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A. Ordinary quantum matter
 Independent electrons, or pairs of electrons

B. Topological quantum matter
Long-range quantum entanglement leads 

           to sensitivity to spatial topology

C. Quantum matter without quasiparticles
Hydrodynamics, memory functions, 

           holography, and field theory

Flavors of Quantum Matter
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Ordinary quantum matter: the Fermi liquid (FL)
• Fermi surface separates empty

and occupied states in mo-

mentum space.

• Area enclosed by Fermi

surface = total density of

electrons (mod 2) = 1+p.

• Density of electrons can

be continuously varied at

zero temperature.

• Long-lived electron-like quasi-

particle excitations near

the Fermi surface: lifetime

of quasiparticles ⇠ 1/T 2
.
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argument for 
the area of 

Fermi surface 
�

M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000)

Fermi liquid (FL)

Put metal on a torus, adiabatically insert flux � = h/e
through hole, and measure change in momentum. In a

FL, we can assume the only low energy excitations are

quasiparticles near the Fermi surface, and this leads to

a non-perturbative proof of the Luttinger relation on the

area enclosed by the Fermi surface.
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Pseudogap

“Fermi arcs” 
at

low p

Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
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Evolution of the Hall Coefficient and the Peculiar Electronic Structure
of the Cuprate Superconductors

Yoichi Ando,* Y. Kurita,† Seiki Komiya, S. Ono, and Kouji Segawa
Central Research Institute of Electric Power Industry, Komae, Tokyo 201-8511, Japan

(Received 3 July 2003; published 13 May 2004)

Although the Hall coefficient RH is an informative transport property of metals and semiconductors,
its meaning in the cuprate superconductors has been ambiguous because of its unusual characteristics.
Here we show that a systematic study of RH in La2!xSrxCuO4 single crystals over a wide doping range
establishes a qualitative understanding of its peculiar evolution, which turns out to reflect a two-
component nature of the electronic structure caused by an unusual development of the Fermi surface
recently uncovered by photoemission experiments.

DOI: 10.1103/PhysRevLett.92.197001 PACS numbers: 74.25.Fy, 74.25.Jb, 74.72.Dn

During the past 17 years after the high-Tc supercon-
ductivity was discovered in cuprates, virtually all mea-
surable properties of their ‘‘normal state,’’ the state in the
absence of superconductivity, have been studied to under-
stand the stage for novel superconductivity. However,
there is yet no established picture for even such basic
properties as the resistivity and the Hall coefficient [1],
not to mention other more elaborate properties. The Hall
coefficient RH of conventional metals is independent of
temperature and signifies the Fermi surface (FS) topol-
ogy and carrier density, but in cuprates RH shows strong,
sometimes peaked, temperature dependences as well as a
complicated doping dependence. An advance in under-
standing came when Chien,Wang, and Ong found [2] that
the cotangent of the Hall angle, cot!H (which is the ra-
tio of the in-plane resistivity !ab to the Hall resistivity
!H), approximately shows a simple linear-in-T2 behavior,
which suggests the existence of a quasiparticle-relaxation
rate that changes as "T2. However, while it appears that
the Hall problem in cuprates can be simplified when
analyzed in terms of cot!H, it was argued by Ong and
Anderson [3] that cot!H is after all a derived quantity,
and the central anomaly resides in the directly measured
quantities !ab and RH.

In this Letter, we address the notoriously difficult prob-
lem of the Hall effect with the recent knowledge on the
physics of lightly doped cuprates and the peculiar evolu-
tion of the FS recently elucidated by the angle-resolved
photoemission spectroscopy (ARPES) experiments [4,5].
We first show that the behavior of RH and !ab in the
lightly doped cuprates mimics rather well the behavior
of a conventional Fermi liquid, and discuss that this
behavior signifies the physics on the ‘‘Fermi arc,’’ a small
portion of the FS near the Brillouin-zone diagonals. We
then discuss that the peculiar hole-doping dependence
and the temperature dependence of RH reflect a gradual
participation of the ‘‘flatband’’ near #"; 0$ of the Brillouin
zone, which brings about a sort of two-band nature to the
transport. The measurements of RH and !ab using a stan-
dard six-probe method are done on high-quality single

crystals of La2!xSrxCuO4 (LSCO) and YBa2Cu3Oy
(YBCO), the details of which have been described
elsewhere [6].

In slightly hole-doped LSCO and YBCO, which are
usually considered to be antiferromagnetic insulators, it
was demonstrated [6] that the charge transport shows a
surprisingly metallic behavior with a hole mobility com-
parable to that of optimally doped superconductors at
moderate temperatures. Detailed ARPES measurements
were subsequently performed on lightly doped LSCO [5]
and YBCO [7], which revealed that only patches of FS,
called ‘‘Fermi arcs’’ [8], are observed at the zone diago-
nals, where quasiparticlelike peaks were detected in har-
mony with the transport results. The ARPES results
indicate that, for some reason, a significant fraction of
the large FS (that is observed in optimally doped cuprates
[9]) is destroyed and the remaining small portion is
responsible for the metallic transport. Thus, by looking
at the transport properties of the lightly doped cuprates,
one can gain insight into the physics of the Fermi arc,
whose origin is currently under debate [10].

