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Horizon radius R =
2GM

c2

Objects so dense that light is 
gravitationally bound to them.

Black Holes

In Einstein’s theory, the 
region inside the black hole 
horizon is disconnected from 

the rest of the universe.

G Newton’s constant, c velocity of light, M mass of black hole
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SCIENCE

Sorry, Einstein. Quantum Study Suggests
‘Spooky Action’ Is Real.
By JOHN MARKOFF OCT. 21, 2015

In a landmark study, scientists at Delft University of Technology in the
Netherlands reported that they had conducted an experiment that they say proved
one of the most fundamental claims of quantum theory — that objects separated by
great distance can instantaneously affect each other’s behavior.

The finding is another blow to one of the bedrock principles of standard
physics known as “locality,” which states that an object is directly influenced only
by its immediate surroundings. The Delft study, published Wednesday in the
journal Nature, lends further credence to an idea that Einstein famously rejected.
He said quantum theory necessitated “spooky action at a distance,” and he refused
to accept the notion that the universe could behave in such a strange and
apparently random fashion.

In particular, Einstein derided the idea that separate particles could be
“entangled” so completely that measuring one particle would instantaneously
influence the other, regardless of the distance separating them.

Einstein was deeply unhappy with the uncertainty introduced by quantum
theory and described its implications as akin to God’s playing dice.

But since the 1970s, a series of precise experiments by physicists are
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Part of the laboratory 
setup for an experiment 

at Delft University of 
Technology, in which 

two diamonds were set 
1.3 kilometers apart, 
entangled and then 
shared information. 



Quantum Entanglement: quantum superposition 
with more than one particle

Principles of Quantum Mechanics: 1I. Quantum Entanglement

Hydrogen atom:
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Einstein-Podolsky-Rosen “paradox” (1935): 
Measurement of one particle 

instantaneously determines the state of the 
other particle arbitrarily far away
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Quantum Entanglement across a black hole horizon

There is quantum entanglement 
between the inside and outside of 

a black hole



Black hole 
horizon

Quantum Entanglement across a black hole horizon

Hawking used this to show that 
black hole horizons have an 
entropy and a temperature

(because to an outside observer, the state of the 
electron inside the black hole is an unknown)



J. D. Bekenstein, PRD 7, 2333 (1973)
S. W. Hawking, Nature 248, 30 (1974) 

• Black holes have an entropy and
a temperature, TH = ~c3/(8⇡GMkB).

• The entropy is proportional to
their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).
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On September 14, 2015, LIGO detected the merger of 
two black holes, each weighing about 30 solar masses, 
with radii of about 100 km, 1.3 billion light years away

0.1 seconds later !



LIGO
September 14, 2015

• The ring-down time
8⇡GM

c3
⇠ 8 milliseconds. Curiously, for essen-

tially all types of black holes, the ring-down time equals

~
kBTH
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~
kBTH

, ~ Planck’s constant, kB Boltzmann’s constant
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Quantum 
Black 
holes

• Black holes have an entropy and
a temperature, TH = ~c3/(8⇡GMkB).

• The entropy is proportional to
their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).
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Ordinary metals

Ordinary metals are shiny, and they conduct heat and 
electricity efficiently. Each atom donates electrons which 

are delocalized throughout the entire crystal



Almost all many-electron systems are described by the 
quasiparticle concept: a quasiparticle is an “excited 
lump” in the many-electron state which responds just 
like an ordinary particle. 

R.D. Mattuck



Current flow with quasiparticles

• The resistivity, ⇢, of a metal from the flow of quasi-
particles is

⇢ =
m⇤

ne2
1

⌧

where m⇤ is the e↵ective mass of a quasipartcle,
n is the density of electrons, e is the charge of an
electron, and ⌧ is a quasiparticle scattering time.
The theory of ordinary metals implies that as the
temperature T ! 0

⌧ ⇠ 1

T 2
� ~

kBT
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YBa2Cu3O6+x

High temperature 
superconductors



Julian Hetel and Nandini Trivedi, Ohio State University

Nd-Fe-B magnets, YBaCuO superconductor



Insulating antiferromagnet



Antiferromagnet doped with hole density p



Strange 
Metal



Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is

⇢ =
m⇤

ne2
1

⌧

with a universal scattering rate

1

⌧
⇡ kBT

~ ,

independent of the strength of interactions!
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Table 1  |  Slope of T-linear resistivity and Planckian limit in seven materials.

