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Quantum condensed matter physics before the 1980s:

 The ground state of metals and insulators is adiabatically 
connected to the free electron state

 Excitations are electron-like quasiparticles

 Pairing of electrons into Cooper pairs, and their 
condensation leads to superconductivity

 Breaking of symmetry describes superconductivity, 
ferromagnetism, antiferromagnetism, and other ordered states

 Hints of physics beyond quasiparticles:  the Wilson-Fisher 
theory of the Ising transition at finite temperature, the theory 
of dynamic critical phenomena, Nozieres-Blandin multi-
channel Kondo critical point
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PACS numbers: 73.25.+i, 06.20.Jr, 72.20.My, 73.40.Qv
In this paper we report a new, potentially high-

accuracy method for determining the fine-struc-
ture constant, n. The new approach is based on
the fact that the degenerate electron gas in the in-
version layer of a MOSFET (metal-oxide-semi-
conductor field-effect transistor) is fully cluan-
tized when the transistor is operated at helium
temperatures and in a strong magnetic field of
order 15 T.' The inset in Fig. 1 shows a schem-
atic diagram of a typical MOSFET device used in
this work. The electric field perpendicular to the
surface (gate field) produces subbands for the mo-
tion normal to the semiconductor-oxide interface,
and the magnetic field produces Landau quantiza-
tion of motion parallel to the interface. The den-
sity of states D(E) consists of broadened 5 func-
tions'; minimal overlap is achieved if the mag-
netic field is sufficiently high. The number of
states, NL, within each Landau level is given by
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where we exclude the spin and valley degenera-
cies. If the density of states at the Fermi ener-
gy, N(EF), is zero, an inversion layer carrier
cannot be scattered. , and the center of the cyclo-
tron orbit drifts in the direction perpendicular to
the electric and magnetic field. If N(FF) is finite
but small, an arbitrarily small rate of scattering
cannot occur and localization produced b th l
lxf t

y e ong
e arne is the same as a zero scattering rate,

i.e., the same absence of current-carrying states
occurs. ' Thus, when the Fermi level is between

n=Q -n=l n=2

= Vg/V

FIG. l. Recordings of the Hall voltage U and th
vol

H, an e

f
tage drop between the potential prob Uo es, &&, asa

unction of the gate voltage V at T = 1.5 K. The con-
stant magnetic field {B) is 18 T and the source drain
current, l, is 1 A.p, . The inset shows a top view of the
device with a length of I =400 pm, a width of 8' =50 pm,
and a distance between the potential probes f I
p,m.
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Two-Dimensional Magnetotransport in the Extreme Quantum Limit
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A quantized Hall plateau of p» ——31'/e, accompanied by a minimum in p„, was observed
at & & 5 K in magnetotransport of high-mobility, bvo-dimensional electrons, when the low-
est-energy, spin-polarized Landau level is 3 filled. The formation of a Wigner solid or
charge-density-wave state with triangular symmetry is suggested as a possible explana-
tion.
PACS numbers: 72.20.My, 71.45.-d, 73.40.Lq, 73.60.Fw

In the presence of an intense perpendicular
magnetic field B, a system of two-dimensional
(2D) electrons is expected to form a Wigner sol-
id' at low temperatures (T). In the infinite-B
limit, an analogy can be drawn to the classical
electron gas on the surface of liquid helium,
which crystallizes into a solid' when the ratio of
the electron's average potential energy to therma1.
energy I'=-e'm'~'n/ekT=137 (n is the electron
areal density). At finite B, quantum effects be-
come important and it has been suggested that a
charge-density-wave (CDW) state' may be pos-
sible at considerabl. y higher T as a precursor to
Wigner crystallization. Early experiments were
carried out on the Si inversion layer at the Si-
SiO, interface. Kawaji and Wakabayashi' and
Tsui' made high-B magnetoconductivity measure-
ments and observed structures and electric field
dependences which cannot be explained by the in-
dependent-electron theory of Ando and Uemura. '
Subsequently, Kennedy et al. ' observed a shift in
cyclotron resonance, concomitant with a drastic
line narrowing, in the high-B limit, when the
average electron separation exceeds the cyclo-
tron diameter. Wilson, Allen, and Tsui' studied
the dependence of this phenomenon on the Landau-
level filling factor (v = nb/eB), and found that a
pinned-CDW model'o gave the most satisfactory
account of the cyclotron resonance data. However,
in the range of n at which these experiments were
performed, localization due to disorder at the Si-
SiO, interface is known to be important even in
the absence of B, and consequently, it has not
been possible to discern true Coulomb effects
from those due to disorder.
In this Letter, we report some striking, new

results on the transport of high-mobility, 2D
electrons, in GaAs-AlGaAs heterojunctions, in
the extreme quantum limit (v & I), when the low-
est-energy, spin-polarized Landau level is par-
tially filled. We found that at temperatures T& 5
K, the diagonal part p„„ofthe resistivity tensor

shows a dip at v = —,', which becomes stronger at
lower T. For v & —,', p„„ follows an approximately
exponential increase with inverse T. The Hall
resistivity p„„on the other hand, approaches a
step of Sh/e' at v = —,

' as Tdecreases, but re-
mains essentially independent of T away from
this Hall plateau. These features of the data re-
semble those of the quantized Hall resistance and
the zero-resistance state expected exclusively for
integral values of v. We suggest that these strik-
ing results are evidence for a new electronic
state at v = —,'. They are consistent with the no-
tion that a Wigner solid, or a CDW state with
triangular crystal symmetry, is favored at v = —,

'
when the unit cell area of the lattice is a multi-
ple of the area of a magnetic flux quantum.
The samples, consisting of 1-p,m undoped GaAs,

500-A undoped Al, ,Ga, Ps, 600-A Si-doped
Al, ,Ga, gs, and 200-A Si-doped GaAs single
crystals were sequentially grown on insulating
GaAs substrates using molecular-beam-epitaxy
techniques. " The 2D electron gas, resulting from
ionized donors placed 500 A inside AlGaAs, "is
established at the undoped GaAs side of the GaAs-
AlGaAs heterojunction. Samp1. es were cut into
standard Hall bridges and Ohmic contacts to the
electron layer were made with In at 400'C. Low-
field transport measurements were used to deter-
mine n and p,. Our samples have n from 1.1~10"
to 1.4& 10" cm and p, from 80000 to 100000
cm'/V sec. The high-B measurements were per-
formed at the Francis Bitter National Magnet
Laboratory, Cambridge, Mass.
Figure 1 shows p „,and p „„ofone specimen as

a function of B at four different temperatures.
The scale at the top of the figure shows the Lan-
dau level filling factor v, which gives the number
of occupied levels. At integral values of v, the
data show the characteristic features of the quan-
tized Hall plateaus and the vanishing of p„„," "
when the Fermi energy EF is pinned in the gap
between two adjacent 1.evels. Removal of spin de-
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generacy" is seen in the appearance of these
features at odd-integer values of v. As observed
earlier, "the plateaus in p „„aswell as the van-
ishing of p „„become increasingly pronounced as
T is decreased.
In the extreme quantum limit, v & 1, only the

lower spin state of the lowest Landau level, i.e.,
the (0, &) level, remains partially occupied. In
this regime (i.e., B)50 kG in Fig. I), the sys-
tem is complete1. y spin polarized. For T& 4.2 K,
p„,=B/ne, and p„„shows also nearly linear de-
pendence on B, as expected from the free-elec-
tron theory of Ando and Uemura. '" At lower T,
p„, deviates from p„,=B/ne at v - —,'. This devia-
tion becomes more pronounced as T decreases
and approaches a plateau of p„,= 3h/e2, within an
accuracy better than 1%% at 0.42 K. The appear-
ance of this plateau is accompanied by a minimum
in p„„, as apparent in the lower panel of Fig. 1.
The development of these features is similar to
that of the quantized Hall resistance and the con-
comitant vanishing of p„„, observed at integral

TEMPERATURE T (K)
FIG. 2. T dependence of (a) the slope of p„~ at v=3,

normalized to the slope at -30 K, |,'b) p„„at v=3, and
(c) p„„at v=0.24.

values of v at higher T. Moreover, for v & —,
'

and away from the plateau region, p„„shows
strong increase with decreasing T, while p„,
shows very weak decrease or essentially inde-
pendence of T. This behavior has been seen to
v=0. 21, the smallest v attained in this experi-
ment.
Figure 2 illustrates the development of p„„and
p„, at fixed B as a function of T. Figure 2(a)
shows the slope of p„, at v = —,', normalized to the
slope at high T (-30 K), for three samples with
slightly different n. Figure 2(b) shows the ac-
companying p„„minimum (at v = —,'), and Fig. 2(c)
shows p„„at v =0.24 to illustrate its T dependence
for v & —,', away from the Hall plateau. Several
points should be noted. First, the slope of p„at
v = —,
' approaches zero at T -0.4 K, indicative of a.

true quantized Hall plateau. Second, replotting
the data in Fig. 2(a) on logarithmic slope versus
inverse T scale shows a linear portion for data
taken at T ~1.1 K. This fact allows us to extrapo-
la,te the normalized slope to 1 at To= 5 K, which
we identify as the temperature for the onset of
this phenomenon. Third, p„at v= —,

' is -6 kQ/
1560
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Metallic, oxygen-deficient compounds in the Ba - L a -  C u -  O system, with the composi- 
tion BaxLas-~CusOs(3_y) have been prepared in polycrystalline form. Samples with 
x = 1 and 0.75, y > 0, annealed below 900 ~ under reducing conditions, consist of three 
phases, one of them a perovskite-like mixed-valent copper compound. Upon cooling, 
the samples show a linear decrease in resistivity, then an approximately logarithmic 
increase, interpreted as a beginning of localization. Finally an abrupt decrease by up 
to three orders of magnitude occurs, reminiscent of the onset of percolative superconduc- 
tivity. The highest onset temperature is observed in the 30 K range. It is markedly 
reduced by high current densities. Thus, it results partially from the percolative nature, 
bute possibly also from 2D superconducting fluctuations of double perovskite layers 
of one of the phases present. 

I. Introduction 

"At  the extreme forefront.of research in supercon- 
ductivity is the empirical search for new materials" 
[1]. Transition-metal alloy compounds of A15 
(Nb3Sn) and B 1 (NbN) structure have so far shown 
the highest superconducting transition temperatures. 
Among many A 15 compounds, careful optimization 
of N b -  Ge thin films near the stoichiometric compo- 
sition of Nb3Ge by Gavalev et al. and Testardi et al. 
a decade ago allowed them to reach the highest Tc = 
23.3 K reported until now [2, 3]. The heavy Fermion 
systems with low Fermi energy, newly discovered, are 
not expected to reach very high Tc'S [4]. 

Only a small number of oxides is known to exhibit 
superconductivity. High-temperature superconduc- 
tivity in the L i - T i - O  system with onsets as high 
as 13.7 K was reported by Johnston et al. [5]. Their 
x-ray analysis revealed the presence of three different 
crystallographic phases, one of them, with a spinel 
structure, showing the high Tc [5]. Other oxides like 
perovskites exhibit superconductivity despite their 
small carrier concentrations, n. In Nb-doped SrTiO3, 
with n=2  x 102o cm -3, the plasma edge is below the 
highest optical phonon, which is therefore unshielded 

[6]. This large electron-phonon coupling allows a Tc 
of 0.7 K [7] with Cooper pairing. The occurrence of 
high electron-phonon coupling in another metallic 
oxide, also a perovskite, became evident with the dis- 
covery of superconductivity in the mixed-valent com- 
pound BaPbl_~BixO3 by Sleight et al., also a decade 
ago [8]. The highest Tc in homogeneous oxygen-defi- 
cient mixed crystals is 13 K with a comparatively low 
concentration of carries n = 2-4 x 1021 cm- 3 [9]. Flat 
electronic bands and a strong breathing mode with 
a phonon feature near 100 cm-1, whose intensity is 
proportional to To, exist [10]. This last example indi- 
cates that within the BCS mechanism, one may find 
still higher Tc's in perovskite-type or related metallic 
oxides, if the electron-phonon interactions and the 
carrier densities at the Fermi level can be enhanced 
further. 

Strong electron-phonon interactions in oxides 
can occur owing to polaron formation as well as in 
mixed-valent systems. A superconductivity (metallic) 
to bipolaronic (insulator) transition phase diagram 
was proposed theoretically by Chakraverty [11]. A 
mechanism for polaron formation is the Jahn-Teller 
effect, as studied by H6ck et al. [12]. Isolated Fe 4+, 
Ni 3+ and Cu 2+ in octahedral oxygen environment 

High temperature superconductivity
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show strong Jahn-Teller (J.T.) effects [13]. While 
SrFe(VI)O3 is distorted perovskite insulator, 
LaNi(III)O3 is a J.T. undistorted metal in which the 
transfer energy b~ of the J.T. eg electrons is sufficiently 
large [14] to quench the J.T. distortion. In analogy 
to Chakraverty's phase diagram, a J.T.-type polaron 
formation may therefore be expected at the border- 
line of the metal-insulator transition in mixed perovs- 
kites, a subject on which we have recently carried 
out a series of investigations [15]. Here, we report 
on the synthesis and electrical measurements of com- 
pounds within the B a - L a - C u - O  system. This sys- 
tem exhibits a number of oxygen-deficient phases 
with mixed-valent copper constituents [16], i.e., with 
itinerant electronic states between the non-J.T. Cu a + 
and the J.T. Cu z+ ions, and thus was expected to 
have considerable electron-phonon coupling and me- 
tallic conductivity. 

lI. Experimental 

1. Sample Preparation and Characterization 

Samples were prepared by a coprecipitation method 
from aqueous solutions [17] of Ba-, La- and Cu-ni- 
trate (SPECPURE JMC) in their appropriate ratios. 
When added to an aqueous solution of oxalic acid 
as the precipitant, an intimate mixture of the corre- 
sponding oxalates was formed. The decomposition 
of the precipitate and the solid-state reaction were 
performed by heating at 900 ~ for 5 h. The product 
was pressed into pellets at 4 kbar, and reheated to 
900 ~ for sintering. 

2. X-Ray Analysis 

X-ray powder diffract 9 (System D 500 SIE- 
MENS) revealed three individual crystallographic 
phases. Within a range of 10 ~ to 80 ~ (20), 17 lines 
could be identified to correspond to a layer-type per- 
ovskite-like phase, related to the K2NiF, structure 
( a=3 .79~  and c=13.21 ~) [16]. The second phase 
is most probably a cubic one, whose presence depends 
on the Ba concentration, as the line intensity de- 
creases for smaller x(Ba). The amount of the third 
phase (volume fraction > 30% from the x-ray intensi- 
ties) seems to be independent of the starting composi- 
tion, and shows thermal stability up to 1,000 ~ For 
higher temperatures, this phase disappears progres- 
sively, giving rise to the formation of an oxygen-defi- 
cient perovskite (La3Ba3Cu601,) as described by Mi- 
chel and Raveau [16]. 
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Fig. 1. Temperature dependence ofresistivityin Ba~Las _=Cu505 (a y) 
for samples with x ( B a ) =  1 (upper curves, left scale) and x ( B a ) =  
0.75 (lower curve, right scale). The first two cases also show the 
influence of  current density 

3. Conductivity Measurements 

The dc conductivity was measured by the four-point 
method. Rectangular-shaped samples, cut from the 
sintered pellets, were provided with gold electrodes 
and contacted by In wires. Our measurements be- 
tween 300 and 4.2 K were performed in a continuous- 
flow cryostat (Leybold-Hereaus) incorporated in a 
computer-controlled (IBM-PC) fully-automatic sys- 
tem for temperature variation, data acquisition and 
processing. 

For samples with x(Ba)_<l.0, the conductivity 
measurements, involving typical current densities of 
0.5 A/cm 2, generally exhibit a high-temperature me- 
tallic behaviour with an increase in resistivity at low 
temperatures (Fig. 1). At still lower temperatures, a 
sharp drop in resistivity (>90%) occurs, which for 
higher currents becomes partially suppressed (Fig. 1 : 
upper curves, left scale), This characteristic drop has 
been studied as a function of annealing conditions, 
i.e., temperature and 02 partial pressure (Fig. 2). For 
samples annealed in air, the transition from itinerant 
to localized behaviour, as indicated by the minimum 
in resistivity in the 80 K range, is not very pro- 
nounced. Annealing in a slightly reducing atmo- 
sphere, however, leads to an increase in resistivity 
and a more pronounced localization effect. At the 
same time, the onset of the resistivity drop is shifted 
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merized ground state for arbitrary values of M
and X (except M =0). The underlying reason is
that the phonon fluctuations induce an effective
electron-electron interaction of such a type that
a CDW ground state is always produced. (That
interaction is ineffective in the case n = 1 for
small coupling because of the Pauli excl.usion
principle ).This is accompanied by pairing of the
spin-up and spin-down electrons. However, this
conclusion is by no means inescapable. Prelim-
inary numerical studies' show that other forms
of the electron-phonon coupling (which induce
longer-range attraction) give a ground state with
superconducting correlations. This has also
been suggested from calculations based on per-
turbation theory. ' The MC method used in this
paper offers the possibility of numerically study-
ing comp1. icated one-dimensional electron-phonon
models (the inclusion of electron-electron inter-
action is straightforward) and thus investigating
the rich variety of ground-state phases for such
systems, without restriction to a perturbative
regime.
One of us (J.H. ) is indebted to D. Scalapino for

raising his interest in this problem and for nu-
merous stimu1. ating discussions. We acknowledge
helpful conversations with S. Kivelson, W. P. Su,

R. Sugar, N. Andrei, S. Shenker, K. Maki,
M. Stone, and particularly J. R. Schrieffer. One
of us (E.F.) thanks the Institute for Theoretical
Physics for its kind hospitality during the summer
of 1981. This work was supported by the National
Science Foundation under Grants No. PHY77-
27084 and No. DMR81-17182.
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The Hall conductance of a two-dimensional electron gas has been studied in a uniform

magnetic field and a periodic substrate potential U. The Kubo formula is written in a
form that makes apparent the quantization when the Fermi energy lies in a gap. Explicit
expressions have been obtained for the Hall conductance for both large and small U/S~ .
PACS numbers: 72.15.Gd, 72.20. Mg, 73.90.+b

The experimental discovery by von Klitzing,
Dorda, and Pepper' of the quantization of the Hall
conductance of a two-dimensional electron gas in
a strong magnetic field has led to a number of
theoretical studies of the problem. ' ' lt has been
concluded that a noninteracting electron gas has
a Hall conductance which is a multiple of e'/h if
the Fermi energy lies in a gap between Landau
levels, or even if there are tails of localized
states from the adjacent Landau levels at the Fer-
mi energy. However, it can be concluded from

Laughlin's' argument that the Hall conductance is
quantized whenever the Fermi energy lies in an
energy gap, even if the gap lies within a Landau
level. For example, it is known that if the elec-
trons are subject to a weak sinusoidal perturba-
tion as well as to the uniform magnetic field, with
p=p/q magnetic-flux quanta per unit cell of the
perturbing potential, each Landau level is split
into P subbands of equal weight. ' One might ex-
pect each of these subbands to give a Hall con-
ductance equal to e'/ph, and that is what the clas-
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sical theory of the Hall current suggests, but ae-
eording to Laughlin each subband must carry an
integer multiple of the Hall current carried by
the entire Landau level. This result appears even
more paradoxical when it is realized that p, the
number of subbands, can become arbitrarily large
by an arbitrarily small change of the f1ux density.
This paper contains a calculation of the Hall con-
ductance for such a system, both in the limit of
a weak periodic potential and in the tight-binding-
limit of a strong periodic potential. We have de-
rived explicit expressions for the Hall currents
carried by the various subbands, and show how

the paradox is resolved.
We consider electrons in a potential U(x, y)

which is periodic inx, y with periods a, b, and in
a uniform magnetic induction & perpendicular to
the plane of the electrons. The band structure of
such a system depends critically on p =abeB/k,
which is the number of flux quanta per unit cell.
We take p to be a rational number p/q; the be-
havior for irrational values of p can be deduced
by taking an appropriate limit. We use the Landau
gauge in which the vector potential has compo-
nents (0, eBx). In this gauge the eigenfunctions of
the Schrodinger equation can be chosen to satisfy
the generalized Bloch condition

and are eigenfunctions of a Hamiltonian
1 . 8 2

H(k k ) = —ih—+8k, + —i@ +hk -eBx—+ U'Q y).
2ppg g~ ~

2yyz gy

The components of the velocity operator are then given by @ ' times the partial derivatives of H with
respect to 4„&2.
There are two quite different approaches to the problem of calculating the Hall conductance o H.

