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Central ingredients in cuprate phase diagram: 
antiferromagnetism, superconductivity, and 

change in Fermi surface

Strange
Metal
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Strong anisotropy of 
electronic states between 
x and y directions:

Electronic 
“Ising-nematic” order
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Broken rotational symmetry 
in the pseudogap phase of a 
high-Tc superconductor
R. Daou, J. Chang, David LeBoeuf, Olivier Cyr-
Choiniere, Francis Laliberte, Nicolas Doiron-
Leyraud, B. J. Ramshaw, Ruixing Liang, 
D. A. Bonn, W. N. Hardy,  and Louis Taillefer
Nature, 463, 519 (2010).
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Fermi surface with full square lattice symmetry

Quantum criticality of Ising-nematic ordering

x

y
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Spontaneous elongation along x direction:
Ising order parameter φ > 0.
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y
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Spontaneous elongation along y direction:
Ising order parameter φ < 0.

Quantum criticality of Ising-nematic ordering
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Ising-nematic order parameter

φ ∼
�

d2k (cos kx − cos ky) c†kσckσ

Measures spontaneous breaking of square lattice

point-group symmetry of underlying Hamiltonian
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Spontaneous elongation along y direction:
Ising order parameter φ < 0.

Quantum criticality of Ising-nematic ordering
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Phase diagram as a function of coupling r

�φ� = 0�φ� �= 0

Quantum criticality of Ising-nematic order
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T

Phase diagram as a function of T and r

T ∗ ?

�φ� = 0

Quantum
critical

�φ� �= 0
rrc

TI-n

Strange
Metal ?

Quantum criticality of Ising-nematic ordering
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Quantum criticality of Pomeranchuk instability

Effective action for Ising order parameter

Sφ =
�

d2xdτ
�
(∂τφ)2 + c2(∇φ)2 + (r − rc)φ2 + uφ4

�
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Quantum criticality of Pomeranchuk instability

Effective action for electrons:

Sc =
�

dτ

Nf�

α=1




�

i

c†iα∂τ ciα −
�

i<j

tijc
†
iαciα





≡
Nf�

α=1

�

k

�
dτc†kα (∂τ + εk) ckα

Effective action for Ising order parameter

Sφ =
�

d2xdτ
�
(∂τφ)2 + c2(∇φ)2 + (r − rc)φ2 + uφ4

�
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Quantum criticality of Pomeranchuk instability

�φ� > 0 �φ� < 0

Coupling between Ising order and electrons

Sφc = − γ

�
dτ φ

Nf�

α=1

�

k

(cos kx − cos ky)c†kαckα

for spatially independent φ
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Quantum criticality of Pomeranchuk instability

�φ� > 0 �φ� < 0

Coupling between Ising order and electrons

Sφc = − γ

�
dτ

Nf�

α=1

�

k,q

φq (cos kx− cos ky)c†k+q/2,αck−q/2,α

for spatially dependent φ
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Quantum criticality of Pomeranchuk instability

Sc =
Nf�

α=1

�

k

�
dτc†kα (∂τ + εk) ckα

Sφc = − γ

�
dτ

Nf�

α=1

�

k,q

φq (cos kx− cos ky)c†k+q/2,αck−q/2,α

Sφ =
�

d2rdτ
�
(∂τφ)2 + c2(∇φ)2 + (r − rc)φ2 + uφ4

�
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A φ fluctuation at wavevector �q couples most efficiently to
fermions near ±�k0.

Expand fermion kinetic energy at wavevectors about �k0
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L = ψ†
+

�
ζ∂τ − i∂x − ∂2

y

�
ψ+ + ψ†

−
�
ζ∂τ + i∂x − ∂2

y

�
ψ−

− λφ
�
ψ†

+ψ+ + ψ†
−ψ−

�
+

1
2g

(∂yφ)2 +
r

2
φ2

Theory of Ising-nematic transition
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+

�
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y
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ψ+ + ψ†

−
�
ζ∂τ + i∂x − ∂2

y

�
ψ−

− λφ
�
ψ†

+ψ+ − ψ†
−ψ−

�
+

1
2g

(∂yφ)2 +
r

2
φ2

Theory of a Fermi surface minimally coupled
to an Abelian or non-Abelian gauge field with φ ∼ Ax
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Emergent “Galilean invariance” at low energy (s = ±):

φ(x, y)→ φ(x, y + θx), ψs(x, y)→ e−is( θ
2 y+ θ2

4 x)ψs(x, y + θx)

which implies for the fermion Green’s function

G(qx, qy) = G(sqx + q2
y).