Material n 
(1027 m-3)

 m*
(m0)

A1 / d  
(! / K)

h / (2e2 TF)
(! / K)

⍺

Bi2212 p = 0.23 6.8 8.4 ± 1.6 8.0 ± 0.9 7.4 ± 1.4 1.1 ± 0.3

Bi2201 p ~ 0.4 3.5 7 ± 1.5 8 ± 2 8 ± 2 1.0 ± 0.4

LSCO p = 0.26 7.8 9.8 ± 1.7 8.2 ± 1.0 8.9 ± 1.8 0.9 ± 0.3

Nd-LSCO p = 0.24 7.9 12 ± 4 7.4 ± 0.8 10.6 ± 3.7 0.7 ± 0.4

PCCO x = 0.17 8.8 2.4 ± 0.1 1.7 ± 0.3 2.1 ± 0.1 0.8 ± 0.2

LCCO x = 0.15 9.0 3.0 ± 0.3 3.0 ± 0.45 2.6 ± 0.3 1.2 ± 0.3

TMTSF P = 11 kbar 1.4 1.15 ± 0.2 2.8 ± 0.3 2.8 ± 0.4 1.0 ± 0.3
 

 

Table 1 | Slope of T-linear resistivity vs Planckian limit in seven materials.  

Comparison of the measured slope of the T-linear resistivity in the T = 0 limit,  

A1 , with the value predicted by the Planckian limit (Eq. 1; penultimate column), 

for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two 

electron-doped cuprates (PCCO and LCCO) and the organic conductor 

(TMTSF)2PF6 , as discussed in the text (and Supplementary Information).     

The ratio α of the experimental value, A1
☐ = A1 / d, over the predicted value,       

is given in the last column. Although A1
☐ varies by a factor 5, the ratio m* / n  

(~1/TF) is seen to vary by the same amount, so that α = 1.0 in all cases,        

within error bars. 
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A. Legros, S. Benhabib, W. Tabis, F. Laliberté, M. Dion, M. Lizaire, B. Vignolle, D. Vignolles, H. Raffy, 
Z. Z. Li, P. Auban-Senzier, N. Doiron-Leyraud, P. Fournier, D. Colson, L. Taillefer, and C. Proust, 
Nature Physics 15, 142 (2019)

1

⌧
= ↵

kBT

~
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Strange 
Metal



Strange 
Metal

pc

• The long-range entanglement in the
“quantum critical” state near p = pc leads
to the non-quasiparticle current flow with

relaxation time⇠ ~
kBT

in the strange metal
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Is there a quantum phase transition at a critical p=pc?



Real-space view at small p
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Filled
Band

Momentum-space view at large p

1+p mobile holes in a filled band



Momentum-space view at large p

1+p mobile holes in a filled band

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).

PRL 95, 077001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
12 AUGUST 2005

077001-2

1-p electrons

1+p holes



The remarkable underlying ground states of cuprate superconductors 
Cyril Proust and Louis Taillefer, arXiv:1807.0507

Figure 6

Across the quantum critical point. a) Normal-state electronic specific heat in the T = 0 limit
as a function of doping, plotted as Cel/T vs p (red symbols) in Eu-LSCO (squares), Nd-LSCO
(circles) and LSCO (diamonds). From ref. (75). We also show Cel/T in YBCO (blue dots (18))
and in Tl2201 (green dot (76)). The vertical grey lines mark the limits of the CDW phase in
Nd-LSCO, between p = 0.08 and p ' 0.19. b) Normal-state Hall number nH (= V/e RH) in the
T = 0 limit as a function of doping, in YBCO (blue circles (21), p?= 0.19) and Nd-LSCO (red
squares (4), p?= 0.23). We also show nH in LSCO (grey squares (67)) and YBCO (grey circles
(68)) at low doping, and nH in Tl2201 (white diamond (29)) at high doping.

5. PSEUDOGAP PHASE
DOS: Density of
states (NF)

�E: Condensation
energy

Hc1: Lower critical
field

�: Residual linear
term in the specific
heat, C(T ) at T = 0,
purely electronic

The two traditional signatures of the pseudogap phase are: 1) a loss of density of

states (DOS) below p
?; 2) the opening of a partial spectral gap below T

?, seen by ARPES

(Figs. 1c, 1d) and optical conductivity, for example. Here we summarize recent high-field

measurements of the specific heat in the LSCO family (75) showing that there is a large

mass enhancement at p
?. The new data show that the pseudogap does not simply cause

a loss of DOS below p
?; instead, there is huge peak in the DOS at p

? (Fig. 6a) – much

larger than expected from a van Hove singularity (75, 80). We then show how high-field

measurements of the Hall coe�cient reveal a new signature of the pseudogap phase – a

rapid drop in the carrier density, at p?(Fig. 6c). These new properties alter profoundly our

view of the pseudogap phase, and of the strange metal just above it (sec. 6).