Laughlin' and Halperin' have studied the effects produced by changes in the vector potential on the
states at the edges of a finite system. By this technique the quantization of the conductance is made
explicit, but it is not obvious that the result is insensitive to boundary conditions. An alternative ap-
proach is to use the Kubo formula for a bulk two-dimensional conductor. In previous work using this
method' ' it has not been made obvious that an integer value for the conductance must be obtained.
Because of the relation between the velocity operator and the derivatives of H, the Kubo formula can

be written as
ie' ~ ~ (BH/ski) 8(BH/sk, )8 —(BH/Bk, )„q(BH/Bk, )~„+H 2

&~&EF &g B)F (~n —~S)
where A, is the area of the system and &,& ~ are
eigenvalues of the Hamiltonian. This can be re- only change
lated to the partial derivatives of the wave fune- when 0, is eh
tions u, and gives integrand re

by an x-independent phase factor 0
anged by 2~/aq or k, by 2~/b. The
duces to &8/Bk, . The integral is 2i

times the change in phase around the unit cell and
must be an integer multiple of 4~i.
The problem of evaluating this quantum number

remains. We have considered the potential

ie 2 2 Bg+ Ba Ba+ std

g,,»(x + qa, y)exp(- 2~ipy/b —ik,qa) =g,,„,(x,y + b)exp(- ik,b) =(&„,(x,y ), (I)
where k, (modulo 2&/aq) and k, (modulo 2ii/b) are good tluantum numbers. ' We ean now define functions
ii», =g» exp(-ik, x -ik, y) which satisfy the generalized periodic boundary conditions

a, , (x+qa, y)e """'=&0»(xiy + ) =&k,»&iy) i (2)

where the sum is over the occupied electron sub-
bands and the integrations are over the unit cells
in ~ and 4 space. The integral over the k-space
unit cell has been converted to an integral around
the unit ce11 by Stokes's theorem. For nonover-
lapping subbands g is a single-valued analytic
function everywhere in the unit cell, which ean

U(x,y) =U, cos( &2x/a)+U, e s(o2vy/b),

both in the limit of a weak periodic potential (I&l
«Ii~, ) and in the tight-binding limit of a strong
periodic potential. In the weak-potential limit
the wave function can be written as a superposi-
tion of the nearly degenerate Landau functions in
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A physical observable is related to a topological invariant:

the Chern number. Closely connected to the Chern-Simons

invariant for the vector potential:

SCS =

1
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2
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Quantized Hall conductance, current-carrying edge states, and the existence
of extended states in a two-dimensional disordered potential

B. I. Halperin
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02I38

(Received 21 August 1981)

When a conducting layer is placed in a strong perpendicular magnetic field, there exist
current-carrying electron states which are localized within approximately a cyclotron ra-
dius of the sample boundary but are extended around the perimeter of the sample. It is
shown that these quasi-one-dimensional states remain extended and carry a current even
in the presence of a moderate amount of disorder. The role of the edge states in the
quantized Hall conductance is discussed in the context of the general explanation of
Laughlin. An extension of Laughlin's analysis is also used to investigate the existence of
extended states in a weakly disordered two-dimensional system, when a strong magnetic
field is present.

I. INTRODUCTION

In a recent paper Laughlin has given a very
elegant and general explanation of the phenomenon
that under appropriate conditions, for a two-
dimensional sample in a strong magnetic field, at
T=0, the Hall conductance is quantized in exact
multiples of the unit e /h. ' The purpose of the
present paper is to discuss some curious properties
of electronic states in a magnetic field that are im-
plied by Laughlin s analysis, and, incidentally, to
clarify some details of Laughlin's argument. In
particular, it is shown in Secs. II and III below
that states at the perimeter of the sample are
quasi-one-dimensional states which carry a current,
and which do not become localized in the presence
of a disordered potential of moderate strength.
The perimeter states play an important role in the
Hall measurement, if the Fermi levels are different
at two edges of the sample.
Following the method of Laughlin, ' we consider

a film of annular geometry, in a magnetic field
perpendicular to the plane of the film. In this
case, the currents at the inner and outer edge are in
opposite directions, and they contribute no net
current around the annulus if the Fermi levels are
the same at the two edges. If the two Fermi levels
differ by an amount eb., however, we find that the
edge states contribute a net current 5I around the
ring given by

5I=ne b, /h,
where n is an integer. This contribution is con-
sistent with the quantized Hall conductance, as the
chemical potential difference 6 is included, along
with any electrostatic potential present, in the po-

tential difference that would be measured by a
voltmeter connected between the inner and outer
edges of the ring. Of course, the edge current and
the quantity 5 are taken into account automatical-
ly in the general analysis of Laughlin. '
In Sec. IV below, we use an extension of

Laughlin's analysis to investigate the question of
whether extended states can exist in principle in
the interior of a two-dimensional disordered sys-
tem. We conclude that there must exist a band of
extended states in the vicinity of the Landau ener-
gy, or at least an energy at which the localization
length diverges, if the random potential is weak
compared to the cyclotron energy fico, .

II. IDEAL SAMPLE

Let us first consider a collection of noninteract-
ing electrons, confined in an ideal uniform film of
annular geometry, with a uniform magnetic field
Bo perpendicular to the plane of the sample. (See
Fig. 1.) We assume in addition that there is a
magnetic flux 4, confined to the interior of a
solenoid magnet threading the hole in the annulus,
and we shall be able to vary the flux 4 without
changing the magnetic field in the region where
the electrons are confined. (This is a slight modifi-
cation of the cylinder geometry considered by
Laughlin. ) We shall assume that no electric field
is present so that the electrostatic potential seen by
the electrons is constant in the interior of the film,
and we assume that the dimensions of the annulus
are very large compared to the cyclotron radius r,
for electrons in the magnetic field. %e adopt the
gauge where the vector potential A points in the
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FIG. 1. Geometry of sample. Annular film, in re-
gion PI &r & rg ls placed ln uniform IIlagnetlc flield 80,
pointing out of the page. Additional magnetic flux 4 is
confined to region r & r~. Curved arrows show direction
of currents II and I2 at the boundaries of film.

azimuthal (8) direction, and the magnitude of A
depends only on the distance from the center of
the annulus:

(2)

Away from the edges of the film, the electronic
states 1n this geometry have the form

„(r)=constxe' sf,(r r), —
where m and v are integers, with v& 0, f„is the
v+1 eigenstate of a one-dimensional harmonic os-
cillator, and the radius r is determined by

Boer~ =m@0—4 .
Here 40 is the flux quantum, hc/e. The width off is of order r„where r, is the cyclotron radius.
Of course, Eq. (3) is only applicable if r~ is in the
range r& &r &r2, with r —r& and r2 —r large
compared to r, . %e shall assume throughout that
r, is small compared to r~ and r2—r~. The ener-
gies of the states (3) are given by the Landau for-
mula

E „=%co,(v+ , ), —

where co, is the cyclotron frequency determined by
the field 80 and the carrier effective mass m ~:

co, = ie8u i/m'c .
The dectron density

i 1(,(r) i
associated with

Eq. (3) is symmetric about the radius r~, and de-
cays rapidly for i r r

i /ro)) 1. Th—e current
carried by the state is given by

J dr[@ i
(r r). —

The integral may be taken over the radial coordi-
nate r, at any fixed value of 8. The net current
vanishes for states in the interior of the annulus,
since the probability densities of the harmonic os-
cillator states are symmetric about the point r =r~.
The situation is very different when r is closer

than a few times r, to an edge of the sample.
Then the condition that the wave function vanish
at the edges of the sample will shift the energies of
the eigenstates away from the Landau energies (5).
I.et us focus our attention on the behavior near

the outer edge of the annulus, and let us continue
to use the index v to label the number of nodes in
the radial wave function. We may then write the
electronic wave functions as

P~,( r )=const Xe' g (r rr2 r)——,
where g,(x,s) is a wave function which is defined
in the region —00 &x &s and has v nodes, which
vanishes for x~s and x~—00, and which obeys
the eigenvalue equation

Now it is clear that the eigenvalue E~ „mill ap-
proach the value E„=fico,(v+ —, ), for
r2 —r )g r, . The energy E,will increase mono-
tonically as r~ increases, passing through the value
E „=Pm, (2v+ —,), when r =r2, and increasing
eventually as (r~ rz) e Bo/2m—*c for
r~ —r2) r, . The energy curve is sketched in Fig.
2.

FIG. 2. Energy levels of nonrandom system, in units
of %co„as a function of the parameter r . The latter
quantity i.s determined by the azimuthal quantum num-
ber m, according to Eq. (4), and it is the radius at which
the azimuthal current density vanishes for quantum
number m. The radius r is the center of the wave
function P „provided that r is not too close to the
boundary pi or p2.

Protected one-dimensional

chiral edge states which

cannot appear on their own

in a one-dimensional

system. All bulk two-dimensional

excitations are “trivial”. These

edge states are required by

‘anomaly matching’ of the

bulk field theory.
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Nonlinear Field Theory of Large-Spin Heisenberg Antiferromagnets: Semiclassically
Quantized Solitons of the One-Dimensional Easy-Axis Neel State

F. D. M. Haldane
Department of Physics, University of Southern California, I.os Angeles, California 90089

(Received 31 January 1983)

The continuum field theory describing the low-energy dynamics of the large-spin one-
dimensional Heisenberg Bntiferromagnet is found to be the O(3) nonlinear sigma model.
When weak easy-axis anisotropy is present, soliton solutions of the equations of motion
are obtained and semiclassically quantized. Integer and half-integer spin systems are
distinguished.
PACS numbers: 75.40.Fa, 03.65.Sq

Nonlinear excitations in one-dimensional mag-
netic systems have received much theoretical at-
tention in recent years, primarily ferromagnetic,
easy-plane, or S =~ systems. ' In this Letter, I
describe a nonlinear field-theory approach to
weakly uniaxially anisotropic easy axis a-ntiferro-
magnets with large spin. Classically, these have
a doubly degenerate ground state with axially
aligned Neel order; topological soliton excita-
tions corresponding to movable domain walls
separating the two possible ground-state configu-
rations are described, and semiclassically quan-
tized. The methods used also reveal the field
theory describing the semiclassical isotropic
Heisenberg antiferromagnet, providing an alter-
native derivation of the recent identification'
(based on a quantum action-angle representation
of spins) of this model with the O(3) nonlinear
sigma model with coupling g =2/hS as S- ~. The
quantization of magnetization carried by the easy-
axis-model solitions also shows up an intrinsic
difference between integer-spin and half-integer-
spin systems, leading to quite different instabili-
ties of the ordered ground state as the anisotropy
vanishes, consistent with the predictions' of quite
different low-energy physics of the isotropic
ground state in the two cases.
I will consider the easy-axis model

H =
I Jl +„1„.5„„+XS„'S„„'+lj, (S „')'],

with S„'=@'S(S+1), and & ~ p so that the classi-
cal ground state is given by S„=~S(-1)"tt, u =+ a.
In the classical limit, the equations of motion
have small-amplitude spin-wave solutions with
the frequency-wave- number relation

(u'(q) =(o,'+ [(u, sin(qa)]', ( q~ & ~~/a, (2)

where a is the lattice spacing, (d, =W~S, and ~,
=&,(& —tt)"'(2 +&—tt)"'. 1 will specialize to the
case of toeak anisotropy cu,/~, «1, when long-
wavelength properties may be studied in the con-
tinuum limit a-0, &,—~, , a =c; the dispersion
relation (2) then develops Lorentz invariance
with limiting velocity &. The elementary collec-
tive excitations (magnons carrying S'=+& ) are ob-
tained by a semiclassical quantization of the
spin waves (e.g. , by a linearized Holstein-Prima-
koff approach); for (crystal) momentum ~ P~
«&~5 /a, the magnon dispersion is

~(P) =[(he )2+ c'P']' ' 0& (x —p)"'«1 (3)

To study the soliton excitations, a fully nonline-
ar treatment of (1) is needed. Following Mikes-
ka, ' I use the classical angle-variable represen-
tation

S„=(- 1)"kS(sin&„cosp„, sin&„sin@„,ense„).
The classical equations of motion are easily ob-
tained from (1) in terms of these variables by us-
ing the Poisson-bracket algebra (@„,S„'j=5„„,
q'„=fq'„,H], etc. :

&„=—~~,(- 1)"g, [sine„+, sin(p„„- p„)],
0, =—p~&(- 1)"2 [(1+~)cos0„„-g cos&„—cot&„sin&„„cos(g„„—p„)].

(4a)

(4b)

To make progress with these equations, I assume as in Ref. 3 that ~„and p„vary slowly with n, with a
small superimposed staggered-fluctuation component; this should be valid at low energies and weak
anisotropy ~,«/ac:

9„=6(x)+a(- 1)"a(x), y„=y(x) + a(- 1)"P(x), x =na.
8(x) and p(x) are slowly varying angle fields, while n(x) and P(x) are small staggered-fluctuation fields,
chosen to have dimensions of density. The variables on neighboring sites can be expressed through a

1983 The American Physical Society 1153

VOLUME 59, NUMBER 7 PHYSICAL REVIEW LETTERS 17 AUr UST 1987

Rigorous Results on Valence-Bond Ground States in Antiferromagnets

Ian ANeck, ~' Tom Kennedy, Elliott H. Lich, and Hal Tasaki
Joseph Henry Laboratories, Princeton University, Princeton, New Jersey 08544

(Received 26 May 1987)

We present rigorous results on a phase in antiferromagnets in one dimension and more, which we call
a valence-bond solid. The ground state is simply constructed out of valence bonds, is nondegenerate, and
breaks no symmetries. There is an energy gap and an exponentially decaying correlation function.
Physical applications are mentioned.

PACS numbers: 75. 10.Jm

There is currently considerable interest in the ground-
state properties of quantum antiferromagnets. In the
one-dimensional case, it has been argued by Haldane'
that Heisenberg antiferromagnets have an energy gap
for integer, but not half-odd-integer, spin. Neutron-
scattering data on CsNiC13, a highly one-dimensional
spin-1 antiferromagnet, support this claim. It has also
been argued by Anderson that two-dimensional antifer-
romagnets can have disordered ground states. The na-
ture of these ground states may be important in the
theory of high- T, superconductors.
A convenient basis for spin-singlet states of a spin

s = —,
' antiferromagnet consists of all possible products of

pairwise contractions of spins to form singlets (known as
valence bonds): ( t f - J t ). For an s = 2 chain with a
special ratio of first and second nearest-neighbor interac-
tions it was shown by Majumdar and Ghosh that the
two exact ground states are given by the states with
purely nearest-neighbor valence bonds. We represent
these dimerized states in Fig. 1 by drawing lines between
the pairs of spins which are contracted. These ground
states have a translational symmetry broken from period
1 to period 2, ultrashort-range correlations, and, as we
will prove in a companion paper, an energy gap. The
pure nearest-neighbor model, which was solved by the
Bethe Ansatz, is believed to have a unique ground state
with power-law correlations and no gap. This ground
state can be thought of as a resonating-valence-bond
state in which quantum Auctuations restore the transla-
tional symmetry and mix in bonds of greater length. The
absence of Neel order is believed to be a general feature
of one-dimensional antiferromagnets. On the other
hand, Neel order is generally expected to occur in two
(or more) dimensions at zero temperature. However, it
was suggested that a disordered resonating- valence-

bond ground state might occur in some two-dimensional
s = —,

' cases: triangular lattice or square lattice with
next-neighbor couplings. The latter is relevant to the
copper-oxide planes in high-T, superconductors.
In this Letter and the companion paper, we will study

exactly solvable Hamiltonians, in dimension one and
more, with ground states constructed simply out of
valence bonds, which have quite a different character
than the Majumdar-Ghosh model. Unlike the dimerized
ground states of Ref. S, our models have unique ground
states with no broken symmetries. As in the model of
Ref. S there is a gap and short-range correlations. This
ground state, which we call a valence bond soli-d (VBS),
appears to be a good approximation to the ground state
of the realistic spin-1 chain. %'e suspect that it may be a
good approximation in other physically relevant cases as
well. The existence of a short-range, nondegener ate
phase in antiferromagnets was first suggested, for the
one-dimensional case, by Haldane. ' We present the first
exact solution exemplifying this phase in one dimension,
and extend the results to higher dimension.
We extend the notion of valence bonds in a natural

way to higher spin. Spin s is obtained by symmetrization
of 2s spin- —,

' variables. Thus, any spin-singlet state can
be written with 2s valence bonds emanating from each
site and terminating on different sites. (The symmetri-
zation implies that we do not distinguish the 2s difr'erent
bonds ending at a given site. )
Our simplest model, and the one with which we will be

the most concerned, is an s=1 chain. We first present
the ground state and then give the Hamiltonian. The
VBS ground state is the (unique) state with a single
valence bond connecting each nearest-neighbor pair of
spins (see Fig. 2). This state was first introduced (as far
as we know) in the discussion of the large-n limit of
SU(n) chains. Note that, unlike in the dimerized s= —,

'

ground state, the translational symmetry is unbroken.
To find a Hamiltonian for which this is the ground state,
note that the presence of a valence bond between each

FIG. 1. The spin- —,
' dimerized valence-bond states. FIG. 2. The spin-1 valence-bond-solid state.
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Observation of 5 = 2 Degrees of Freedom in an S = I Linear-Chain Heisenberg Antiferromagnet
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The ground state of the typical spin-l linear-chain Heisenberg antiferromagnet Ni(C&HsN2)')-
NO&(C104) containing a small amount of Cu'+ is studied by the electron-spin-resonance (ESR) tech-
nique. The ESR results are quantitatively explained by the model that the valence bonds are broken at
the Cu-'+ sites resulting in spin- 2 states at the Ni + sites neighboring the Cu +. Thus the present study
gives experimental evidence for the existence of the valence-bond-solid ground state in S=1 linear-chain
Heisenberg antiferromagnets.

PACS numbers: 75.10.Jm, 75.30.Hx, 76.30.Fc

There has been a growing interest in the Haldane-gap
problem. According to Haldane's conjecture, ' the lin-
ear-chain Heisenberg antiferromagnet (LCHA) with in-
teger spin values has an energy gap between the non-
magnetic ground state and the first excited one. A num-
ber of theoretical and experimental ' works have
been published concerning this conjecture. Although
there was a controversy about the existence of the Hal-
dane gap, recent theories have proven that the gap does
exist. The susceptibility, ' '' neutron-scattering, ' '' and
high-field-magnetization ' measurements on the spin-1
LCHA compound Ni(CqHsN2)2NO2(C104), abbreviat-
ed NENP, clearly showed the existence of the Haldane
gap in this compound. Despite these efforts, the ground
state of the 5=1 LCHA remains rather difficult to un-
derstand intuitively. In S= 2 Heisenberg antiferromag-
nets, Anderson' has proposed the resonating-valence-
bond (RVB) model to describe the ground state. AIIIeck
et al. have extended this idea to the S=1 LCHA. They
showed that the ground state of an S=1 LCHA is well
described by the valence-bond-solid (VBS) model. It is
shown rigorously that the correlation function decays
exponentially in the VBS state and that an energy gap
exists between the ground state and the first excited one.
Figure 1(a) shows diagrammatically the S=1 VBS
state. Spin 1 is obtained by symmetrization of two5= —. variables. The spin singlet state can be written
with two valence bonds emanating from each site and
terminating on diA'erent sites.
Let us consider what happens when a host atom is sub-

stituted by an impurity atom, for example, Ni + in
NENP by Cu +. If the exchange interaction between

(a)

C S G 0 G 8 C

(b) J

iE

FIG. 1. (a) Diagrammatic representation for the valence-
bond-solid ground state of an S=l linear-chain Heisenberg
antiferromagnet. The larger circles show the atomic sites and
the smaller ones the S= 2 states. The lines represent the
valence bonds. (b) A host atom is substituted by an impurity,
resulting in spin- —,

' states at host sites neighboring the impuri-
ty. The arrows show the spin moment.

the host and impurity spins is considerably smaller than
that between the host spins, the valence bonds will be
broken at the impurity sites. This will result in an S= 2

state at the host spin sites neighboring the impurity [Fig.
1(b)]. For the ordinary Heisenberg Hamiltonian, the
eAective coupling between these S= 2 degrees of free-
dom at two ends of a chain is 0((—1)Le LI~L 'l~),
where L is the chain length and g = 7 is the correlation
length. Thus, open chains have low-energy boundary ex-
citations; the Haldane "gap" only exists for bulk excita-
tions. This was demonstrated numerically in Ref. 14.
We expect the same behavior for a finite range of anisot-
ropy, presumably in the whole regime of parameters on
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Model for a Quantum Hall Eff'ect without Landau Levels:
Condensed-Matter Realization of the "Parity Anomaly"

F. D. M. Haldane
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A two-dimensional condensed-matter lattice model is presented which exhibits a nonzero quantization
of the Hall conductance a" in the absence of an external magnetic field. Massless fermions without
spectral doubling occur at critical values of the model parameters, and exhibit the so-called "parity
anomaly" of (2+1)-dimensional field theories.

