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What is a non-Fermi liquid ?
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Saturation requires fixed point with disorder and interactions                                  
S. A. Hartnoll, Nature Physics 11, 54 (2015)                                            

M. Blake, PRL 117, 091601 (2016)

• A compressible phase at T = 0: the density Q varies

smoothly as a function of µ. Global U(1) symmetry is

unbroken.

• No quasiparticle excitations

• Shortest possible local-equilibration/de-phasing/

transition-to-quantum-chaos with
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Theories of non-Fermi liquids

• Sachdev-Ye-Kitaev (SYK) model

• Ising-nematic criticality in d=2

• Higgs criticality in the cuprates
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Fermions occupying the eigenstates of a 
N x N random matrix

tij are independent random variables with tij = 0 and |tij |2 = t2

Infinite-range model with quasiparticles



Feynman graph expansion in tij.., and graph-by-graph average,

yields exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = t2G(⌧)

G(⌧ = 0

�
) = Q.

G(!) can be determined by solving a quadratic equation.
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Infinite-range model with quasiparticles



Infinite-range model with quasiparticles

Fermi liquid state: Two-body interactions lead to a scattering time

of quasiparticle excitations from in (random) single-particle eigen-

states which diverges as ⇠ T�2
at the Fermi level.

Now add weak interactions
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Jij;k` are independent random variables with Jij;k` = 0 and |Jij;k`|2 = J2. We
compute the lifetime of a quasiparticle, ⌧↵, in an exact eigenstate  ↵(i) of the
free particle Hamitonian with energy E↵. By Fermi’s Golden rule, for E↵ at the
Fermi energy
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where ⇢0 is the density of states at the Fermi energy.
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SYK model

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

A fermion can move only
by entangling with another
fermion: the Hamiltonian
has “nothing but
entanglement”.

To obtain a non-Fermi liquid, we set tij = 0:

HSYK =

1
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HSYK is similar, and has identical properties, to the SY model.



S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

Feynman graph expansion in Jij.., and graph-by-graph average,

yields exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �J2G2

(⌧)G(�⌧)

G(⌧ = 0

�
) = Q.

Low frequency analysis shows that the solutions must be gapless

and obey

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

for some complex A. The ground state is a non-Fermi liquid, with

a continuously variable density Q.

SYK model
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W. Fu and S. Sachdev, arXiv: 1603.05246

A better understanding of the above facts can be reached from the perspective of symmetry-

protected topological (SPT) phases. As shown recently in Ref. 14, the complex SYK model can be

thought of as the boundary of a 1D SPT system in the symmetry class AIII. The periodicity of 4

in N arises from the fact that we need to put 4 chains to gap out the boundary degeneracy without

breaking the particle-hole symmetry. In the Majorana SYK case, the symmetric Hamiltonian can

be constructed as a symmetric matrix in the Cli↵ord algebra Cl0,N�1, and the Bott periodicity

in the real representation of the Cli↵ord algebra gives rise to a Z8 classification[14]. Here, for

the complex SYK case, we can similarly construct the Cli↵ord algebra by dividing one complex

fermion into two Majorana fermions, and then we will have a periodicity of 4.

A. Green’s function

From the above definition of retarded Green’s function, we can relate them to the imaginary

time Green’s function as defined in Eq. (16), GR(!) = G(i!n ! ! + i⌘). In Fig. 3, we show a
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FIG. 3. Imaginary part of the Green’s function in real frequency space from large N and exact diagonal-

ization. The inset figure is zoomed in near ! = 0.

.

comparison between the imaginary part of the Green’s function from large N , and from the exact

diagonalization computation. The spectral function from ED is particle-hole symmetric for all N ,
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We identify the infinite time limit of GB as the Edward-Anderson order parameter qEA, which can

characterize long-time memory of spin-glass:

qEA = lim
t!1

GB(t) (49)

Then qEA 6= 0 indicates that GB(!) ⇠ �(!). This is quite di↵erent from the fermionic case, where

we have GF (z) ⇠ 1/
p
z; this inverse square-root behavior also holds in the bosonic case without

spin glass order [1]. Fig. 10 is our result from ED, with a comparison between GB with GF . It is

evident that the behavior of GB is qualitatively di↵erent from GF , and so an inverse square-root

behavior is ruled out. Instead, we can clearly see that, as system size gets larger, GB’s peak value

increases much faster than the GF ’s peak value. This supports the presence of spin glass order.
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FIG. 10. Imaginary part of Green’s function for hardcore boson and fermion model. The peak near the

center gets much higher in the boson model when system size gets larger. The inset figure is zoomed in

near ! = 0.

