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The Fermi liquid: RG

FIG. 3: Alternative low energy formulation of Fermi liquid theory. We focus on an extended patch

of the Fermi surface, and expand in momenta about the point ~k0 on the Fermi surface. This yields

a theory of d-dimensional fermions  in (7), with dispersion (14). The co-ordinate y represents the

d� 1 dimensions parallel to the Fermi surface.

(5) in one-dimensional. One benefit of (7) is now immediately evident: it has zero energy

excitations when

vFkx + 

k

2
y

2
= 0, (8)

and so (8) defines the position of the Fermi surface, which is then part of the low energy

theory including its curvature. Note that (7) now includes an extended portion of the Fermi

surface; contrast that with (5), where the one-dimensional chiral fermion theory for each n̂

describes only a single point on the Fermi surface.

The gradient terms in (7) define a natural momentum space cuto↵, and associated scaling

limit. We will take such a limit at fixed ⇣, vF and . Notice that momenta in the x direction

scale as the square of the momenta in the y direction, and so we can choose v2Fk
2
x+

2
k

4
y < ⇤4.

Notice that as we reduce ⇤, we scale towards the single point ~k0 on the Fermi surface, as we

7

• Expand fermion kinetic energy at wavevectors about
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The kinetic energy is invariant under the rescaling x ! x/s,

y ! y/s

1/2
, and ⌧ ! ⌧/s

z
, provided z = 1 and

 !  s

(d+1)/4
.

Then we find u ! us

(1�d)/2
, and so we have the RG flow

du

d`

=

(1� d)

2

u

Interactions are irrelevant in d = 2 !
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The fermion Green’s function to order u2
has the form (upto logs)
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So the quasiparticle pole is sharp. And fermion momentum distribution

function n(~k) =
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• Fermi wavevector obeys the Luttinger relation kdF ⇠ Q, the

fermion density

• Sharp particle and hole of excitations near the Fermi surface

with energy ! ⇠ |q|z, with dynamic exponent z = 1.

• The phase space density of fermions is e↵ectively one-dimensional,

so the entropy density S ⇠ T . It is useful to write this is as S ⇠
T (d�✓)/z

, with violation of hyperscaling exponent ✓ = d� 1.
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S
�c

= � g

Z
d⌧

NfX

↵=1

X

k,q

�q (cos kx� cos k
y

)c†k+q/2,↵ck�q/2,↵

for spatially dependent �

Quantum criticality of Ising-nematic ordering in a metal



S
�c

= � g

Z
d⌧

NfX

↵=1

X

k,q

�q (cos kx� cos k
y

)c†k+q/2,↵ck�q/2,↵

S⇥ =
⇤

d2rd⇥
�
(⌅�⇤)2 + c2(⇤⇤)2 + (�� �c)⇤2 + u⇤4

⇥

Sc =
Nf�

�=1

�

k

⇥
d�c†k� (⇤⇥ + ⇥k) ck�

Quantum criticality of Ising-nematic ordering in a metal



• � fluctuation at wavevector ~q couples most e�ciently to fermions

near ±~k0.

• Expand fermion kinetic energy at wavevectors about ±~k0 and
boson (�) kinetic energy about ~q = 0.
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(b)Landau-damping
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Electron self-energy at order 1/N
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Schematic form of � and fermion Green’s functions in d dimensions
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for d > 2 ) Fermions have higher energy than
bosons, and perturbation theory in g is OK.
Strongly-coupled theory in d = 2.
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Strongly-coupled theory without quasiparticles.
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Simple scaling argument for z = 3/2.
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So the action is invariant provided z = 3/2.
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• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling

exponent � = d� 1.

• Entanglement entropy

SE ⇥ kd�1
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