PACS numbers: 05.30.Fk, 11.30.Rd

The quantum Hall effect' (QHE) in two-dimensional
(2D) electron systems is usually associated with the pres-
ence of a uniform externally generated magnetic field,
which splits the spectrum of electron energy levels into
Landau levels. In this Letter I show how, in principle, a
QHE may also result from breaking of time-reversal
symmetry (i.e., magnetic ordering) without any net mag-
netic fiux through the unit cell of a periodic 2D system.
In this case, the electron states retain their usual Bloch
state character.
The model presented here is also interesting in that if

its parameters are on a critical line at which its ground
state changes from the normal semiconductor state to
this new type of QHE state, its low-energy states simu-
late a "(2+1)-dimensional" relativistic quantum field
theory exhibiting the so-called "parity anomaly" and a
(2+1)-D analog of "chiral" fermions without the
opposite-chirality anomaly-canceling partners that usu-
ally accompany them in lattice realizations of field
theories ("fermion doubling" ).
In the zero-temperature limit, the transverse conduc-

tivity o "3' of a periodic 2D electron system with a gap in
the single-particle density of states at the Fermi level
takes quantized values ve /h, where v is generally ra-
tional, but can only take i nteger values in the absence of
electron interactions. This property of a pure system is
stable against sufficiently weak disorder effects. Since
a" is odd under time reversal, a nonzero value can only
occur if time-reversal invariance is broken.
In the usual QHE, the gap at the Fermi level results

from the splitting of the spectrum into Landau levels by
an external magnetic field. The scenario considered here
is different, and involves a 2D semimetal where there is a
degeneracy at isolated points in the Brillouin zone be-
tween the top of the valence band and the bottom of the
conduction band, that is associated with the presence of
both inversion symmetry and time-reversal invariance.
If inversion symmetry is broken, a gap opens and the sys-
tem becomes a normal semiconductor (v=0), but if the
gap opens because time-reversal invariance is broken the
system becomes a v=+ 1 integer QHE state. If both
perturbations are present, their relative strengths deter-

,bg qb, ~,

FIG. 1. The honeycomb-net model ("2D graphite") showing
nearest-neighbor bonds (solid lines) and second-neighbor bonds
(dashed lines). Open and solid points, respectively, mark the A
and 8 sublattice sites. The Wigner-Seitz unit cell is con-
veniently centered on the point of sixfold rotation symmetry
(marked "+")and is then bounded by the hexagon of nearest-
neighbor bonds. Arrows on second-neighbor bonds mark the
directions of positive phase hopping in the state with broken
time-reversal invariance.

mine which type of state is realized.
To model a 2D semimetal, I use the "2D graphite"

model investigated previously by Semenoff as a possible
lattice realization of a (2+I)-D field theory with the
anomaly. 2D graphite has the honeycomb net structure,
consisting of two interpenetrating triangular lattices
("A" and "8"sublattices) with one lattice point of each
type per unit cell (Fig. 1). A 2D inversion (i.e., a rota-
tion in the plane by tr) interchanges the two sublattices.
Since spin-orbit coupling effects will not be included, the
electron spin will (for the moment) be suppressed.
Semenoff investigated the tight-binding model with

one orbital per site and a real hopping matrix element t ~

between nearest neighbors on different sublattices, and
also considered the effect of an inversion-symmetry-
breaking on-site energy +M on /I sites and —M on 8
sites. The model has point group Cs„(M=O) or C3„
(MAO). In this original version of the model, time-
reversal invariance is present, and Semenoff found com-
plete cancellation of the anomaly in the M =0 model due
to fermion doubling, and normal semiconductor behavior
for MAO.
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Z2 Topological Order and the Quantum Spin Hall Effect
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The quantum spin Hall (QSH) phase is a time reversal invariant electronic state with a bulk electronic
band gap that supports the transport of charge and spin in gapless edge states. We show that this phase is
associated with a novel Z2 topological invariant, which distinguishes it from an ordinary insulator. The Z2

classification, which is defined for time reversal invariant Hamiltonians, is analogous to the Chern number
classification of the quantum Hall effect. We establish the Z2 order of the QSH phase in the two band
model of graphene and propose a generalization of the formalism applicable to multiband and interacting
systems.

DOI: 10.1103/PhysRevLett.95.146802 PACS numbers: 73.43.2f, 72.25.Hg, 73.61.Wp, 85.75.2d

The classification of electronic states according to topo-
logical invariants is a powerful tool for understanding
many body phases which have bulk energy gaps. This
approach was pioneered by Thouless, Kohmoto,
Nightingale, and den Nijs [1] (TKNN), who identified
the topological invariant for the noninteracting integer
quantum Hall effect. The TKNN integer, n, which gives
the quantized Hall conductivity for each band !xy !
ne2=h, is given by an integral of the Bloch wave functions
over the magnetic Brillouin zone, and corresponds to the
first Chern class of a U"1# principal fiber bundle on a torus
[2,3]. An equivalent formulation, generalizable to interact-
ing systems, is to consider the sensitivity of the many body
ground state to phase twisted periodic boundary conditions
[4,5]. This topological classification distinguishes a simple
insulator from a quantum Hall state, and explains the
insensitivity of the Hall conductivity to weak disorder
and interactions. Nonzero TKNN integers are also inti-
mately related to the presence of gapless edge states on
the sample boundaries [6].

Since the Hall conductivity violates time reversal (T )
symmetry, the TKNN integer must vanish in a T -invariant
system. Nonetheless, we have recently shown that the spin-
orbit interaction in a single plane of graphene leads to a
T -invariant quantum spin Hall (QSH) state which has a
bulk energy gap, and a pair of gapless spin filtered edge
states on the boundary [7]. In the simplest version of our
model (a "-electron tight-binding model with mirror-
symmetry about the plane) the perpendicular component
of the spin, Sz, is conserved. Our model then reduces to
independent copies for each spin of a model introduced by
Haldane [8], which exhibits an integer quantum Hall effect
even though the average magnetic field is zero. When Sz is
conserved the distinction between graphene and a simple
insulator is thus easily understood. Each spin has an inde-
pendent TKNN integer n", n#. T symmetry requires n" $
n# ! 0, but the difference n" % n# is nonzero and defines a
quantized spin Hall conductivity.

This characterization breaks down when Sz nonconserv-
ing terms are present. Such terms will inevitably arise due

to coupling to other bands, mirror-symmetry breaking
terms, interactions, or disorder. Though these perturbations
destroy the quantization of the spin Hall conductance, we
argued that they do not destroy the topological order of
the QSH state because Kramers’ theorem prevents
T -invariant perturbations from opening a gap at the edge
[7]. Thus, even though the single defined TKNN number
(the total Hall conductance) is zero, the QSH ground state
is distinguishable from that of a simple insulator. This
suggests that there must be an additional topological clas-
sification for T -invariant systems.

In this Letter we clarify the topological order of the QSH
phase and introduce a Z2 topological index that character-
izes T -invariant systems. This classification is similar to
the TKNN classification, and gives a simple test which can
be applied to Bloch energy bands to distinguish the insu-
lator from the QSH phase. It may also be formulated as a
sensitivity to phase twisted boundary conditions. We will
begin by describing our model of graphene and demon-
strate that the QSH phase is robust even when Sz is not
conserved. We will then analyze the constraints of T
invariance and derive the Z2 index.

Consider the tight-binding Hamiltonian of graphene in-
troduced in Ref. [7], which generalizes Haldane’s model
[8] to include spin with T -invariant spin-orbit interactions.
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The first term is a nearest neighbor hopping term on the
honeycomb lattice, where we have suppressed the spin
index on the electron operators. The second term is the
mirror symmetric spin-orbit interaction which involves
spin dependent second neighbor hopping. Here $ij !
"2=

!!!
3
p
#"d̂1 & d̂2#z ! '1, where d̂1 and d̂2 are unit vectors

along the two bonds the electron traverses going from site j
to i. sz is a Pauli matrix describing the electron’s spin. The
third term is a nearest neighbor Rashba term, which ex-
plicitly violates the z! %z mirror symmetry, and will
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of K and K0 are both at k ! 0. It is interesting to note that
for zigzag edges the edge states persist for !so ! 0, where
they become perfectly flat [16]. This leads to an enhanced
density of states at the Fermi energy associated with zigzag
edges. This has been recently seen in scanning tunneling
spectroscopy of graphite surfaces [17].

We have also considered a nearest neighbor Rashba
term, of the form iẑ " #s!" $ d%cyi!cj". This violates the
conservation of sz, so that the Laughlin argument no longer
applies. Nonetheless, we find that the gapless edge states
remain, provided #R <!so, so that the bulk band gap
remains intact. The crossing of the edge states at the
Brillouin zone boundary kx ! $=a in Fig. 1 (or at k ! 0
for the armchair edge) is protected by time reversal sym-
metry. The two states at kx ! $=a form a Kramers doublet
whose degeneracy cannot be lifted by any time reversal
symmetric perturbation. Moreover, the degenerate states at
kx ! $=a& q are a Kramers doublet. This means that
elastic backscattering from a random potential is forbid-
den. More generally, scattering from a region of disorder
can be characterized by a 2$ 2 unitary S matrix which
relates the incoming and outgoing states: "out ! S"in,
where " is a two component spinor consisting of the left
and right moving edge states %L",%R#. Under time reversal
"in;out ! sy"'out;in. Time reversal symmetry therefore im-
poses the constraint S ! sySTsy, which rules out any off
diagonal elements.

Electron interactions can lead to backscattering. For
instance, the term u yL"@x 

y
L" R#@x R#, does not violate

time reversal, and will be present in an interacting
Hamiltonian. For weak interactions this term is irrelevant
under the renormalization group, since its scaling dimen-
sion is ! ! 4. It thus will not lead to an energy gap or to
localization. Nonetheless, it allows inelastic backscatter-
ing. To leading order in u it gives a finite conductivity of
the edge states, which diverges at low temperature as
u(2T3(2! [18]. Since elastic backscattering is prevented
by time reversal there are no relevant backscattering pro-
cesses for weak interactions. This stability against inter-

actions and disorder distinguishes the spin filtered edge
states from ordinary one-dimensional wires, which are
localized by weak disorder.

A parallel magnetic field Hk breaks time reversal and
leads to an avoided crossing of the edge states. Hk also
reduces the symmetry, allowing terms in the Hamiltonian
which provide a continuously gapped path connecting the
states generated by &z'zsz and &z. Thus in addition to
gapping the edge states Hk eliminates the topological
distinction between the QSH phase and a simple insulator.

The spin filtered edge states have important consequen-
ces for both the transport of charge and spin. In the limit of
low temperature we may ignore the inelastic backscatter-
ing processes, and describe the ballistic transport in the
edge states within a Landauer-Büttiker [19] framework.
For a two terminal geometry [Fig. 2(a)], we predict a
ballistic two terminal charge conductance G ! 2e2=h.
For the spin filtered edge states the edge current density
is related to the spin density, since both depend on nR" (
nL#. Thus the charge current is accompanied by spin accu-
mulation at the edges. The interplay between charge and
spin can be probed in a multiterminal device. Define the
multiterminal spin conductance by Isi !

P
jGs

ijVj. Time
reversal symmetry requires Gs

ji ! (Gs
ij, and from

Fig. 2(b) it is clear thatGs
ij ! &e=4$ for adjacent contacts

i and j. In the four terminal geometry of Fig. 2(b) a spin
current Is ! eV=4$ flows into the right contact. This
geometry can also be used to measure a spin current. A
spin current incident from the left (injected, for instance,
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FIG. 2. Schematic diagrams showing (a) two terminal and
(b) four terminal measurement geometries. In (a) a charge
current I ! #2e2=h% V flows into the right lead. In (b) a spin
current Is ! #e=4$% V flows into the right lead. The diagrams to
the right indicate the population of the edge states.
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FIG. 1. (a) One-dimensional energy bands for a strip of gra-
phene (shown in inset) modeled by (7) with t2=t ! 0:03. The
bands crossing the gap are spin filtered edge states.
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The discovery more than 25
years ago of the quantum
Hall effect (1), in which the

“Hall,” or “transverse electrical” con-
ductance of a material is quantized,
came as a total surprise to the physics
community. This effect occurs in
layered metals at high magnetic
fields and results from the forma-
tion of conducting one-dimensional
channels that develop at the edges
of the sample. Each of these edge
channels, in which the current moves
only in one direction, exhibits a quan-
tized conductance that is character-
istic of one-dimensional transport. The
number of edge channels in the sam-
ple is directly related to the value of
the quantumHall conductance.More-
over, the charge carriers in these chan-
nels are very resistant to scattering.
Not only can the quantum Hall effect be observed in macroscopic samples
for this reason, but within the channels, charge carriers can be transported
without energy dissipation. Therefore, quantum Hall edge channels may be
useful for applications in integrated circuit technology, where power dis-
sipation is becomingmore andmore of a problem as devices become smaller.
Of course, there are some formidable obstacles to overcome—the quantum
Hall effect only occurs at low temperatures and high magnetic fields.

In the past few years, theoretical physicists have suggested that
edge channel transport of current might be possible in the absence of a
magnetic field. They predicted (2–4) that in insulators with suitable
electronic structure, edge states would develop where—and this is
different from the quantum Hall effect—the carriers with opposite
spins move in opposite directions on a given edge, as shown sche-
matically in the figure. This is the quantum spin Hall effect, and its
observation has been hotly pursued in the field.

Although there are many insulators in nature, most of them do not have
the right structural properties to allow the quantum spin Hall effect to be
observed. This is where HgTe comes in. Bulk HgTe is a II-VI semi-
conductor, but has a peculiar electronic structure: In most such materials,
the conduction band usually derives from s-states located on the group II
atoms, and the valence band from p-states at the VI atoms. In HgTe this
order is inverted, however (5). Using molecular beam epitaxy, we can
grow thin HgTe quantum wells, sandwiched between (Hg,Cd)Te barriers,
that offer a unique way to tune the electronic structure of the material: When
the quantum well is wide, the electronic structure in the well remains
inverted. However, for narrow wells, it is possible to obtain a “normal”
alignment of the quantumwell states. Recently, Bernevig et al. (6) predicted

theoretically that the electronic
structure of inverted HgTe quan-
tum wells exhibits the properties
that should enable an observation
of the quantum spin Hall insula-
tor state. Our experimental obser-
vations confirm this.

These experiments only be-
came possible after the devel-
opment of quantum wells of
sufficiently high carrier mobility,
combined with the lithographic
techniques needed to pattern the
sample. The patterning is espe-
cially difficult because of the very
high volatility of Hg. Moreover,
we have developed a special low–
deposition temperature Si-O-N
gate insulator (7), which allows
us to control the Fermi level (the
energy level up to which all

electronics states are filled) in the quantum well from the conduction band,
through the insulating gap, and into the valence band. Using both electron
beam and optical lithography, we have fabricated simple rectangular
structures in various sizes from quantum wells of varying width and
measured the conductance as a function of gate voltage.

We observe that samples made from narrow quantum wells with a
“normal” electronic structure basically show zero conductance when the
Fermi level is inside the gap. Quantum wells with an inverted electronic
structure, by contrast, show a conductance close to what is expected for the
edge channel transport in a quantum spin Hall insulator. This interpretation
is further corroborated by magnetoresistance data. For example, high–
magnetic field data on samples with an inverted electronic structure show a
very unusual insulator-metal-insulator transition as a function of field,
which we demonstrate is a direct consequence of the electronic structure.

The spin-polarized character of the edge channels still needs to be
unequivocably demonstrated. For applications of the effect in actual
microelectronic technology, this low-temperature effect (we observe it
below 10 K) will have to be demonstrated at room temperature, which may
be possible in wells with wider gaps.
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AUTHORS’ SUMMARY

The discovery more than 25
years ago of the quantum
Hall effect (1), in which the

“Hall,” or “transverse electrical” con-
ductance of a material is quantized,
came as a total surprise to the physics
community. This effect occurs in
layered metals at high magnetic
fields and results from the forma-
tion of conducting one-dimensional
channels that develop at the edges
of the sample. Each of these edge
channels, in which the current moves
only in one direction, exhibits a quan-
tized conductance that is character-
istic of one-dimensional transport. The
number of edge channels in the sam-
ple is directly related to the value of
the quantumHall conductance.More-
over, the charge carriers in these chan-
nels are very resistant to scattering.
Not only can the quantum Hall effect be observed in macroscopic samples
for this reason, but within the channels, charge carriers can be transported
without energy dissipation. Therefore, quantum Hall edge channels may be
useful for applications in integrated circuit technology, where power dis-
sipation is becomingmore andmore of a problem as devices become smaller.
Of course, there are some formidable obstacles to overcome—the quantum
Hall effect only occurs at low temperatures and high magnetic fields.

In the past few years, theoretical physicists have suggested that
edge channel transport of current might be possible in the absence of a
magnetic field. They predicted (2–4) that in insulators with suitable
electronic structure, edge states would develop where—and this is
different from the quantum Hall effect—the carriers with opposite
spins move in opposite directions on a given edge, as shown sche-
matically in the figure. This is the quantum spin Hall effect, and its
observation has been hotly pursued in the field.

Although there are many insulators in nature, most of them do not have
the right structural properties to allow the quantum spin Hall effect to be
observed. This is where HgTe comes in. Bulk HgTe is a II-VI semi-
conductor, but has a peculiar electronic structure: In most such materials,
the conduction band usually derives from s-states located on the group II
atoms, and the valence band from p-states at the VI atoms. In HgTe this
order is inverted, however (5). Using molecular beam epitaxy, we can
grow thin HgTe quantum wells, sandwiched between (Hg,Cd)Te barriers,
that offer a unique way to tune the electronic structure of the material: When
the quantum well is wide, the electronic structure in the well remains
inverted. However, for narrow wells, it is possible to obtain a “normal”
alignment of the quantumwell states. Recently, Bernevig et al. (6) predicted

theoretically that the electronic
structure of inverted HgTe quan-
tum wells exhibits the properties
that should enable an observation
of the quantum spin Hall insula-
tor state. Our experimental obser-
vations confirm this.

These experiments only be-
came possible after the devel-
opment of quantum wells of
sufficiently high carrier mobility,
combined with the lithographic
techniques needed to pattern the
sample. The patterning is espe-
cially difficult because of the very
high volatility of Hg. Moreover,
we have developed a special low–
deposition temperature Si-O-N
gate insulator (7), which allows
us to control the Fermi level (the
energy level up to which all

electronics states are filled) in the quantum well from the conduction band,
through the insulating gap, and into the valence band. Using both electron
beam and optical lithography, we have fabricated simple rectangular
structures in various sizes from quantum wells of varying width and
measured the conductance as a function of gate voltage.

We observe that samples made from narrow quantum wells with a
“normal” electronic structure basically show zero conductance when the
Fermi level is inside the gap. Quantum wells with an inverted electronic
structure, by contrast, show a conductance close to what is expected for the
edge channel transport in a quantum spin Hall insulator. This interpretation
is further corroborated by magnetoresistance data. For example, high–
magnetic field data on samples with an inverted electronic structure show a
very unusual insulator-metal-insulator transition as a function of field,
which we demonstrate is a direct consequence of the electronic structure.