Unlike the fermionic case, P 2 = 1 for allN in the bosonic model. We can apply similar symmetry

argument as in Ref. [14]: for the half-filled sector (only in even N cases), the level statistics obeys

the Wigner-Dyson distribution of Gaussian orthogonal random matrix ensembles, while in other

filling sectors, it obeys distribution of Gaussian unitary random matrix ensembles.

Our thermal entropy results for bosons are similar to the fermionic results: although the entropy

eventually approaches 0 at zero temperature, there is still a trend of a larger low temperature

entropy residue as the system size gets larger.

18

SYK model

Large N solution of equations for G and ⌃ agree well with exact diagonal-
ization of the finite N Hamiltonian ) no spin-glass order

However, exact diagonalization of the same model with hard-core bosons
indicates the presence of spin-glass order in the ground state.



It would be nice to have a solvable model of holography.

theory bulk dual anom. dim. chaos solvable in 1/N

SYM Einstein grav. large maximal no
O(N) Vasiliev 1/N 1/N yes
SYK “`
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AdS

” O(1) maximal yes
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SYK model

• T = 0 Green’s function G ⇠ 1/
p
⌧

• T > 0 Green’s function implies conformal invariance
G ⇠ 1/(sin(⇡T ⌧))1/2

• Non-zero entropy as T ! 0, S(T ! 0) = NS0 + . . .

• These features indicate that the SYK model is dual to
the low energy limit of a quantum gravity theory of black
holes with AdS2 near-horizon geometry. The Bekenstein-
Hawking entropy is NS0.

• There is a scalar zero mode associated with the breaking
of reparameterization invariance down to SL(2,R). The
same pattern of symmetries is present in gravity theories
on AdS2.

• The dependence of S0 on the density Q matches the be-
havior of the Wald-Bekenstein-Hawking entropy of AdS2
horizons in a large class of gravity theories.

• The scalar zero mode leads to a linear-in-T specific heat

S(T ! 0) = NS0 +N�T + . . ..

An identical scalar zero model is also present in the low
energy limit of theories of quantum gravity on AdS2.

• The Lyapunov time to quantum chaos saturates the lower
bound both in the SYK model and in quantum gravity.

⌧L =
1

2⇡

~
kBT

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)
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Holographic Metals and the Fractionalized Fermi Liquid

Subir Sachdev
Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA

(Received 23 June 2010; published 4 October 2010)

We show that there is a close correspondence between the physical properties of holographic metals

near charged black holes in anti–de Sitter (AdS) space, and the fractionalized Fermi liquid phase of the

lattice Anderson model. The latter phase has a ‘‘small’’ Fermi surface of conduction electrons, along with

a spin liquid of local moments. This correspondence implies that certain mean-field gapless spin liquids

are states of matter at nonzero density realizing the near-horizon, AdS2 ! R2 physics of Reissner-

Nordström black holes.

DOI: 10.1103/PhysRevLett.105.151602 PACS numbers: 11.25.Tq, 75.10.Kt, 75.30.Mb

There has been a flurry of recent activity [1–10] on the
holographic description of metallic states of nonzero den-
sity quantum matter. The strategy is to begin with a
strongly interacting conformal field theory (CFT) in the
ultraviolet (UV), which has a dual description as the
boundary of a theory of gravity in anti–de Sitter (AdS)
space. This CFT is then perturbed by a chemical potential
(!) conjugate to a globally conserved charge, and the
infrared (IR) physics is given a holographic description
by the gravity theory. For large temperatures T " !, such
an approach is under good control, and has produced a
useful hydrodynamic description of the physics of quan-
tum criticality [11]. Much less is understood about the low
temperature limit T # !: a direct solution of the classical
gravity theory yields boundary correlation functions de-
scribing a non-Fermi liquid metal [4], but the physical
interpretation of this state has remained obscure. It has a
nonzero entropy density as T ! 0, and this raises concerns
about its ultimate stability.

