
1. Review of Fermi liquid theory
    Topological argument for the Luttinger theorem

2. Fractionalized Fermi liquid
     A Fermi liquid co-existing with topological order
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3. Quantum matter without quasiparticles
(A) A mean-field model of a non-Fermi liquid, and 

charged black holes
(B) Field theory of a non-Fermi liquid (Ising-nematic 

quantum critical point)
(C) Theory of transport in strange metals: application to 

the (less) strange metal in graphene
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Quasiparticle transport in metals:

Phonons

Electrons

• Compute the scattering rate of charged quasiparti-

cles o↵ phonons: this leads to Bloch’s law (1930) : a

resistivity ⇢(T ) ⇠ T 5
.
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However, this ignores  
“phonon drag”
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Hydrodynamics of Quantum Electron Fluids 4

Fermi “Liquids”

I old metallic theory: nearly free streaming quasiparticles
(Fermi “liquid”)

I typical time scales:
tee � timp

I (quantum) kinetic description of transport:

@f

@t
+ v · @f

@x

+ F · @f

@p

= �C[f ]

and a nearly universal prediction:

� ⇠ T�2

I but � ⇠ T�2 violated in many experiments...
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Hydrodynamics at Quantum Criticality

tee ⇠ �
kBT

⇠ 10�13 s (T = 100 K) T

0 g � gc

quantum critical

I quantum criticality in experiments:

II. EXPERIMENTAL

Single crystals of BaFe2!As1−xPx"2 were grown from stoi-
chiometric mixtures of Ba !flakes", and FeAs, Fe, P, or FeP
!powders" placed in an alumina crucible, sealed in an evacu-
ated quartz tube. It was heated up to 1150–1200 °C, kept for
12 h, and then cooled slowly down to #800 °C at the rate of
1.5 °C /h. Platelet crystals with shiny !001" surface were ex-
tracted $inset of Fig. 1!c"%. x values were determined by an
energy dispersive x-ray analyzer.

Transport measurements were performed using an ac-
resistance bridge !LR-700, Linear Research Inc." or a nano-
voltmeter !Model 2182A/6221, Keithley" equipped with
Delta mode. For Hall/magnetoresistance measurements, we
took data by sweeping positive and negative magnetic fields
up to 5/14 T generated by a superconducting magnet at each
temperature. The Hall coefficient RH is defined as the field
derivative of Hall resistivity !xy, RH&d!xy /dH, at "0H
!0 T.15 Band structure was calculated by density-
functional theory implemented in the WIEN2K code.16

III. RESULTS AND DISCUSSION

Figures 1!a" and 1!b" show the in-plane resistivity !xx!T"
in zero field below 300 K and 100 K, respectively. An
anomaly in !xx!T" in the parent BaFe2As2 at T0=137 K cor-
responds to the structural and simultaneous SDW transitions
!T0=TSDW", consistent with the previous studies.17,18 With

increasing x, the anomaly is replaced by a step like increase
at T0, followed by a sharp peak at TSDW. The increase in x
suppresses these anomalies toward lower temperatures. At
the same time, the resistivity shows a drop at lower tempera-
tures and zero resistivity is attained at x#0.20, indicating a
coexistence of SDW and superconductivity. The coexistence
is observed up to x=0.28 and no anomaly associated with the
SDW transition is observed for x#0.33. As shown in Fig.
1!c", the crystals exhibit a very narrow superconducting tran-
sition width !$Tc%0.4 K for x=0.33". dc magnetization,
M!T", recorded for zero-field-cooling process shows fully
shielded Meissner signal. Specific heat of a single crystal
from the same batch also shows sharp jump at Tc, indicating
excellent quality of our crystals.19,20

Figure 1!d" depicts the temperature dependence of the
Hall coefficient RH at various doping levels. RH is negative,
indicating the dominant contribution of electrons. For x
&0.14, with decreasing temperature 'RH' jumps to higher
values at TSDW, indicating a reduction in carriers due to the
development of SDW gap in the Fermi surface. RH is
strongly temperature dependent even in the nonmagnetic
phase.