The spin-polarized character of the edge channels still needs to be
unequivocably demonstrated. For applications of the effect in actual
microelectronic technology, this low-temperature effect (we observe it
below 10 K) will have to be demonstrated at room temperature, which may
be possible in wells with wider gaps.
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We observe that samples made from narrow quantum wells with a
“normal” electronic structure basically show zero conductance when the
Fermi level is inside the gap. Quantum wells with an inverted electronic
structure, by contrast, show a conductance close to what is expected for the
edge channel transport in a quantum spin Hall insulator. This interpretation
is further corroborated by magnetoresistance data. For example, high–
magnetic field data on samples with an inverted electronic structure show a
very unusual insulator-metal-insulator transition as a function of field,
which we demonstrate is a direct consequence of the electronic structure.
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Although the four-band Dirac model (Eq. 1)
gives a simple qualitative understanding of
this novel phase transition, we also performed
more realistic and self-consistent eight-band
k·p model calculations (13) for a 6.5-nm quan-
tum well, with the fan chart of the Landau
levels displayed in Fig. 1B. The two anoma-
lous Landau levels cross at a critical magnetic
field Bc

⊥, which evidently depends on well
width. This implies that when a sample has its
Fermi energy in the gap at zero magnetic
field, this energy will always be crossed by
the two anomalous Landau levels, resulting in
a QH plateau in-between the two crossing
fields. Figure 3 summarizes the dependence
of Bc

⊥ on well width d. The open red squares
are experimental data points that result from
fitting the eight-band k·p model to experi-
mental data as in Fig. 1, while the filled red
triangles result solely from the k·p calcula-
tion. For reference, the calculated gap ener-
gies are also plotted in this graph as open
blue circles. The band inversion is reflected
in the sign change of the gap. For relatively
wide wells (d > 8.5 nm), the (inverted) gap

starts to decrease in magnitude. This is be-
cause for these well widths, the band gap no
longer occurs between the E1 and HH1 lev-
els, but rather between HH1 and HH2—the
second confined hole-like level, as schemat-
ically shown in the inset of Fig. 3 [see also
(17)]. Also in this regime, a band crossing of
conductance- (HH1) and valence- (HH2) band–
derived Landau levels occurs with increasing
magnetic field (13, 17, 18). Figure 3 clearly
illustrates the quantum phase transition that
occurs as a function of d in the HgTe QWs:
Only for d > dc does Bc

⊥ exist, and at the
same time the energy gap is negative (i.e.,
the band structure is inverted). The experimen-
tal data allow for a quite accurate determi-
nation of the critical thickness, yielding dc =
6.3 ± 0.1 nm.

Zero-field edge channels and the QSH
effect. The actual existence of edge channels
in insulating inverted QWs is only revealed
when studying smaller Hall bars [the typical
mobility of 105 cm2 V−1 s−1 in n-type material
implies an elastic mean free path of lmfp ≈
1 mm (19, 20)—and one may anticipate lower

mobilities in the nominally insulating regime].
The pertinent data are shown in Fig. 4, which
plots the zero B-field four-terminal resistance
R14,23 ≡ V23/I14 as a function of normalized gate
voltage (Vthr is defined as the voltage for which
the resistance is largest) for several devices that
are representative of the large number of
structures we investigated. R14,23 is measured
while the Fermi level in the device is scanned
through the gap. In the low-resistance regions at
positive Vg − Vthr, the sample is n-type; at
negative Vg − Vthr, the sample is p-type.

The black curve labeled I in Fig. 4 was
obtained from a medium-sized [(20.0 × 13.3)
mm2] device with a 5.5-nm QW and shows the
behavior we observe for all devices with a
normal band structure: When the Fermi level
is in the gap, R14,23 increases strongly and is
at least several tens of megohm (this is the de-
tection limit of the lock-in equipment used in
the experiment). This clearly is the expected
behavior for a conventional insulator. How-
ever, for all devices containing an inverted QW,
the resistance in the insulating regime remains
finite. R14,23 plateaus at well below 100 kilohm
(i.e., G14,23 = 0.3 e2/h) for the blue curve
labeled II, which is again for a (20.0 × 13.3)
mm2 device fabricated by optical lithography,
but that contains a 7.3-nm-wide QW. For much
shorter samples (L = 1.0 mm, green and red
curves III and IV) fabricated from the same
wafer, G14,23 actually reaches the predicted
value close to 2e2/h, demonstrating the exis-
tence of the QSH insulator state for inverted
HgTe QW structures.

Figure 4 includes data on two devices with
d = 7.3 nm, L = 1.0 mm. The green trace (III)
is from a device with W = 1.0 mm, and the red
trace (IV) corresponds to a device with W =
0.5 mm. Clearly, the residual resistance of the
devices does not depend on the width of the
structure, which indicates that the transport
occurs through edge channels (21). The traces
for the d = 7.3 nm, L = 1.0 mm devices do not
reach all the way into the p-region because the
electron-beam lithography needed to fabricate
the devices increases the intrinsic (Vg = 0 V)
carrier concentration. In addition, fluctuations
on the conductance plateaus in traces II, III,
and IV are reproducible and do not stem from,
e.g., electrical noise. Although all R14,23 traces
discussed so far were taken at the base
temperature (30 mK) of our dilution refriger-
ator, the conductance plateaus are not limited
to this very-low-temperature regime. In the
inset of Fig. 4, we reproduce the green 30-mK
trace III on a linear scale and compare it with
a trace (in black) taken at 1.8 K from another
(L × W) = (1.0 × 1.0) mm2 sample, which was
fabricated from the same wafer. In the fabrica-
tion of this sample, we used a lower-illumination
dose in the e-beam lithography, resulting in a
better (but still not quite complete) coverage of
the n-i-p transition. Clearly, in this further
sample, and at 1.8 K, the 2e2/h conductance

Fig. 3. Crossing field,
Bc⊥ (red triangles), and
energy gap, Eg (blue
open dots), as a func-
tion of QW width d
resulting from an eight-
band k·p calculation.
For well widths larger
than 6.3 nm, the QW is
inverted and a mid-gap
crossing of Landau levels
deriving from the HH1
conductance and E1 va-
lence band occurs at fi-
nite magnetic fields. The
experimentally observed
crossing points are in-
dicated by open red
squares. The inset shows
the energetic ordering of the QW subband structure as a function of QW width d. [See also (17)].
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A topological Dirac insulator in a quantum spin Hall
phase
D. Hsieh1, D. Qian1, L. Wray1, Y. Xia1, Y. S. Hor2, R. J. Cava2 & M. Z. Hasan1,3

When electrons are subject to a large external magnetic field, the
conventional charge quantum Hall effect1,2 dictates that an elec-
tronic excitation gap is generated in the sample bulk, but metallic
conduction is permitted at the boundary. Recent theoretical
models suggest that certain bulk insulators with large spin–orbit
interactions may also naturally support conducting topological
boundary states in the quantum limit3–5, which opens up the pos-
sibility for studying unusual quantum Hall-like phenomena in
zero external magnetic fields6. Bulk Bi12xSbx single crystals are
predicted to be prime candidates7,8 for one such unusual Hall
phase of matter known as the topological insulator9–11. The hall-
mark of a topological insulator is the existence of metallic surface
states that are higher-dimensional analogues of the edge states that
characterize a quantum spin Hall insulator3–13. In addition to its
interesting boundary states, the bulk of Bi12xSbx is predicted to
exhibit three-dimensional Dirac particles14–17, another topic of
heightened current interest following the new findings in two-
dimensional graphene18–20 and charge quantum Hall fractionali-
zation observed in pure bismuth21. However, despite numerous
transport and magnetic measurements on the Bi12xSbx family
since the 1960s17, no direct evidence of either topological Hall
states or bulk Dirac particles has been found. Here, using
incident-photon-energy-modulated angle-resolved photoemis-
sion spectroscopy (IPEM-ARPES), we report the direct obser-
vation of massive Dirac particles in the bulk of Bi0.9Sb0.1, locate
the Kramers points at the sample’s boundary and provide a com-
prehensive mapping of the Dirac insulator’s gapless surface
electron bands. These findings taken together suggest that the
observed surface state on the boundary of the bulk insulator is a
realization of the ‘topological metal’9–11. They also suggest that this
material has potential application in developing next-generation
quantum computing devices that may incorporate ‘light-like’ bulk
carriers and spin-textured surface currents.

Bismuth is a semimetal with strong spin–orbit interactions. Its
band structure is believed to feature an indirect negative gap between
the valence band maximum at the T-point of the bulk Brillouin zone
and the conduction band minima at three equivalent L-points17,22

(here we generally refer to these as a single point, L). The valence
and conduction bands at L are derived from antisymmetric (La)
and symmetric (Ls) p-type orbitals, respectively, and the effective
low-energy hamiltonian at this point is described by the (311)-
dimensional relativistic Dirac equation14–16. The resulting dispersion

relation, E(k)~+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(v:k)2zD2

p
<v:k, is highly linear owing to the

combination of an unusually large band velocity v and a small gap D
(such that jD/jvjj< 5 3 1023 Å21) and has been used to explain vari-
ous peculiar properties of bismuth14–16. Substituting bismuth with
antimony is believed to change the critical energies of the band struc-
ture as follows (see Fig. 1). At an Sb concentration of x < 4%, the gap

D between La and Ls closes and a massless, three-dimensional (3D)
Dirac point is realized. As x is further increased this gap re-opens with
inverted symmetry ordering, which leads to a change in sign of D at
each of the three equivalent L-points in the Brillouin zone. For con-
centrations greater than x < 7% there is no overlap between the
valence band at T and the conduction band at L, and the material
becomes an inverted-band insulator. Once the band at T drops below
the valence band at L, at x < 8%, the system evolves into a direct-gap
insulator whose low-energy physics is dominated by the spin–orbit-
coupled Dirac particles at L7,17.

Recently, semiconductors with inverted bandgaps have been pro-
posed to manifest the two-dimensional (2D) quantum spin Hall
phase, which is predicted to be characterized by the presence of
metallic one-dimensional edge states3–5,12. Although a band-inver-
sion mechanism and edge states have been invoked to interpret the
transport results in 2D mercury telluride semiconductor quantum
wells13, no one-dimensional edge states are directly imaged, so their
topological character is yet to be uniquely determined. Recent theor-
etical treatments7,8 have focused on the strongly spin–orbit-coupled,
band-inverted Bi12xSbx series as a possible 3D bulk realization of the
quantum spin Hall phase in which the one-dimensional edge states
are expected to take the form of 2D surface states7–9 that may be
directly imaged and spectroscopically studied, making it feasible to
identify their topological order parameter character.

High-momentum-resolution angle-resolved photoemission spec-
troscopy performed with varying incident photon energy (IPEM-
ARPES) allows for the measurement of electronic band dispersion
along various momentum space (k-space) trajectories in the 3D bulk
Brillouin zone. ARPES spectra taken along two orthogonal cuts
through the L-point of the bulk Brillouin zone of Bi0.9Sb0.1 are shown
in Fig. 1a, c. A L-shaped dispersion whose tip lies less than 50 meV
below the Fermi energy EF can be seen along both directions.
Additional features originating from surface states that do not dis-
perse with incident photon energy are also seen. Owing to the finite
intensity between the bulk and surface states, the exact binding
energy EB where the tip of the L-shaped dispersion lies is unresolved.
The linearity of the bulk L-shaped bands is observed by locating the
peak positions at higher EB in the momentum distribution curves and
the energy at which these peaks merge is obtained by extrapolating
linear fits to the momentum distribution curves. Therefore, 50 meV
represents a lower bound on the energy gap D between La and Ls. The
magnitudes of the extracted band velocities along the kx and ky direc-
tions are 7.9 6 0.5 3 104 m s21 and 10.0 6 0.5 3 105 m s21, respec-
tively, which are similar to the tight binding values of 7.6 3 104 m s21

and 9.1 3 105 m s21 calculated for the La band of bismuth22. Our data
are consistent with the extremely small effective mass of 0.002me

(where me is the electron mass) observed in magneto-reflection mea-
surements on samples with x 5 11% (ref. 23). The Dirac point in

1Joseph Henry Laboratories of Physics, Department of Physics, 2Department of Chemistry, 3Princeton Center for Complex Materials, Princeton Institute for the Science and
Technology of Materials, Princeton University, Princeton, New Jersey 08544, USA.

Vol 452 | 24 April 2008 | doi:10.1038/nature06843

970
Nature   Publishing Group©2008

LETTERS

A topological Dirac insulator in a quantum spin Hall
phase
D. Hsieh1, D. Qian1, L. Wray1, Y. Xia1, Y. S. Hor2, R. J. Cava2 & M. Z. Hasan1,3

When electrons are subject to a large external magnetic field, the
conventional charge quantum Hall effect1,2 dictates that an elec-
tronic excitation gap is generated in the sample bulk, but metallic
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characterize a quantum spin Hall insulator3–13. In addition to its
interesting boundary states, the bulk of Bi12xSbx is predicted to
exhibit three-dimensional Dirac particles14–17, another topic of
heightened current interest following the new findings in two-
dimensional graphene18–20 and charge quantum Hall fractionali-
zation observed in pure bismuth21. However, despite numerous
transport and magnetic measurements on the Bi12xSbx family
since the 1960s17, no direct evidence of either topological Hall
states or bulk Dirac particles has been found. Here, using
incident-photon-energy-modulated angle-resolved photoemis-
sion spectroscopy (IPEM-ARPES), we report the direct obser-
vation of massive Dirac particles in the bulk of Bi0.9Sb0.1, locate
the Kramers points at the sample’s boundary and provide a com-
prehensive mapping of the Dirac insulator’s gapless surface
electron bands. These findings taken together suggest that the
observed surface state on the boundary of the bulk insulator is a
realization of the ‘topological metal’9–11. They also suggest that this
material has potential application in developing next-generation
quantum computing devices that may incorporate ‘light-like’ bulk
carriers and spin-textured surface currents.

Bismuth is a semimetal with strong spin–orbit interactions. Its
band structure is believed to feature an indirect negative gap between
the valence band maximum at the T-point of the bulk Brillouin zone
and the conduction band minima at three equivalent L-points17,22

(here we generally refer to these as a single point, L). The valence
and conduction bands at L are derived from antisymmetric (La)
and symmetric (Ls) p-type orbitals, respectively, and the effective
low-energy hamiltonian at this point is described by the (311)-
dimensional relativistic Dirac equation14–16. The resulting dispersion

relation, E(k)~+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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<v:k, is highly linear owing to the

combination of an unusually large band velocity v and a small gap D
(such that jD/jvjj< 5 3 1023 Å21) and has been used to explain vari-
ous peculiar properties of bismuth14–16. Substituting bismuth with
antimony is believed to change the critical energies of the band struc-
ture as follows (see Fig. 1). At an Sb concentration of x < 4%, the gap

D between La and Ls closes and a massless, three-dimensional (3D)
Dirac point is realized. As x is further increased this gap re-opens with
inverted symmetry ordering, which leads to a change in sign of D at
each of the three equivalent L-points in the Brillouin zone. For con-
centrations greater than x < 7% there is no overlap between the
valence band at T and the conduction band at L, and the material
becomes an inverted-band insulator. Once the band at T drops below
the valence band at L, at x < 8%, the system evolves into a direct-gap
insulator whose low-energy physics is dominated by the spin–orbit-
coupled Dirac particles at L7,17.

Recently, semiconductors with inverted bandgaps have been pro-
posed to manifest the two-dimensional (2D) quantum spin Hall
phase, which is predicted to be characterized by the presence of
metallic one-dimensional edge states3–5,12. Although a band-inver-
sion mechanism and edge states have been invoked to interpret the
transport results in 2D mercury telluride semiconductor quantum
wells13, no one-dimensional edge states are directly imaged, so their
topological character is yet to be uniquely determined. Recent theor-
etical treatments7,8 have focused on the strongly spin–orbit-coupled,
band-inverted Bi12xSbx series as a possible 3D bulk realization of the
quantum spin Hall phase in which the one-dimensional edge states
are expected to take the form of 2D surface states7–9 that may be
directly imaged and spectroscopically studied, making it feasible to
identify their topological order parameter character.

High-momentum-resolution angle-resolved photoemission spec-
troscopy performed with varying incident photon energy (IPEM-
ARPES) allows for the measurement of electronic band dispersion
along various momentum space (k-space) trajectories in the 3D bulk
Brillouin zone. ARPES spectra taken along two orthogonal cuts
through the L-point of the bulk Brillouin zone of Bi0.9Sb0.1 are shown
in Fig. 1a, c. A L-shaped dispersion whose tip lies less than 50 meV
below the Fermi energy EF can be seen along both directions.
Additional features originating from surface states that do not dis-
perse with incident photon energy are also seen. Owing to the finite
intensity between the bulk and surface states, the exact binding
energy EB where the tip of the L-shaped dispersion lies is unresolved.
The linearity of the bulk L-shaped bands is observed by locating the
peak positions at higher EB in the momentum distribution curves and
the energy at which these peaks merge is obtained by extrapolating
linear fits to the momentum distribution curves. Therefore, 50 meV
represents a lower bound on the energy gap D between La and Ls. The
magnitudes of the extracted band velocities along the kx and ky direc-
tions are 7.9 6 0.5 3 104 m s21 and 10.0 6 0.5 3 105 m s21, respec-
tively, which are similar to the tight binding values of 7.6 3 104 m s21

and 9.1 3 105 m s21 calculated for the La band of bismuth22. Our data
are consistent with the extremely small effective mass of 0.002me

(where me is the electron mass) observed in magneto-reflection mea-
surements on samples with x 5 11% (ref. 23). The Dirac point in

1Joseph Henry Laboratories of Physics, Department of Physics, 2Department of Chemistry, 3Princeton Center for Complex Materials, Princeton Institute for the Science and
Technology of Materials, Princeton University, Princeton, New Jersey 08544, USA.
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graphene, coincidentally, has a band velocity (jvFj< 106 m s21)18

comparable to what we observe for Bi0.9Sb0.1, but its spin–orbit
coupling is several orders of magnitude weaker, and the only known
method of inducing a gap in the Dirac spectrum of graphene is by
coupling to an external chemical substrate20. The Bi12xSbx series thus
provides a rare opportunity to study relativistic Dirac hamiltonian
physics in a 3D condensed matter system where the intrinsic (rest)
mass gap can easily be tuned.

Studying the band dispersion perpendicular to the sample surface
provides a way to differentiate bulk states from surface states in a 3D
material. To visualize the near-EF dispersion along the 3D L–X cut (X
is a point that is displaced from L by a kz-distance of 3p/c, where c is
the lattice constant), in Fig. 2a we plot energy distribution curves
(EDCs) taken such that electrons at EF have fixed in-plane
momentum (kx, ky) 5 (Lx, Ly) 5 (0.8 Å21

, 0.0 Å21), as a function of
photon energy hn. There are three prominent features in the EDCs: a
non-dispersing, kz-independent peak centred just below EF, at about
20.02 eV; a broad, non-dispersing hump centred near 20.3 eV; and

a strongly dispersing hump that coincides with the latter near
hn 5 29 eV. To understand which bands these features originate
from, we show ARPES intensity maps along an in-plane cut !KK !MM!KK
(parallel to the ky-direction) taken using hn values of 22 eV, 29 eV and
35 eV, which correspond to approximate kz values of Lz 2 0.3 Å21, Lz,
and Lz 1 0.3 Å21, respectively (Fig. 2b). At hn 5 29 eV, the low-
energy ARPES spectral weight reveals a clear L-shaped band close
to EF. As the photon energy is either increased or decreased from
29 eV, this intensity shifts to higher binding energies as the spectral
weight evolves from the L-shaped band into a ‘U’-shaped band.
Therefore, the dispersive peak in Fig. 2a comes from the bulk valence
band, and for hn 5 29 eV the high-symmetry point L 5 (0.8, 0, 2.9)
appears in the third bulk Brillouin zone. In the maps of Fig. 2b with
respective hn values of 22 eV and 35 eV, overall weak features near EF

that vary in intensity remain even as the bulk valence band moves far
below EF. The survival of these weak features over a large photon
energy range (17–55 eV) supports their surface origin. The non-
dispersing feature centred near 20.3 eV in Fig. 2a comes from the
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Figure 1 | Dirac-like dispersion near the L-point in the bulk Brillouin zone.
Selected ARPES intensity maps of Bi0.9Sb0.1 are shown along three
k-space cuts through the L-point of the bulk 3D Brillouin zone. The
presented data are taken in the third Brillouin zone with Lz 5 2.9 Å21 with a
photon energy of 29 eV. The cuts are along the ky-direction (a); a direction
rotated by approximately 10u from the ky-direction (b); and the kx-direction
(c). Here, d symbolizes a change along a particular k-direction. Each cut
shows a "-shaped bulk band whose tip lies below the Fermi level, signalling a
bulk gap. The surface states are denoted SS and are all identified in Fig. 2 (for
further identification via theoretical calculations, see Supplementary
Information). d, Momentum distribution curves corresponding to the

intensity map in a. f, A log-scale plot of the momentum distribution curves
corresponding to the intensity map in c. The red lines are guides to the eye
for the bulk features in the momentum distribution curves. e, Schematic of
the bulk 3D Brillouin zone of Bi12xSbx and the 2D Brillouin zone of the
projected (111) surface. The high-symmetry points !CC, !MM and !KK of the surface
Brillouin zone are labelled. The schematic evolution of bulk band energies as
a function of x is shown. The L-band inversion transition occurs at x < 0.04,
where a 3D gapless Dirac point is realized, and the composition we study
here (for which x 5 0.1) is indicated by the green arrow. A more detailed
phase diagram based on our experiments is shown in Fig. 3c.
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Majorana Fermions and a Topological Phase Transition
in Semiconductor-Superconductor Heterostructures

Roman M. Lutchyn, Jay D. Sau, and S. Das Sarma
Joint Quantum Institute and Condensed Matter Theory Center, Department of Physics, University of Maryland,
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We propose and analyze theoretically an experimental setup for detecting the elusive Majorana particle

in semiconductor-superconductor heterostructures. The experimental system consists of one-dimensional

semiconductor wire with strong spin-orbit Rashba interaction embedded into a superconducting quantum

interference device. We show that the energy spectra of the Andreev bound states at the junction are

qualitatively different in topologically trivial (i.e., not containing any Majorana) and nontrivial phases

having an even and odd number of crossings at zero energy, respectively. The measurement of the

supercurrent through the junction allows one to discern topologically distinct phases and observe a

topological phase transition by simply changing the in-plane magnetic field or the gate voltage. The

observation of this phase transition will be a direct demonstration of the existence of Majorana particles.