This Letter will show that there is a close parallel
between the above theories of holographic metals, and a
class of mean-field theories of the ‘‘fractionalized Fermi
liquid’’ (FFL) phase of the lattice Anderson model.

The Anderson model (specified below) has been a popu-
lar description of intermetallic transition metal or rare-
earth compounds: it describes itinerant conduction elec-
trons interacting with localized resonant states represent-
ing d (or f) orbitals. The FFL is an exotic phase of the
Anderson model, demonstrated to be generically stable in
Refs. [12,13]; it has a ‘‘small’’ Fermi surface whose vol-
ume is determined by the density of conduction electrons
alone, while the d electrons form a fractionalized spin
liquid state. The FFL was also found in a large spatial
dimension mean-field theory by Burdin et al. [14], and is
the ground state needed for a true ‘‘orbital-selective Mott
transition’’ [15]. The FFL should be contrasted from the
conventional Fermi liquid (FL) phase, in which there is a
‘‘large’’ Fermi surface whose volume counts both the con-
duction and d electrons: the FL phase is the accepted de-
scription of many ‘‘heavy fermion’’ rare-earth intermetal-

lics. However, recent experiments on YbRh2ðSi0:95Ge0:05Þ2
have observed an unusual phase for which the FFL is an
attractive candidate [16].
Here, we will describe the spin liquid of the FFL by the

gapless mean-field state of Sachdev and Ye [17] (SY). We
will then find that physical properties of the FFL are
essentially identical to those of the present theories of
holographic metals. Similar comments apply to other gap-
less quantum liquids [18] which are related to the SY state.
This agreement implies that nonzero density matter de-
scribed by the SY (or a related) state is a realization of the
near-horizon, AdS2 ! R2 physics of Reissner-Nordström
black holes.
We begin with a review of key features of the present

theory of holographic metals. The UV physics is holo-
graphically described by a Reissner-Nordström black
hole in AdS4. In the IR, the low-energy physics is captured
by the near-horizon region of the black hole, which has a
AdS2 ! R2 geometry [4]. The UV theory can be written as
a SUðNcÞ gauge theory, but we will only use gauge-
invariant operators to describe the IR physics. We use a
suggestive condensed matter notation to represent the IR,
anticipating the correspondence we make later. We probe
this physics by a ‘‘conduction electron’’ ck" (where k is a
momentum and " ¼" , # a spin index), which will turn out
to have a Fermi surface at a momentum k ' jkj ¼ kF. The
IR physics of this conduction electron is described by the
effective Hamiltonian [4,7]

H ¼ H0 þH1½d; c* þHAdS (1)

H0 ¼
X

"

Z d2k

4#2 ð"k +!Þcyk"ck"; (2)

with ck" canonical fermions and "k their dispersion, and

H1½d; c* ¼
X

"

Z d2k

4#2 ½Vkd
y
k"ck" þ V,

kc
y
k"dk"*; (3)

with Vk a ‘‘hybridization’’ matrix element. The dk" are
nontrivial operators controlled by the strongly coupled IR

PRL 105, 151602 (2010)
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SYK model

• T = 0 Green’s function G ⇠ 1/
p
⌧

• T > 0 Green’s function implies conformal invariance
G ⇠ 1/(sin(⇡T ⌧))1/2

• Non-zero entropy as T ! 0, S(T ! 0) = NS0 + . . .

• These features indicate that the SYK model is dual to
the low energy limit of a quantum gravity theory of black
holes with AdS2 near-horizon geometry. The Bekenstein-
Hawking entropy is NS0.

• There is a scalar zero mode associated with the breaking
of reparameterization invariance down to SL(2,R). The
same pattern of symmetries is present in gravity theories
on AdS2.