Figure 2!c" displays the T-x phase diagram of the
BaFe2!As1−xPx"2 system obtained in the present study. TSDW
decreases rapidly with x. At 0.14'x'0.30, both the SDW
and superconducting transitions are observed, suggesting that
the superconductivity may not have a bulk character. In the
vicinity of x(0.30, the SDW transition disappears suddenly
and a rapid growth of bulk superconductivity appears. The
superconducting transition shows a maximum Tc=31 K at
x=0.26 and further increase in x leads to the reduction in Tc.
The obtained phase diagram bears striking resemblance to
that of the pressure dependence of BaFe2As2,21 indicating
that the isovalent substitution of P for As is identical to the
pressure effect. In fact, the lattice constants as well as the
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FIG. 1. !Color online" !a" !xx!T" curves of BaFe2!As1−xPx"2 in
zero field. !b" The same data below 100 K. !c" !xx!T" and dc-
magnetization curve, M!T", measured by superconducting quantum
interference device magnetometer, recorded for zero-field-cooling
process for a x=0.33 crystal. For M!T", a small magnetic field !3
Oe" is applied along the c axis. The inset is a photograph of the
!001" surface of a single crystal. !d" T dependence of the Hall
coefficient RH!T" for various doping levels.
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FIG. 2. !Color" !a" Lattice constants determined from x-ray as a
function of x. !b" The z coordinate of pnictogen atoms in the unit
cell zPn and the pnictogen height from the iron plane hPn= !zPn
−0.25"(c. !c" Phase diagram of BaFe2!As1−xPx"2 against the P
content x. The open triangles show the structural transition at T0.
The closed black circles show TSDW, where the resistivity show
reductions due to the reduced spin scattering at the SDW transition.
The onset of superconductivity, Tc

on, and the zero resistivity tem-
perature, Tc

zero, are displayed as open red and closed blue squares.
Colors in the nonmagnetic normal state represent evolution of the
exponent ) in resistivity fitted by Eq. !1".

KASAHARA et al. PHYSICAL REVIEW B 81, 184519 !2010"

184519-2

strange metal
superfluid-insulator

(cold atoms) graphene

I hydrodynamic behavior of electrons in very clean system
with vFtee ⌧ limp; vFtee ⇠ 100 nm (graphene)
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I

V

V = IR R ⇠ 1

�

I more generally, measure thermoelectric transport:
✓

�J
i

�Q
i

◆
=

✓
�

ij

↵
ij

T ↵̄
ij

̄
ij

◆✓
�E

j

�@
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�T ⌘ T �⇣
j

◆
.

I � = easy experiment; related to QFT correlators:

�
ij

(!) =
i

!
hJ

i

(�!)J
j

(!)i, etc.



Thermoelectric transport coefficients

Obtained in hydrodynamics, holography, and
by memory functions

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)

� =
Q2

M ⇡�(!) + �Q(!)

↵ =
SQ
M ⇡�(!) + ↵Q(!)

̄ =
TS2

M ⇡�(!) + ̄Q(!)

Transport has two components: a “momentum drag” term, 
and a “quantum critical” term.

with entropy density S, Q ⌘ �J
x

,P
x

, and M ⌘ �P
x

,P
x

.
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and a “quantum critical” term.

with entropy density S, Q ⌘ �J
x

,P
x

, and M ⌘ �P
x

,P
x

.

In theories which are relativistic at high energies

(including graphene), T↵Q(!) = �µ�Q(!), T ̄Q(!) =
µ2�Q(!), M = TS + µQ = H the enthalpy den-

sity, and Q = n the electron density



� =
Q2

M
1

(�i! + 1/⌧)
+ �Q(!)

↵ =
SQ
M

1

(�i! + 1/⌧)
+ ↵Q(!)

̄ =
TS2

M
1

(�i! + 1/⌧)
+ ̄Q(!)

Thermoelectric transport coefficients

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)

Transport has two components: a “momentum drag” term, 
and a “quantum critical” term.

Momentum relaxation by an external source h coupling to the operator O

H = H0 �
Z

ddxh(x)O(x).

M
⌧

= lim

!!0

Z
ddq |h(q)|2q2x

Im

�
GR

OO(q,!)
�
H0

!
+ higher orders in h



Thermoelectric transport coefficients

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)

Transport has two components: a “momentum drag” term, 
and a “quantum critical” term.

�
xx

=
(⌧�1 � i!)M�

Q

+Q2 +B2�2
Q

Q2B2 + ((⌧�1 � i!)M+B2�
Q

)2
M

✓
1

⌧
� i!

◆
,

�
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=
2(⌧�1 � i!)M�

Q

+Q2 +B2�2
Q

Q2B2 + ((⌧�1 � i!)M+B2�
Q

)2
BQ.

