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Central ingredients in cuprate phase diagram:

antiferromagnetism, superconductivity, and
change in Fermi surface
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Strong anisotropy of
electronic states between
x and y directions:
Electronic
“Ising-nematic” order
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Quantum criticality of Ising-nematic ordering
p YV
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Fermi surface with full square lattice symmetry
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Quantum criticality of Ising-nematic ordering
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Saturday, March 13, 2010



Quantum criticality of Ising-nematic ordering
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Ising-nematic order parameter

O ~ /d2k (cos ky — cos k) CLJCka

Measures spontaneous breaking of square lattice
point-group symmetry of underlying Hamiltonian
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Quantum criticality of Ising-nematic ordering
p YV

> X

Spontaneous elongation along x direction:
Ising order parameter ¢ > 0.
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Quantum criticality of Ising-nematic ordering
p YV

ah
(o

Spontaneous elongation along y direction:
Ising order parameter ¢ < O.
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Quantum criticality of Ising-nematic order
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Quantum criticality of Ising-nematic ordering
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Phase diagram as a function of 7" and r




Quantum criticality of Pomeranchuk instability

Effective action for Ising order parameter

Sy = /d2a;'d7' [(87@2 +c* (V) + (r —re)op” + u¢4]
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Quantum criticality of Pomeranchuk instability

Effective action for Ising order parameter

Sy = /d2a;'d7' [(87@2 +c* (V) + (r —re)op” + u¢4]

Effective action for electrons:

Ny |
A
Se = [ar > | Y eutreia = Y ticlycia
a=1 1

i< j

A
@ S [ drely (00 + )

a=1 k
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Quantum criticality of Pomeranchuk instability

Coupling between Ising order and electrons

Ny
Spe = —’)//d7'¢ Z Z(COS k. — cos ky)c};acka

a=1 k

for spatially independent ¢

o b
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Quantum criticality of Pomeranchuk instability

Coupling between Ising order and electrons

Ny
Spe = —7 / dt L L ¢q (cos k; — cos ky)c;rﬁq/z,ack_q/g,a

a=1k,q

for spatially dependent ¢
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Quantum criticality of Pomeranchuk instability

Sy = / d°rdr [(0:0)° + 2 (Vo) + (r — re)d” + ug?]

Ny
S, = Z Z/chLa (0r + €K) Cka

a=1 k

Ny
Spe = —7 / dr Z Z Gq (cos k; — cos ky)CL+q/2’aCk_q/2’a

a=1 k.,q

Saturday, March 13, 2010



A ¢ fluctuation at wavevector ¢ couples most efficiently to
fermions near +kq.

Expand fermion kinetic energy at wavevectors about EO
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Theory of Ising-nematic transition




k

L = (¢, —id, — d?) ¢++M (COy +i0, — D) 1b_

— 20 (Wl —ulu) + 5o (0,07 E{i

Theory of a Fermi surface minimally coupled
to an Abelian or non-Abelian gauge field with ¢ ~ A,

(
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Emergent “Galilean invariance” at low energy (s = +):

—is(2 ﬁx
gb(x,y) — ¢($ay + (933)7 %(ﬂi‘ay) — € (2¥+73 )%(ﬂ%y + (9.16)

which implies for the fermion Green’s function

G(Q:ca Qy) — G(SQ:U + C];)
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\ “Hot” Fermi surfaces

Y

Yy

Emergent “Galilean invariance” at low energy (s = +):

Oz, y) — d(x,y + 0x), Vs(z,y) — e “GVETDY (2,9 + Ox)

which implies for the fermion Green’s function
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e (Critical point is described by an infinite set of 241
dimensional field theories, one for each direction q.
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e (Critical point is described by an infinite set of 241
dimensional field theories, one for each direction q.

e Contrast with “Fermi surface bosonization” methods
where there are an infinite set of 1+1 dimensional
field theories, one for each direction q.