Every point on the Fermi surface sqx+q2
y = 0 has the same

singularity: “Hot Fermi surface”.
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Emergent “Galilean invariance” at low energy (s = ±):

φ(x, y)→ φ(x, y + θx), ψs(x, y)→ e−is( θ
2 y+ θ2

4 x)ψs(x, y + θx)

which implies for the fermion Green’s function

G(qx, qy) = G(sqx + q2
y).

Line of singularities in momentum space
on the “hot” Fermi surface sqx + q2

y = 0.

“Hot” Fermi surfaces
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• Critical point is described by an infinite set of 2+1

dimensional field theories, one for each direction q̂.

• Contrast with “Fermi surface bosonization” methods

where there are an infinite set of 1+1 dimensional

field theories, one for each direction q̂.

• Our approach leads to a redundant description of

underlying degrees of freedom. The “Galilean sym-

metry” ensures consistency of redundant description.
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P(qx, qy)
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P(q�
x, q�

y)

q�
x = qx − κx + 2κy(qy − κy)

q�
y = qy − κy ,

where �k1 = (κx, κy) and κx + κ2
y = 0.
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y)

q�
x = qx − κx + 2κy(qy − κy)

q�
y = qy − κy ,

where �k1 = (κx, κy) and κx + κ2
y = 0.

Note q�
x + q�2

y = qx + q2
y: ensures compatibility

of redundant 2+1 dimensional field theories.
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L = ψ†
+

�
ζ∂τ − i∂x − ∂2

y

�
ψ+ + ψ†

−
�
ζ∂τ + i∂x − ∂2

y

�
ψ−

− λφ
�
ψ†

+ψ+ + ψ†
−ψ−

�
+

1
2g

(∂yφ)2 +
r

2
φ2

After tuning the single parameter r ∼ λ − λc, and sending
ζ → 0, L describes a critical theory with no coupling constants.
There is a separate copy of this critical theory for each direction
q̂. This theory has 2 independent exponents z and η, and the
correlation length and susceptibility exponents are given by

ν =
1

z − 1
; γ = 1

The fermion and order parameter Green’s functions obey the
scaling forms

G(�q,ω) = ξ2−ηΦψ

�
(qx+q2y)ξ

2,ωξz
�

; D(�q,ω) = ξz−1Φφ

�
qyξ,ωξ

z
�

We have computed the exponents to three loops, and find z = 3
and η = 0.06824 at this order.
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G(�q, ω) =
1

ω − qx − q2y +
ic

N
ω2/3

P(qx, qy)

Leading order fermion Green’s function

Saturday, March 13, 2010



P(qx, qy)

Leading order fermion Green’s function

G(�q,ω) =
1

ω − vF (|�k|− kF ) +
ic

N
ω2/3

|�k|− kF
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Γ Γ

Central ingredients in cuprate phase diagram: 
antiferromagnetism, superconductivity, and 

change in Fermi surface

Strange
Metal
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Fermi surface+antiferromagnetism

Γ

Hole 
states 

occupied

Electron 
states 

occupied

Γ

The electron spin polarization obeys
�

�S(r, τ)
�

= �ϕ(r, τ)eiK·r

where K is the ordering wavevector.

+
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Start from the “spin-fermion” model

Z =
�
DcαD�ϕ exp (−S)

S =
�

dτ
�

k

c†kα

�
∂

∂τ
− εk

�
ckα

− λ

�
dτ

�

i

c†iα�ϕi · �σαβciβeiK·ri

+
�

dτd2r

�
1
2

(∇r �ϕ)2 +
�ζ
2

(∂τ �ϕ)2 +
s

2
�ϕ2 +

u

4
�ϕ4

�
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Increasing SDW order

ΓΓΓ

S. Sachdev, A. V. Chubukov, and A. Sokol, Phys. Rev. B 51, 14874 (1995). 
A. V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).