• The dependence of S0 on the density Q matches the be-
havior of the Wald-Bekenstein-Hawking entropy of AdS2
horizons in a large class of gravity theories.

• The scalar zero mode leads to a linear-in-T specific heat

S(T ! 0) = NS0 +N�T + . . ..

An identical scalar zero model is also present in the low
energy limit of theories of quantum gravity on AdS2.

• The Lyapunov time to quantum chaos saturates the lower
bound both in the SYK model and in quantum gravity.

⌧L =
1

2⇡

~
kBT

A. Kitaev, KITP talk, 2015
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J. Maldacena and D. Stanford, arXiv:1604.07818
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S. Sachdev, PRX 5, 041025 (2015)

After integrating the fermions, the partition function can be writ-

ten as a path integral with an action S analogous to a Luttinger-

Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2⌃(⌧1, ⌧2)

⇥
G(⌧2, ⌧1) + (J2/2)G2

(⌧2, ⌧1)G
2
(⌧1, ⌧2)

⇤

At frequencies ⌧ J , the time derivative in the determinant is less

important, and without it the path integral is invariant under the

reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0
(�1)f

0
(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0
(�1)f

0
(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.

SYK model

A. Georges, O. Parcollet, and S. Sachdev, 
Phys. Rev. B 63, 134406 (2001)
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S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2⌃(⌧1, ⌧2)

⇥
G(⌧2, ⌧1) + (J2/2)G2

(⌧2, ⌧1)G
2
(⌧1, ⌧2)

⇤

At frequencies ⌧ J , the time derivative in the determinant is less

important, and without it the path integral is invariant under the

reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0
(�1)f

0
(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0
(�1)f

0
(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.

SYK model

A. Georges, O. Parcollet, and S. Sachdev, 
Phys. Rev. B 63, 134406 (2001)

X X



J. Maldacena and D. Stanford, arXiv:1604.07818
See also  A. Kitaev, unpublished, and  J. Polchinski and  V. Rosenhaus, arXiv:1601.06768

Let us write the large N saddle point solutions of S as

Gs(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�1/2 , ⌃s(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)

�3/2.

These are not invariant under the reparametrization symmetry but are in-

variant only under a SL(2,R) subgroup under which

f(⌧) =
a⌧ + b

c⌧ + d
, ad� bc = 1.

So the (approximate) reparametrization symmetry is spontaneously broken.

Reparametrization zero mode

Expand about the saddle point by writing

G(⌧1, ⌧2) = [f 0
(⌧1)f

0
(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))

(and similarly for ⌃) and obtain an e↵ective action for f(⌧). This action

does not vanish because of the time derivative in the determinant which is

not reparameterization invariant.

SYK model



J. Maldacena and D. Stanford, arXiv:1604.07818
See also  A. Kitaev, unpublished, and  J. Polchinski and  V. Rosenhaus, arXiv:1601.06768

The Schwarzian e↵ective action implies that

the SYK model saturates the lower bound

on the Lyapunov time

⌧L =

1

2⇡

~
kBT

SYK model

However the e↵ective action must vanish for SL(2,R) transforma-
tions because Gs,⌃s are invariant under it. In this manner we
obtain the e↵ective action as a Schwarzian

NSe↵ = �N�

4⇡2

Z
d⌧ {f, ⌧} , {f, ⌧} ⌘ f 000

f 0 � 3

2

✓
f 00

f 0

◆2

,

where the specific heat, C = N�T .



Theories of non-Fermi liquids

• Sachdev-Ye-Kitaev (SYK) model

• Ising-nematic criticality in d=2

• Higgs criticality in the cuprates
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• � fluctuation at wavevector ~q couples most e�ciently to fermions

near ±~k0.

• Expand fermion kinetic energy at wavevectors about ±~k0 and
boson (�) kinetic energy about ~q = 0.

Quantum criticality of Ising-nematic ordering in a metal
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M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)

Quantum criticality of Ising-nematic ordering in a metal

• Exact solution for some ex-

ponents for the ‘one-sided’

chiral model (Shouvik Sur

and Sung-Sik Lee, PRB 90,
045121 (2014)).