Figures 1(a) and 1(b) show an example of the behavior
of !ab#T$ and RH#T$ in a lightly doped cuprate: Here the
data are for YBCO with y % 6:30 (hole doping of about
3% per Cu [6]), which is an antiferromagnet with the Néel
temperature of 230 K [11]. As we have reported previ-
ously [6,12], RH is virtually T independent (as in conven-
tional metals) at moderate temperatures in the lightly
doped samples; as a result, !ab and cot!H have the
same T dependence [see Figs. 1(c) and 1(d)], which, in-
triguingly, is most consistent with "T2 and not with "T.
This implies that the relaxation rate of the ‘‘quasipar-
ticles’’ on the Fermi arc changes as "T2, which inciden-
tally is the same as the behavior of conventional Fermi
liquids. Note that the low-temperature upturn in !ab and
RH is due to localization effects [13], which just obscure
the intrinsic low-temperature behavior of the system.

We found that the T dependence of !ab is consistent
with "T2 not only in lightly doped YBCO but also in
lightly doped LSCO, as shown in Fig. 2(a) for x % 0:02;
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however, it should be noted that the temperature range
for the T2 law is a bit narrow [Fig. 2(a) shows the data
up to 250 K] and !ab!T" deviates downwardly from the T2

dependence at high temperatures. As is shown for x #
0:08 [Fig. 2(b)], the deviation tends to start from lower
temperature at larger x. One possible way to interpret this
deviation is to ascribe it to an increase in the density of
states at the Fermi energy EF with increasing T, which
happens, for example, when a gap is filled in with T. In
fact, the band structure of LSCO elucidated by ARPES
[4,5] suggests such a possibility: In lightly doped LSCO a
flatband [located near !"; 0" of the Brillouin zone] lies
below EF and this band gradually moves up to EF with
increasing doping; therefore, if thermal activation causes
some holes to reside on the flatband and to contribute to
the conductivity, the high-temperature deviation from the

T2 behavior and its doping dependence can be understood,
at least qualitatively.

The systematics of RH!T" and cot!H!T" of LSCO for
a very wide range of doping (x # 0:02–0:25) is shown
in Fig. 3. Let us first compare the robustness of the T2

behavior in cot!H to that in !ab: One can see in Fig. 3(b)
that cot!H for both x # 0:02 and 0.08, where the behavior
of !ab was discussed, shows no high-temperature devia-
tion from the T2 behavior up to 300 K. This contrast
between !ab!T" and cot!H!T" regarding the robustness
of the T2 law is qualitatively understandable if both !ab
and RH reflect a change in the effective carrier density
neff due to the temperature-dependent participation of the
flatband, since such a change tends to be canceled in
cot!H; remember, H cot!H is equal to the inverse Hall
mobility and, thus, would normally be free from a change
in the carrier density. This observation suggests that the
relative simplicity in the behavior of cot!H comes from
its lack of a direct dependence on neff , while both !ab and
RH depend directly on neff .

Thus, our data are most consistent with an emerg-
ing picture that a Fermi-liquid-like transport results
from the quasiparticles on the Fermi arcs in lightly
hole-doped cuprates, and the rest of the FS starts to
contribute to the transport at higher doping and/or tem-
perature. It should be noted, however, that there cannot be
a real ‘‘Fermi liquid’’ on the Fermi arcs, because the large
magnitude of !ab in the lightly doped cuprates would
indicate that the mean-free path of the electrons at EF
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FIG. 2 (color online). Validity of the T2 law in !ab!T" of
LSCO single crystals. At a lightly doped composition x #
0:02 (a), the T2 law (shown by a solid line) holds for the tem-
perature range of 130–230 K, while at x # 0:08 (b) the range
is 60–160 K.
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FIG. 3 (color online). Hall response in LSCO single crystals
for a wide range of doping. (a) Variation of the T dependence
of RH for x#0:02–0:25, all measured on high-quality single
crystals; the x values are determined by the inductively
coupled-plasma atomic-emission-spectroscopy analyses and
are accurate within $5%. (b),(c) Plots of cot!H vs T2 for
representative x values; for selected data, solid lines emphasize
the T2 law in cot!H!T", which holds well for 0:02 % x % 0:14.
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FIG. 1 (color online). Temperature dependences of transport
properties of lightly hole-doped YBa2Cu3O6:30. At this insu-
lating composition, !ab!T" shows positive curvatures (a) and
RH is virtually T independent at moderate temperatures (b). It
turns out that !ab!T" well obeys the T2 law (c), which also
holds for cot!H [ & !ab=RH, (d)], suggesting that a Fermi-
liquid-like T2 scattering rate governs the transport on the
Fermi arcs.
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Cuprate high-Tc superconductors exhibit enigmatic behavior in the
nonsuperconducting state. For carrier concentrations near “opti-
mal doping” (with respect to the highest Tcs) the transport and
spectroscopic properties are unlike those of a Landau–Fermi liquid.
On the Mott-insulating side of the optimal carrier concentration,
which corresponds to underdoping, a pseudogap removes quasi-
particle spectral weight from parts of the Fermi surface and causes
a breakup of the Fermi surface into disconnected nodal and anti-
nodal sectors. Here, we show that the near-nodal excitations of
underdoped cuprates obey Fermi liquid behavior. The lifetime τ(ω,
T) of a quasi-particle depends on its energy ω as well as on the
temperature T. For a Fermi liquid, 1/τ(ω, T) is expected to collapse
on a universal function proportional to (h#ω)2 + (pπkBT)