Γ

Hole 
pockets

Electron 
pockets

Hole-doped cuprates
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arXiv:0912.3022

Fermi liquid behaviour in an 
underdoped high Tc 
superconductor

Suchitra E. Sebastian, N. Harrison, 
M. M. Altarawneh, Ruixing Liang, D. A. Bonn, 
W. N. Hardy, and G. G. Lonzarich

Evidence for small Fermi pockets
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Increasing SDW order

ΓΓΓ Γ

Hot spots

Theory of underdoped cuprates

Begin with SDW ordered state, and rotate to a frame
polarized along the local orientation of the SDW order �̂ϕ

�
c↑
c↓

�
= R

�
ψ+

ψ−

�
; R† �̂ϕ · �σR = σz ; R†R = 1

H. J. Schulz, Physical Review Letters 65, 2462 (1990)
B. I. Shraiman and E. D. Siggia, Physical Review Letters 61, 467 (1988).

J. R. Schrieffer, Journal of Superconductivity 17, 539 (2004)
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Theory of underdoped cuprates

With R =
�

z↑ −z∗↓
z↓ z∗↑

�
or �̂ϕ = z∗α�σαβzβ

the theory is invariant under

zα → eiθzα ; ψ+ → e−iθψ+ ; ψ− → eiθψ.−

We obtain a U(1) gauge theory of

• bosonic neutral spinons zα;

• spinless, charged fermions ψ±
with small ‘pocket’ Fermi surfaces;

• an emergent U(1) gauge field Aµ.

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, Phys. Rev. B 80, 155129 (2009).
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CFT3

• Begin with a CFT3: the CP1 model.

γγc

Lz =
1

γ
|(∂µ − iAµ)zα|2 ; |zα|2 = 1

Higgs Coulomb
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Antiferromagnetic
order

�zα� �= 0

Spin liquid/
Valence bond solid

�zα� = 0

CFT3

• Begin with a CFT3: the CP1 model.

γγc

Lz =
1

γ
|(∂µ − iAµ)zα|2 ; |zα|2 = 1

Higgs Coulomb
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• Begin with a CFT3: the CP1 model.

• Add “probe” non-relativistic fermions,
g+ and g−, with opposite gauge charges

�k

ε

CFT3

g+

Lf = g†+

�
∂

∂τ
− iAτ − 1

2m

�
�∇− i �A

�2
�
g+

+ g†−

�
∂

∂τ
+ iAτ − 1

2m

�
�∇+ i �A

�2
�
g−
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• Begin with a CFT3: the CP1 model.

• Add “probe” non-relativistic fermions,
g+ and g−, with opposite gauge charges

�k

ε

CFT3

g+

• Turn on fermion chemical potential:
leads to a marginal Fermi liquid

µ

Lf = g†+

�
∂

∂τ
− iAτ − µ− 1

2m

�
�∇− i �A

�2
�
g+

+ g†−

�
∂

∂τ
+ iAτ − µ− 1

2m

�
�∇+ i �A

�2
�
g−
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Lf = g†+

�
∂

∂τ
− iAτ − µ− 1

2m

�
�∇− i �A

�2
�
g+

+ g†−

�
∂

∂τ
+ iAτ − µ− 1

2m

�
�∇+ i �A

�2
�
g−

Complete theory

Lz =
1

γ
|(∂µ − iAµ)zα|2 ; |zα|2 = 1

L = Lz + Lf

V. Galitski and S. Sachdev, Phys. Rev. B 79, 134512 (2009).
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• Begin with a CFT3: the CP1 model.

• Add “probe” non-relativistic fermions,
g+ and g−, with opposite gauge charges

�k

ε

CFT3

g+

µ

• Turn on fermion chemical potential:
leads to a marginal Fermi liquid of g± (not electrons)

Lf = g†+

�
∂

∂τ
− iAτ − µ− 1

2m

�
�∇− i �A

�2
�
g+

+ g†−

�
∂

∂τ
+ iAτ − µ− 1

2m

�
�∇+ i �A

�2
�
g−
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• Begin with a CFT3: the CP1 model.