DOI: 10.1103/PhysRevLett.105.077001 PACS numbers: 74.78.Fk, 03.67.Lx, 71.10.Pm, 74.45.+c

The Majorana fermions were envisioned by Majorana
[1] in 1937 as fundamental constituents of nature.
Majorana particles are intriguing and exotic because each
Majorana particle is its own antiparticle unlike Dirac fer-
mions where electrons and positrons (or holes) are distinct.
Recently, the search for Majorana fermions has focused on
solid state systems where many-body ground states may
have fundamental quasiparticle excitations which are
Majorana fermions [2]. Although the emergence of
Majorana excitations, which are effectively fractionalized
objects (anyons) obeying non-Abelian statistics rather than
Fermi or Bose statistics [3], in solid state systems is by
itself an extraordinary phenomenon, what has attracted a
great deal of attention is the possibility of carrying out fault
tolerant topological quantum computation in 2D systems
using these Majorana particles [4]. Such topological quan-
tum computation, in contrast to ordinary quantum compu-
tation, would not require any quantum error correction
since the Majorana excitations are immune to local noise
by virtue of their nonlocal ‘‘topological’’ (TP) nature [3,4].
The direct experimental observation of Majorana particles
in solid state systems would therefore be a true break-
through both from the perspective of fundamental physics
of fractional statistics in nature and the techno-
logical perspective of building a working quantum com-
puter. It is therefore not surprising that there have been
several recent proposals for the experimental realization of
Majorana fermions (MFs) in solid state systems [5–7].

In this Letter, we propose and validate theoretically a
specific experimental setup for the direct observation of
MFs in one of the simplest proposed solid state systems—
1D semiconductor-superconductor heterostructure based
quantum wires. This particular heterostructure consisting
of an ordinary superconductor (e.g., Nb) and a semicon-
ductor with strong spin-orbit coupling (e.g., InAs) as pro-
posed originally by Sau et al. [6] and expanded by Alicea

[7], is simple and does not require any specialized materi-
als for producing Majorana modes. The superconductor
(SC) induces superconductivity in the semiconductor
(SM) where the presence of spin-orbit coupling leads to
the existence of MFs at the ends of the wire. We show that
in a suitable geometry (see Fig. 1) the superconducting
state in the semiconductor undergoes a phase transition, as
the chemical potential or magnetic field is tuned, from a
superconducting state containing Majorana modes at the
junction to an ordinary nontopological superconducting
state with no Majorana modes at the junction. We establish
that such a transition is indeed feasible to observe in the
laboratory in semiconductor nanowires, showing in the
process how one can directly experimentally discover the
Majorana mode in the SM/SC heterostructure.
Specifically, we consider here 1D InAs nanowire

proximity coupled with an s-wave superconductor (e.g.,

FIG. 1 (color online). (a) Top view of SM/SC heterostructure
embedded into small-inductance SC loop. (b) Side view of the
SM/SC heterostructure. The nanowire can be top gated to control
chemical potential. Here we assume L ! ! and L1 " ! with !
being the SC coherence length. (c) Proposed readout scheme for
the Andreev energy levels. Inductively coupled rf-driven tank
circuit allows time-resolved measuring of the effective state-
dependent Josephson inductance [19].
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Helical Liquids and Majorana Bound States in QuantumWires
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We show that the combination of spin-orbit coupling with a Zeeman field or strong interactions may

lead to the formation of a helical electron liquid in single-channel quantum wires, with spin and velocity

perfectly correlated. We argue that zero-energy Majorana bound states are formed in various situations

when such wires are situated in proximity to a conventional s-wave superconductor. This occurs when the
external magnetic field, the superconducting gap, or, most simply, the chemical potential vary along the

wire. These Majorana states do not require the presence of a vortex in the system. Experimental

consequences of the helical liquid and the Majorana states are also discussed.

DOI: 10.1103/PhysRevLett.105.177002 PACS numbers: 74.78.Na, 03.67.Lx, 73.63.Nm, 74.78.Fk

States of matter supporting Majorana fermions (MFs)
have received much attention in the context of quantum
computation. A widely separated pair of MF bound states
forms a nonlocal fermionic state immune to local sources
of decoherence, thus providing a platform for fault-tolerant
quantum memory. Moreover, since MF states realize a
representation of the non-Abelian braid group, topological
quantum information processing can, in principle, be af-
fected by braiding [1]. A realization of such states where
they can be readily manipulated is therefore highly
desirable.

There are several suggestions for physical systems that
support MF states, for ways to measure their properties and
manipulate them. These include fractional quantum Hall
states at filling ! ¼ 5=2 [2], p-wave superconductors [3],
surfaces of 3D topological insulators proximate to a super-
conductor [4], superfluids in the 3He-B phase [5,6], and
helical edge modes of 2D topological insulators proximate
to a ferromagnet and a superconductor [7]. Recently, it was
suggested that a semiconducting thin film sandwiched
between an s-wave superconductor and a magnetic insula-
tor [8] will host MF states associated with superconducting
vortices. All of these proposals are extremely challenging
experimentally.

Realizing and manipulating MFs in wires may be deci-
sively simpler. We show that quantum wires with strong
spin-orbit coupling, e.g., InAs or InSb wires, and banded
carbon nanotubes, form a helical liquid, akin to topological
insulator edges. Consequently, these wires support MF
states when in proximity to s-wave superconductors, and
a magnetic field. Unlike their 2D counterparts, wire-MF
states do not require the presence of a vortex in the system,
eliminating decoherence arising from low lying vortex-
core quasiparticle states. Most importantly, we explain
how to produce and manipulate them by variations of a
chemical potential, which could be simply produced by a
set of micron-sized gates capacitatively coupled to the

wire. Below we outline the key physical properties of
MF states in quantum wires, their experimental signatures,
and how to construct networks, enabling quantum infor-
mation processing.
Without loss of generality, let the wire lie along the y

axis, the spin-orbit interaction, u, be along the z axis, and a
magnetic field B be along the x axis. Also, the wire is in
contact with a superconductor, with proximity strength !
(chosen real). The Hamiltonian is [4]

H ¼
Z

"yðyÞH"ðyÞdy; "y ¼ ðc y
" ; c

y
# ; c #;$c "Þ

H ¼ ½p2=2m$"ðyÞ&#z þ up$z#z þ BðyÞ$x þ !ðyÞ#x:
(1)

c ";ð#ÞðyÞ annihilates spin-up (down) electrons at position y.
The Pauli matrices $, # operate in spin and particle-hole
space, respectively. " is the chemical potential.
Zeeman field and superconducting proximity absent, the

Hamiltonian (1) has an energy-momentum dispersion con-
sisting of two shifted parabolas crossing at momentum
p ¼ 0. The Zeeman field B removes the level crossing
and opens a gap at p ¼ 0. (Such a gap may also occur
due to strong electron-electron interactions [9,10], and
therefore B should be generally construed as either a
magnetic field perpendicular to the spin-orbit coupling,
or an interaction induced gap.) The pairing ! opens a
gap at the dispersion’s outer wings (regardless of the
Zeeman field’s strength when strong spin-orbit coupling
is present), which eliminates high-momentum excitations,
thus leaving only the chiral states near p ¼ 0 as low energy
excitation, which resemble the edge of a topological
insulator [4,10]. ! also affects these states, which allows
us to tune the topological phase transitions essential for the
production of MFs. Note that gapping out the high-
momentum excitation can be done by coupling our system
to an antiferromagnet with periodicity comparable to 2kF,
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rather than by microtubule reorganization. Thus,
polarization of the DVaxis is independent of the
formation of the microtubule array that defines
the AP axis, as previously proposed.
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Signatures of Majorana Fermions in
Hybrid Superconductor-Semiconductor
Nanowire Devices
V. Mourik,1* K. Zuo,1* S. M. Frolov,1 S. R. Plissard,2 E. P. A. M. Bakkers,1,2 L. P. Kouwenhoven1†

Majorana fermions are particles identical to their own antiparticles. They have been theoretically
predicted to exist in topological superconductors. Here, we report electrical measurements on
indium antimonide nanowires contacted with one normal (gold) and one superconducting
(niobium titanium nitride) electrode. Gate voltages vary electron density and define a tunnel
barrier between normal and superconducting contacts. In the presence of magnetic fields on the
order of 100 millitesla, we observe bound, midgap states at zero bias voltage. These bound states
remain fixed to zero bias, even when magnetic fields and gate voltages are changed over
considerable ranges. Our observations support the hypothesis of Majorana fermions in nanowires
coupled to superconductors.

All elementary particles have an anti-
particle of opposite charge (for example,
an electron and a positron); the meet-

ing of a particle with its antiparticle results in
the annihilation of both. A special class of par-
ticles, called Majorana fermions, are predicted
to exist that are identical to their own anti-
particle (1). They may appear naturally as ele-

mentary particles or emerge as charge-neutral
and zero-energy quasi-particles in a supercon-
ductor (2, 3). Particularly interesting for the
realization of qubits in quantum computing are
pairs of localized Majoranas separated from each
other by a superconducting region in a topolog-
ical phase (4–11).

On the basis of earlier and later semiconductor-
based proposals (6, 7), Lutchyn et al. (8) and
Oreg et al. (9) have outlined the necessary in-
gredients for engineering a nanowire device that
should accommodate pairs of Majoranas. The
starting point is a one-dimensional (1D) nano-
wire made of semiconducting material with
strong spin-orbit interaction (Fig. 1A). In the
presence of a magnetic field B along the axis

of the nanowire (i.e., a Zeeman field), a gap is
opened at the crossing between the two spin-
orbit bands. If the Fermi energy m is inside this
gap, the degeneracy is twofold, whereas outside
the gap it is fourfold. The next ingredient is to
connect the semiconducting nanowire to an
ordinary s-wave superconductor (Fig. 1A). The
proximity of the superconductor induces pairing
in the nanowire between electron states of oppo-
site momentum and opposite spins and induces
a gap, D. Combining this twofold degeneracy
with an induced gap creates a topological super-
conductor (4–11). The condition for a topolog-
ical phase is EZ > (D2 + m2)1/2, with the Zeeman
energy EZ = gmBB/2 (g is the Landé g factor, mB
is the Bohr magneton). Near the ends of the
wire, the electron density is reduced to zero, and
subsequently, m will drop below the subband
energies such that m2 becomes large. At the points
in space where EZ = (D2 + m2)1/2, Majoranas arise
as zero-energy (i.e., midgap) bound states—one
at each end of the wire (4, 8–11).

Despite their zero charge and energy, Ma-
joranas can be detected in electrical measure-
ments. Tunneling spectroscopy from a normal
conductor into the end of the wire should re-
veal a state at zero energy (12–14). Here, we
report the observation of such zero-energy peaks
and show that they rigidly stick to zero energy
while changing B and gate voltages over large
ranges. Furthermore, we show that this zero-
bias peak (ZBP) is absent if we take out any
of the necessary ingredients of the Majorana
proposals; that is, the rigid ZBP disappears for
zero magnetic field, for a magnetic field par-
allel to the spin-orbit field, or when we take
out the superconductivity.
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rather than by microtubule reorganization. Thus,
polarization of the DVaxis is independent of the
formation of the microtubule array that defines
the AP axis, as previously proposed.
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Signatures of Majorana Fermions in
Hybrid Superconductor-Semiconductor
Nanowire Devices
V. Mourik,1* K. Zuo,1* S. M. Frolov,1 S. R. Plissard,2 E. P. A. M. Bakkers,1,2 L. P. Kouwenhoven1†

Majorana fermions are particles identical to their own antiparticles. They have been theoretically
predicted to exist in topological superconductors. Here, we report electrical measurements on
indium antimonide nanowires contacted with one normal (gold) and one superconducting
(niobium titanium nitride) electrode. Gate voltages vary electron density and define a tunnel
barrier between normal and superconducting contacts. In the presence of magnetic fields on the
order of 100 millitesla, we observe bound, midgap states at zero bias voltage. These bound states
remain fixed to zero bias, even when magnetic fields and gate voltages are changed over
considerable ranges. Our observations support the hypothesis of Majorana fermions in nanowires
coupled to superconductors.

All elementary particles have an anti-
particle of opposite charge (for example,
an electron and a positron); the meet-

ing of a particle with its antiparticle results in
the annihilation of both. A special class of par-
ticles, called Majorana fermions, are predicted
to exist that are identical to their own anti-
particle (1). They may appear naturally as ele-

mentary particles or emerge as charge-neutral
and zero-energy quasi-particles in a supercon-
ductor (2, 3). Particularly interesting for the
realization of qubits in quantum computing are
pairs of localized Majoranas separated from each
other by a superconducting region in a topolog-
ical phase (4–11).

On the basis of earlier and later semiconductor-
based proposals (6, 7), Lutchyn et al. (8) and
Oreg et al. (9) have outlined the necessary in-
gredients for engineering a nanowire device that
should accommodate pairs of Majoranas. The
starting point is a one-dimensional (1D) nano-
wire made of semiconducting material with
strong spin-orbit interaction (Fig. 1A). In the
presence of a magnetic field B along the axis

of the nanowire (i.e., a Zeeman field), a gap is
opened at the crossing between the two spin-
orbit bands. If the Fermi energy m is inside this
gap, the degeneracy is twofold, whereas outside
the gap it is fourfold. The next ingredient is to
connect the semiconducting nanowire to an
ordinary s-wave superconductor (Fig. 1A). The
proximity of the superconductor induces pairing
in the nanowire between electron states of oppo-
site momentum and opposite spins and induces
a gap, D. Combining this twofold degeneracy
with an induced gap creates a topological super-
conductor (4–11). The condition for a topolog-
ical phase is EZ > (D2 + m2)1/2, with the Zeeman
energy EZ = gmBB/2 (g is the Landé g factor, mB
is the Bohr magneton). Near the ends of the
wire, the electron density is reduced to zero, and
subsequently, m will drop below the subband
energies such that m2 becomes large. At the points
in space where EZ = (D2 + m2)1/2, Majoranas arise
as zero-energy (i.e., midgap) bound states—one
at each end of the wire (4, 8–11).

Despite their zero charge and energy, Ma-
joranas can be detected in electrical measure-
ments. Tunneling spectroscopy from a normal
conductor into the end of the wire should re-
veal a state at zero energy (12–14). Here, we
report the observation of such zero-energy peaks
and show that they rigidly stick to zero energy
while changing B and gate voltages over large
ranges. Furthermore, we show that this zero-
bias peak (ZBP) is absent if we take out any
of the necessary ingredients of the Majorana
proposals; that is, the rigid ZBP disappears for
zero magnetic field, for a magnetic field par-
allel to the spin-orbit field, or when we take
out the superconductivity.
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conductance. Above ~400 mT, we observe a pair
of peaks. The color panel in Fig. 2B provides an
overview of states and gaps in the plane of energy
and B field from –0.5 to 1 T. The observed sym-
metry around B = 0 is typical for all of our data

sets, demonstrating reproducibility and the ab-
sence of hysteresis. We indicate the gap edges
with horizontal green dashed lines (highlighted
only for B < 0). A pair of resonances crosses
zero energy at ~0.65 Twith a slope on the order

of EZ (highlighted by orange dotted lines). We
have followed these resonances up to high bias
voltages in (20) and identified them as Andreev
states bound within the gap of the bulk NbTiN
superconducting electrodes (~2 meV). In con-
trast, the ZBP sticks to zero energy over a range
of DB ~ 300mTcentered around ~250mT. Again
at ~400 mT, we observe two peaks located at
symmetric, finite biases.

To identify the origin of these ZBPs, we need
to consider various options including the Kondo
effect, Andreev bound states, weak antilocal-
ization, and reflectionless tunneling versus a
conjecture of Majorana bound states. ZBPs due
to the Kondo effect (24) or Andreev states bound
to s-wave superconductors (25) can occur at
finite B; however, with changing B, these peaks
then split and move to finite energy. A Kondo
resonance moves with 2EZ (24), which is easy to
dismiss as the origin for our ZBP because of the
large g factor in InSb. (Note that even a Kondo
effect from an impurity with g = 2 would be dis-
cernible.) Reflectionless tunneling is an enhance-
ment of Andreev reflection by time-reversed
paths in a diffusive normal region (26). As in
the case of weak antilocalization, the resulting
ZBP is maximal at B = 0 and disappears when
B is increased; see also (20). We thus conclude
that the above options for a ZBP do not provide
natural explanations for our observations. We
are not aware of any mechanism that could ex-
plain our observations, besides the conjecture of
a Majorana.