5.1. Density of states

5.1.1. Condensation energy. One way to access the DOS, NF, is via the superconduct-

ing condensation energy �E, since �E = NF�
2

0/4, where �0 is the d-wave gap maxi-

mum. Experimentally, and in the framework of BCS theory, �E can be measured using

the upper and lower critical fields, Hc2 and Hc1, to get the thermodynamic field Hc via

H
2

c = Hc1Hc2/(ln() + 0.5), given that �E = H
2

c /2µ0. In Fig. 2b, we plot �E/Tc
2 vs p

thus obtained for YBCO (17). We see that �E/Tc
2 / NF drops by a factor 8-9 between

p = 0.18 and p = 0.1, in agreement with the drop reported earlier from an analysis of spe-

cific heat data measured in low fields up to T > Tc in YBCO (71) and Bi2212 (72). Note

www.annualreviews.org • The remarkable underlying ground states of cuprate superconductors 9

Hole doped cuprates



K. Fujita, Chung Koo Kim, Inhee Lee, Jinho Lee, M. H. Hamidian, I. A. Firmo, S. Mukhopadhyay,  H. Eisaki, 
S. Uchida, M. J. Lawler, E.-A. Kim, J. C. Davis, Science 344,  612 (2014) 

Yang He, Yi Yin, M. Zech, A. Soumyanarayanan, I. Zeljkovic, M. M. Yee, M. C. Boyer, K. Chatterjee, W. D. Wise, Takeshi Kondo, 
T. Takeuchi, H. Ikuta, P. Mistark, R. S. Markiewicz, A. Bansil, S. Sachdev, E. W. Hudson, and J. E. Hoffman, Science 344, 608 (2014)
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Hidden�magnetism�at�the�pseudogap�critical�point�of�a�high�
temperature�superconductor�
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
xSrxCuO4�is�hidden�by�competing�effects�from�superconductivity:�applying�intense�
magnetic� fields� to�quench� superconductivity,�we�uncover� the�presence�of�glassy�
antiferromagnetic�order�up�to�the�pseudogap�boundary�p*�γ�0.19,�and�not�above.�
There� is� thus�a�quantum�phase� transition�at�p*,�which� is� likely� to�underlie�highǦ
field� observations� of� a� fundamental� change� in� electronic� properties� across� p*.�
Furthermore,�the�continuous�presence�of�quasiǦstatic�moments�from�the�insulator�
up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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Quasi-static magnetism in the pseudogap 
state of La2-xSrxCuO4. Temperature – 
doping phase diagram representing Tmin, the 
temperature of the minimum in the sound 
velocity, at different fields. Since 
superconductivity precludes the observation 
of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). 
While not exactly equal to the freezing 
temperature Tf (see Fig. 2), Tmin is closely 
tied to Tf and so is expected to have the same 
doping dependence, including a peak around 
p = 0.12 in zero/low fields (ref. 2). Onset 
temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
b (the holon) and a fermion f↵ (the spinon):
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The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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The Sachdev-Ye-Kitaev (SYK) model

Variation described in  
D. G. Joshi, Chenyuan Li, G. Tarnopolsky,  A. Georges,  

and S. Sachdev, arXiv:1912.08822

S. Sachdev and J. Ye (1993); A. Kitaev (2015)
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We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
b (the holon) and a fermion f↵ (the spinon):
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pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

t-J model phase diagram

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, arXiv:1912.08822



Deconfined
quantum
critical
point

<latexit sha1_base64="LtCXtYlqv44ZOgqTFdHPwyX5Ryo="></latexit>

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

t-J model phase diagram

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, arXiv:1912.08822



Deconfined
quantum
critical
point

<latexit sha1_base64="LtCXtYlqv44ZOgqTFdHPwyX5Ryo="></latexit>

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

t-J model phase diagram

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, arXiv:1912.08822



Deconfined
quantum
critical
point

<latexit sha1_base64="LtCXtYlqv44ZOgqTFdHPwyX5Ryo="></latexit>

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

t-J model phase diagram

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

SU(1|2) theory
<latexit sha1_base64="Lomd+aWe+buASEBCeb0kWxtJh8A=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwb53CudQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKOSaw==</latexit>

f†
# |vi

<latexit sha1_base64="OQY0Crb3vVk3Q0FhD7GrMW4ZeDc="></latexit>

f†
" |vi

<latexit sha1_base64="rS5uiKvPY9Y9AOLENzHyw9ZXJ28="></latexit>

b† |vi
<latexit sha1_base64="rwqIoMCLSOObWpFSRoBlhpC2ASY="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit>