• Expansion in ✏ = 5/2 � d
(D. Dalidovich and Sung-Sik

Lee, PRB 88, 245106 (2013)).
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One loop � self-energy with N
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fermion flavors:
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Quantum criticality of Ising-nematic ordering in a metal
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(b)
Electron self-energy at order 1/N
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⇠ |⌦|d/3 in dimension d.

Quantum criticality of Ising-nematic ordering in a metal
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Diagrams similar to SYK!
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Quantum criticality of Ising-nematic ordering in a metal

Schematic form of � and fermion Green’s functions in d dimensions

D(~q,!) =
1/N

f

q2k +
|!|
|qk|

, G
f

(~q,!) =
1

q
x

+ q2k � isgn(!)|!|d/3/N
f

In the boson case, q2k ⇠ !1/zb with z
b

= 3/2.

In the fermion case, q
x

⇠ q2k ⇠ !1/zf with z
f

= 3/d.

Note z
f

< z
b

for d > 2 ) Fermions have higher energy than
bosons, and perturbation theory in g is OK.
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Schematic form of � and fermion Green’s functions in d = 2
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1

q
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+ q2
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In both cases q
x

⇠ q2
y

⇠ !1/z
, with z = 3/2. Note that the

bare term ⇠ ! in G�1
f

is irrelevant.

Strongly-coupled theory without quasiparticles.

Quantum criticality of Ising-nematic ordering in a metal



Simple scaling argument for z = 3/2.
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Under the rescaling x ! x/s, y ! y/s

1/2
, and ⌧ ! ⌧/s

z
, we

find invariance provided

� ! � s

 !  s

(2z+1)/4

g ! g s

(3�2z)/4

So the action is invariant provided z = 3/2.

Quantum criticality of Ising-nematic ordering in a metal



Quantum criticality of Ising-nematic ordering in a metal

A. Eberlein, I. Mandal, and S. Sachdev, 
PRB 94, 045133 (2016)

A. A. Patel,A. Eberlein, and S. Sachdev, arXiv:1607.03894

The entropy density, s, obeys

s ⇠ T (d�✓)/z ⇠ T 2/3

where z = 3/2 is the dynamic critical exponent for fermionic excitations dis-

persing normal to the Fermi surface, and d�✓ = 1 is the number of dimensions

normal to the Fermi surface.

A RG analysis using a dimensionality expansion below d = 5/2 shows that

the opitcal conductivity obeys

� ⇠ !(d�✓�2)/z ⇠ !�2/3

We also computed the shear viscosity and found

⌘ ⇠ T (d�✓�2)/z ⇠ T�2/3

Note that ⌘/s ⇠ T�2/z
does not scale to a constant: so for the viscosity we do

not have a system of reduced dimensionality, a consequence of the anisotropic

scaling between the directions normal and parallel to the Fermi surface.

Y. B. Kim, A. Furusaki, X.-G. Wen, and 
P.A. Lee, PRB 50, 17917 (1994)



Quantum criticality of Ising-nematic ordering in a metal

D. L. Maslov,  V.I. Yudson,  A. V. Chubukov, 
PRL 106, 106403 (2011)

• Early computations of fermions scattering o↵ � fluc-
tuations obtained the d.c. conductivity � ⇠ T

�4/3.

• However, this ignores “momentum drag”: the � mo-
mentum is ultimately given back to the fermions, and
this happens rapidly because the fermion-� coupling
is (infinitely) strong.

• The critical theories of the clean non-Fermi liquid
can always be defined in the continuum in a manner
so that there is a conserved “momentum” operator
~

P , so that [~P ,O(x)] = ir
x

O(x).



Fermi liquids: quasiparticles moving 
ballistically between impurity (red circles) 

scattering events

Strange metals: electrons scatter 
frequently off each other, so there is no 
regime of ballistic quasiparticle motion. 

The electron “liquid” then “flows” around 
impurities



Thermoelectric transport coefficients

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)

� =
Q2

M ⇡�(!) + �Q(!)

↵ =
SQ
M ⇡�(!) + ↵Q(!)

̄ =
TS2

M ⇡�(!) + ̄Q(!)