To further investigate the zero-biasness of
our peak, we measured gate voltage depend-
ences. Figure 3A shows a color panel with volt-
age sweeps on gate 2. The main observation is
the occurrence of two opposite types of behav-
ior. First, we observe peaks in the density of
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Fig. 2. Magnetic field–dependent spectroscopy. (A) dI/dV versus V at 70 mK
taken at different B fields (from 0 to 490 mT in 10-mT steps; traces are offset
for clarity, except for the lowest trace at B = 0). Data are from device 1.
Arrows indicate the induced gap peaks. (B) Color-scale plot of dI/dV versus V

and B. The ZBP is highlighted by a dashed oval; green dashed lines indicate
the gap edges. At ~0.6 T, a non-Majorana state is crossing zero bias with a
slope equal to ~3 meV/T (indicated by sloped yellow dotted lines). Traces in
(A) are extracted from (B).
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Fig. 3.Gate-voltage dependence. (A) A 2D color plot of dI/dV versus V and voltage on gate 2 at 175 mT
and 60 mK. Andreev bound states cross through zero bias, for example, near –5 V (yellow dotted lines).
The ZBP is visible from –10 to ~5 V (although in this color setting, it is not equally visible everywhere).
Split peaks are observed in the range of 7.5 to 10 V (20). In (B) and (C), we compare voltage sweeps on
gate 4 for 0 and 200 mT with the ZBP absent and present, respectively. Temperature is 50 mK. [Note
that in (C) the peak extends all the way to –10 V (19).] (D) Temperature dependence. dI/dV versus V at
150 mT. Traces have an offset for clarity (except for the lowest trace) and are taken at different
temperatures (from bottom to top: 60, 100, 125, 150, 175, 200, 225, 250, and 300 mK). dI/dV outside
the ZBP at V = 100 meV is 0.12 T 0.01·2e2/h for all temperatures. A FWHM of 20 meV is measured
between the arrows. All data in this figure are from device 1.

www.sciencemag.org SCIENCE VOL 336 25 MAY 2012 1005

REPORTS

on August 20, 2017
 

http://science.sciencem
ag.org/

D
ow

nloaded from
 



1. Descendants of the integer quantum 

Hall effect                                              

2. Descendants of the fractional quantum 

Hall effect

3. Quantum matter without quasiparticles: 

strange metals and black holes



1. Descendants of the integer quantum 

Hall effect                                              

2. Descendants of the fractional quantum 

Hall effect

3. Quantum matter without quasiparticles: 

strange metals and black holes

Bulk topological excitations which cannot 
be created from the ground state by the 

action of a local operator 



=

P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

Quantum antiferromagnets on the triangular lattice
Resonating valence bond state 

with Z2 topological order. 
J. Wildeboer, A. Seidel, and R.G. Melko Phys. Rev. B 95, 100402(R) (2017)



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

=

Quantum antiferromagnets on the triangular lattice
Resonating valence bond state 

with Z2 topological order. 
J. Wildeboer, A. Seidel, and R.G. Melko Phys. Rev. B 95, 100402(R) (2017)



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

=

Quantum antiferromagnets on the triangular lattice
Resonating valence bond state 

with Z2 topological order. 
J. Wildeboer, A. Seidel, and R.G. Melko Phys. Rev. B 95, 100402(R) (2017)



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

=

Quantum antiferromagnets on the triangular lattice
Resonating valence bond state 

with Z2 topological order. 
J. Wildeboer, A. Seidel, and R.G. Melko Phys. Rev. B 95, 100402(R) (2017)



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

=

Quantum antiferromagnets on the triangular lattice
Resonating valence bond state 

with Z2 topological order. 
J. Wildeboer, A. Seidel, and R.G. Melko Phys. Rev. B 95, 100402(R) (2017)



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

=

Quantum antiferromagnets on the triangular lattice
Resonating valence bond state 

with Z2 topological order. 
J. Wildeboer, A. Seidel, and R.G. Melko Phys. Rev. B 95, 100402(R) (2017)



Quantum antiferromagnets on the triangular lattice
Has “topological” excitations which 

cannot be created individually by any 
local operator acting on the ground state 

=



Quantum antiferromagnets on the triangular lattice
Has “topological” excitations which 

cannot be created individually by any 
local operator acting on the ground state 

=



Quantum antiferromagnets on the triangular lattice
Has “topological” excitations which 

cannot be created individually by any 
local operator acting on the ground state 

=



Quantum antiferromagnets on the triangular lattice
Has “topological” excitations which 

cannot be created individually by any 
local operator acting on the ground state 

=



Quantum antiferromagnets on the triangular lattice
Has “topological” excitations which 

cannot be created individually by any 
local operator acting on the ground state 

=



PHYSICAL REVIE%' 8 VOLUME 39, NUMBER 16

Chiral spin states and superconductivity
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(Received 9 December 1-988)

It is shown that several di6'erent order parameters can be used to characterize a type of P- and T-
violating state for spin systems, that we call chiral-spin states. There is a closely related, precise no-
tion of chiral-spin-liquid states. We construct soluble models, based on P- and T-symmetric local-
spin Hamiltonians, with chiral-spin ground states. Mean-field theories leading to chiral spin liquids
are proposed. Frustration is essential in stabilizing these states. The quantum numbers of quasipar-
ticles around the chiral spin liquids are analyzed. They generally obey fractional statistics. Based
on these ideas, it is speculated that superconducting states with unusual values of the Aux quantum
may exist.

INTRODUCTION

In two spatial dimensions new possibilities arise for
quantum statistics. Indeed, it has gradually emerged that
fractional statistics, ' and the related phenomena of sta-
tistical transmutation, are rather common features of
quantum field theories in two space dimensions. They
can occur in o. models with Hopf terms, or in gauge
theories with Chem-Simons terms. They also appear
naturally in a variety of efFective-field theories resulting
from integrating out massive two-component fer-
mions, for example in (2+1)-dimensional quantum
electrodynamics.
The general idea of fractiona1 statistics, and the canon-

ical construction of their description in local-field theory,
have been given a firm mathematical basis recently in
beautiful work by Frolich and Marchetti. The relevant
field theories can be fully regulated, and even realized on
a lattice.
Given all this, one cannot help wondering whether Na-

ture has chosen to make use of the new theoretical possi-
bilities in real materials. Actually, there is already com-
pelling (though indirect) evidence that quasiparticle exci-
tations around fractional quantum Hall effect (FQHE)
states do obey fractional statistics. ' But there is an im-
portant factor which constrains the possible applications.
That is, the existence of fractional statistics generically
requires violation of the discrete symmetries P and T.
This is because under a P or T transformation a particle
with 0 statistics must transform into one with —0 statis-
tics. Generically, there will not be such a particle in the
theory. Exceptions occur only if the statistical parameter
is equal to zero modulo n. (bosons or fermions); or if there
is a doubling of t:he spectrum, with each particle having a
partner of the opposite statistics. There is no convict be-
tween this observation and the appearance of fractional
statistics in the FQHE, because the FQHF occurs in the
presence of a strong external magnetic field, which of
course violates P and T.
Nevertheless, there has been much speculation recently

that similar ideas apply also to the metallic oxide layers,

that play a crucial role in the dynamics of high-
temperature superconductors. "' Such speculation has
taken various forms. One suggestion is that there is
transmutation of the hole statistics, which turn these
quasiparticles into bosons. Superconductivity is then
pictured as a Bose condensation. Another suggestion is
based on approximate mappings of spin Hamiltonians
onto the Hamiltonian of the quantized Hall effect. '
Then much of the theory of the latter effect, including
fractional statistics, carries over to spin systems. This
idea, and closely related ideas concerning possible "Aux
phases"' ' in the Hubbard model, will be elaborated and
sharpened below. Yet another suggestion is that at cer-
tain densities a lattice of quasiho1es forms, and induces
diamagnetic currents whose effect mimics that of a
Chem-Simons interaction. '
A common feature of several of these proposals, is that

they escape the constraint mentioned above by invoking
(implicity or explicitly) spontaneous macroscopic viola-
tion of the discrete symmetries P and T, but in such a
way that PT symmetry remains unbroken. ' ' There are
prospects for direct experimental tests of this symmetry
pattern.
In this paper we do three things. First, we characterize

the common essence of the proposed P- and T-violating
states, which we call generically chiraI spin states, in a
precise way. We do this, by defining a local order param-
eter. We shall also be able, within this framework, to
give one precise meaning to the notion of a spin
liquid. ' Basically, a spin liquid is a chiral spin state
that supports a nonlocal extension of the order parame-
ter.
Second, we construct a family of spin Hamiltonians

whose ground state may be found exactly, and is a chiral
spin state. Our Hamiltonians, although local and simple
in structure, are rather contrived. Nevertheless our con-
struction provides an existence proof for chiral spin
states. In the course of constructing our model ground
states we shall learn some interesting lessons about the
sorts of states that support chiral spin order, and derive
some intuition about when such states are likely to be en-
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Equivalence of the Resonating-Valence-Bond and Fractional Quantum Hall States
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We present evidence that the ground state of the frustrated Heisenberg antiferromagnet in two dimen-
sions is well described by a fractional quantum Hall wave function for bosons. This is compatible with
the resonating-valence-bond concept of Anderson in being a liquid with neutral spin- —,

' excitations. Our
results suggest strongly that the resonating-valence-bond and fractional quantum Hall states are the
same thing. We also argue that the excitation spectrum has an energy gap.

PACS numbers: 75. 10.Jm

It was recently pointed out to us by Lee and Joanno-
poulos' that the physics of the fractional quantum Hall
effect is very similar to that originally hypothesized by
Anderson to be operating in the two-dimensional
Heisenberg antiferromagnet on a triangular lattice. In
both cases, the ground state is understood to be a nonde-
generate quantum liquid with an energy gap. The ex-
istence of an energy gap is presently controversial. An-
derson et al. have recently claimed that the gap is zero,
contrary to Anderson's original hypothesis, while Kivel-
son, Rokhsar, and Sethna have argued that a gap exists.
In this Letter we show that the fractional quantum Hall
(FQH) state at m =2 confined to a triangular lattice has
the same variational energy as the Anderson resonating
valence-bond (RVB) wave function to within 2%. We
see this as strong evidence that the ground state and ex-
citation spectrum, in particular the energy gap, survive
under adiabatic evolution of the FQH Hamiltonian into
that of the antiferromagnet. If this is the case, it neces-
sarily implies that the ground state is a nondegenerate
singlet, and that the elementary excitations are spin- —,

'

fermions with long-range interactions. The occurrence
of FQH-type behavior in a system such as this is impor-
tant because it shows that a magnetic field is not essen-
tial to the physics. It is also an indication that such be-
havior may be ubiquitous in nature.
We consider the antiferromagnetic Heisenberg Hamil-

tonian

&AF=JQS, . St,
(ij &

where J & 0, the (unrestricted) sum is over all pairs of
near-neighbor sites of the 2D triangular lattice, and
S~ = 2 Aa~ is the spin operator at jth site. Following
Lee and Joannopoulos, we now show that this Hamil-
tonian is equivalent to the FQH Hamiltonian for bosons
on a lattice.
The first step in this procedure is the Holstein-

Primakoff transformation: One interprets the spin
problem as a lattice gas by imagining an "atom" to be
present on every site with an up spin. The atoms are
then bosons with creation operators a~" =6 '(St"+iSJ)
Written in terms of these, (1) becomes
& =T+V, (2a)

where

and

T= —,
' Jg (a a;+a; at),

(,ij )
(2b)

V =jg az a, a; a~ + —,
' JN, —6jg a; a;,

(~i ~

(2c)

where N, is the number of spins or lattice sites. The bo-
son kinetic energy operator T comes from the spin-
exchange or XY part of the Heisenberg interaction. The
potential energy, which is a near-neighbor repulsion of
bosons, comes from the Ising part. This Hamiltonian
also contains a de facto hard-core repulsion of the form

jv,
VO=U ga;a;aa;,

i=1
(2d)

with U ~, due to the fact that configurations with
more than one boson on a site do not exist. The
Holstein-PrimakoA' transformation is completed by alter-
ing the Hamiltonian in the manner

P+ Vp,

and treating the lattice particles as ordinary bosons.
The second step is the identification in the Hamiltoni-

an of a fictitious magnetic field. The kinetic energy T, as
given by (2b), does not have the right free-particle form
because the hopping matrix elements J;~ =J are positive.
This makes the boson energy bands disperse down as one
moves away from the center of the Brillouin zone. To
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A large-N expansion technique based on symplectic [Sp(N)] symmetry for frustrated magnetic sys-
tems is proposed and applied to the square-lattice quantum antiferromagnet with first-, second-, and
third-neighbor antiferromagnetic coupling. In addition to disordered states similar to those in unfrus-
trated systems, phases with incommensurate coplanar spin correlations and unconfined bosonic spinons
are found. The occurrence of "order from disorder" is discussed. Neither chirally ordered nor spin-
nematic states are found.

PACS numbers: 75.10.Jm, 74.65.+n, 75.50.Ee

Recently, there has been much activity aimed at un-
derstanding quantum antiferromagnetism, in particular
states not having long-range order in the spins, especially
in two spatial dimensions and in frustrated systems.
Resonanting valence bonds' provide one way of looking
at such problems. Renormalization-group treatments
based on a nonlinear sigma (NLcr) model description of
the ordered phase indicate that a transition to a state
with no long-range order can occur in spatial dimensions
d & 1 when quantum Auctuations are strong enough.
Large-N techniques suggest ' that some unfrustrated
systems develop spin-Peierls order or a valence-bond-
solid (VBS) state when not Neel ordered, depending on
the value of the spin at each site. In frustrated systems,
magnetic order may be induced by quantum Iluctuations
when the classical system would have a degenerate
ground state ("order from disorder"). "Chiral" and
"spin-nematic" ' order are two proposals for states
without magnetic order. Numerical" and series' work
on a model with first- and second-neighbor coupling and
spin 2 suggests that the disordered state at intermediate
coupling has columnar spin-Peierls order as suggested by
the authors for unfrustrated systems.
In this paper we provide a systematic analytic tech-

nique for frustrated and doped antiferromagnets
(AFMs) by introducing a new large-N expansion based
on symplectic symmetry. The method is applied to
square-lattice models w ith first-, second-, and third-
neighbor antiferromagnetic coupling and phase diagrams
are obtained (see Figs. 1-3). The nature of the disor-
dered phases is explored via a mapping to lattice gauge
theories, which exhibit new behavior when incommensu-
rate spin correlations are present; in particular, uncon-
fined spin- —,

' bosonic spinons' are possible for all values
of the on-site spin. Exotic states ' are absent, at least in
the large-N limit.
Large-N methods based on the SU(N) generalization

of the SU(2) AFM have been successfully applied to
unfrustrated AFMs by exploiting the two-sublattice (la-
beled A, 8) structure of the model. "Spins" placed on
sublattice 2 form an irreducible representation of

SU(N), while those on 8 form the conjugate representa-
tion; this ensures both that a classical Neel state exists
and that it is possible to make an SU(N) singlet from a
pair of such sites. In particular, totally symmetric repre-
sentations can be formed by placing nb bosons created
by b;, (a=i, . . . , N) on sites i 6A and created in the
conjugate representation b~

' on sites j 6 8. The opera-
tor b;,b~. ' creates an SU(N) singlet pair of bosons (a
valence bond). The antiferromagnetic coupling—(b;,b~')(b~b~p) is the analog of S;.S~ (plus a con-
stant) and tries to maximize the number of valence
bonds between the two sites. Sites on the same sub-
lattice may have the ferromagnetic coupling—(b;,b,') (b,t&b,~); reversin. g the sign disfavors fer-
romagnetism rather than favoring antiferromagnetism.
The two couplings are equivalent only for SU(2).
In a frustrated AFM, the two-sublattice structure does

not exist and we must place the same representation at
every site. For SU(2), valence-bond operators can be
rewritten e b; bjt (e =—e and all =1). This gen-
eralizes to the symplectic group Sp(N) of 2N X2N uni-
tary matrices U such that d"'~b;~b~~p is invariant under
b Ub (independently of whether b is Bose or Fermi),
where d'" =ot„=6™e,a=(m, o), m =1, . . . ,N
lSp(1) =SU(2)j.
In a Hubbard or t-J model, which introduces holes

into the AFM, the hopping term transfers spin from site
to site and so resembles the ferromagnetic coupling.
Thus in SU(N) models with conjugate representations
on neighboring sites there is no simple SU(N)-invariant
hopping term for N & 2; if instead one chooses all sites
with the same representation, hopping can be included
but not antiferromagnetic exchange. Our symplectic ap-
proach allows inclusion of both exchange and hopping
for all N. In particular, using fermions with Sp(N) in-
dices for spins and bosons for holes, the large-N limit
justifies the decoupling of Ref. 13 and produces super-
conductivity; phase separation into an insulating AFM
and hole-rich superconductor is also present. Details will
be given elsewhere.
In this paper we study AFMs where the Hamiltonian
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Mean-field theory of spin-liquid states with finite energy gap and topological orders

X.G. Wen
Institute for Aduanced Study, Princeton, New Jersey 08540

(Received 13 July 1990; revised manuscript received 18 March 1991)

The mean-field theory of a T- and P-symmetric spin-liquid state is developed. The quasiparticle exci-
tations in the spin-liquid state are shown to be spin-z neutral fermions (the spinons) and charge e spin-
less bosons (the holons). The spin-liquid state is shown to be characterized by a nontrivial topological
order. Although our discussions are based on the mean-field theory, the concept of the topological order
and the associated universal properties (e.g., the quantum number of the quasiparticles) are expected to
be valid beyond the mean-field theory. We also discuss the dynamical stability of the mean-field theory.

I. INTRODUCTION

The existence of the Mott insulator in two and higher
dimensions remains one of the unresolved problems in
theoretical physics. Here, by the Mott insulator, we
mean an insulator with an odd number electrons per unit
cell. In the past few years, this problem has attracted a
lot of attention because of its relation to high-T, super-
conductors. '
In one dimension the Mott insulator can be shown to

exist thanks to the exact result of the one-dimensional
(1D) Hubbard model. However, in higher dimensions no
exact results are available. It is not clear whether the
Mott insulator can exist or not. Recent mean-field results
strongly suggest that a Mott insulator —chiral spin
state —may exist in two dimensions. This Mott insula-
tor breaks time-reversal symmetry ( T) and parity (P).
In this paper we are going to argue that a T- and P-

symmetric Mott insulator may exist in two and higher di-
mensions based on the mean-field approach to spin-liquid
states. The Mott insulator corresponds to the short-
ranged resonanting-valence-bond (s-P.VB) state conjec-
tured before. We will show that the Mott insulators in
higher dimensions are closely related to the two known
incompressible liquid states of electron systems —the
quantum Hall and superconducting states. The quantum
Hall states are directly related to the chiral spin states,
and as we will see, the superconducting states are closely
related to the s-RVB state.
We will also discuss in detail the efFect of the gauge

fluctuations in mean-field theory. We show that the
gauge fluctuations are very important and in many cases
cause the infrared divergence in mean-field states. Those
mean-field states are not self-consistent. To construct
self-consistent mean-field states, one needs to find a way
to control the infrared divergence caused by the gauge-
field fluctuations. As we will see later, the mean-field
theory of the T and P-symmetric -Mott insulator (or s-
RVB state) has very good infrared stability because of the
Higgs mechanism and is self-consistent. This strongly
suggests that the T- and P-symmetric Mott insulator is a
generic state and is supported by some Hamiltonians.
Of course, the mean-field theory of spin-liquid states is

not reliable because of quantum Auctuations. Mean-field

theory can only provide some qualitative results. Howev-
er, mean-field theory deserves further developments be-
cause of the following reasons: (a) Mean field theory does
provide some insights about possible spin-liquid states.
Although it cannot determine specifically which spin
Hamiltonians actually support the spin liquids construct-
ed, mean-field theory does provide some clue about what
type of interactions may favor the spin liquids under con-
sideration. It also tells us the characteristic properties of
those spin-liquid states, so that if they are discovered in
numerical calculations, we are able to recognize them.
(b) One of the main problems we are going to address in
this paper is the self-consistency of mean-field theory. In
order for mean-field theory to have any chance to de-
scribe the real spin liquids, it must have a certain stability
in the infrared limits, by which we mean that a good
mean-field ground state should be a generic state, i.e., be
stable against any small perturbations. If such a stability
exists, the mean-field ground state may have some chance
to survive the quantum fluctuations and to describe a real
spin liquid (qualitatively). Many mean-field ground states
studied before do not have this infrared stability. In this
paper we are going to outline sufficient conditions under
which the mean-field ground states are dynamically
stable. In summary, mean-field theory as a primitive and
the only analytic approach to spin liquids in higher di-
mensions needs further developments to bring it closer to
reality.
In general, the Mott insulator described by the s-RVB

states and the chiral spin states represent new kinds of
universality classes of insulators. Those new universality
classes of insulators are characterized by topological or-
ders. The holes in the new insulators have unusual prop-
erties (e.g. , the unusual statistics). Thus the doped insula-
tors become some sort of strange metal (e.g. , boson met-
als or semion metals). It would be very interesting to see
whether those strange metals can explain the unusual
normal-state properties observed in the high-T, samples.
The paper is arranged as follows. In Sec. II we will

briefly review the mean-field approach to spin-liquid
states and discuss infrared dynamical stability of mean-
field theory. In Sec. III a mean-field theory of the s-RVB
state is discussed. The spin excitations are found to be
spin- —,

' fermions (the spinons). In Sec. IV we study
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Z2 spin liquids: States with topological order (i.e. there are bulk excitations

that cannot be created individually by a local operator) which can preserve

time-reversal symmetry. No protected edge states in general (but some

varieties do have protected edge states)



FIG. 3: Qualitative comparison between experimental measurements [5] and our theoretical results for the dynamic structure
factor S(k,!). Experimental data at fixed frequency are shown for (a) ! = 0.75meV and (b) ! = 6meV. Theoretical results
for the Q1=Q2 spin liquid at fixed frequency are plotted for (c) ! = 0.37J and (d) ! = 0.6J . The extended Brillouin zone
is indicated by the dashed hexagons. Note that the peak at the M point at low frequencies, as well as the flatness of S(k,!)
between the M and K points at higher frequencies is captured by our theory. Cuts of our theoretical results for S(k,!) along
high symmetry directions at di↵erent frequencies are plotted in (e) between the M and K point, as well as in (f) between the
� and K point, again showing the peak at the M point at low frequencies. Panel (g) shows details of the calculated structure
factor as function of frequency for various momenta between the M (bottom curve) and K point (top curve). Note that all
curves in (g) are shifted by 0.12J with respect to each other for better visibility. All theoretical data shown was computed for
the Q1 = Q2 state with a spinon-vison interaction strength g0 = 0.6 and other parameters as in Fig. 1.

vison interaction vertex, with p (q) the momentum of
the outgoing (incoming) spinon. Note that the six spinon
bands come in three degenerate pairs due to the SU(2)
spin-symmetry. Furthermore, note that the flat vison
band is not renormalized at arbitrary order in the spinon-
vison coupling.