• Add “probe” non-relativistic fermions,
g+ and g−, with opposite gauge charges

�k

ε

CFT3

g+

µ

G(�k, ω) =
1

ω − vF (|�k| − kF ) + c ω[ln(|ω|) + iπsgn(ω)]

g±

• Turn on fermion chemical potential:
leads to a marginal Fermi liquid of g± (not electrons)
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• Turn on fermion chemical potential:
leads to a marginal Fermi liquid of g± (not electrons)

• Begin with a CFT3: the CP1 model.

• Add “probe” non-relativistic fermions,
g+ and g−, with opposite gauge charges

�k

ε

g+

CFT3

g−

• Low T state is a superconductor
with �g+g−� = ∆ �= 0

∆
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Increasing SDW order

Γ

Focus on pairing near (π, 0), (0, π), where ψ± ≡ g±,
and the electron operators are

�
c1↑
c1↓

�
= Rz

�
g+

g−

�
;

�
c2↑
c2↓

�
= Rz

�
g+

−g−

�

Rz ≡
�

z↑ −z∗↓
z↓ z∗↑

�
.

Electron c1α,
spinless fermion g±

Electron c2α,
spinless fermion g±

Why is the pairing d-wave ?
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Fluctuating pocket theory for
electrons near (0, π) and (π, 0)

Attractive gauge forces lead to simple s-wave pairing of the g±

�g+g−� = ∆

For the physical electron operators, this pairing implies

�c1↑c1↓� = ∆
�
|zα|2

�

�c2↑c2↓� = −∆
�
|zα|2

�

i.e. d-wave pairing !

Why is the pairing d-wave ?

R. K. Kaul, M. Metlitksi, S. Sachdev,  and Cenke Xu, Phys. Rev. B 78, 045110 (2008).
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Antiferromagnetic
order

�zα� �= 0

Spin liquid/
Valence bond solid

�zα� = 0

CFT3 γγc

Lz =
1

γ
|(∂µ − iAµ)zα|2 ; |zα|2 = 1

T=0 Phase diagram

Higgs Coulomb
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Antiferromagnetic
order

�zα� �= 0

Spin liquid/
Valence bond solid

�zα� = 0

CFT3 γγc

Lz =
1

γ
|(∂µ − iAµ)zα|2 ; |zα|2 = 1

T=0 Phase diagram

Lf = g†+

�
∂

∂τ
− iAτ − µ− 1

2m

�
�∇− i �A

�2
�
g+

+ g†−

�
∂

∂τ
+ iAτ − µ− 1

2m

�
�∇+ i �A

�2
�
g−

d-wave superconductivity

E. G. Moon and S. Sachdev, Phy. Rev. B 80, 035117 (2009)
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Antiferromagnetic
order

�zα� �= 0

Spin liquid/
Valence bond solid

�zα� = 0

CFT3 γγc

T=0 Phase diagram

d-wave superconductivity

Competition between antiferromagnetism and 
superconductivity shrinks region of 

antiferromagnetic order: feedback of 
“probe fermions” on CFT is important

E. G. Moon and S. Sachdev, Phy. Rev. B 80, 035117 (2009)
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Small Fermi
pockets with 

pairing fluctuations
Large
Fermi

surface

Strange
Metal

Magnetic
quantum
criticality

Spin density wave (SDW)

Spin gap

Thermally
fluctuating

SDW

d-wave
superconductor

Theory of quantum criticality in the cuprates

Competition between SDW order and superconductivity
moves the actual quantum critical point to x = xs < xm.

Fluctuating, 
paired Fermi

pockets

T*

V. Galitski and
S. Sachdev, Phys.
Rev. B 79, 134512
(2009).

E. G. Moon and
S. Sachdev, Phys.
Rev. B 80, 035117
(2009)
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Small Fermi
pockets with 

pairing fluctuations
Large
Fermi

surface

Strange
Metal

Magnetic
quantum
criticality

Spin density wave (SDW)

Spin gap

Thermally
fluctuating

SDW

d-wave
superconductor

Theory of quantum criticality in the cuprates

Competition between SDW order and superconductivity
moves the actual quantum critical point to x = xs < xm.