Transport has two components: a “momentum drag” term, 
and a “quantum critical” term.

with entropy density S, Q ⌘ �J
x

,P
x

, and M ⌘ �P
x

,P
x

.

In theories which are relativistic at high energies

(including graphene), T↵Q(!) = �µ�Q(!), T ̄Q(!) =
µ2�Q(!), M = TS + µQ = H the enthalpy den-

sity, and Q = n the electron density



Translational symmetry breaking

Momentum relaxation by an external source h coupling to the operator O

H = H0 �
Z

ddxh(x)O(x).

M
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!
+ higher orders in h

Leads to an additional term in equations of motion:
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+ . . .

“Memory function” methods yield an explicit expression for ⌧imp:
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S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)



Thermoelectric transport coefficients

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)

Transport has two components: a “momentum drag” term, 
and a “quantum critical” term.

� =
Q2

M
1

(�i! + 1/⌧imp)
+ �Q(!)

↵ =
SQ
M

1

(�i! + 1/⌧imp)
+ ↵Q(!)

̄ =
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M
1

(�i! + 1/⌧imp)
+ ̄Q(!)

with entropy density S, Q ⌘ �J
x

,P
x

, and M ⌘ �P
x

,P
x

.

Obtained in hydrodynamics, and by memory functions



R. A. Davison, K. Schalm, and Jan Zaanen, PRB 89, 245116 (2014)

Quantum criticality of Ising-nematic ordering in a metal

• If we choose O = number or energy density, then the

results are similar to obtained from solving hydrody-

namic equations in the presence of impurities.

• For the Ising-nematic critical point, the strongest

scattering arises from the choice O = �, with the

disorder coupling to the local orientation of the ne-

matic ordering. This leads to

Resistivity ⇢ ⇠ [T ln(1/T )]�1/2

• If Landau damping of the � fluctuations can be ne-

glected, then

Resistivity ⇢ ⇠ T

S. A. Hartnoll, R. Mahajan, M. Punk, and S. Sachdev, PRB 89, 155130 (2014)



Theories of non-Fermi liquids

• Sachdev-Ye-Kitaev (SYK) model

• Ising-nematic criticality in d=2

• Higgs criticality in the cuprates
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Hall effect measurements in YBCO

Badoux, Proust, Taillefer et al., Nature 531, 210 (2016)
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Quantum critical point at optimal doping

• Transition is primarily “topological”. Main change

is in the size of the Fermi surface.

• Symmetry-breaking and Landau order parameters

appear to play a secondary role.

• The main symmetry breaking which appears co-incident

with the transition is Ising-nematic ordering. But

this symmetry cannot change the size of the Fermi

surface; similar comments apply to time-reversal sym-

metry.

• Need a gauge theory for transition from “topological”

to “confined” state.
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SU(2) gauge theory by transformation to a rotating reference frame

Write the electron operator c↵ (↵ =", # are spin indices)

as

✓
c"
c#

◆
= R

✓
 +

 �

◆
, R =

✓
z" �z⇤#
z# z⇤"

◆

where R is a SU(2) matrix which determines the orienta-

tion of the local antiferromagnetic order, and  ± are spin-

less fermions which carry the global electron U(1) charge.

This parameterization is invariant under a SU(2) gauge
transformation

✓
 +
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◆
! U

✓
 +
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◆
; R ! RU†

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009); D. Chowdhury and

S. Sachdev, PRB 91, 115123 (2015); S. Sachdev and D. Chowdhury, arXiv:1605.03579



• Spinless fermion  (the fermionic chargon) transforming
as a gauge SU(2) fundamental, with dispersion "k from the
band structure, at a non-zero chemical potential: has a
“large” Fermi surface, and carries electromagnetic charge

• A SU(2) fundamental scalar z
↵

(the bosonic spinon), car-
rying electron-spin and electromagnetically neutral.

• A SU(2) gauge boson.

• Two complex Higgs fields, Ha

x

and Ha

y

, transforming as
gauge SU(2) adjoints, and carrying non-zero lattice mo-
mentum.