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, arXiv:1912.08822



SU(2|1) theory
<latexit sha1_base64="w9dUb6nQ8Lr+9a1+t+J8DfkPyNE=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwbm3C+dQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKWSaw==</latexit>

Deconfined
quantum
critical
point

<latexit sha1_base64="LtCXtYlqv44ZOgqTFdHPwyX5Ryo="></latexit>

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

t-J model phase diagram

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

SU(1|2) theory
<latexit sha1_base64="Lomd+aWe+buASEBCeb0kWxtJh8A=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwb53CudQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKOSaw==</latexit>

Metallic
spin glass.

Condense spinon b↵,
f carrier density p

<latexit sha1_base64="CzT5Z39Mpv1MjBFqjUkD8N1K258="></latexit>

b†" |vi
<latexit sha1_base64="vECycCTteykywPj6SCPCLAB1c/I="></latexit>

b†# |vi
<latexit sha1_base64="z0Nnq6dMeHIMTMZku14Z0J1WJJU="></latexit>

f† |vi
<latexit sha1_base64="lXgTRA1NHcDDRUeZon/rkMtKMn4=">AAACH3icdVDLattAFB2lzaPOy2mX3QwxhUCCkfxI2l1oN12mECcByzFXoyt58GgkZq4MRvVH9BP6Fd22q+5Ctln0Xzp2HGhCemDgcM693DknKpS05Pt33sqLl6tr6xuvaptb2zu79b3XFzYvjcCeyFVuriKwqKTGHklSeFUYhCxSeBmNP839ywkaK3N9TtMCBxmkWiZSADlpWD8MM6BRYmBcJbPrMIY0RcNDhQl95RMeGpmOKDSgU4XDesNv+t1Ou9PhjrSP2x98R7rdVnAc8KDpL9BgS5wN6 3/COBdlhpqEAmv7gV/QoAJDUiic1cLSYgFiDCn2HdWQoT2KJ7KwCzqoFvlm/J0zY57kxj1NfKH+u1xBZu00i9zkPI196s3F57x+Scn7QSV1URJqcX8oKRWnnM/L4rE0KEhNHQFhpPs2FyMwIMhVWnN9PITm/ycXrWbQbna/dBqnH5fNbLC3bJ8dsICdsFP2mZ2xHhPsG/vBfrJf3nfvt3fj3d6PrnjLnTfsEby7v4oupBk=</latexit>

f†
# |vi

<latexit sha1_base64="OQY0Crb3vVk3Q0FhD7GrMW4ZeDc="></latexit>

f†
" |vi

<latexit sha1_base64="rS5uiKvPY9Y9AOLENzHyw9ZXJ28="></latexit>

b† |vi
<latexit sha1_base64="rwqIoMCLSOObWpFSRoBlhpC2ASY="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ constant

<latexit sha1_base64="lFrXq6gLenglNlCIX8col3BX5RQ="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit>

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, arXiv:1912.08822



SU(2|1) theory
<latexit sha1_base64="w9dUb6nQ8Lr+9a1+t+J8DfkPyNE=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwbm3C+dQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKWSaw==</latexit>

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

pc
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The remarkable underlying ground states of cuprate superconductors 
Cyril Proust and Louis Taillefer, arXiv:1807.0507

Figure 6

Across the quantum critical point. a) Normal-state electronic specific heat in the T = 0 limit
as a function of doping, plotted as Cel/T vs p (red symbols) in Eu-LSCO (squares), Nd-LSCO
(circles) and LSCO (diamonds). From ref. (75). We also show Cel/T in YBCO (blue dots (18))
and in Tl2201 (green dot (76)). The vertical grey lines mark the limits of the CDW phase in
Nd-LSCO, between p = 0.08 and p ' 0.19. b) Normal-state Hall number nH (= V/e RH) in the
T = 0 limit as a function of doping, in YBCO (blue circles (21), p?= 0.19) and Nd-LSCO (red
squares (4), p?= 0.23). We also show nH in LSCO (grey squares (67)) and YBCO (grey circles
(68)) at low doping, and nH in Tl2201 (white diamond (29)) at high doping.