Electrical and thermal magnetotransport 
in a magnetic field B with no additional parameters

(assuming �Q is field-independent)



Thermoelectric transport coefficients
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Electrical and thermal magnetotransport with no additional parameters
(assuming �Q is field-independent)

M. Blake and A. Donos, PRL 114, 021601 (2015)

Blake and Donos: With �Q ⇠ 1/T and ⌧ ⇠ 1/T 2, we obtain �xx ⇠ 1/T
and tan(✓H) = �xy/�xx ⇠ 1/T 2, in agreement with data on cuprates
(Ong, PRL 1991); such data cannot be explained in a quasiparticle model.
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Beyond Perturbation Theory 23

Summary

hydrodynamics

memory matrix holography

universal constraints on transport

appropriate microscopics 
for cuprates

few conserved quantities

perturbative  
limit

long time dynamics; 
“renormalized IR fluid”  

emerges

matrix large N theory; 
non-perturbative computations

[Lucas JHEP]

[Lucas 1506]
[Donos, Gauntlett 1506]

[Lucas, Sachdev PRB]

[Forster ’70s]

[Hartnoll, others]

figure from [Lucas, Sachdev, Physical Review B91 195122 (2015)]
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Hydrodynamics of Quantum Electron Fluids 6

Relativistic Hydrodynamics

I hydrodynamics when l � lee, t � tee

I long time dynamics governed by conservation laws:

@
⌫

Tµ⌫ = J
⌫

�
F ext

�
µ⌫

, @
µ

Jµ = 0.

dynamics of relaxation to equilibrium

I expand Tµ⌫ , Jµ in perturbative parameter lee@µ

:

T

µ⌫ = P⌘

µ⌫ + (✏ + P )uµ

u

⌫ � 2Pµ⇢P⌫�

⌘@

(⇢

u

�)

� Pµ⌫

✓
⇣ � 2⌘

d

◆
@

⇢

u

⇢ + · · · ,

J

µ = Qu

µ � �qPµ⇢

⇣
@

⇢

µ � µ

T

@

⇢

T � u

⌫

F

ext

⇢⌫

⌘
+ · · · ,

Pµ⌫ ⌘ ⌘

µ⌫ + u

µ

u

⌫

,

Q

i = J

i � µT

ti

I quantum physics ! values of P , �q, etc...

[Hartnoll, Kovtun, Müller, Sachdev, Physical Review B76 144502 (2007)]

Determines M, ↵Q, and Q in terms of �Q and P .
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Generalized Drude (HKMS) Model

mean field treatment of translational symmetry breaking:
[Hartnoll, Kovtun, Müller, Sachdev, Physical Review B76 144502 (2007)]

@
µ

Tµi = �T it

⌧
+ QE

i

.

“constitutive relations”: T it = Mvi

J i = �qEi + Qvi:

�(!) = �q +
Q2⌧

M(1 � i!⌧)
.



Thermoelectric transport coefficients

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)

Transport has two components: a “momentum drag” term, 
and a “quantum critical” term.

�
xx

=
(⌧�1 � i!)M�

Q

+Q2 +B2�2
Q

Q2B2 + ((⌧�1 � i!)M+B2�
Q

)2
M

✓
1

⌧
� i!

◆
,

�
xy

=
2(⌧�1 � i!)M�

Q
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Q

Q2B2 + ((⌧�1 � i!)M+B2�
Q

)2
BQ.

Hydrodynamic equations yield B dependence of 
magnetotransport with no additional parameters

(assuming �Q is field-independent)
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Operator Formalism

I � parametrically big in perturbation theory!

I memory functions: keep small subset of operators A:

�
AB

= �
AC

m�1
CD

�
DB

, m = small!

I m takes the generic form:

m = M + N � i!�

neglected DOFs included DOFs

[Zwanzig, Journal of Chemical Physics 33 1338 (1960)]

[Mori, Progress of Theoretical Physics 34 399 (1965)]
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Momentum Relaxation Time

start with H0 translation invariant, isotropic, deform to

H = H0 �
Z

dd

x h(x)O(x).

Ṗ
i

= i[H, P
i

] = �
Z

dd

x h(x)(@
i

O).

� =
�2

JP

M
PP

� i!�
PP

= Q2

"
�i!M +

X

k

k2

d
lim
!!0

Im
�
GR

OO(k, !)
�

!

