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The dynamics of quantum criticality revealed by
quantumMonte Carlo and holography
WilliamWitczak-Krempa1*, Erik S. Sørensen2 and Subir Sachdev3

Understanding the dynamics of quantum systems without long-lived excitations (quasiparticles) constitutes an important
yet challenging problem. Although numerical techniques can yield results for the dynamics in imaginary time, their reliable
continuation to real time has proved di�cult. We tackle this issue using the superfluid–insulator quantum critical point of
bosons on a two-dimensional lattice, where quantum fluctuations destroy quasiparticles. We present quantum Monte Carlo
simulations for two separate lattice realizations. Their low-frequency conductivities turn out to have the same universal
dependence on imaginary frequency and temperature. Using the structure of the real-time dynamics of conformal field theories
described by the holographic gauge/gravity duality, we then make progress on the problem of analytically continuing the
numerical data to real time. Our method yields quantitative and experimentally testable results on the frequency-dependent
conductivity near the quantum critical point. Extensions to other observables and universality classes are discussed.

The quasiparticle concept is the foundation of our under-
standing of the dynamics of many-body quantum systems.
It originated in metallic Fermi liquids with electron-like

quasiparticles; but it is also useful in more exotic states, such as
the fractional quantum Hall states and one-dimensional Luttinger
liquids, which have quasiparticle excitations not simply related to
the electron. However, modern materials lacking a quasiparticle
description abound,1 and developing their theoretical description
remains one of the most important challenges in condensed matter
physics. Here we develop a quantitative description of the transport
properties of a system without quasiparticles by combining
high-precision quantum Monte Carlo with recent results from
string theory.

We focus on one of the simplest systems without a quasiparticle
description: the quantum-critical region of the quantum phase
transition between the superfluid and insulator in the Bose–
Hubbard model (BHM) in two spatial dimensions (Fig. 1a). This
quantum critical point (QCP) has special emergent symmetries at
low energies, Lorentz and scale invariance, and the quantum critical
dynamics is described by a conformal field theory (CFT). We will
look at lattice models closely related to the BHM, which are more
amenable to quantum Monte Carlo (QMC) studies: the quantum
rotor and the Villain models2,3. This QCP is also of great interest
because of its recent experimental realization in systems of ultra-
cold atoms loaded in optical lattices4–6.

Our studies are performed in an ‘imaginary’ time necessary
for e�cient simulations. We obtain high-precision results for
thermodynamic observables, and for the conductivity along the
imaginary frequency axis at the quantum-critical coupling. The
results for the conductivity, in units of the quantum of conductance
�Q = (e⇤)2/h (for carriers of charge e⇤), appear in Fig. 1b, and these
are muchmore precise than earlier studies7. They now convincingly
demonstrate that the conductivity, � , has a non-trivial and universal
dependence on h̄!/kBT = �h̄! (ref. 8), where T is the absolute
temperature. Furthermore, the results for the two di�erent lattice
realizations agree well with each other, confirming that they are

both computing the universal properties of the CFT describing the
superfluid–insulator transition. Complementary results along the
T =0 axis have appeared recently9.

For experimental comparison, we need predictions in real time,
and so cannot use the results from Fig. 1b directly. Without
further physical input, the analytic continuation from imaginary
to real frequencies represents an ill-posed problem in which
minute errors are invariably magnified by the continuation. We
argue here that powerful physical input can be obtained from
a tool that has recently emerged out of string theory, the
AdS/CFT or holographic correspondence10. It allows the study
of correlated CFTs (and deformations thereof), without relying
on weakly interacting quasiparticles, by postulating the duality
between specific CFTs/string theories. Of special interest is the
fact that one can tune the parameters of the CFT such that
it remains correlated, whereas, simultaneously, the string theory
description reduces to classical gravity on Anti de Sitter (AdS)
spacetime, in one higher spatial dimension. One can thus use well-
understood general relativity tools to study non-trivial quantum
field theories. We will show how such methods allow us to perform
the analytic continuation, and yield much information that is
potentially experimentally testable: on the frequency-dependent
conductivity and beyond, and on the positions of poles of response
functions in the lower-half of the complex frequency plane, which
we have identified as ‘quasinormal modes’11–13.

Simulating Bose–Hubbard quantum criticality
The extensively studied BHM realizes in a transparent fashion the
superfluid–insulator transition of interest to us; it is defined by
the Hamiltonian:
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i is the creation operator for a boson at site i and ni =b†
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measures the occupation number. Tuning t/U at commensurate
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