2. Magneto-
transport experiments, which probe the properties in the limit ω =
0, have provided indications for the presence of a T2 dependence
of the dc (ω = 0) resistivity of different cuprate materials. How-
ever, Fermi liquid behavior is very much about the energy depen-
dence of the lifetime, and this can only be addressed by
spectroscopic techniques. Our optical experiments confirm the
aforementioned universal ω- and T dependence of 1/τ(ω, T), with
p∼ 1.5. Our data thus provide a piece of evidence in favor of a Fermi
liquid-like scenario of the pseudogap phase of the cuprates.

optical spectroscopy | superconductivity | mass renormalization |
self energy

The compound HgBa2CuO4+δ (Hg1201) is the single-layer
cuprate that exhibits the highest Tc (97 K). We therefore

measured the optical conductivity of strongly underdoped single
crystals of Hg1201 ðTc = 67 KÞ. Here we are interested in the
optical conductivity of the CuO2 layers. We therefore express the
optical conductivity as a 2D sheet conductance GðωÞ= dcσðωÞ,
where dc is the interlayer spacing. The real part of the sheet
conductance normalized by the conduction quantum G0 = 2e2=h
is shown in Fig. 1. As seen in the figure, a gap-like suppression
below 140 meV is clearly observable for temperatures below Tc
and remains visible in the normal state up to ∼250 K. This is a
clear optical signature of the pseudogap. We also observe the
zero-energy mode due to the free charge carrier response, which
progressively narrows upon lowering the temperature. In mate-
rials where the charge carrier relaxation is dominated by impu-
rity scattering, the width of this “Drude” peak corresponds to the
relaxation rate of the charge carriers. Relaxation processes
arising from interactions have the effect of replacing the constant
(frequency-independent) relaxation rate with a frequency-
dependent one. The general expression for the optical conduc-
tivity of interacting electrons is then

Gðω;TÞ= iπK
Zω+Mðω;TÞ

G0: [1]

The spectral weight K corresponds to minus the kinetic en-
ergy if the frequency integration of the experimental data is
restricted to intraband transitions. The effect of electron–electron
interactions and coupling to collective modes is described by
the memory function Mðω;TÞ=M1ðω;TÞ+ iM2ðω;TÞ, where
Z−1M2ðω;TÞ= 1=τðω;TÞ represents the dynamical (or optical) re-
laxation rate in the case of a Fermi liquid.
The zero frequency limit of the optical conductivity of Fig. 1

corroborates the recently reported temperature dependence of the
dc resistivity (1) as shown in Fig. 2. Because K is practically tem-
perature independent in the normal state (2), the low-temperature
T2 dependence of the resistivity is due to the quadratic tempera-
ture variation of M2ð0;TÞ= Z=τð0;TÞ. The infrared data confirm
that Hg1201 exhibits the lowest residual resistance among the
cuprates and a change to a linear temperature dependence above
T* associated with the sudden closing of a pseudogap (3, 4). Fig. 2B
shows this as a clear departure from the T2 curve at ∼5 × 104 K2.
The dc transport data, owing to the higher precision, allow for
Hg1201 crystals of the same composition and doping to identify
T*∼ 350 K as the temperature above which the resistivity has
a linear temperature dependence, and T**∼ 220 K as the tem-
perature below which the temperature dependence is purely qua-
dratic. Finally, superconducting fluctuations become noticeable
at T′∼ 85 K.
The doping dependences of K and of the coherent spectral

weight, defined as K*=K/(1+M1(ω,T)Zω)jω=0, are summarized
in Fig. 3 for a number of hole-doped cuprates. The theoretical
values of K based on the band parameters obtained from local
density approximation (LDA) ab initio calculations are about
a factor of 2 larger than the measured values, which is due to
strong correlation predicted by the Hubbard model for U=t≥ 4
(6). K decreases when the hole doping decreases, but does not
extrapolate to zero for zero doping in accordance with the
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χ″ðΩÞ, where spin (charge) refers to electron–hole pairs carrying
(no) net spin. χ″ðΩÞ can be strongly renormalized, but the
property that χ″ðΩÞ∝Ω in the limit Ω→ 0 is generic for Fermi
liquids (24). Integration of the susceptibility multiplied with the
interaction vertex I2χ″ðΩÞ over all possible decay channels from
zero to ξ leads us to conclude that indeed M2 ∝ ξ2, as reported
experimentally in the present article. In this description the
cross-over ξ0 corresponds to the energy where I2χ″ðΩÞ is trun-
cated, leading to a leveling off of M2 for ξ> ξ0. The strong
temperature dependence of M1ðω;TÞ is also a natural conse-
quence of this description; it was shown in ref. 36 that, in leading
orders of temperature, χ″ðΩÞ of a correlated Fermi liquid
decreases as a function of temperature.
In summary, we have shown from optical spectroscopy meas-

urements that the ungapped near-nodal excitations of underdoped
cuprate superconductors obey Fermi liquid behavior when mate-
rials with reduced amount of disorder are considered. This ob-
servation, which is at variance with some established paradigms,
provides leads toward understanding of themetallic state and high-
temperature superconductivity in these materials.

Materials and Methods
Sample Preparation. Single crystals were grown using a flux method, char-
acterized, and heat treated to the desired doping level as described in refs. 37
and 38. The conductivity data in Fig. 1 are of a sample which has an onset
critical temperature of 67 K and a transition width of 2 K. The crystal surface
is oriented along the a–b plane with a dimension of about 1.51 × 1.22 mm2.
Hg1201 samples are hygroscopic. Therefore, the last stage of the prepara-
tion of the sample surface is done under a continuous flow of nitrogen,
upon which the sample is transferred to a high-vacuum chamber (10−7 mbar)

within a few minutes. Before each measurement the surface is carefully
checked for any evidence of oxidation.