SU(2) gauge theory by transformation to a rotating reference frame

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009); D. Chowdhury and

S. Sachdev, PRB 91, 115123 (2015); S. Sachdev and D. Chowdhury, arXiv:1605.03579
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Let �
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and �
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(` = x, y, z) be the complex spin density
wave order parameters at wave vectors K
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and K
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. Then in
the rotating reference frame, these become the complex Higgs
fields, Ha
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SU(2) gauge theory by transformation to a rotating reference frame

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009); D. Chowdhury and

S. Sachdev, PRB 91, 115123 (2015); S. Sachdev and D. Chowdhury, arXiv:1605.03579

Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge

Electron c fermion 1 2 -1

AF order � boson 1 3 0

Chargon  fermion 2 1 -1

Spinon R or z boson 2̄ 2 0

Higgs H boson 3 1 0

TABLE I. Quantum numbers of the matter fields in L and Lg. The transformations under the SU(2)’s

are labelled by the dimension of the SU(2) representation, while those under the electromagnetic U(1)

are labeled by the U(1) charge. The antiferromagnetic spin correlations are characterized by � in (5.3).

The Higgs field determines local spin correlations via (5.12).

phases with antiferromagnetic order. The importance of the gauge structure in phases without

antiferromagnetic order was clarified in Ref. [86].

Given the SU(2) gauge invariance associated with (5.6), when we express L in terms of  we

naturally obtain a SU(2) gauge theory with an emergent gauge field Aa
µ = (Aa

⌧ ,A
a), with a = 1, 2, 3.

We write the Lagrangian of the resulting gauge theory as [86–88]

Lg = L + LY + LR + LH . (5.9)

The first term for the  fermions descends directly from the Lc for the electrons

L =
X

i

 †
i,s

✓
@

@⌧
� µ

◆
�ss0 + iAa

⌧�
a
ss0

�
 i,s0 +

X

i,j

tij 
†
i,s


ei�

aAa·(r
i

�r
j

)

�

ss0
 j,s0 , (5.10)

and uses the same hopping terms for  as those for c, along with a minimal coupling to the SU(2)

gauge field. Inserting (5.6) into Lcn, we find that the resulting expression involves 2 complex Higgs

fields, Ha
x and Ha

y , which are SU(2) adjoints; these are defined by

Ha
x ⌘ 1

2
�x`Tr[�

`R�aR†], (5.11)

and similarly for Ha
y . Let us also note the inverse of (5.11)

�x` =
1

2
Ha

x Tr[�
`R�aR†], (5.12)

and similarly for Ha
y , expressing the antiferromagnetic spin order in terms of the Higgs fields and

R. Then Lc� maps to the form of a ‘Yukawa’ coupling equal to �,

LY = ��
X

i

�
Ha

ixe
iK

x

·r
i +Ha⇤

ix e
�iK

x

·r
i +Ha

iye
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·r
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SU(2) gauge theory by transformation to a rotating reference frame

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009); D. Chowdhury and

S. Sachdev, PRB 91, 115123 (2015); S. Sachdev and D. Chowdhury, arXiv:1605.03579
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The same Fermi surface transformations apply to the chargons,  ,
in the presence of the Higgs condensate. The large Fermi surfaces
appear when the Higgs field is uncondensed, and the SU(2)-gauge
is unbroken, and the small Fermi surfaces appear when the Higgs
field is condensed, and there is Z2 topological order.



Hall effect with spiral magnetic order
or with

fluctuating magnetism and Z2 topological order 3
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Figure 2: Hall number nH as a function of doping for
t0 = �0.35. Results for a linear dependence, A(p) ⇠
(p⇤�p), and a square root dependence, A(p) ⇠

p
p⇤ � p,

where p⇤ = 0.19 in both cases, are labeled as “Lin” and
“Sqrt”, respectively.

