
ARTICLES NATURE PHYSICS DOI: 10.1038/NPHYS2913

0 5 10 20

0.25

0.30

0.35

0.40

0.45

0.50

γ = 0.08

γ = −0.08

a

0 2 4 6 8 14

0.25

0.30

0.35

0.40

0.45

0.50c

15

10 12

b

−6
−4

−2
0

2
4

6
−4

−2

0

2

−0.25
0.00

0.25
0.50

Im
2πT

Re
2πT
ω

ω

/2πTω

/2πTω

(
)/

Q
σ

σ
ω

(
)/

Q
σ

σ
ω

Figure 4 | Holographic continuation. a, The black points represent Monte Carlo data for the conductivity at the superfluid–insulator QCP at imaginary
frequencies, see Fig. 1b. The solid green line is the best fit to the holographic conductivity, obtained when � =0.08, with a rescaling of the !/T-dependence
by ↵=0.35 (the purple dotted line is without the rescaling). The red dashed curve is for � =�0.08, and suggests that a vortex-like � does not occur.
b, Real part of the holographic conductivity evaluated at complex frequencies, where the imaginary/real axis dependence is highlighted by the green/blue
line. The arrow represents the continuation procedure. c, Resulting conductivity at real frequencies (solid blue line). The dashed line is the vortex-like
response obtained for � =�0.08.
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Figure 5 | Spectrum of quasinormal charge excitations of the
superfluid-insulator QCP. The crosses/circles identify poles/zeros of
� (!/T) in the complex frequency plane. The dominant quasinormal mode
(QNM), labeled D-QNM, is found to be a pole. It gives rise to a peak in
Re � (!/T) at small frequencies.

A new ingredient is the need to rescale !/T by ↵ = 0.35. This
parameter does not appear naturally in the holographic procedure
described above, andmight inform us about the di�erences between
‘small-N ’ CFTs and those with simple AdS duals. Notwithstanding,
such a rescaling of the holographic form is benign in that it does not
alter the essential properties of � , such as the asymptotics, pole/zero
structure, or sum rules12,30 (see below). So we can view our analytic
continuation as a best fit of the imaginary frequency data to the
positions of the poles and zeroes of the conductivity in the lower-
half of the complex plane, while maintaining their relative positions
in the gravity theory.

There are numerous non-trivial merits of the holographic
continuationmethod. For example, the resulting conductivity obeys
a sum rule12,30,

R 1
0 d![Re� (!/T ) � � (1)] = 0, that was derived

usingAdS/CFTbutwhichwas conjectured12 to hold in genericCFTs.
It was in fact shown to hold12 at the conformal QCP of the quantum
O(N ) rotor model (a large-N extension of the one simulated
here) in the N = 1 limit, and for free Dirac fermions. Another
interesting point arises from the fact that � fixes the entire current
auto-correlation function, hJµJ⌫i ⇠ Cµ⌫(!, k). Thus, extracting �
from the fit, we can predict the momentum dependence13,25 of the
charge and current response using the conductivity data alone.
Other continuation procedures naturally do not give access to
such information. These predictions will be tested in further work
(W.W-K., E.S.S. and S.S., in preparation).

Fingerprint of excitations
The holographic continuation procedure in addition gives access
to the excitation spectrum of the QCP at finite temperature. The
holographic conductivity has poles and zeroes occurring at complex
frequencies12, specifically in the lower half-plane Im !  0, as
required by causality. These are the quasinormal modes (QNMs)
and can be interpreted as substitutes of quasiparticles in a strongly
correlated setting. Interestingly, on the gravitational side of the
AdS/CFT duality these correspond to damped eigenmodes of the
black hole11. From the holographic fit to the QMC data, we can
identify the QNMs of � , which are shown in Fig. 5 (cf. Fig. 4b,
which shows the three dominant poles). One of them is particularly
important: it is located directly on the imaginary axis closest to
! = 0, and was called12 the D-QNM due to its damped nature
(no real part) and formal relation to the Drude conductivity.
Such a purely imaginary pole was previously found31 in a large-N
extension of the quantum rotor model studied in this work from
O(2) symmetry to O(N ), as well as in the study of graphene in
the presence of Coulomb interaction32. It allows a sharp distinction
between particle-like and vortex-like responses: in the former case
the D-QNM is a pole whereas in the latter it is zero. In addition
to that pole, the spectrum contains two infinite branches of QNMs
composed of alternating poles and zeroes.

Insights into the QNM spectrum help in understanding why
Padé approximants are ill-suited for the analytic continuation. In
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