>
A

T <—
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e (Critical point is described by an infinite set of 241
dimensional field theories, one for each direction q.

e Contrast with “Fermi surface bosonization” methods
where there are an infinite set of 1+1 dimensional
field theories, one for each direction q.

e Our approach leads to a redundant description of
underlying degrees of freedom. The “Galilean sym-
metry”’ ensures consistency of redundant description.
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® (¢ qy)

z — Kz T Q’iy(q.y - '%y)

qy —  (y — Ry ‘

)
8
|

where k1 = (K, ky) and K, + K = 0.
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d, — dx — Ry + Q/iy(Qy _ “y)

qy —  (y — Ry ‘

where k1 = (K, ky) and K, + K = 0.

Note ¢, + q?’f — qy + qu ensures compatibility

of redundant 241 dimensional field theories.
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e (Critical point is described by an infinite set of 2+1
dimensional field theories, one for each direction q.

e Contrast with “Fermi surface bosonization” methods
where there are an infinite set of 14+1 dimensional
field theories, one for each direction 4.

e Our approach leads to a redundant description of
underlying degrees of freedom. The “Galilean sym-
metry”’ ensures consistency of redundant description.
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e (Critical point is described by an infinite set of 2+1
dimensional field theories, one for each direction q.

e Contrast with “Fermi surface bosonization” methods
where there are an infinite set of 14+1 dimensional
field theories, one for each direction 4.

e Our approach leads to a redundant description of
underlying degrees of freedom. The “Galilean sym-
metry”’ ensures consistency of redundant description.

e Infinite set of 241 dimensional field theories: Does this
imply an “emergent dimension” and is there a direct

connection to AdS/CFT 7
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Wy (COr — 0y — ) Uy + 0L (COr + 0y — 87) 0

1 9 T 2
2 (Oy®)” + §¢

After tuning the single parameter » ~ A — A., and sending
¢ — 0, L describes a critical theory with no coupling constants.
There is a separate copy of this critical theory for each direction
g. This theory has 2 independent exponents z and 7, and the
correlation length and susceptibility exponents are given by

~ ¢ (vley +uly )+

v =1

The fermion and order parameter Green’s functions obey the
scaling forms

G(3,w) = €70y ((qura)€% we) 5 D(Gw) = &7y (g6, w67

We have computed the exponents to three loops, and find z = 3
and n = 0.06824 at this order.
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Leading order fermion Green’s function

® (qx,qy)
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Leading order fermion Green’s function
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Central ingredients in cuprate phase diagram:

antiferromagnetism, superconductivity, and
change in Fermi surface
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Fermi surface+antiferromagnetism

Hole
states
occupied | ™

occupied [T—

T

Electron
\ 7<\ states

+

rm

T'he electron spin polarization obeys

(S(r,7)) = @, )e™

where K is the ordering wavevector.
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Start from the “spin-fermion” model

— / Dc,Dgexp (—S)

0
— /dTZCLa (87‘ 5k> Cko

—)\/dT mgpz

+ / drd*r

B
2

(V,3)" +

OapCiBc

L Co
2

(0, 5)°

ZKI‘Z
S a2 Uy
+2g0 +4g0

Saturday, March 13, 2010



Hole-doped cuprates

< Increasing SDW order

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Hole-doped cuprates

<

Increasing SDW order

ZAN AN
NN

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Hole-doped cuprates

<

Increasing SDW order

ZA AN
NN

Hot spots

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Hole-doped cuprates

< Increasing SDW order
[
NN\ / \
ot I
\\—/} NN 7
El\ectro/n Hot spots
pockets

Fermi surface breaks up at hot spots
into electron and hole “pockets”

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Hole-doped cuprates

< Increasing SDW order

AN IZANIPZAN AN

v NAINAN

Hole Electron HOt SPOtS

pockets pockets

Fermi surface breaks up at hot spots
into electron and hole “pockets”

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Evidence for small Fermi pockets

l L
—

121 A

1 I

Fermi liquid behaviour in an
underdoped high Tc
superconductor

N
L ' L} A

Suchitra E. Sebastian, N. Harrison,
M. M. Altarawneh, Ruixing Liang, D. A. Bonn,
W. N. Hardy, and G. G. Lonzarich

I
L |

Frequency shift (kHz)
o

arXiv:0912.3022

co
L) ' L)