#�1

if hO(x)O(x0)i ⇠ |x � x

0|�2�: h random field:

� ⇠ T�2(1+��z)/z

[Lucas, Sachdev, Schalm, Physical Review D89 066018 (2014)]
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Perturbative Hydrodynamic Derivation

intuitive derivation from hydrodynamics:
[Lucas, arXiv:1506.02662]

�i!M�v̄
i

= Q�E
i

+

Z
dd

x

V
d

�O@
i

h, �J
i

⇡ Q�v̄
i

,

O0(k) + �O(k) = GR
OO(k, �k · �v̄)h(k)

Taylor expand, combine equations and recover ⌧ above!

quantum physics seems encoded entirely in coe�cients of
classical fluid response
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Di↵usion in the Memory Matrix

I �q from memory matrix:
Green’s function in a fluid takes the form:

GR
nn

(k, !) =
�qk2

Dk2 � i!
+ non-singular

M
@

x

n@

x

n

= �qk2 + i!�
nn

+ · · ·

I e↵ects of magnetic field:

Ṗ
i

= B✏
ij

J
j

+ · · · ; N
P

y

P

x

= B�
J

x

P

x

= BQ, etc.

[Lucas, Sachdev, Physical Review B91 195122 (2015)]
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Application: the Hall Angle

I combining together we reproduce HKMS

�

xx

=
(⌧�1 � i!)M�q +Q2 + B

2

�

2

q

Q2

B

2 + ((⌧�1 � i!)M+ B

2

�q)2
M

✓
1

⌧

� i!

◆
,

�

xy

=
2(⌧�1 � i!)M�q +Q2 + B

2

�

2

q

Q2

B

2 + ((⌧�1 � i!)M+ B

2

�q)2
BQ.

I old puzzle: �
xx

(B = 0) ⇠ 1/T , �
xy

(B ! 0) ⇠ B/T 3.
[Chien, Wang, Ong, Physical Review Letters 67 2088 (1991)]

I this is consistent if
[Blake, Donos, Physical Review Letters 114 021601 (2015)]

Q2⌧

M ⌧ �q ⇠ 1

T
, ⌧ ⇠ 1

T 2
.
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Summary

hydrodynamics

memory matrix holography

universal constraints on transport

appropriate microscopics 
for cuprates

few conserved quantities

perturbative  
limit

long time dynamics; 
“renormalized IR fluid”  

emerges

matrix large N theory; 
non-perturbative computations

[Lucas JHEP]

[Lucas 1506]
[Donos, Gauntlett 1506]

[Lucas, Sachdev PRB]

[Forster ’70s]

[Hartnoll, others]

figure from [Lucas, Sachdev, Physical Review B91 195122 (2015)]
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Motivation

boundary

z = 0

z = (d + 1)/(4⇡T )

horizon

gMN

Tµ�

z

x

I conformal group SO(4, 2) = isometry
of AdS5.

I g
MN

! Tµ⌫ ; A
M

! Jµ.

I black hole =) finite T

I finite density ! charged BH

I gravity theory classical:
L3/G5 ⇠ N2 � 1:

A
x

A
x

A
t

A
t

h(0, 0)

(a)

A
x

A
t

A
x

A
t

h(!, k)

(b)

A
x

A
t

A
t

A
x

h(!, �k)

(c)



Holography 16

“Holographic Lattices”, Disorder and Massive Gravity

how to break translational invariance in holography:
I explicitly (numerical GR): [Horowitz, Santos, Tong, Journal of High

Energy Physics 07 168 (2012)]

I massive gravity: [Vegh, arXiv:1301.0537]

L = R � 2⇤ � m2
X

U [f, g].
I “Q-lattice”: [Donos, Gauntlett, JHEP 04 040 (2014)]

L = R � 2⇤ � 1

2
(@�

i

)2, �
i

= mx
i
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“Old” Analytic Computation of dc Transport

I “lattice”/disorder =) “massive gravity” perturbatively
[Blake, Tong, Vegh, Physical Review Letters 112 071602 (2014)]

[Lucas, Sachdev, Schalm, Physical Review D89 066018 (2014)]

I find a quantity

⇧(r) = constant, ⇧(boundary) = hJi,

with ⇧(horizon) calculable analytically

I remaining question: relate horizon data directly to
boundary physics
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From Holography to Memory Matrices

I step 1: ! ⌧ T =) bulk response to �E
i

is

�(bulk field) ⇠ constant � i!⌧ ⇥ Galilean boost + · · ·
✏+ P

⌧
⇠

X

k

k2|h(k)|2 (k, rh)
2

and so �(!) ⇡ Q2⌧

(✏+ P )(1 � i!⌧)
.