Comparison with dc Resistivity. Transport measurements have been per-
formed using the four-terminal method. Due to the irregular shape of the
cleaved samples the absolute value of the dc resistivity can only be de-
termined with about 20% accuracy. However, we obtained very high relative
accuracy of the temperature dependence of the dc resistivity, as seen from
identical temperature dependences of samples of the same composition and
doping, regardless of having significantly different dimensions and shapes.
An independent check of the dc resistivity was obtained from the ω= 0 limit
of the experimental infrared optical conductivity (Fig. 2). The dc resistivity
had to be scaled by a factor of 0.66 to match the optical data, most likely due
to the aforementioned influence of the irregular shape of the crystals on the
absolute value of the measured dc resistances. The excellent match of the
two temperature dependences demonstrates the high quality of both dc
resistivity and optical conductivity data.
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We report in-plane resistivity (ρ) and transverse magnetoresistance (MR) measurements for underdoped
HgBa2CuO4þδ (Hg1201). Contrary to the long-standing view that Kohler’s rule is strongly violated in
underdoped cuprates, we find that it is in fact satisfied in the pseudogap phase of Hg1201. The transverse MR
shows a quadratic field dependence, δρ=ρ0 ¼ aH2, with aðTÞ ∝ T−4. In combination with the observed
ρ ∝ T2 dependence, this is consistent with a single Fermi-liquid quasiparticle scattering rate. We show that
this behavior is typically masked in cuprates with lower structural symmetry or strong disorder effects.
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The unusual metallic “normal state” of the cuprates has
remained an enigma. Atypical observations at odds with
Fermi-liquid theory have been made particularly in the so-
called strange-metal regime above the pseudogap (PG)
temperature T% [inset of Fig. 1(b)] [1]. In this regime, the
in-plane resistivity exhibits an anomalous extended linear
temperature dependence, ρ ∝ T [2], and the Hall effect is
often described as RH ∝ 1=T [3,4]. In order to account for
this anomolous behavior without abandoning a Fermi-
liquid formalism, some descriptions have been formulated
based on a scattering rate whose magnitude varies around
the in-plane Fermi surface, for example, due to anisotropic
umklapp scattering or coupling to a bosonic mode [1] (e.g.,
spin [5] or charge [6] fluctuations). Prominent non-Fermi-
liquid prescriptions, such as the two-lifetime picture [7] and
the marginal-Fermi liquid [8], have also been put forth. The
former implies charge-spin separation while the latter is a
signature of a proximate quantum critical point.
The transport behavior in the PG state (T < T%) has

furthermore been complicated not only because of the
opening of the PG along portions of the Fermi surface, but
also due to possible superconducting (SC) [10], antiferro-
magnetic [5,11] and charge-spin stripe fluctuations [12].
Recent developments, however, suggest that T% marks a

phase transition [13] into a state with broken time-reversal
symmetry [14,15]. Additionally, the measurable extent of
SC fluctuations is likely limited to only a rather small
temperature range (≈ 30 K) above Tc [16,17]. These
strong indications that the PG regime is indeed a distinct
phase calls for a clear description of its intrinsic properties.
In fact, a simple ρ ¼ A2T2 dependence was recently

reported for underdoped HgBa2CuO4þδ (Hg1201) [9]. It
was also found that this Fermi-liquid-like behavior appears
below a characteristic temperature T%% [Tc < T%% < T%;
inset of Fig. 1(b)] and that the coefficient A2 per CuO2
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FIG. 1 (color online). (a) Temperature dependence of the in-
plane resistivity for two Hg1201 samples. Dotted lines are linear
fits to the high-temperature behavior. Inset: Magnetic suscep-
tibility shows Tc ¼ 70& 1 and 80.5& 0.5 K for the two samples,
HgUD70b (black) and HgUD81 (red). The Tc values are defined
as the midpoint of the transition, and the uncertainties correspond
to 90% of the transition width. (b) Resistivity plotted versus T2.
Dotted lines are fits to ρ ¼ A2T2. There is some uncertainty in the
conversion to units of ρ due to difficulties in measuring the exact
cleaved sample dimensions [9]. For consistency, we have
assumed the same magnitude of ρ for the two Tc ¼ 70 K
samples. Inset: Schematic temperature-hole doping phase dia-
gram. The superconducting (SC), strange metal (SM), and
pseudogap (PG) phases as well as the characteristic temperatures
T% and T%% are indicated. The circles represent the two doping
levels of the present study.
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remained an enigma. Atypical observations at odds with
Fermi-liquid theory have been made particularly in the so-
called strange-metal regime above the pseudogap (PG)
temperature T% [inset of Fig. 1(b)] [1]. In this regime, the
in-plane resistivity exhibits an anomalous extended linear
temperature dependence, ρ ∝ T [2], and the Hall effect is
often described as RH ∝ 1=T [3,4]. In order to account for
this anomolous behavior without abandoning a Fermi-
liquid formalism, some descriptions have been formulated
based on a scattering rate whose magnitude varies around
the in-plane Fermi surface, for example, due to anisotropic
umklapp scattering or coupling to a bosonic mode [1] (e.g.,
spin [5] or charge [6] fluctuations). Prominent non-Fermi-
liquid prescriptions, such as the two-lifetime picture [7] and
the marginal-Fermi liquid [8], have also been put forth. The
former implies charge-spin separation while the latter is a
signature of a proximate quantum critical point.
The transport behavior in the PG state (T < T%) has