-12 | _.
' A A A A l A A A A l A llllll-

40 44 48 52

FIG. 2: Magnetic quantum oscillations measured in
YBasCuzOgy» with z = 0.56 (after background polynomial
subtraction). This restricted interval in B = |B| furnishes a
dynamic range of ~ 50 dB between T' = 1 and 18 K. The
actual T" values are provided in Fig. 3.
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Theory of underdoped cuprates

<

Increasing SDW order

4

S| ZN TN AN

w\ /

AAY/INV4hYa

Hole
pockets

Electron Hot s POtS

pockets

Fermi surface breaks up at hot spots
into electron and hole “pockets”

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Theory of underdoped cuprates
<——Increasing SDW order

R
]/R[

SR W

Begin with SDW ordered state, and rotate to a frame
polarized along the local orientation of the SDW order ¢

(CA):R<;§+) . R'G-GR=0" ; RIR=1

Cv

H. . Schulz, Physical Review Letters 65,2462 (1990)
B. . Shraiman and E. D. Siggia, Physical Review Letters 61,467 (1988).
J- R. Schrieffer, Journal of Superconductivity 17,539 (2004)
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Theory of underdoped cuprates

21—z .
With R:( ! . > Or J = 2,.048%3

the theory is invariant under

i0_ . —i0 , i0
Za =€ 2oy Pr e TYPL ) P — e Y —
We obtain a U(1) gauge theory of

e bosonic neutral spinons z,;

e spinless, charged fermions 4
with small ‘pocket’ Fermi surfaces;

o an emergent U(1) gauge field A,,.

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, Phys. Rev. B 80, 155129 (2009).
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e Begin with a CFT3: the CP! model.

1

L= 10, — i)zl 5 |zl =1
~
Coulom

~om




e Begin with a CFT3: the CP! model.

1
L=~ —iA)zl |zl =1
.
Antiferromagnetic Spin liquid/
order Valence bond solid
<Zoz> #+ 0 < > =0
Coulom

~om
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e Begin with a CFT3: the CP! model.

e Add “probe” non-relativistic fermions,

g, and g_, with opposite gauge charges

2m
0, 1 /5 N 2
T |
R T 9- (87‘ -y 2m <V+ZA) )g_
e
CFT3

g+
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e Begin with a CFT3: the CP! model.

e Add “probe” non-relativistic fermions,
g, and g_, with opposite gauge charges

e Turn on fermion chemical potential:

o . 1 /= . \2
Lr = 91 <8T 1A — 1 o (V—ZA) >g+

+gi<8 1A — 1 (ﬁ—l—i%f)2>g

Ot 2m

gA

\ /

CFT3

g+
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Complete theory

V. Galitski and S. Sachdev, Phys. Rev. B 79, 134512 (2009).
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e Begin with a CFT3: the CP! model.

e Add “probe” non-relativistic fermions,
g, and g_, with opposite gauge charges

e Turn on fermion chemical potential:

0 , 1 /= 2
Ly = g\ (aT iAr —p— 5 (V—@A) )g+

™m

+gi<8 1A — 1 (ﬁ—l—i%f)2>g

Ot 2m

gA

\ /

CFT3

g+
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e Begin with a CFT3: the CP! model.

e Add “probe” non-relativistic fermions,
g, and g_, with opposite gauge charges

e Turn on fermion chemical potential:
leads to a marginal Fermi liquid of g+ (not electrons)

KG(E w) = ! \
| w—vp(lk| — kp) + cwlln(jw]) + irsgn(w)]

J

N 55 S .
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e Begin with a CFT3: the CP! model.

e Add “probe” non-relativistic fermions,
g, and g_, with opposite gauge charges

e Turn on fermion chemical potential:
leads to a marginal Fermi liquid of g+ (not electrons)

e Low T state is a superconductor

with (g+g9-) = A #0

E

N 55 S .

Saturday, March 13, 2010



(Why is the pairing d-wave ?J

Electron cy,, L % x

spinless fermion g4+

S
Electron ¢y, x /
spinless fermion g4 ‘\
Focus on pairing near (m,0), , Where 11 = g4,

and the electron operators are
€11 — R 9+ €27 — R 9+
C1] “\ g C2| “\ g
R, = ol _ZI :
? z) 2%
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(Why is the pairing d-wave ?J

Electron cy,, L % x

spinless fermion g4+

S
Electron ¢y, x /
spinless fermion g4 ‘\
Focus on pairing near (m,0), , Where 11 = g4,

and the electron operators are
€11 — R 9+ €27 — R 9+
C1| “\ g C2| "\ ©9-
R, = ol _ZI :
? z) 2%
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(Why is the pairing d-wave ?)