I step 2: reduction of order method: proved

 (k, rh)
2 ! lim

!!0

Im
�
GR

OO(k,!)
�

!
.

which directly implies ⌧AdS/CFT = ⌧mem. matrix

[Lucas, Journal of High Energy Physics 03 071 (2015)]
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The Dirac Fluid

electron FLhole FL

Dirac fluid

Q

T

✏a� = �vFk

+

Vint =
↵e�

r

0

I marginally irrelevant 1/r Coulomb interactions:

↵e↵ =
↵0

1 + (↵0/4) log((105 K)/T )
, ↵0 ⇡ 1

137

c

vF✏r
⇠ 0.5.

I thermo/hydro nearly that of relativistic theory

I ↵e↵ ⇠ 0.3 at T = 100 K

e.g. [Sheehy, Schmalian, Physical Review Letters 99 226803 (2007)]

[Müller, Fritz, Sachdev, Physical Review B78 115406 (2008)]
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Graphene: an Ideal Experimental Platform

I fabricating ultra pure monolayer
graphene:
[Dean et al, Nature Nanotechnology 5

722 (2010)]

monolayer graphene

hBN

hBN

I weak disorder: charge puddles
[Xue et al, Nature Materials 10 282

(2011)]

LETTERS

NATUREMATERIALS DOI: 10.1038/NMAT2968
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Figure 3 | Spectroscopy of graphene on hBN as a function of gate voltage.
a, dI/dV spectroscopy showing a nearly linear density of states as a
function of energy (tip voltage). b, dI/dV spectroscopy as a function of tip
voltage and gate voltage. The white line corresponds to the minimum in the
dI/dV curves and represents the Dirac point. c, Energy of the Dirac point as
a function of gate voltage. The red curve is a fit assuming a linear band
structure. d, Energy versus momentum dispersion relations for the case of
graphene and hBN having the same lattice constant and zero angle
mismatch (black curve) and two curves with 1.8% lattice mismatch. The
blue curve has �5.45� angle mismatch and the red curve has �10.9�.

the Fourier transform of this hopping potential into the low-energy
Hamiltonian for graphene on hBN to find the energy–momentum
dispersion. The inter-layer coupling is nonzero only for k = 0
as well as for six additional vectors k associated with the Moiré
pattern. Most importantly, we found that the coupling between the
A and B atoms in the graphene lattice with the boron and nitrogen
atoms in the hBN are almost identical. Thus, sublattice symmetry is
restored and a gapless Dirac spectrum is recovered, albeit at slightly
shifted values of K. This is illustrated in Fig. 3d. More details of our
numerical approach are given in the Supplementary Information.

By determining the energy of the Dirac point as a function of
gate voltage, we can measure the Fermi velocity of electrons and
holes in graphene. Figure 3c shows the energy of the Dirac point
as a function of gate voltage. Graphene has a linear dispersion
relation such that E = ¯hvFk, where vF is the Fermi velocity. As
it is a two-dimensional material, the density of electrons is given
by n = gsgv⇡k

2/(2⇡)2, where gs and gv are the spin and valley
degeneracies, both of which are 2. Therefore, the Dirac point should
depend on gate voltage as E = ¯hvF

p
⇡↵Vg, with ↵ determined

by the capacitance to the gate (see Methods). The red curve is
a fit to the data, from which we can extract the Fermi velocity.
We find that vF = 1.16± 0.01⇥ 106 m s�1 for the electrons and
vF = 0.94± 0.02⇥ 106 m s�1 for the holes. Moreover, we observe
an asymmetry between the Fermi velocity for electrons and holes
of about 25% depending on the Moiré pattern observed. The
shorter Moiré pattern has a higher Fermi velocity for holes whereas
the longer one has a higher Fermi velocity for electrons. This
asymmetry is larger than for graphene on SiO2 (ref. 5) or graphene
on graphite27, which have discrepancies less than 10%. The origin of
this asymmetry is unclear but it may arise as a result of next-nearest-
neighbour coupling, which is not taken into account in ourmodel.