furthermore been complicated not only because of the
opening of the PG along portions of the Fermi surface, but
also due to possible superconducting (SC) [10], antiferro-
magnetic [5,11] and charge-spin stripe fluctuations [12].
Recent developments, however, suggest that T% marks a

phase transition [13] into a state with broken time-reversal
symmetry [14,15]. Additionally, the measurable extent of
SC fluctuations is likely limited to only a rather small
temperature range (≈ 30 K) above Tc [16,17]. These
strong indications that the PG regime is indeed a distinct
phase calls for a clear description of its intrinsic properties.
In fact, a simple ρ ¼ A2T2 dependence was recently

reported for underdoped HgBa2CuO4þδ (Hg1201) [9]. It
was also found that this Fermi-liquid-like behavior appears
below a characteristic temperature T%% [Tc < T%% < T%;
inset of Fig. 1(b)] and that the coefficient A2 per CuO2
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plane resistivity for two Hg1201 samples. Dotted lines are linear
fits to the high-temperature behavior. Inset: Magnetic suscep-
tibility shows Tc ¼ 70& 1 and 80.5& 0.5 K for the two samples,
HgUD70b (black) and HgUD81 (red). The Tc values are defined
as the midpoint of the transition, and the uncertainties correspond
to 90% of the transition width. (b) Resistivity plotted versus T2.
Dotted lines are fits to ρ ¼ A2T2. There is some uncertainty in the
conversion to units of ρ due to difficulties in measuring the exact
cleaved sample dimensions [9]. For consistency, we have
assumed the same magnitude of ρ for the two Tc ¼ 70 K
samples. Inset: Schematic temperature-hole doping phase dia-
gram. The superconducting (SC), strange metal (SM), and
pseudogap (PG) phases as well as the characteristic temperatures
T% and T%% are indicated. The circles represent the two doping
levels of the present study.

PRL 113, 177005 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

24 OCTOBER 2014

0031-9007=14=113(17)=177005(6) 177005-1 © 2014 American Physical Society

PRL 113, 177005 (2014)

Electrical and optical evidence for Fermi 
surface of long-lived quasiparticles of density p

⇢
xx

⇠ 1

⌧
(1 + aH2⌧2 + . . .)

with
1

⌧
⇠ T 2



Can we have a metal with no broken translational 
symmetry,  and with long-lived electron-like 
quasiparticles on a Fermi surface of size p ? 



Can we have a metal with no broken translational 
symmetry,  and with long-lived electron-like 
quasiparticles on a Fermi surface of size p ? 

Answer:  Yes.  
There can be a Fermi surface of size p,

but it must be accompanied by 
topological order, in a 

“fractionalized Fermi liquid”.

At T=0, such a metal must be separated from 
a Fermi liquid (with a Fermi surface of size 
1+p) by a quantum phase transition



Anti-
ferromagnet
with p holes
per square

Note: relative to the fully-filled band insulator, 
there are 1+p holes per square
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�

M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000)

Fermi liquid (FL)

Put metal on a torus, adiabatically insert flux � = h/e
through hole, and measure change in momentum. In a

FL, we can assume the only low energy excitations are

quasiparticles near the Fermi surface, and this leads to

a non-perturbative proof of the Luttinger relation on the

area enclosed by the Fermi surface.



Topological 
argument for 
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Fermi surface 
�

Fractionalized Fermi liquid (FL*)

T. Senthil, M. Vojta, and S. Sachdev, Phys. Rev. B 69, 035111 (2004)

Violations of the Luttinger relation are possible in

a fractionalized Fermi liquid (FL*) because there

are “topological” low energy excitations associated

with a flux of the emergent gauge field in the hole

of the torus.
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Quantum dimer model with 
bosonic and fermionic dimers 

Connection to the

t-t0-t00-J model:

t1 = �(t+ t0)/2
t2 = (t� t0)/2

t3 = �(t+ t0+ t00)/4
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,
�t1 ,

,
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Quantum dimer model with 
bosonic and fermionic dimers 

M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 

Dispersion and quasiparticle residue of a single fermionic dimer for J = V = 1,

and hopping parameters obtained from the t-J model for the cuprates,

t1 = �1.05, t2 = 1.95 and t3 = �0.6, on a 8⇥ 8 lattice.



M. Punk, A. Allais, and S. Sachdev, 
arXiv:1501.00978 

“Back side” of Fermi surface is suppressed for observables 
which change electron number in the CuO2 layer 
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Y. Qi and S. Sachdev,
Phys. Rev. B 81, 115129 (2010)



Pseudogap

“Fermi arcs” 
at

low p

Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)

SM

FL



A new metal — 
a fractionalized 

Fermi liquid (FL*) 
— with electron-
like quasiparticles 
on a Fermi surface 

of size p ?