Fluctuating pocket theory for
electrons near (0,7) and (,0)

Attractive gauge forces lead to simple s-wave pairing of the g+

(9+9-) = A

For the physical electron operators, this pairing implies

(cirer)) = A(|zal?)
(carc2)) —A ([za]?)

i.e. d-wave pairing !

R. K. Kaul, M. Metlitksi, S. Sachdev, and Cenke Xu, Phys. Rev. B 78,0451 10 (2008).
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T=0 Phase diagram

L, = %|(8M — iAM)ZaP ; |Zoé|2 —1
Antiferromagnetic Spin liquid/
order Valence bond solid
<Zoz> #+ 0 <Zoz> =0

‘\[CFTS gl




T=0 Phase diagram

1
L.=—[0y — iAu)ZozF 2l =1
/y
0 1 /= . \2
br = 1(5‘“‘ ‘“‘%(V—@A))%
0 1 /= 2 2
T Y . B - .
T9- (87‘ Tidr —p 2m (V+ZA) )g

d-wave superconductivity

Antiferromagnetic Spin liquid/
order Valence bond solid
<Zoz> #+ 0 <Zoz> =0

E. G. Moon and S. Sachdev, Phy. Rev. B 80, 035117 (2009)

v
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T=0 Phase diagram

1
L.=—[0y — iAu)ZozF 2l =1
/y
0 1 /= . \2
br = 1(5‘“‘ ‘“‘%(V—@A))%
0 1 /= 2 2
T Y . B - .
T9- (87‘ Tidr —p 2m (V+ZA) )g

d-wave superconductivity

Antiferromagnetic Spin liquid/
order Valence bond solid
<Zoz> #+ 0 <Zoz> =0

E. G. Moon and S. Sachdev, Phy Rev B 80, 035117 (2009)

v
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T=0 Phase diagram

Competition between antiferromagnetism and
superconductivity shrinks region of
antiferromagnetic order: feedback of
“probe fermions” on CFT is important

d-wave superconductivity

Antiferromagnetic
order

(za) # 0

. ———— e

———{CFT3

E. G. Moon and S. Sachdev, Phy. Rev. B 80,

Ve

035117

Spin liquid/
Valence bond solid
(2a) =0

v
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Theory of quantum criticality in the cuprates

N 4
T s ‘
ik . y
\ Strange ,/
\
Fluctuating, .  Metal , ]
paired Fermi \ ,' arge
pockets ' Ferm
3 surface
d-wave
Magnetic
quantum  SUperconductor
Thermally® criticality L
fluctuating ! - -
sbw ' _ 7 Spingap ;
€D m—) x

(Spin density wave (SDW))

V. Galitski and
S. Sachdev, Phys.
Rev. B79, 134512
(2009).

E. G. Moon and
S. Sachdev, Phys.
Rev. B80, 035117
(2009)

\_

[ Competition between SDW order and superconductivity
moves the actual quantum critical point to x = x4, < x,,.

~

J
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Theory of quantum criticality in the cuprates

S
/
N
T T° ¢
\ /
\ Strange ,/
\
Fluctuating, \ Metal — -
paired Fermi | T - hys.
pockets N el 84512
Clasf;rl]cal \ l t[r)g):;
. UV EE b
d-w hys.
Magnetic
quantum SU per [Neel order ) poL17
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Similar phase diagram for CeRhlns
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Similar phase diagram for the pnictides
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Conclusions

Theory of Ising-nematic ordering in a two-
dimensional metal:
line singularities in momentum space, and an

emergent dimension: 2+ | dimensional field
theories labeled by points on the Fermi
surface
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Conclusions

Gauge theory for pairing of Fermi pockets in a
metal with fluctuating spin density wave order:

Many qualitative similarities to holographic
strange metals and superconductors
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