�H = �e3⌧2
X
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⌘2i
nF (Ek,i). (7)

Note that the ⌧ -dependence cancels in the Hall coe�cient
RH . The Hall number is defined as nH = (RHe)�1. In
special cases such as parabolic dispersions, or for generic
band structures with closed Fermi surfaces in the high-
field limit !c⌧ � 1, the Hall number is simply given by
the charge carrier density [32].
Results for the doping dependence of nH are shown

for di↵erent values of the antiferromagnetic gap in Fig. 2.
At small doping, nH is roughly given by the hole density
p. Near p⇤ = 0.19, nH crosses over to 1 + p. In the
weak-field limit, the width of this crossover depends on
the size of the antiferromagnetic gap. Larger gaps, or
a square root doping dependence of the gap, lead to a
sharper crossover. In the crossover region, the Fermi
surface consists of hole and electron pockets, which is
similar to the commensurate case and the YRZ scenarios
studied in Ref. [13].

In the high field limit !c⌧ � 1 and at zero temperature,
nH is expected to be equal to the sum of the charge
carrier densities of all Fermi pockets weighted by their
sign, which is equal to the doping level p. One would thus
expect a jump in nH from p to 1+p in the high-field limit.
The width of the crossover at weak and intermediate fields
depends on the Fermi surface geometry, temperature,
and the field strength.
Quantum oscillations.— The measurements of the

Hall coe�cient by Badoux et al. [4] are consistent with
both a commensurate Néel state and an incommensurate
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Figure 3: Comparison between hole Fermi pockets of
(a) incommensurate and (b) commensurate antiferro-
magnetic states with hole density p = 0.1 for t0 = �0.35
and A = 0.7.

spiral state. The Hall signal involves a sum over all
Fermi surface sheets. For su�ciently high fields, the Hall
number is given by the sum over all areas enclosed by the
Fermi surface sheets, with electron-like Fermi surfaces
counting negatively. Luttinger’s theorem then implies
that the Hall number is equal to doping p, irrespective
of the incommensurability.

As an example, in Fig. 3 we show Fermi surfaces for a
Néel state and an incommensurate spiral state at p = 0.1
for parameters where only hole pockets appear. In the
Néel state, the hole density is given by

p =
X

�=",#

Z

MBZ

d2k

(2⇡)2
⇥(Ek,1) =

Z

BZ

d2k

(2⇡)2
⇥(Ek,1),

(8)
where integrals marked with MBZ and BZ are over the
magnetic and full Brillouin zone, respectively. In the
spiral state, one has

p =

Z

BZ

d2k

(2⇡)2
⇥(Ek,1). (9)

The integrals measure the area of the hole pockets. The
total area is the same in both cases and is determined
by p.
However, the single pockets in the spiral state are

twice as large as the pockets in the Néel state. Spiral
states could therefore be distinguished by quantum os-
cillations in the magnetic field dependence, as pointed
out previously by Sebastian et al. [30]. For !c⌧ > 1,
the magnetic susceptibility and other response quantities
exhibit periodic oscillations as a function of B�1 due
to Landau quantization [32]. Each closed Fermi surface
sheet yields a signal with an oscillation frequency

F =
�
�B�1

��1
=

~S
2⇡e

, (10)

A. Eberlein, W. Metzner, S. Sachdev, and H. Yamase, arXiv:1607.06087



Hall effect measurements in YBCO

Badoux, Proust, Taillefer et al., Nature 531, 210 (2016)
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Non-Fermi liquids
• Shortest possible “phase coherence” time, fastest possible local equilibration

time, or fastest possible Lyapunov time towards quantum chaos, all of order
~

kBT

• Realization in solvable SYK model, which saturates the lower bound on the
Lyapunov time. Its properties have some similarities to non-rational, large
central charge CFT2s.

• Remarkable match between SYK and quantum gravity of black holes with
AdS2 horizons, including a SL(2,R)-invariant Schwarzian e↵ective action for
thermal energy fluctuations.

• Transport of non-Fermi liquids described by collective flow of fluid around
impurities. Non-Fermi liquids with a critical Fermi surface have a divergent
⌘/s as T ! 0. This is a consequence of the spatial anisotropy in the vicinity
of a Fermi surface point, and unlike existing holographic models.

• Higgs criticality is an attractive model for the strange metal in the cuprates,
consistent with recent measurements of the Hall e↵ect as a function of doping.