Y. Qi and S. Sachdev, Phys. Rev. B 81, 115129 (2010)
M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978
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Y. Kohsaka et al., Science 315, 1380 (2007)

Pseudogap

Density wave (DW) 
order at low T and p

SM
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“R-map” of BSCCO in zero magnetic field, similar to those published in Y. Kohsaka, C. Taylor,
K. Fujita, A. Schmidt, C. Lupien, T. Hanaguri, M. Azuma, M. Takano, H. Eisaki, H. Takagi,
S. Uchida, and J. C. Davis, Science 315, 1380 (2007). Davis group has sub-angstrom resolution
capabilities, with lattice drift corrections, which make sublattice phase-resolved STM possible.
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Disordered uni-directional charge density waves

(“stripes”) with wavelength ⇡ 4 lattice sites ?



Unconventional density wave (DW) : 
Bose condensation of particle-hole pairs
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P(r1 � r2)

i
⇥  DW

✓
r1 + r2

2

◆
eiQ·(r1+r2)/2 + c.c.

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)
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r1 + r2
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◆
eiQ·(r1+r2)/2 + c.c.

Crucial “center-of-mass” co-ordinate.

(Not used in previous work)

Simplifies action of time-reversal

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)



Unconventional density wave (DW) : 
Bose condensation of particle-hole pairs

⌦
c†↵(r1)c↵(r2)

↵

=
h
P(r1 � r2)

i
⇥  DW

✓
r1 + r2
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◆
eiQ·(r1+r2)/2 + c.c.

Density wave form factor (internal particle-hole pair wavefunction)

P(r) =

Z
d2k

4⇡2
P(k)eik·r

Time-reversal symmetry requires P(k) = P(�k).

We expand (using reflection symmetry for Q along axes or diagonals)

P(k) = P
s

+ P
s

0
(cos k

x

+ cos k
y

) + P
d

(cos k
x

� cos k
y

)

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)
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Conventional CDW order: s-form factor

Plot of Pij =

D
c†i↵cj↵

E
for i = j, and i, j nearest neighbors.

Pij =

Z

k
P(k)eik·(ri�rj)

�
eiQ·(ri+rj)/2

+ c.c.

P(k) = 1 and Q = 2⇡(1/4, 0)

Q = (⇡/2, 0)
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Unconventional DW order: s0-form factor

Plot of P
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)] and Q = 2⇡(1/4, 0)
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Q = (⇡/2, 0)

The pattern of

charge densities

and bond

energies in the

“stripe” model

yields a

combination of

s and s0

components

Unconventional DW order: s+ s0-form factor

M. H. Fischer, Si Wu, M. Lawler, A. Paramekanti, and Eun-Ah Kim, arXiv:1406.2711
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P(k) = ei� [1/2 + cos(k
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) + cos(k
y

)] and Q = 2⇡(1/4, 0)
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Q = (⇡/2, 0)

Unconventional DW order: s+ s0-form factor

Plot of P
ij

=

D
c†
i↵
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E
for i = j, and i, j nearest neighbors.

P
ij

=

Z
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P(k)eik·(ri�rj)
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eiQ·(ri+rj)/2

+ c.c.

P(k) = ei� [1/2 + cos(k
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) + cos(k
y

)] and Q = 2⇡(1/4, 0)

X-ray
observations
indicate
strong s0

component in
LBCO David 

Hawthorn,
Waterloo

A. J. Achkar, F. He, R. Sutarto, Christopher McMahon, M. Zwiebler, M. Hucker, G. D. Gu,
Ruixing Liang, D. A. Bonn, W. N. Hardy, J. Geck, and D. G. Hawthorn, arXiv:1409.6787
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Unconventional DW order: d-form factor

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075128 (2010).
S. Sachdev and R. LaPlaca, Phys. Rev. Lett. 111, 027202 (2013).

Q = (⇡/2, 0)

Our prediction:
Density wave on

horizontal

bonds has a

phase-shift of ⇡
relative to the

wave on vertical

bonds
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Unconventional DW order: d-form factor

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075128 (2010).
S. Sachdev and R. LaPlaca, Phys. Rev. Lett. 111, 027202 (2013).

Q = (⇡/2, 0)

Our prediction:
Density wave on

horizontal

bonds has a

phase-shift of ⇡
relative to the

wave on vertical

bonds



Y. Kohsaka et al., Science 315, 1380 (2007)
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Y. Kohsaka et al., Science 315, 1380 (2007)
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s+ s0-form factor density wave

Q = (⇡/2, 0)

s+ s0 form factor (stripe model) does not match
STM measurements on BSCCO, Na-CCOC.



Y. Kohsaka et al., Science 315, 1380 (2007)

Q = (⇡/2, 0)
x

y

d-form factor density wave order

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075128 (2010).
S. Sachdev and R. LaPlaca, Phys. Rev. Lett. 111, 027202 (2013).



Y. Kohsaka et al., Science 315, 1380 (2007)

Q = (⇡/2, 0)
x

y

d-form factor density wave order

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075128 (2010).
S. Sachdev and R. LaPlaca, Phys. Rev. Lett. 111, 027202 (2013).

Predicted d form factor observed
in STM measurements on BSCCO, Na-CCOC !