Fluctuating, 
paired Fermi

pockets

T*

V. Galitski and
S. Sachdev, Phys.
Rev. B 79, 134512
(2009).

E. G. Moon and
S. Sachdev, Phys.
Rev. B 80, 035117
(2009)

Criticality of the coupled 
dimer antiferromagnet at x=xs

Classical
spin

waves

Dilute
triplon

gas

Quantum
critical

Neel order
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Small Fermi
pockets with 

pairing fluctuations
Large
Fermi

surface

Strange
Metal

Magnetic
quantum
criticality

Spin density wave (SDW)

Spin gap

Thermally
fluctuating

SDW

d-wave
superconductor

Theory of quantum criticality in the cuprates

Competition between SDW order and superconductivity
moves the actual quantum critical point to x = xs < xm.

Criticality of the topological 
change in Fermi surface at x=xm

Fluctuating, 
paired Fermi

pockets

Increasing SDW orderIncreasing SDW order

T*

V. Galitski and
S. Sachdev, Phys.
Rev. B 79, 134512
(2009).

E. G. Moon and
S. Sachdev, Phys.
Rev. B 80, 035117
(2009)
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Small Fermi
pockets with 

pairing fluctuations
Large
Fermi

surface

Strange
Metal

Magnetic
quantum
criticality

Spin density wave (SDW)

Spin gap

Thermally
fluctuating

SDW

d-wave
superconductor

V. Galitski and
S. Sachdev, Phys.
Rev. B 79, 134512
(2009).

E. G. Moon and
S. Sachdev, Phys.
Rev. B 80, 035117
(2009)

Theory of quantum criticality in the cuprates

Fluctuating, 
paired Fermi

pockets

Physics of competition: d-wave SC and SDW
“eat up” same pieces of the large Fermi surface.

T*
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H

SC

M
"Normal"

(Large Fermi
surface)

SDW
(Small Fermi

pockets)

SC+
SDW

Small Fermi
pockets with 

pairing fluctuations
Large
Fermi

surface

Strange
Metal

d-wave
SC

T

Tsdw

Fluctuating, 
paired Fermi

pockets

T*

E. Demler, S. Sachdev
and Y. Zhang, Phys.
Rev. Lett. 87,
067202 (2001).

E. G. Moon and
S. Sachdev, Phy.
Rev. B 80, 035117
(2009)
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H

SC

M
"Normal"

(Large Fermi
surface)

SDW
(Small Fermi

pockets)

SC+
SDW

Small Fermi
pockets with 

pairing fluctuations
Large
Fermi

surface

Strange
Metal

d-wave
SC

T

Tsdw

R. K. Kaul, M. Metlitksi, S. Sachdev, 
and Cenke Xu, 
Physical Review B 78, 045110 (2008).

Fluctuating, 
paired Fermi

pockets

Onset of 
superconductivity 

disrupts SDW 
order, but 

VBS/CDW/
Ising-nematic 
ordering can 

survive

VBS/CDW and/or
Ising-nematic order

TI-n
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G. Knebel, D. Aoki, and J. Flouquet, arXiv:0911.5223

Similar phase diagram for CeRhIn5
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Similar phase diagram for the pnictides

Ishida, Nakai, and Hosono
arXiv:0906.2045v1
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AFM Ort/

Tet

S. Nandi, M. G. Kim, A. Kreyssig, R. M. Fernandes, D. K. Pratt, 
A. Thaler, N. Ni, S. L. Bud'ko, P. C. Canfield, J. Schmalian, 
R. J. McQueeney, A. I. Goldman, arXiv:0911.3136.
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Conclusions

Theory of Ising-nematic ordering in a two-
dimensional metal: 

line singularities in momentum space, and an 
emergent dimension: 2+1 dimensional field 

theories labeled by points on the Fermi 
surface
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Conclusions

Gauge theory for pairing of Fermi pockets in a 
metal with fluctuating spin density wave order: 

Many qualitative similarities to holographic 
strange metals and superconductors
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