The dynamic structure factor can be obtained from the
susceptibility (3.2) via

S(k,!) =
Im�(k, i!

n

! ! + i0+)

1� e��!

. (3.6)

Results of this calculation at zero temperature are shown
in Figs. 1 and 3 for theQ1 = Q2 state for di↵erent spinon-
vison interaction strengths g0. In the region around and
in-between the high symmetry points M and K the low-
est order vertex correction shown in Fig. 2 gives only
a relatively small contribution to S(k,!) and thus has
been neglected in the data shown in these figures (see
supplementary material for a discussion).

IV. DISCUSSION

Fig. 1 shows the two spinon contribution to the dy-
namic structure factor for the Q1 = Q2 state (results
for the Q1 = �Q2 state can be found in the supplemen-
tary material). The onset of the two spinon continuum,
which has a minimum at the M point, is clearly visible
in Fig. 1(a) as the line of frequencies below which the dy-

namic structure factor vanishes. Moreover, several sharp
peaks appear inside the spinon continuum. We note that
such features in the two-spinon contribution to S(k,!)
are generic and are present also for gapless Dirac spin liq-
uids. Since none of these structures have been observed
in experiment, it is clearly necessary to go beyond this
level of approximation.
Figs. 1(d) and (e) show the dynamic structure factor

along the same high symmetry directions as in Fig. 1(a),
but now including the e↵ect of spinon-induced vison pair
production for two di↵erent interaction strengths g0. The
non-dispersing visons act as powerful momentum sink for
the spinons and lead to a considerable shift of spectral
weight below the two-spinon continuum. The computed
structure factor is almost structureless and considerably
flattened at intermediate energies. Our results for the
Q1 = Q2 state also capture the small low-frequency peak
in S(k,!) at the M point, which has been seen in ex-
periment. This peak is a remnant of a minimum in the
threshold of the two-spinon continuum at the M point,
and we conjecture that it might be an indication that
this particular Z2 spin liquid state is realized in Herbert-
smithite. In Fig. 3 we show plots of S(k,!) at constant
energy, where this peak is clearly visible, and compare
our results qualitatively to the experimental data.
In Figs. 1(e) and 3(g) one can barely see small os-

cillations of S(k,!) at low frequencies. These oscilla-
tions originate from the self-consistent computation of
the spinon self-energy ⌃(k,!) and are related to reso-
nances in the self-energy at energies corresponding to the
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in competition with autoreduction by radiolysis
intermediates, with Am(VI) more susceptible to
reduction than Am(V).
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FRUSTRATED MAGNETISM

Evidence for a gapped
spin-liquid ground state in a kagome
Heisenberg antiferromagnet
Mingxuan Fu,1 Takashi Imai,1,2* Tian-Heng Han,3,4 Young S. Lee5,6

The kagome Heisenberg antiferromagnet is a leading candidate in the search for a spin
system with a quantum spin-liquid ground state. The nature of its ground state remains
a matter of active debate. We conducted oxygen-17 single-crystal nuclear magnetic
resonance (NMR) measurements of the spin-1/2 kagome lattice in herbertsmithite
[ZnCu3(OH)6Cl2], which is known to exhibit a spinon continuum in the spin excitation
spectrum. We demonstrated that the intrinsic local spin susceptibility ckagome, deduced
from the oxygen-17 NMR frequency shift, asymptotes to zero below temperatures of
0.03J, where J ~ 200 kelvin is the copper-copper superexchange interaction. Combined
with the magnetic field dependence of ckagome that we observed at low temperatures,
these results imply that the kagome Heisenberg antiferromagnet has a spin-liquid ground
state with a finite gap.

T
he realization and characterization of a
kagomeHeisenberg antiferromagnet (KHA)
with a corner-shared triangle structure
(Fig. 1A) is crucial to the search for a quan-
tum spin-liquid ground state (1, 2). Spin

liquids consist of entangled pairs of spin singlets
and do not undergo amagnetic phase transition.
The successful synthesis of the structurally ideal
kagome lattice of Cu2+ ions (spin S = 1/2) in
herbertsmithite [ZnCu3(OH)6Cl2; Fig. 1, B to E]
(3) was a major milestone (4). ZnCu3(OH)6Cl2 re-
mains paramagnetic at least down to ~50 mK
(5, 6). Moreover, inelastic neutron scatteringmea-
surements (7) on single crystals (8) have demon-
strated that the spin excitation spectrum does not
exhibit conventional magnons, but rather a spinon
continuum. Despite the recent progress, funda-

mental issues regarding the nature of the ground
state of the KHA are not yet understood. For ex-
ample, the central question of the existence of a
gap in the spin excitation spectrum has not been
settled. This information is critical for compara-
tively evaluating the leading theories on the ground
state of the S = 1/2 KHA: a gapped spin liquid, gap-
less spin liquid, or valence-bond solid (1, 2, 9–14)
In ZnCu3(OH)6Cl2, weakly interacting Cu2+

defects occupy the nonmagnetic Zn2+ sites between
the kagome layers with ~15% probability (15).
Their contributions dominate bulk-averaged ther-
modynamic properties at low temperatures
(3, 5, 8, 16, 17), making it difficult to measure the
intrinsic low-energy properties of this material.
Similarly, the Cu2+ impurity moments can con-
tribute to the inelastic neutron scattering, ob-
scuring the response of the intrinsic kagome spins
at low energies (<2 meV) (7). Nuclear magnetic
resonance (NMR) is an ideal local probe with
which to investigate the intrinsic magnetic be-
havior under the presence ofmagnetic defects, as
demonstratedby successful investigations ofKondo
oscillations and analogous phenomena in metals
(18), high-temperature superconductors (19), and
low-dimensional spin systems (20). Our primary
goal was to uncover the intrinsic behavior of the
spin susceptibility, ckagome, separately from the
defect-induced local spin susceptibility, cdefect,
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The kagome Heisenberg antiferromagnet is a leading candidate in the search for a spin
system with a quantum spin-liquid ground state. The nature of its ground state remains
a matter of active debate. We conducted oxygen-17 single-crystal nuclear magnetic
resonance (NMR) measurements of the spin-1/2 kagome lattice in herbertsmithite
[ZnCu3(OH)6Cl2], which is known to exhibit a spinon continuum in the spin excitation
spectrum. We demonstrated that the intrinsic local spin susceptibility ckagome, deduced
from the oxygen-17 NMR frequency shift, asymptotes to zero below temperatures of
0.03J, where J ~ 200 kelvin is the copper-copper superexchange interaction. Combined
with the magnetic field dependence of ckagome that we observed at low temperatures,
these results imply that the kagome Heisenberg antiferromagnet has a spin-liquid ground
state with a finite gap.

T
he realization and characterization of a
kagomeHeisenberg antiferromagnet (KHA)
with a corner-shared triangle structure
(Fig. 1A) is crucial to the search for a quan-
tum spin-liquid ground state (1, 2). Spin

liquids consist of entangled pairs of spin singlets
and do not undergo amagnetic phase transition.
The successful synthesis of the structurally ideal
kagome lattice of Cu2+ ions (spin S = 1/2) in
herbertsmithite [ZnCu3(OH)6Cl2; Fig. 1, B to E]
(3) was a major milestone (4). ZnCu3(OH)6Cl2 re-
mains paramagnetic at least down to ~50 mK
(5, 6). Moreover, inelastic neutron scatteringmea-
surements (7) on single crystals (8) have demon-
strated that the spin excitation spectrum does not
exhibit conventional magnons, but rather a spinon
continuum. Despite the recent progress, funda-

mental issues regarding the nature of the ground
state of the KHA are not yet understood. For ex-
ample, the central question of the existence of a
gap in the spin excitation spectrum has not been
settled. This information is critical for compara-
tively evaluating the leading theories on the ground
state of the S = 1/2 KHA: a gapped spin liquid, gap-
less spin liquid, or valence-bond solid (1, 2, 9–14)
In ZnCu3(OH)6Cl2, weakly interacting Cu2+

defects occupy the nonmagnetic Zn2+ sites between
the kagome layers with ~15% probability (15).
Their contributions dominate bulk-averaged ther-
modynamic properties at low temperatures
(3, 5, 8, 16, 17), making it difficult to measure the
intrinsic low-energy properties of this material.
Similarly, the Cu2+ impurity moments can con-
tribute to the inelastic neutron scattering, ob-
scuring the response of the intrinsic kagome spins
at low energies (<2 meV) (7). Nuclear magnetic
resonance (NMR) is an ideal local probe with
which to investigate the intrinsic magnetic be-
havior under the presence ofmagnetic defects, as
demonstratedby successful investigations ofKondo
oscillations and analogous phenomena in metals
(18), high-temperature superconductors (19), and
low-dimensional spin systems (20). Our primary
goal was to uncover the intrinsic behavior of the
spin susceptibility, ckagome, separately from the
defect-induced local spin susceptibility, cdefect,
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in competition with autoreduction by radiolysis
intermediates, with Am(VI) more susceptible to
reduction than Am(V).
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Evidence for a gapped
spin-liquid ground state in a kagome
Heisenberg antiferromagnet
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The kagome Heisenberg antiferromagnet is a leading candidate in the search for a spin
system with a quantum spin-liquid ground state. The nature of its ground state remains
a matter of active debate. We conducted oxygen-17 single-crystal nuclear magnetic
resonance (NMR) measurements of the spin-1/2 kagome lattice in herbertsmithite
[ZnCu3(OH)6Cl2], which is known to exhibit a spinon continuum in the spin excitation
spectrum. We demonstrated that the intrinsic local spin susceptibility ckagome, deduced
from the oxygen-17 NMR frequency shift, asymptotes to zero below temperatures of
0.03J, where J ~ 200 kelvin is the copper-copper superexchange interaction. Combined
with the magnetic field dependence of ckagome that we observed at low temperatures,
these results imply that the kagome Heisenberg antiferromagnet has a spin-liquid ground
state with a finite gap.

T
he realization and characterization of a
kagomeHeisenberg antiferromagnet (KHA)
with a corner-shared triangle structure
(Fig. 1A) is crucial to the search for a quan-
tum spin-liquid ground state (1, 2). Spin

liquids consist of entangled pairs of spin singlets
and do not undergo amagnetic phase transition.
The successful synthesis of the structurally ideal
kagome lattice of Cu2+ ions (spin S = 1/2) in
herbertsmithite [ZnCu3(OH)6Cl2; Fig. 1, B to E]
(3) was a major milestone (4). ZnCu3(OH)6Cl2 re-
mains paramagnetic at least down to ~50 mK
(5, 6). Moreover, inelastic neutron scatteringmea-
surements (7) on single crystals (8) have demon-
strated that the spin excitation spectrum does not
exhibit conventional magnons, but rather a spinon
continuum. Despite the recent progress, funda-

mental issues regarding the nature of the ground
state of the KHA are not yet understood. For ex-
ample, the central question of the existence of a
gap in the spin excitation spectrum has not been
settled. This information is critical for compara-
tively evaluating the leading theories on the ground
state of the S = 1/2 KHA: a gapped spin liquid, gap-
less spin liquid, or valence-bond solid (1, 2, 9–14)
In ZnCu3(OH)6Cl2, weakly interacting Cu2+

defects occupy the nonmagnetic Zn2+ sites between
the kagome layers with ~15% probability (15).
Their contributions dominate bulk-averaged ther-
modynamic properties at low temperatures
(3, 5, 8, 16, 17), making it difficult to measure the
intrinsic low-energy properties of this material.
Similarly, the Cu2+ impurity moments can con-
tribute to the inelastic neutron scattering, ob-
scuring the response of the intrinsic kagome spins
at low energies (<2 meV) (7). Nuclear magnetic
resonance (NMR) is an ideal local probe with
which to investigate the intrinsic magnetic be-
havior under the presence ofmagnetic defects, as
demonstratedby successful investigations ofKondo
oscillations and analogous phenomena in metals
(18), high-temperature superconductors (19), and
low-dimensional spin systems (20). Our primary
goal was to uncover the intrinsic behavior of the
spin susceptibility, ckagome, separately from the
defect-induced local spin susceptibility, cdefect,
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FIG. 1. (a) Schematic crystal structure of Cu3Zn(OH)6FBr with copper Cu2+ ions (blue) forming the kagome planes AA

stacked along c-axis. Kagome planes are separated by non-magnetic Zn2+ (blond) ions. (b) Top view of the Cu3Zn(OH)6FBr
crystal structure, where F (brown) is in the center between two hexagons of two kagome Cu planes. (c) Scanning electron
microscope image of crystal grain in the polycrystalline samples. (d) Measured (brown “+”) and calculated (green line) XRD
di↵raction intensities of polycrystalline samples. The blue curve indicates the di↵erence between the measured and calculated
intensities. The vertical lines indicate peak positions.

We have successfully synthesized Cu3Zn(OH)6FBr
polycrystalline samples by replacing the interkagome
Cu2+ sites in Cu4(OH)6FBr with non-magnetic Zn2+.
Our thermodynamical (e.g. magnetic susceptibility and
specific heat) measurements were carried out on the
Physical Properties Measurement Systems (PPMS). The
NMR spectra of 19F with the nuclear gyromagnetic ratio
� = 40.055 MHz/T were obtained by integrating the spin
echo as a function of the RF frequency at constant ex-
ternal magnetic fields of 0.914 T, 3 T, 5.026 T and 7.864

TABLE I. Structure parameters of Cu3Zn(OH)6FBr at room
temperature. Space group P63/mmc; a = b = 6.6678(2) Å,
c = 9.3079(3) Å.

Site w x y z B (Å2)

Cu 6g 0.5 0 0 1.48(6)

Zn 2d 1/3 2/3 3/4 1.93(8)

Br 4c 2/3 1/3 3/4 1.99(5)

F 4b 0.0 0.0 3/4 0.34(2)

O 12k 0.1882 0.8111(5) 0.9021(7) 2.22(2)

H 12k 0.1225 0.8775 0.871 1.0

T, respectively.

Figure 1 (a) and 1 (b) depict the crystal structure of
Cu3Zn(OH)6FBr. Micrometer-size crystals are easily ob-
served by the scanning electron microscope (SEM) (Fig. 1
(c)). The refinement of the powder X-ray di↵raction pat-
tern (Fig. 1 (d)) shows that the material crystallizes in
P63/mmc space group with Cu2+ ions forming a direct
stack of undistorted kagome planes separated by non-
magnetic Zn2+ ions (Fig. 1 (a) and (b)) as expected
from theoretical calculations [34]. Cu3Zn(OH)6FBr is
a charge-transfer insulator and the charge gap between
Cu-3d9 and O-2p orbitals is around 1.8 eV according
to first principles calculations [34, 36]. Powder X-ray
di↵raction measurements were carried out using Cu K↵

radiation at room temperature. The di↵raction data
is analyzed by the Rietveld method using the program
RIETAN-FP [37]. All positions are refined as fully
occupied with the initial atomic positions taken from
Cu4(OH)6FBr [31]. The refined results are summarized
in Table I.

No phase transition is observed in our thermodynam-
ical measurements (Fig. 2), establishing strong evidence
for a QSL ground state in Cu3Zn(OH)6FBr. Tempera-
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FIG. 3. (a) 19F NMR spectra under 3 T at di↵erent temperatures. The vertical dash line f0 = 120.199 MHz, corresponding
to the chemical shift, is a guide to the eyes. (b) Temperature dependence of the Knight shift 19

K determined from the peak
positions of the spectra. The dotted horizontal line shows the position of Kchem obtained from 19

K-� plot at high temperatures
as shown in the inset. (c) Magnetic field dependence of the spin gap. The black short-dash line is fitted by�(B) = �(0)�gµBSB

with spin quantum number S = 1/2. For comparison, we also plot �(B) for S = 1 shown by the blue dash line constrained by
the value at 0.914 T, which hardly describes the data. Inset shows the Arrhenius plot of 19

K � Kchem with the vertical axis
in logarithmic scale, which demonstrates visually that the gap decreases with increasing magnetic field. The solid curve is the
fitting function A exp(��/T ) for 19

K �Kchem.

ments in Cu3Zn(OH)6FBr. A unique advantage of
Cu3Zn(OH)6FBr for the NMR measurements is that it
contains 19F. It is known that 2D, 17O and 35Cl NMR
measurements in herbertsmithite are rather di�cult due
to multiple resonance peaks resulted from nuclear spins
I = 1, I = 5/2 and I = 3/2, respectively [20, 23, 28, 29].
In contrast, only one resonance peak needs to be resolved
for 19F with I = 1/2 nuclear spin, as shown in Fig. 3 (a).
The sharp high-temperature peaks suggest that few Zn2+

exists in kagome planes. Moreover, no extra peak due
to RIC moments is observed even at low temperatures.
The line shape asymmetry may arise from the magnetic
anisotropy, e.g. g

k

/g
?

= 2.42/2.21 in Barlowite [35]. We
have also carried out the measurements with di↵erent
pulse interval (⌧) in NMR echo to exclude the possibil-
ity of impurity moment contributions in the NMR spec-

trum [44].

In a gapped QSL, the spin susceptibility should be-
come zero at low temperature. The Knight shift is related
to the uniform susceptibility � as 19K = Ahf� +Kchem,
where Ahf is the hyperfine coupling constant between the
19F nuclear spin and the electron spins and Kchem is the
T -independent chemical shift. Kchem = 0.015% is ob-
tained from 19K-� plot at high temperatures as shown
in the inset of Fig. 3 (b), where � is DC susceptibility at
B = 3 T. Figure 3 (b) shows that the Knight shift drops
quickly below ⇠ 30 K. At high temperatures (⇠ 100 K),
Knight shift 19K has a systematic variation as a function
of magnetic field, whose origin is unclear at present and
left for future investigation, but we note that such a be-
havior would not change our results at low temperatures
below 30 K. The Knight shift at low fields (0.914 T and 3
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States with bulk topological order are described by 
theories with emergent gauge fields.
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We rewrite the path integral as a SU(2) gauge theory by transforming
to a rotating reference frame

ci(⌧) = Ri(⌧) i(⌧)

Here, the unitary 2 ⇥ 2 matrices Ri(⌧) are the bosonic spinon, and the
 i(⌧) the 2-component fermionic chargon operators. This parameterization
introduces an additional redundancy leading to an emergent local SU(2)
gauge invariance,

Ri(⌧) ! Ri(⌧)V
†
i (⌧),  i(⌧) ! Vi(⌧) i(⌧).

We introduce the Higgs field via
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So the Higgs field is the local magnetic moment in the rotating frame of
reference.

Phases with topological order are obtained by entering a Higgs phase
where h ~Hi 6= 0, while maintaining hRi = 0. Any such phase will preserve
spin-rotation invariance. The vanishing of hRi arises from large fluctuations
in the local rotating reference frame, and so we are considering states with
local magnetic order whose orientation undergoes large quantum fluctua-
tions. However, the magnitude of the local magnetic order remains large,
and this is captured by the Higgs field with h ~Hi 6= 0.

A non-collinear spatial configuration of h ~Hii breaks SU(2) down to
SO(3) ⌘ S3/Z2. This leads to a phase with Z2 topological order, which
has stable, topological, finite energy vortex (“vison”) excitations.
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 i(⌧) the 2-component fermionic chargon operators. This parameterization
introduces an additional redundancy leading to an emergent local SU(2)
gauge invariance,

Ri(⌧) ! Ri(⌧)V
†
i (⌧),  i(⌧) ! Vi(⌧) i(⌧).