K. Fujita, M. H. Hamidian, S. D. Edkins, Chung Koo Kim, A. P. MacKenzie,

H. Eisaki, S. Uchida, M. J. Lawler, E.-A. Kim, S. Sachdev, and J. C. Davis, to appear

d-form factor is peaked at the pseudogap energy,
and does not disperse as a function of wavevector



FL

Y. Kohsaka et al., Science 315, 1380 (2007)

Pseudogap

Density wave (DW) 
order at low T and p

SM



FL

Identified as a 
predicted “d-form 

factor density wave”SM

M. A. Metlitski and S. Sachdev, PRB 82, 075128 (2010). S. Sachdev R. La Placa, PRL 111, 027202 (2013).

K. Fujita, M. H Hamidian, S. D. Edkins, Chung Koo Kim, Y. Kohsaka, M. Azuma, M. Takano, H. Takagi,

H. Eisaki, S. Uchida, A. Allais, M. J. Lawler, E.-A. Kim, S. Sachdev, and J. C. Davis, PNAS 111, E3026 (2014)

Q = (⇡/2, 0)Pseudogap



What is the relationship between the FL* at high T 
and the “d-form factor density wave” at low T ?

SM

FL



Pairing “glue” for d-wave superconductivity
from antiferromagnetic fluctuations

AAAA

Antiferromagnetic

paramagnon

V. J. Emery, J. Phys. (Paris) Colloq. 44, C3-977 (1983)
D.J. Scalapino, E. Loh, and J.E. Hirsch, Phys. Rev. B 34, 8190 (1986)
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P. Monthoux, A.V. Balatsky, and D. Pines, Phys. Rev. Lett. 67, 3448 (1991)
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Same glue can lead to “d-wave”
particle-hole pairing

AAAA

Antiferromagnetic

paramagnon

~'

M. A. Metlitski and S. Sachdev, Phys. Rev. B 85, 075127 (2010)
T. Holder and W. Metzner, Phys. Rev. B 85, 165130 (2012)

M. Bejas, A. Greco, and H. Yamase, Phys. Rev. B 86, 224509 (2012)
S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013)

K. B. Efetov, H. Meier, and C. Pépin, Nat. Phys. 9, 442 (2013)
J. D. Sau and S. Sachdev, Phys. Rev. B 89, 075129 (2014)

Y. Wang and A. V. Chubukov, Phys. Rev. B 90, 035149 (2014)



Same glue can lead to “d-wave”
particle-hole pairing

AAAA

Antiferromagnetic

paramagnon

S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013)

Leads to
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with P
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dominant.
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Q

Q

M. A. Metlitski and S. Sachdev, PRB 85, 075127 (2010);  A. Thomson and S. Sachdev, PRB 91, 115142 (2015)
W. A. Atkinson, A. P. Kampf, and S. Bulut, New Journal of Physics 17, 013025 (2015)

D
c†k�Q/2,↵ck+Q/2,↵

E
= P

d

(cos k
x

� cos k
y

)

Density wave 
instability of large 
Fermi surface (FL) 

leads to an 
incorrect 
“diagonal” 
wavevector

http://arxiv.org/find/cond-mat/1/au:+Atkinson_W/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Kampf_A/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Bulut_S/0/1/0/all/0/1


Q = (⇡/2, 0)

SM

FL



Q = (⇡/2, 0)

SM

FLX



Fermi surface of 
a fractionalized 

Fermi liquid (FL*)

Y. Qi and S. Sachdev, Phys. Rev. B 81, 115129 (2010)

M. Punk and S. Sachdev, Phys. Rev. B 85, 195123 (2012), and to appear



Density wave 
instability of 

FL* leads to the 
observed 

wavevector
and form-factor

D. Chowdhury and S. Sachdev, Physical Review B 90, 245136 (2014).



SM FL*

Q = (⇡/2, 0)

d-form factor

density wave

FL

The high T FL* can help explain the 
“d-form factor density wave” observed at low T



SM FL*

Q = (⇡/2, 0)

d-form factor

density wave

FL

The high T FL* can help explain the 
“d-form factor density wave” observed at low T



Strange 
metal

Metal
(gapless, 

compressible 
state) 

without 
quasi-

particles

SM

FL



hydrodynamics

memory matrix holography

universal constraints on transport

appropriate microscopics
for cuprates

few conserved quantities

perturbative 
limit

long time dynamics;
“renormalized IR fluid” 

emerges

matrix large N theory;
non-perturbative computations

A. Lucas and S. Sachdev, PRB 91, 195122 (2015)



Electrical transport at a strongly-coupled critical theory 
with particle-hole symmetry, obeying hyperscaling, 

in d spatial dimensions with dynamic critical exponent z 

� = �Q ⇠ T (d�2)/z

K. Damle and S. Sachdev, PRB 56, 8714 (1997)

Follows from gauge invariance

(� = 1/⇢ = conductivity)



Electrical transport at a strongly-coupled critical theory 
without particle-hole symmetry, 
with a conserved momentum P 

� = �Q +
Q2

M ⇡�(!)

with Q ⌘ �J
x

,P
x

and M ⌘ �P
x

,P
x

thermodynamic response functions

Obtained in hydrodynamics, holography, and
by memory functions

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)



Electrical transport at a strongly-coupled critical theory 
without particle-hole symmetry, 

with an almost conserved momentum P 

with Q ⌘ �J
x

,P
x

and M ⌘ �P
x

,P
x

thermodynamic response functions

Obtained in hydrodynamics, holography, and
by memory functions

� = �Q +
Q2

M
1

(�i! + 1/⌧L)

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)



Obtained by memory functions
S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)

S. A. Hartnoll and D. M. Hofman, PRL 108, 241601 (2012)
A. Lucas, S. Sachdev and K. Schalm, PRD 89, 066018 (2014)

� = �Q +
Q2

M
1

(�i! + 1/⌧L)

Electrical transport at a strongly-coupled critical theory 
without particle-hole symmetry, 

with an almost conserved momentum P 

Momentum relaxation by an external source hL coupling to the operator O

H = H0 �
Z

ddxhL(x)O(x).

