi, J.Veitch,W. Del Pozzo, Phys. Rev. Lett. 126, 161102 (2021)

An analysis of the gravitational waves emitted from black hole mergers confirms that black holes are the fastest

known information dissipaters. 5
- ) | GW events likelihoods
' " —— Population distribution
i / 7 Average likelihood
i / / N 4 A Bekenstein — Hod bound

a)
<
Q‘Z-
Gravity wave
observations of 1-
8 different black holes
show a relaxation time N I —
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Questions

e Can Hawking’s Bohr-Sommertfield theory of black hole entropy be interpreted
in terms of a D(FE) of a Schrodinger-Heisenberg quantum system?



Questions

e Can Hawking’s Bohr-Sommertfield theory of black hole entropy be interpreted
in terms of a D(FE) of a Schrodinger-Heisenberg quantum system?

b

Black holes in string theory
realize the entropy as an exact,
exponentially large, degeneracy

of the ground state.
This is not the generic behavior of
the semiclassical path integral
of Einstein gravity, as we will see ...

D(E)



Questions

e Can Hawking’s Bohr-Sommertfield theory of black hole entropy be interpreted
in terms of a D(FE) of a Schrodinger-Heisenberg quantum system?

e Can black hole entropy be understood ‘holographically’, as that of a unitary
quantum system in one lower spatial dimension with a finite number of states?

G. ‘tHooft (1993); L. Susskind (1993); Maldacena (1998)
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Questions

e Can Hawking’s Bohr-Sommertfield theory of black hole entropy be interpreted
in terms of a D(FE) of a Schrodinger-Heisenberg quantum system?

e Can black hole entropy be understood ‘holographically’, as that of a unitary
quantum system in one lower spatial dimension with a finite number of states?

e The unitary quantum system cannot have particle-like excitations if it is to
reproduce the rapid Planckian dynamics at the rate kgT'/h.
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T.B. BAKKER / DR.].PVYAN DER SCHAAR



Questions

Can Hawking’s Bohr-Sommerfield theory of black hole entropy be interpreted
in terms of a D(FE) of a Schrodinger-Heisenberg quantum system?

Can black hole entropy be understood ‘holographically’, as that of a unitary
quantum system in one lower spatial dimension with a finite number of states?

The unitary quantum system cannot have particle-like excitations if it is to
reproduce the rapid Planckian dynamics at the rate kgT'/h.

Can we compute the evolution of the entropy as the black hole evaporates?
Is it that of an evaporating unitary quantum system?



Sachdev-Ye-Kitaev
Model



A solvable model of multi-particle
entanglement which accounts for quantum
interference between successive collisions:

leading to a metal with no
particle-like excitations



The SYK model

Sachdey, Ye (1993); Kitaev (2015)




The SYK model

Sachdey, Ye (1993); Kitaev (2015)

Place electrons randomly on some sitesy % X
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The Sachdev-Ye-Kitaev (SYK) model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, |. Flores, J.B. French, PA. Mello, A. Pandey, and S.5.M.Wong, Rev. Mod. Phys. 53, 385 (1981))

N
1
_ E : [ T } :

a,B3,7,0=1
CaCB +CcgCq =0 | cacg — cgca = 0ap
1
Q = N cle,

84
Uap.~s are independent random variables with U,g.~s = 0 and |Uyg.ns|? = U?
N — oo yields critical strange metal.

S.Sachdev and J.Ye, PRL 70, 3339 (1993)
A. Kitaev, unpublished; S. Sachdev, PRX 5,041025 (2015)




The SYK model

e Planckian time dynamics without quasiparticles with a relaxation
time ~ h/(kBT) when ]{TBT < U.

D. Chowdhury, A. Georges, O. Parcollet, S. Sachdey, arXiv: 2109.05037, review article




The SYK model

e Planckian time dynamics without quasiparticles with a relaxation
time ~ h/(kBT) when ]{TBT < U.

e There is an extensive entropy as T’ — 0 (lim7_o limy_o0 S/N # 0);
however, the ground state is not extensively degenerate.