One of the main advantages of using hBN instead of SiO2
as a substrate for graphene is the improvement in the electronic
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Figure 4 | Spatial maps of the density of states of graphene on hBN and
SiO2. a, Topography of graphene on hBN. b, Tip voltage at the Dirac point
as a function of position for graphene on hBN. c, Tip voltage at the Dirac
point as a function of position for graphene on SiO2. The colour scale is the
same for b and c. The scale bar in all images is 10 nm. d Histogram of the
energies of the Dirac point from b as well as a Gaussian fit. The inset shows
the same data but also includes the histogram for SiO2 shown in red.

properties of the graphene. Figure 4a shows the topography of
graphene on hBN over a range of 100 nm. We have performed
dI/dV measurements at 1 nm intervals over the entire area of
Fig. 4a. For each of these dI/dV curves, we have found the tip
voltage of the minimum, which corresponds to the Dirac point
(Fig. 4b). We have done a similar analysis for a 100 nm area of
graphene on SiO2 (Fig. 4c). The red and blue regions correspond
to electron and hole puddles respectively. It is clear from these
two images that the variation in the energy of the Dirac point is
much smaller on hBN. The spatial extent of each puddle is also
much smaller in the graphene on SiO2, consistent with an increased
density of impurities13.

We can further quantify the disorder in the graphene by
looking at a histogram of the energy of the Dirac point, Fig. 4d.
The main part of the histogram for the Dirac point energy on
hBN is well-fitted by a Gaussian distribution (red line) with
a standard deviation of 5.4 ± 0.1meV. In addition, there is
a small extra bump in the distribution from the hole-doped
region near the bottom right of Fig. 4b. In comparison, the
distribution on SiO2 is much broader, with a standard deviation of
55.6±0.7meV. These distributions in energy can be converted to
charge fluctuations using n= E

2
d/⇡( ¯hvF)2. We find that the charge

fluctuations in graphene on hBN are �
n

= 2.50±0.13⇥109 cm�2,
whereas they are more than 100 times larger for graphene
on SiO2, �

n

= 2.64 ± 0.07 ⇥ 1011 cm�2. Our measurements for
the charge fluctuations on SiO2 are consistent with previous
single electron transistor3 and STM (refs 4,5) measurements.
Furthermore, our measurements for the charge fluctuations in
graphene on hBN show a very similar value to those extracted from
electrical transportmeasurements in suspended graphene samples6,
implying that using hBN as a substrate provides a similar benefit

284 NATUREMATERIALS | VOL 10 | APRIL 2011 | www.nature.com/naturematerials
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Wiedemann-Franz Law

I Wiedemann-Franz law in a Fermi liquid:



�T
⇡ ⇡2k2

B

3e2
⇡ 2.45 ⇥ 10�8 W · ⌦

K2
.

I in hydrodynamics one finds



�T
=

Lhydro

(1 + (Q/Q0)2)
2 , Lhydro � 1.
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Wiedemann-Franz Law Violations in Experiment
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Observation of the Dirac fluid
and the breakdown of the Wiedemann-Franz law in graphene
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Interactions between particles in quantum many-body systems can lead to collective behavior
described by hydrodynamics. One such system is the electron-hole plasma in graphene near the
charge neutrality point which can form a strongly coupled Dirac fluid. This charge neutral plasma
of quasi-relativistic fermions is expected to exhibit a substantial enhancement of the thermal con-
ductivity, due to decoupling of charge and heat currents within hydrodynamics. Employing high
sensitivity Johnson noise thermometry, we report the breakdown of the Wiedemann-Franz law in
graphene, with a thermal conductivity an order of magnitude larger than the value predicted by
Fermi liquid theory. This result is a signature of the Dirac fluid, and constitutes direct evidence of
collective motion in a quantum electronic fluid.

Understanding the dynamics of many interacting parti-
cles is a formidable task in physics, complicated by many
coupled degrees of freedom. For electronic transport in
matter, strong interactions can lead to a breakdown of
the Fermi liquid (FL) paradigm of coherent quasiparti-
cles scattering o↵ of impurities. In such situations, the
complex microscopic dynamics can be coarse-grained to
a hydrodynamic description of momentum, energy, and
charge transport on long length and time scales [1]. Hy-
drodynamics has been successfully applied to a diverse
array of interacting quantum systems, from high mobility
electrons in conductors [2], to cold atoms [3] and quark-
gluon plasmas [4]. As has been argued for strongly inter-
acting massless Dirac fermions in graphene at the charge-
neutrality point (CNP) [5–8], hydrodynamic e↵ects are
expected to greatly modify transport coe�cients as com-
pared to their FL counterparts.