M
⌧L

= lim

!!0

Z
ddq |hL(q)|2q2x

Im

�
GR

OO(q,!)
�
H0

!
+ higher orders in hL



Electrical transport at a strongly-coupled critical theory 
without particle-hole symmetry,  with an almost conserved 

momentum P, and an applied magnetic field B

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
 M. Blake and A. Donos, PRL 114, 021601 (2015)

A. Lucas and S. Sachdev, arXiv:1502.04704

�
xx

=
(⌧�1

L

� i!)M�
Q

+Q2 +B2�2
Q

Q2B2 + ((⌧�1
L

� i!)M+B2�
Q

)2
M

✓
1

⌧
L

� i!

◆
,

�
xy

=
2(⌧�1

L

� i!)M�
Q

+Q2 +B2�2
Q

Q2B2 + ((⌧�1
L

� i!)M+B2�
Q

)2
BQ.

Obtained in hydrodynamics, holography, and
by memory functions



S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
 M. Blake and A. Donos, PRL 114, 021601 (2015)

A. Lucas and S. Sachdev, arXiv:1502.04704
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Obtained in hydrodynamics, holography, and
by memory functions

Blake and Donos: With �Q ⇠ 1/T and ⌧L ⇠ 1/T 2
, we obtain �xx ⇠ 1/T

and tan(✓H) = �xy/�xx ⇠ 1/T 2
, in agreement with strange metal data

on cuprates (such data cannot be explained in a quasiparticle model).

Electrical transport at a strongly-coupled critical theory 
without particle-hole symmetry,  with an almost conserved 

momentum P, and an applied magnetic field B
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memory matrix holography

universal constraints on transport

appropriate microscopics
for cuprates
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perturbative 
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matrix large N theory;
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A. Lucas and S. Sachdev, PRB 91, 195122 (2015)
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Metal with “large” 
Fermi surface

Fermi surface+antiferromagnetism

h~'i = 0

Metal with electron 
and hole pockets

Increasing SDW order

h~'i 6= 0

Increasing interaction



Metal with “large” Fermi surface



Fermi surfaces translated by K = (�,�).



“Hot” spots



Low energy theory for critical point near hot spots



v1 v2

�2 fermions
occupied

�1 fermions
occupied

k
x

ky

Hot-spot theory has fermions  1,2 (with Fermi velocities v1,2)
and boson order parameter ~', and a “Yukawa” coupling �.

This theory is particle-hole symmetric.



� = �Q +
Q2

M ⇡�(!)

There is a natural separation into the two contri-

butions to transport:

• Particle-hole symmetric hot-spot theory yields

the value of �Q.

• Remaining “cold” regions of the Fermi sur-

face yield the contribution of the (nearly)

conserved momentum mode.



� = �Q +
Q2

M ⇡�(!)

There is a natural separation into the two contri-

butions to transport:

• Particle-hole symmetric hot-spot theory yields

the value of �Q.

• Remaining “cold” regions of the Fermi sur-

face yield the contribution of the (nearly)

conserved momentum mode.

But, all known particle-hole symmetric, strongly

coupled critical theories obey hyperscaling, and so

have �Q ⇠ T 0
in d = 2.
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Hot-spot theory has fermions  1,2 (with Fermi velocities v1,2)
and boson order parameter ~', and a “Yukawa” coupling �.

This theory is particle-hole symmetric.



k
x

ky

Hot-spot theory has fermions  1,2 (with Fermi velocities v1,2)
and boson order parameter ~', and a “Yukawa” coupling �.

This theory is particle-hole symmetric.

Renormalized Fermi surface has k
y

⇠ k
x

ln(1/k
x

)

M. A. Metlitski and S. Sachdev, PRB 85, 075127 (2010)



A. A. Patel, S. Sachdev, and P. Strack, to appear

A RG fixed point for the spin density wave critical point

has recently been found by Shouvik Sur and Sung-Sik Lee

(PRB 91, 125136 (2015)) using a novel ✏-expansion.

• We find that the presence of gapless lines of zero

energy excitations at this fixed point leads to hyper-

scaling violation only in the limit of vanishing boson

velocity.

• Upto logarithmic corrections, the hyperscaling viola-

tion leads to the entropy density S ⇠ T (2�✓)/z
, and

�Q ⇠ T�✓/z
with ✓ = 1, and z = 1 +O(✏).
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memory matrix holography

universal constraints on transport

appropriate microscopics
for cuprates
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perturbative 
limit

long time dynamics;
“renormalized IR fluid” 

emerges

matrix large N theory;
non-perturbative computations

A. Lucas and S. Sachdev, PRB 91, 195122 (2015)



SM

FL

Figure: K. Fujita and J. C. Seamus Davis

Pseudogap Strange 
metal



Conclusions
1. Predicted d-form factor density wave order observed 

in the non-La hole-doped cuprate superconductors.

2.  Proposed the pseudogap metal is a fractionalized
    Fermi liquid (FL*): a Fermi liquid co-existing with
    topological order.

3. Can we experimentally detect possible 
    “topological order” in the pseudogap metal ?  
   (topological order is directly linked to Fermi 
      surface size)

4. Hydrodynamic, memory-function, holographic, 
    and field-theoretic approaches to transport 
    without quasiparticles