D. Chowdhury, A. Georges, O. Parcollet, S. Sachdey, arXiv: 2109.05037, review article




The SYK model
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

Energy, in units of U
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The SYK model
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

Energy, in units of U (D(E) ~ €S(E) R
1.5

Nsog++2N~E

1.0

S(T ;O) = N(so +17),

Number

Many-body density of states
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The SYK model

D(FE) = Z O0(F — FE;); FEy+ E; = Many body eigenvalue

Number

Energy, in units of U (D(E) ~ €S(E)

~

— €

Nsog++2N~E

VT),

Many-body density of states

(so = 0.464848 . .

A. Georges, O. Parcollet, and

S. Sachdey,
\ PRB 63, 134406 (200”




The SYK model
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

Energy, in units of U (D(E) ~ €S(E) R

Nsog++2N~E

=€
1.0 S(T'— 0) = N(so +77T),

0.5 (D(E) ~ h
: —1.40 N
0 2e" 0 \/2NVE
No particle-like decomposition:
—0.5 wavefunctions change chaotically
: /’E from one state to the next.
—1.0 _ |
1.46 (so = 0.464848 . .
A. Georges, O. Parcollet, and
EO ° S. Sa:hdev,
Number Number \ PRB 63, 134406 (200”

Maldacena, Stanford (2016); Bagrets et al. (2017); Cotler et al. (2017); Kitaev, Suh (2017); Stanford, Witten (2017)



The SYK model

e Planckian time dynamics without quasiparticles with a relaxation
time ~ h/(kBT) when ]{TBT < U.

e There is an extensive entropy as T’ — 0 (lim7_o limy_o0 S/N # 0);
however, the ground state is not extensively degenerate.

D. Chowdhury, A. Georges, O. Parcollet, S. Sachdey, arXiv: 2109.05037, review article




The SYK model

e Planckian time dynamics without quasiparticles with a relaxation
time ~ h/(kBT) when ]{TBT < U.

e There is an extensive entropy as T’ — 0 (lim7_o limy_o0 S/N # 0);
however, the ground state is not extensively degenerate.

e The D(F) is determined by a time-reparameterization 7 — f(7)
mode (similar to the graviton being fluctuations of the spacetime
metric), and a phase mode ¢(7):

o | h/(ksT)
Zsyk =€ °° | DfDgexp 7 dr Lsy i |f, d]
0

D. Chowdhury, A. Georges, O. Parcollet, S. Sachdey, arXiv: 2109.05037, review article
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to
charged black holes




Reissner-Nordstrom black hole of

Einstein-Maxwell theory
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Reissner-Nordstrom black hole of
Einstein-Maxwell theory

4 )

¢ Horizon total
g charge O

r AdS, x S5*

1+1 Boundary | S+l
dimensional oraviton | dimensional

. spacetime
Spacetime

—

Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdSs) at low energies!
Is there a mapping to a quantum system with Planckian dynamics in 0+1 dimensions?’



Reissner-Nordstrom black hole of
Einstein-Maxwell theory

4 )

¢ Horizon total
g charge O

V AdS, x S5*

1+1 Boundary | S+l
dimensional oraviton | dimensional

. spacetime
Spacetime

—

Yes!
The low energy theory of a charged black hole is exactly
the low energy theory of time reparameterizations of the SYK model.




Quantum theory of charged black holes
The near-horizon 141 dimensional theory of a charged black hole

1 h/(kgT)
Zo = /Dg,uupau CXP h/dC/ dT\/gﬁl[g,ul/aa,u]
0




Quantum theory of charged black holes
The near-horizon 141 dimensional theory of a charged black hole

1 h/(kgT)
Zo = /Dg,uupau CXP ﬁ/dC/ dT\/gﬁl[g,ul/aa,u]
0
L}

. | B/ ks
Zsyrg =€ % | DfDgexp r dr Lsy k| f, @]
0

after relating the boundary component of g,,,, to f,
and the boundary value of a, to ¢.

Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016);
Moitra, Trivedi,Vishal (2018) ; Gaikwad, Joshi, Mandal,Wadia (2018); lliesiu, Turaci (2020)



Quantum theory of charged black holes

The near-horizon 141 dimensional theory of a charged black hole

1 h/(kgT)
Zo = /Dg,uupau CXP h/dC/ dT\/gﬁl[g,ul/aa,u]
0

)
h/(ksT)
ZSYK — eNSO /Dngbexp ( ! /O dT ESYK[f) ¢])

h

after relating the boundary component of g,,,, to f,

and the boundary value of a, to ¢.

Gibbons
Hawking

S(T) 1 (AOC3 | ﬁAg/ZCQ kBT> M

ks hG \ 4 9 h

where A is the area of the black hole horizon at T = 0.




Quantum theory of charged black holes

The near-horizon 141 dimensional theory of a charged black hole

1 h/(kgT)
Zo = /Dg,uupau CXP h/dC/ dT\/gﬁl[g,uwa,u]
0

L}

h

N 1 P/ (kBT)
Zesyk =€ ° [ DfDpexp dT Lsy k| [,
0

after relating the boundary component of g,,,, to f,
and the boundary value of a, to ¢.

S(T) 1 [Ay®  mAY?2kpT\ 3. (+\/P/hG
ke  hG\ 4 % h

where A is the area of the black hole horizon at T = 0.

)




Quantum theory of charged black holes

Energy, in units of U

1.5

1.0

0.9

—0.5

—1.0

Eq

Number

~

D(E) ~ exp (

A() C3

AhG

) sinh

21/2\ )

\/_A3/2 )
h2G "

- J

Number

Same lower energy coarse-
grained density of states in a
model of interacting
(fermionic) qubits with a
discrete spectrum!
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SYK model
To
linear-T resistivity




Fermi surface coupled to a critical boson
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Fermi surface coupled to a critical boson

a critical boson

¢

e Nematic order

Occupied states

(k) <0 K

d

Empty states
e(k) >0

“Yukawa” coupling: gﬁg / d°rdr wg (7, 7)Y (r, 7)1 (r, T)

hex I e Ferromagnetic order

e Iransverse component
of abelian or
non-abelian gauge field

Random couplings in flavor space leads to large IV theory of a strange metal, with zero resistivity



Fermi surface coupled to a critical boson

Occupied states

(k) <0 K

d

Empty states

gql;jz(?“)

k) > 0 :
- / dPrdr |9

N

N

a critical boson

¢

e Nematic order

I e Ferromagnetic order

e Iransverse component
of abelian or
non-abelian gauge field

o (r, 7 (r, )y (r, 7)

Random couplings in flavor and position space leads to large /N theory
of a strange metal, with linear-7" resistivity

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. arXiv: 2203.04990



Summary

e SYK: a solvable model without particle-like excita-
tions, exhibiting thermalization and many-body chaos
in a time of order A/(kgT'), independent of micro-
scopic energy scales.



Summary

e SYK: a solvable model without particle-like excita-
tions, exhibiting thermalization and many-body chaos
in a time of order A/(kgT'), independent of micro-
scopic energy scales.

o Low energy theory of time reparameterizations is the
theory of the boundary graviton in 141 dimensional
quantum gravity on AdSs.



Summary

e The density of states of a charged black holes in Ein-
stein gravity 1s reproduced by a unitary quantum
system with a discrete spectrum. Further work along
these lines has led to progress on the Page curve de-
scribing the time evolution of the entropy of an evap-
orating black hole.




Summary

e The density of states of a charged black holes in Ein-
stein gravity 1s reproduced by a unitary quantum
system with a discrete spectrum. Further work along
these lines has led to progress on the Page curve de-
scribing the time evolution of the entropy of an evap-
orating black hole.

e Linear-1' resistivity arises from spatially random
interactions in a two-dimensional quantum-critical
metal. I- 2l

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. arXiv: 2203.04990