Many-body physics in graphene is interesting due to
electron-hole symmetry and a linear dispersion relation
at the CNP [9, 10]. In particular, the Fermi surface van-
ishes, leading to ine↵ective screening [11] and the forma-
tion of a strongly-interacting quasi-relativistic electron-
hole plasma, known as a Dirac fluid [12]. The Dirac fluid
shares many features with quantum critical systems [13]:
most importantly, the electron-electron scattering time is
fast [14–17], and well suited to a hydrodynamic descrip-
tion. A number of exotic properties have been predicted
including nearly perfect (inviscid) flow [18] and a diverg-
ing thermal conductivity resulting in the breakdown of
the Wiedemann-Franz law [5, 6].

Away from the CNP, graphene has a sharp Fermi sur-
face and the standard Fermi liquid (FL) phenomenology
holds. By tuning the chemical potential, we may mea-
sure thermal and electrical conductivity in both the Dirac

fluid (DF) and the FL in the same sample. In a FL,
the relaxation of heat and charge currents is closely re-
lated as they are carried by the same quasiparticles. The
Wiedemann-Franz (WF) law [19] states that the elec-
tronic contribution to a metal’s thermal conductivity e

is proportional to its electrical conductivity � and tem-
perature T , such that the Lorenz ratio L satisfies

L ⌘ e

�T
=

⇡2

3

✓
kB
e

◆2

⌘ L0 (1)

where e is the electron charge, kB is the Boltzmann con-
stant, and L0 is the Sommerfeld value derived from FL
theory. L0 depends only on fundamental constants, and
not on specific details of the system such as carrier den-
sity or e↵ective mass. As a robust prediction of FL the-
ory, the WF law has been verified in numerous metals
[19]. However, in recent years, an increasing number of
non-trivial violations of the WF law have been reported
in strongly interacting systems such as Luttinger liquids
[20], metallic ferromagnets [21], heavy fermion metals
[22], and underdoped cuprates [23], all related to the
emergence of non-Fermi liquid behavior.
The WF law is expected to be violated at the CNP

in a DF due to the strong Coulomb interactions between
thermally excited charge carriers. An electric field drives
electrons and holes in opposite directions; collisions be-
tween them introduce a frictional dissipation, resulting
in a finite conductivity even in the absence of disorder
[24]. In contrast, a temperature gradient causes electrons
and holes to move in the same direction inducing an en-
ergy current, which grows unimpeded by inter-particle
collisions (Fig. 3D inset). The thermal conductivity is
therefore limited only by the rate at which momentum is
relaxed due to residual impurities.

(submitted)
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
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the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
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WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R
versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous

4

0 100 200
0

5

10

15

20

25

Temperature (K)

L 
/ 

L 0

 

 

B

1 10 100 1000
109

1010

1011

Temperature (K)

n
m

in
 (c

m
-2

)

Disorder
Limited

Thermally
Limited

S3
S2
S1

A

−6 −4 −2 0 2 4 6
0

4

8

12

16

20

n (1010 cm−2)
L/

L 0

 

C

40 60 80 100
0

2

4

6

8

10

T (K)

H
  

(e
V

/µ
m

2
)

 

 

CH
e

h

-V+V
e

h

∆Vg = 0

FIG. 3. Disorder in the Dirac fluid. (A) Minimum car-
rier density as a function of temperature for all three sam-
ples. At low temperature each sample is limited by disorder.
At high temperature all samples become limited by thermal
excitations. Dashed lines are a guide to the eye. (B) The
Lorentz ratio of all three samples as a function of bath tem-
perature. The largest WF violation is seen in the cleanest
sample. (C) The gate dependence of the Lorentz ratio is well
fit to hydrodynamic theory of Ref. [5, 6]. Fits of all three
samples are shown at 60 K. All samples return to the Fermi
liquid value (black dashed line) at high density. Inset shows
the fitted enthalpy density as a function of temperature and
the theoretical value in clean graphene (black dashed line).
Schematic inset illustrates the di↵erence between heat and
charge current in the neutral Dirac plasma.

more pronounced peak but also a narrower density de-
pendence, as predicted [5, 6].

