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Figure 1 | Probing quantum critical dynamics. a, Phase diagram near the superfluid–insulator quantum phase transition as a function of t/U (hopping
amplitude relative to the on-site repulsion) and temperature T at integer filling of the bosons. The conformal quantum critical point (QCP) at T =0 is
indicated by a blue disk. b, Quantum Monte Carlo data for the frequency-dependent conductivity, � , near the QCP along the imaginary frequency axis, for
both the quantum rotor and Villain models. The data has been extrapolated to the thermodynamic limit and zero temperature. The error bars are statistical,
and do not include systematic errors arising from the assumed forms of the fitting functions, which we estimate to be 5–10%.

filling results in a continuous quantum phase transition from a
Mott insulator to a superfluid, as shown in the phase diagram
in Fig. 1a. The intervening conformal QCP is characterized by a
U(1) conserved charge and belongs to the so-called (2+ 1)D XY
critical universality class. This is the simplest non-trivial CFT in two
dimensions with a continuous symmetry, and it describes a wide
range of critical systems. It is strongly correlated, so that many of
its basic finite-temperature properties remain unknown.

We performed QMC simulations at µ = 0, corresponding to
integer filling, on a quantum rotor model and its Villain version3,14;
these are closely related to the BHM and have been shown to have
QCPs in the same universality class for µ = 0. The details of the
simulations are discussed in theMethods. First, we have determined
the temperature scaling of various thermodynamic quantities in
the quantum critical regime, such as the compressibility (charge
susceptibility), � , and heat capacity, cV , and have confirmed the
CFT predictions:
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where A� = 0.339(5) for the Villain model, for which the velocity
of ‘light’, c, is known. This result is close to the large-N field theory
estimate of 0.24 (ref. 15). In the case of the quantum rotormodel, c is
not known and so ameaningful quantity to give is the dimensionless
ratio W =AcV /A� = cV/(kBT�), which we found to be 6.2(1), in
excellent agreement with the field theory estimate of 6.14 (ref. 15).
Combining this with the value of A� for the Villain model, we find
AcV =2.1, which lies close to a recent non-perturbative RG result16,
1.8; the field theory estimate15 is 1.5. Exploiting the universality of
Equation (1) it is now possible to estimate c for the quantum rotor
model. In the simulations h̄=1 as well as the lattice spacing a=1;
in that case c has dimensions of energy and it is then natural to
estimate c/U . By calculating�/(kBT )U 2 =A�/(c/U )2 =3.87(3) for
the quantum rotor model, combined with the previous result for A�

obtained from the Villain model, we then find at the critical point
c/U = 0.29(1), in complete accordance with a spin-wave estimate
yielding c/U =p

t/(2U )=0.295 at the QCP. To our knowledge, our
simulations are the first to determine these universal coe�cients.

We now turn to themain result, namely the imaginary-frequency
conductivity in the quantum critical regime, Fig. 1b. It was obtained
by first extrapolating the finite-size data to the thermodynamic
limit, which was facilitated by the fact that much larger system

system sizes were used than previously. Second, we extrapolated to
zero temperature to obtain the universal scaling dependence, the
latter procedure being shown in Fig 2a,b. Both models, although
distinct at the lattice level, show the same conductivity, confirming
the universality of our results. As has been mentioned in the
introduction, to get the observable real-time conductivity one needs
to perform a di�cult analytic continuation. Our main claim is that
holography can be of practical help in this, and below we describe
the crux of the method.

A hand from string theory
We first briefly summarize the holographic computation of � (!/T );
we refer the reader to a number of reviews on AdS/CFT aimed
towards condensed matter applications17–21, and a brief discussion
in the Supplementary Information. The key ingredient in the
calculation is that a current operator in the CFT, Jµ(t , x , y), maps
to a dynamical gauge field in the higher dimensional gravitational
theory, Aµ(t , x , y; r), where r is the coordinate along the extra
dimension, see Fig. 3. The spacetime inwhich the gauge field evolves
is described by the metric:

ds2 = r 2
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where f (r)=1� r 30 /r 3, and L is the radius of AdS4. It asymptotically
tends to AdS4 as r ! 1, and contains a black hole whose event
horizon is located at r = r0. The latter allows a finite temperature
in the boundary CFT, which is in fact determined by the position of
the horizon, r0 =T (4⇡L2/3). Heuristically, the Hawking radiation
emanating from the black hole escapes to r =1 and ‘heats up’ the
boundary, where the CFT exists. The behaviour of the gauge field is
determined by extremizing the action22,23:
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where Fab =@aAb �@bAa is the field strength (roman indices run over
t , x , y and r) and g4 is the bulk gauge coupling, which determines
the T = 0 conductivity of the CFT: � (!/T ! 1) = 1/g 2

4 . Cabcd
is the Weyl tensor, that is, the traceless part of the Riemann
curvature tensor and � a dimensionless coupling. The conductivity
is obtained by solving the modified Maxwell equation associated
with equation (2) for Fourier modes with frequency !. (The spatial
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