We introduce the Higgs field via
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So the Higgs field is the local magnetic moment in the rotating frame of
reference.

Phases with topological order are obtained by entering a Higgs phase
where h ~Hi 6= 0, while maintaining hRi = 0. Any such phase will preserve
spin-rotation invariance. The vanishing of hRi arises from large fluctuations
in the local rotating reference frame, and so we are considering states with
local magnetic order whose orientation undergoes large quantum fluctua-
tions. However, the magnitude of the local magnetic order remains large,
and this is captured by the Higgs field with h ~Hi 6= 0.

A non-collinear spatial configuration of h ~Hii breaks SU(2) down to
SO(3) ⌘ S3/Z2. This leads to a phase with Z2 topological order, which
has stable, topological, finite energy vortex (“vison”) excitations.
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Pseudogap 
metal 

at low p
Many indications that 
this metal behaves like 
a Fermi liquid, but with 

Fermi surface size p 
and not 1+p.

If present at T=0, a 
metal with a size p 
Fermi surface (and 

translational symmetry 
preserved) has bulk 

topological order

T. Senthil, M. Vojta and S. Sachdev, PRB 69, 035111 (2004)
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Metallic, oxygen-deficient compounds in the Ba - L a -  C u -  O system, with the composi- 
tion BaxLas-~CusOs(3_y) have been prepared in polycrystalline form. Samples with 
x = 1 and 0.75, y > 0, annealed below 900 ~ under reducing conditions, consist of three 
phases, one of them a perovskite-like mixed-valent copper compound. Upon cooling, 
the samples show a linear decrease in resistivity, then an approximately logarithmic 
increase, interpreted as a beginning of localization. Finally an abrupt decrease by up 
to three orders of magnitude occurs, reminiscent of the onset of percolative superconduc- 
tivity. The highest onset temperature is observed in the 30 K range. It is markedly 
reduced by high current densities. Thus, it results partially from the percolative nature, 
bute possibly also from 2D superconducting fluctuations of double perovskite layers 
of one of the phases present. 

I. Introduction 

"At  the extreme forefront.of research in supercon- 
ductivity is the empirical search for new materials" 
[1]. Transition-metal alloy compounds of A15 
(Nb3Sn) and B 1 (NbN) structure have so far shown 
the highest superconducting transition temperatures. 
Among many A 15 compounds, careful optimization 
of N b -  Ge thin films near the stoichiometric compo- 
sition of Nb3Ge by Gavalev et al. and Testardi et al. 
a decade ago allowed them to reach the highest Tc = 
23.3 K reported until now [2, 3]. The heavy Fermion 
systems with low Fermi energy, newly discovered, are 
not expected to reach very high Tc'S [4]. 

Only a small number of oxides is known to exhibit 
superconductivity. High-temperature superconduc- 
tivity in the L i - T i - O  system with onsets as high 
as 13.7 K was reported by Johnston et al. [5]. Their 
x-ray analysis revealed the presence of three different 
crystallographic phases, one of them, with a spinel 
structure, showing the high Tc [5]. Other oxides like 
perovskites exhibit superconductivity despite their 
small carrier concentrations, n. In Nb-doped SrTiO3, 
with n=2  x 102o cm -3, the plasma edge is below the 
highest optical phonon, which is therefore unshielded 

[6]. This large electron-phonon coupling allows a Tc 
of 0.7 K [7] with Cooper pairing. The occurrence of 
high electron-phonon coupling in another metallic 
oxide, also a perovskite, became evident with the dis- 
covery of superconductivity in the mixed-valent com- 
pound BaPbl_~BixO3 by Sleight et al., also a decade 
ago [8]. The highest Tc in homogeneous oxygen-defi- 
cient mixed crystals is 13 K with a comparatively low 
concentration of carries n = 2-4 x 1021 cm- 3 [9]. Flat 
electronic bands and a strong breathing mode with 
a phonon feature near 100 cm-1, whose intensity is 
proportional to To, exist [10]. This last example indi- 
cates that within the BCS mechanism, one may find 
still higher Tc's in perovskite-type or related metallic 
oxides, if the electron-phonon interactions and the 
carrier densities at the Fermi level can be enhanced 
further. 

Strong electron-phonon interactions in oxides 
can occur owing to polaron formation as well as in 
mixed-valent systems. A superconductivity (metallic) 
to bipolaronic (insulator) transition phase diagram 
was proposed theoretically by Chakraverty [11]. A 
mechanism for polaron formation is the Jahn-Teller 
effect, as studied by H6ck et al. [12]. Isolated Fe 4+, 
Ni 3+ and Cu 2+ in octahedral oxygen environment 

High temperature superconductivity
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show strong Jahn-Teller (J.T.) effects [13]. While 
SrFe(VI)O3 is distorted perovskite insulator, 
LaNi(III)O3 is a J.T. undistorted metal in which the 
transfer energy b~ of the J.T. eg electrons is sufficiently 
large [14] to quench the J.T. distortion. In analogy 
to Chakraverty's phase diagram, a J.T.-type polaron 
formation may therefore be expected at the border- 
line of the metal-insulator transition in mixed perovs- 
kites, a subject on which we have recently carried 
out a series of investigations [15]. Here, we report 
on the synthesis and electrical measurements of com- 
pounds within the B a - L a - C u - O  system. This sys- 
tem exhibits a number of oxygen-deficient phases 
with mixed-valent copper constituents [16], i.e., with 
itinerant electronic states between the non-J.T. Cu a + 
and the J.T. Cu z+ ions, and thus was expected to 
have considerable electron-phonon coupling and me- 
tallic conductivity. 

lI. Experimental 

1. Sample Preparation and Characterization 

Samples were prepared by a coprecipitation method 
from aqueous solutions [17] of Ba-, La- and Cu-ni- 
trate (SPECPURE JMC) in their appropriate ratios. 
When added to an aqueous solution of oxalic acid 
as the precipitant, an intimate mixture of the corre- 
sponding oxalates was formed. The decomposition 
of the precipitate and the solid-state reaction were 
performed by heating at 900 ~ for 5 h. The product 
was pressed into pellets at 4 kbar, and reheated to 
900 ~ for sintering. 

2. X-Ray Analysis 

X-ray powder diffract 9 (System D 500 SIE- 
MENS) revealed three individual crystallographic 
phases. Within a range of 10 ~ to 80 ~ (20), 17 lines 
could be identified to correspond to a layer-type per- 
ovskite-like phase, related to the K2NiF, structure 
( a=3 .79~  and c=13.21 ~) [16]. The second phase 
is most probably a cubic one, whose presence depends 
on the Ba concentration, as the line intensity de- 
creases for smaller x(Ba). The amount of the third 
phase (volume fraction > 30% from the x-ray intensi- 
ties) seems to be independent of the starting composi- 
tion, and shows thermal stability up to 1,000 ~ For 
higher temperatures, this phase disappears progres- 
sively, giving rise to the formation of an oxygen-defi- 
cient perovskite (La3Ba3Cu601,) as described by Mi- 
chel and Raveau [16]. 
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Fig. 1. Temperature dependence ofresistivityin Ba~Las _=Cu505 (a y) 
for samples with x ( B a ) =  1 (upper curves, left scale) and x ( B a ) =  
0.75 (lower curve, right scale). The first two cases also show the 
influence of  current density 

3. Conductivity Measurements 

The dc conductivity was measured by the four-point 
method. Rectangular-shaped samples, cut from the 
sintered pellets, were provided with gold electrodes 
and contacted by In wires. Our measurements be- 
tween 300 and 4.2 K were performed in a continuous- 
flow cryostat (Leybold-Hereaus) incorporated in a 
computer-controlled (IBM-PC) fully-automatic sys- 
tem for temperature variation, data acquisition and 
processing. 

For samples with x(Ba)_<l.0, the conductivity 
measurements, involving typical current densities of 
0.5 A/cm 2, generally exhibit a high-temperature me- 
tallic behaviour with an increase in resistivity at low 
temperatures (Fig. 1). At still lower temperatures, a 
sharp drop in resistivity (>90%) occurs, which for 
higher currents becomes partially suppressed (Fig. 1 : 
upper curves, left scale), This characteristic drop has 
been studied as a function of annealing conditions, 
i.e., temperature and 02 partial pressure (Fig. 2). For 
samples annealed in air, the transition from itinerant 
to localized behaviour, as indicated by the minimum 
in resistivity in the 80 K range, is not very pro- 
nounced. Annealing in a slightly reducing atmo- 
sphere, however, leads to an increase in resistivity 
and a more pronounced localization effect. At the 
same time, the onset of the resistivity drop is shifted 



• Quasiparticles are additive excitations:

The low-lying excitations of the many-body system

can be identified as a set {n↵} of quasiparticles with

energy "↵

E =

P
↵ n↵"↵ +

P
↵,� F↵�n↵n� + . . .

• Note: The electron liquid in one dimension and the fractional
quantum Hall state both have quasiparticles; however, the quasi-
particles do not have the same quantum numbers as an electron.

Quantum matter with quasiparticles:



• Quasiparticles eventually collide with each other. Such

collisions eventually leads to thermal equilibration in

a chaotic quantum state, but the equilibration takes

a long time. In a Fermi liquid, this time is of order

~EF /(kBT )2 as T ! 0, where EF is the Fermi energy.

Quantum matter with quasiparticles:



Quantum matter without quasiparticles:

• No quasiparticle decomposition

of low-lying states

• Rapid thermalization



K. Damle and S. Sachdev, PRB 56, 8714 (1997)                 
S. Sachdev, Quantum Phase Transitions, Cambridge (1999)

Local thermal equilibration or

phase coherence time, ⌧':

• There is an lower bound on ⌧' in all many-

body quantum systems as T ! 0,

⌧' � C
~

kBT
,

where C is a T -independent constant.

• Systems without quasiparticles have

⌧' ⇠ ~
kBT

,



A simple model of a metal with quasiparticles

Pick a set of random positions



Place electrons randomly on some sites

A simple model of a metal with quasiparticles



Electrons move one-by-one randomly
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H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj + . . .

cicj + cjci = 0 , cic
†
j + c†jci = �ij

1

N

X

i

c†i ci = Q

Fermions occupying the eigenstates of a 
N x N random matrix

tij are independent random variables with tij = 0 and |tij |2 = t2

A simple model of a metal with quasiparticles



A simple model of a metal with quasiparticles

!

Let "↵ be the eigenvalues of the matrix tij/
p
N .

The fermions will occupy the lowest NQ eigen-

values, upto the Fermi energy EF . The density

of states is ⇢(!) = (1/N)

P
↵ �(! � "↵).

EF

⇢(!)



A simple model of a metal with quasiparticles

Quasiparticle

excitations with

spacing ⇠ 1/N

There are 2

N
many

body levels with energy

E =

NX

↵=1

n↵"↵,

where n↵ = 0, 1. Shown
are all values of E for a

single cluster of size

N = 12. The "↵ have a

level spacing ⇠ 1/N .

Many-body

level spacing

⇠ 2

�N



The Sachdev-Ye-Kitaev (SYK) model

Pick a set of random positions



Place electrons randomly on some sites

The Sachdev-Ye-Kitaev (SYK) model



Entangle electrons pairwise randomly
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The Sachdev-Ye-Kitaev (SYK) model



This describes both a strange metal and a black hole!

The Sachdev-Ye-Kitaev (SYK) model



H =
1

(2N)3/2

NX

i,j,k,`=1

Jij;k` c
†
i c

†
jckc` � µ

X

i

c†i ci

cicj + cjci = 0 , cic
†
j + c†jci = �ij

Q =
1

N

X

i

c†i ci

Jij;k` are independent random variables with Jij;k` = 0 and |Jij;k`|2 = J2

N ! 1 yields critical strange metal.

The Sachdev-Ye-Kitaev (SYK) model

A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))



The Sachdev-Ye-Kitaev (SYK) model

GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body

level spacing ⇠
2

�N
= e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

There are 2

N
many body levels

with energy E, which do not

admit a quasiparticle

decomposition. Shown are all

values of E for a single cluster of

size N = 12. The T ! 0 state

has an entropy SGPS with

SGPS

N
=

G

⇡
+

ln(2)

4

= 0.464848 . . .

< ln 2

where G is Catalan’s constant,

for the half-filled case Q = 1/2.
Non-quasiparticle

excitations with

spacing ⇠ e�SGPS
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SYK and black holes

The SYK model has “dual” description

in which an extra spatial dimension, ⇣, emerges.

The curvature of this “emergent” spacetime is described

by Einstein’s theory of general relativity

Black hole
horizon

T2



GPS 
entropy

⇣
~x

⇣ = 1

charge
density Q

SS, PRL 105, 151602 (2010)

AdS2 ⇥ T2

ds

2 = (d⇣2 � dt

2)/⇣2 + d~x

2

Gauge field: A = (E/⇣)dt

T2

The BH entropy is proportional to the size of T2, and hence the surface area of
the black hole. Mapping to SYK applies when temperature ⌧ 1/(size of T2).

SYK and black holes

S =

Z
d

4
x

p
�ĝ

✓
R̂+ 6/L2 � 1

4
F̂µ⌫ F̂

µ⌫

◆

Bekenstein-Hawking
black hole entropy
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SYK and black holes

The SYK model has “dual” description

in which an extra spatial dimension, ⇣, emerges.

The curvature of this “emergent” spacetime is described

by Einstein’s theory of general relativity

T2

Black hole quasi-normal
modes relax to thermal equi-
librium in a time⇠ ~/(kBTH),
where TH is the Hawking
temperature.

SS, PRL 105, 151602 (2010)

⌧' ⇠ ~/(kBT )



~x

⇣ = 1

SYK and AdS2

AdS2 ⇥ T2

ds

2 = (d⇣2 � dt

2)/⇣2 + d~x

2

Gauge field: A = (E/⇣)dt

T2

Equilibrium and non-equilibrium

⇤
dynamics

described by a theory with SL(2,R) invariance,

and e↵ective Schwarzian action, S[h(⌧)], of a
time reparameterization ⌧ ! h(⌧).

⇣

A. Kitaev, unpublished; J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;                               
K. Jensen, arXiv:1605.06098; J. Engelsoy, T.G. Mertens, and H. Verlinde, arXiv:1606.03438

*A. Eberlein, V. Kasper, S. Sachdev, and J. Steinberg, arXiv:1706.07803
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Equilibrium and non-equilibrium

⇤
dynamics

described by a theory with SL(2,R) invariance,

and e↵ective Schwarzian action, S[h(⌧)], of a
time reparameterization ⌧ ! h(⌧).

⇣

SL(2,R) is the isometry group of AdS2:

ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d

with ad� bc = 1.
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A strongly correlated metal built from Sachdev-Ye-Kitaev models
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !
1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic
hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘ ⇢T varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc†ixc†jxckxclx +
X

hxx0i

X

i, j

ti j,xx0c
†
i,xc j,x0 (1)

where Ui jkl,x = U⇤kli j,x and ti j,xx0 = t⇤ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|2 = 2U2

0/N
3 and |ti j,x,x0 |2 = t2

0/N.
In the imaginary time formalism, one studies the partition

function Z = Tr e��(H�µN), with N = Pi,x c†i,xci,x, written as
a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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H =
X

i<j,k<l

Uijkl c
†
i c

†
jckcl

|Uijkl|2 =
2U2

N3
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Transport
Generalized 

resistivity
⇢c = 1/� ⇢e = T/

4

which defines the positive real parameters K and D'. At small
momentum, for an isotropic Bravais lattice, �(p) = p2 (with
unit lattice spacing), and the phase action becomes

iS ' = �2K
X

p

Z +1

�1
d!'c,!(i!2 � D'p2!)'q,�!. (9)

The density-density correlator is expressed as

DRn(x,t; x0,t0) ⌘ i✓(t � t0)h[N(x,t),N(x0,t0)]i
=

i
2
hNc(x,t)Nq(x0,t0)i, (10)

where Ns ⌘ N�S '
�'̇s

, Nc/q = N+ ± N�(keeping momentum-
independent components- See [32]). Adding a contact term
to ensure that limp!0 DRn(p,! , 0) = 0[33], the action (9)
yields the di↵usive form [34]

DRn(p,!) =
�iNK!

i! � D'p2 + NK =
�NKD'p2

i! � D'p2 . (11)

From this we identify NK and D' as the compressibility and
charge di↵usion constant, respectively. The electric conduc-
tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD' e2

~ a2�d(a is lattice spacing).
Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
and defines ✏c/q = 1

2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads [32]

iS ✏ =
X

p

Z +1

�1
d! ✏c,!(2i�!2T 2 � p2⇤3(!))✏q,�! + · · · , (12)

where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in [32], be-
haves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy di↵u-
sion constant D✏ . This identification is seen from the correla-
tor for energy density modes "c/q ⌘ iN�S ✏

�✏̇c/q
,

DR"(p,!) =
i
2
h"c"qip,! = �NT 2�D✏ p2

i! � D✏ p2 , (13)

where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-
tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
T, t0,U0. Introducing generalized resistivities, ⇢' = ⇢, ⇢" =
T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
1
N

R⇣( T
Ec

) ⇣ 2 {', "}, (14)

(a)

(b)

FIG. 3. (a): For t0,T ⌧ U0, ⇢'/" “collapse” to R'/"( T
Ec

)/N. (b): The
Lorentz ratio ⇢

T reaches two constants ⇡2

3 ,
⇡2

8 , in the two regimes.
The solid curves are guides to the eyes.

where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (14), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T 2, (15)

where the temperature coe�cient of resistivity A⇣ =
R00⇣ (0)
2NE2

c
is

large due to small coherence scale in denominator, charac-
teristic of a strongly correlated Fermi liquid. Famously, the
Kadowaki-Woods ratio, A'/(N�)2, is approximately system-
independent for a wide range of correlated materials[35, 36].
We find here A'

(N�)2 =
R00' (0)

2[S0(0)]2N3 is independent of t0 and U0!
Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary
linearly with temperature: R⇣(T ) ⇠ c⇣ T . We analytically
obtain c' = 2p

⇡
and c" = 16

⇡5/2 [32], implying that the Lorenz
number, characterizing the Wiedemann-Franz law, takes the
unusual value L = 

�T ! ⇡2

8 for Ec ⌧ T ⌧ U0. More gener-
ally, the scaling form (14) implies that L is a universal func-
tion of T/Ec, verified numerically as shown in Fig. 3b. Thescaling
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where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (14), we see the
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Kadowaki-Woods ratio, A'/(N�)2, is approximately system-
independent for a wide range of correlated materials[35, 36].
We find here A'
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Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary
linearly with temperature: R⇣(T ) ⇠ c⇣ T . We analytically
obtain c' = 2p
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and c" = 16

⇡5/2 [32], implying that the Lorenz
number, characterizing the Wiedemann-Franz law, takes the
unusual value L = 
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ally, the scaling form (14) implies that L is a universal func-
tion of T/Ec, verified numerically as shown in Fig. 3b. The

Linear in T for 
Ec≪T≪U

Fermi liquid 
R=R0+AT2 
for T≪Ec

Crossover from heavy FL to strange metal
•Small coherence scale Ec=t2/U
•Heavy mass !~m*/m ~ U/t
•Small QP weight Z ~ t/U
•Kadowaki-Woods A/!2 = constant
•Linear in T resistivity and T/κ
•Lorenz ratio crosses over from FL to NFL value



1. Descendants of the integer quantum 

Hall effect                                              

2. Descendants of the fractional quantum 

Hall effect

3. Quantum matter without quasiparticles: 

strange metals and black holes

Protected gapless edge states, 
while bulk excitations are “trivial” 
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2. Descendants of the fractional quantum 
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3. Quantum matter without quasiparticles: 

strange metals and black holes

Bulk topological excitations which cannot 
be created from the ground state by the 

action of a local operator 



3. Quantum matter without quasiparticles: 

strange metals and black holes

• Is there a connection between
strange metals and black holes?
Yes, the SYK model leads to an explicit duality mapping.

• Why do they have the same
local equilibration time ⇠ ~/(kBT )?
Strange metals don’t have
quasiparticles and thermalize rapidly;
General relativity leads to black hole quasi-normal modes,
whose decay time ⇠ ~/(kBTH),
where TH is the Hawking temperature.

• Theoretical predictions for strange metal
transport in graphene agree well with experiments