More quantitative analysis of L(n) in our experiment
can be done by employing a quasi-relativistic hydrody-
namic theory of the DF incorporating the e↵ects of weak
impurity scattering [5, 6, 39].

L =
LDF

(1 + (n/n0)2)
2 (2)

where

LDF =
HvFlm
T 2�min

and n2
0 =

H�min

e2vFlm
. (3)

Here vF is the Fermi velocity in graphene, �min is the elec-
trical conductivity at the CNP, H is the fluid enthalpy
density, and lm is the momentum relaxation length from

impurities. Two parameters in Eqn. 2 are undetermined
for any given sample: lm and H. For simplicity, we as-
sume we are well within the DF limit where lm and H
are approximately independent of n. We fit the experi-
mentally measured L(n) to Eqn. (2) for all temperatures
and densities in the Dirac fluid regime to obtain lm and
H for each sample. Fig 3C shows three representative fits
to Eqn. (2) taken at 60 K. lm is estimated to be 1.5, 0.6,
and 0.034 µm for samples S1, S2, and S3, respectively.
For the system to be well described by hydrodynamics,
lm should be long compared to the electron-electron scat-
tering length of ⇠0.1 µm expected for the Dirac fluid at
60 K [18]. This is consistent with the pronounced sig-
natures of hydrodynamics in S1 and S2, but not in S3,
where only a glimpse of the DF appears in this more
disordered sample. Our analysis also allows us to es-
timate the thermodynamic quantity H(T ) for the DF.
The Fig. 3C inset shows the fitted enthalpy density as
a function of temperature compared to that expected in
clean graphene (dashed line) [18], excluding renormal-
ization of the Fermi velocity. In the cleanest sample H
varies from 1.1-2.3 eV/µm2 for Tdis < T < Tel�ph. This
enthalpy density corresponds to ⇠ 20 meV or ⇠ 4kBT
per charge carrier — about a factor of 2 larger than the
model calculation without disorder [18].

In a hydrodynamic system, the ratio of shear viscosity
⌘ to entropy density s is an indicator of the strength of
the interactions between constituent particles. It is sug-
gested that the DF can behave as a nearly perfect fluid
[18]: ⌘/s approaches a “universal” lower bound conjec-
ture by Kovtun-Son-Starinets, (⌘/s)/(~/kB) � 1/4⇡ for
a strongly interacting system [40]. Though we cannot
directly measure ⌘, we comment on the implications of
our measurement for its value. Within relativistic hy-
drodynamics, we can estimate the shear viscosity of the
electron-hole plasma in graphene from the enthalpy den-
sity as ⌘ ⇠ H⌧ee [40], where ⌧ee is the electron-electron
scattering time. Increasing the strength of interactions
decreases ⌧ee, which in turn decreases ⌘ and ⌘/s. Employ-
ing the expected Heisenberg limited inter-particle scat-
tering time, ⌧ee ⇠ ~/kBT [5, 6], we find a shear viscosity
of ⇠ 10�20 kg/s in two-dimensional units, corresponding
to ⇠ 10�10 Pa · s. The value of ⌧ee used here is consistent
with recent optical experiments on graphene [14, 16, 17].
Using the theoretical entropy density for clean graphene
(SM), we estimate (⌘/s)/(~/kB) ⇠ 3. This is comparable
to ⇠0.7 found in liquid helium at the Lambda-point [41],
⇠0.3 measured in cold atoms [3], and  0.4 for quark-
gluon plasmas [4].

To fully incorporate the e↵ects of disorder, a hydrody-
namic theory treating inhomogeneity non-perturbatively
may be needed [42]. The enthalpy densities reported here
are larger than the theoretical estimation obtained for
disorder free graphene; consistent with the picture that
chemical potential fluctuations prevent the sample from
reaching the Dirac point. While we find thermal conduc-

Thermal conductivity  = ̄� T↵2/�
Lorentz ratio L = /(T�)

=

H⌧

T 2�Q

1

(1 + n2⌧/(H�Q))
2
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Transport in a Disordered Fluid
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non-perturbative hydrodynamic limit: ⇠ � lee
[Lucas, arXiv:1506.02662]
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E [�J
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ij

�E
j

+ T↵
ij

�⇣
j

, etc.

I similar ideas for non-relativistic fluids:
[Andreev, Kivelson, Spivak, Physical Review Letters 106 256804 (2011)]

This non-perturbative approach yields satisfactory 
quantitative agreement with experiments