5. PSEUDOGAP PHASE
DOS: Density of
states (NF)

�E: Condensation
energy

Hc1: Lower critical
field

�: Residual linear
term in the specific
heat, C(T ) at T = 0,
purely electronic

The two traditional signatures of the pseudogap phase are: 1) a loss of density of

states (DOS) below p
?; 2) the opening of a partial spectral gap below T

?, seen by ARPES

(Figs. 1c, 1d) and optical conductivity, for example. Here we summarize recent high-field

measurements of the specific heat in the LSCO family (75) showing that there is a large

mass enhancement at p
?. The new data show that the pseudogap does not simply cause

a loss of DOS below p
?; instead, there is huge peak in the DOS at p

? (Fig. 6a) – much

larger than expected from a van Hove singularity (75, 80). We then show how high-field

measurements of the Hall coe�cient reveal a new signature of the pseudogap phase – a

rapid drop in the carrier density, at p?(Fig. 6c). These new properties alter profoundly our

view of the pseudogap phase, and of the strange metal just above it (sec. 6).

5.1. Density of states

5.1.1. Condensation energy. One way to access the DOS, NF, is via the superconduct-

ing condensation energy �E, since �E = NF�
2

0/4, where �0 is the d-wave gap maxi-

mum. Experimentally, and in the framework of BCS theory, �E can be measured using

the upper and lower critical fields, Hc2 and Hc1, to get the thermodynamic field Hc via

H
2

c = Hc1Hc2/(ln() + 0.5), given that �E = H
2

c /2µ0. In Fig. 2b, we plot �E/Tc
2 vs p

thus obtained for YBCO (17). We see that �E/Tc
2 / NF drops by a factor 8-9 between

p = 0.18 and p = 0.1, in agreement with the drop reported earlier from an analysis of spe-

cific heat data measured in low fields up to T > Tc in YBCO (71) and Bi2212 (72). Note
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Quantum 
Black 
holes

• Black holes have an entropy and
a temperature, TH = ~c3/(8⇡GMkB).

• The entropy is proportional to
their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).
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Holography:
Quantum black holes “look like”  

quantum-critical many-particle systems 
without quasiparticle excitations, 
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Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 



~x
⇣

Zooming into the near-
horizon region of a 

charged black hole at 
low temperature, yields 

a quantum theory in 
one space (   ) and one 

time dimension
⇣

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 



~x
⇣

The quantum versions 
of Maxwell’s and 

Einstein’s equations in 
this two-dimensional 

spacetime are also the 
equations describing 

electron entanglement 
in the SYK model

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 



~x
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This has led to a 
deeper understanding 

of entanglement in 
superconductors and 

of Hawking’s black hole 
information “paradox”

Maxwell’s electromagnetism  
and Einstein’s general relativity  
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horizon
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AdS2 ⇥ S2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt
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The near-horizon region of a charged black hole has the 
geometry of (1+1)-dimensional anti-de Sitter spacetime. By 
holography, this should map to a zero-dimensional quantum 

system: this turns out to be the SYK model

SYK model and charged black holes



S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010); PRX 5, 041025 (2015)

charge
density Q
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SYK model and charged black holes

Bekenstein-Hawking entropy of AdS2 horizon

at T = 0 , Ns0 entropy of SYK model.

The same equation determines the Q dependence of s0
for the black hole and for the SYK model.
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ds0
dQ = 2⇡E can be obtained from the Einstein equations for the black hole,

and the quantum theory of the SYK model,
and E determines identical fermion spectral functions.
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SYK model and charged black holes
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total
charge Q
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Remarkably, the correspondence between charged black holes and the
SYK model also holds for the leading fluctuations at higher temper-
atures: both are described by a ‘Schwarzian’ theory with emergent
SL(2,R) and U(1) gauge symmetries. For the black hole, the Schwarzian
describes the fluctuations of the boundary between AdS2 and AdS4.
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Main result

SYK model of fermions with random interactions of
mean-square-value U , with total fermion number Q,

at temperatures T ⌧ U

and

Charged black holes in 3+1 dimensions of radius Rh,
with total charge Q, at temperatures T ⌧ 1/Rh

are described by a common low energy quantum
theory in 0 + 1 dimensions
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Main result

The common low T path integral is Z =
R
Df D� e�I . This can be

exactly evaluated, and the action is

I = �s0 +

Z 1/T

0
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where f(⌧) is a monotonic reparameterization of the temporal circle with
f(⌧ + 1/T ) = f(⌧) + 1/T ,

� is a phase conjugate to the charge density with
�(⌧ + 1/T ) = �(⌧) + 2⇡n, n integer,

Sch[g[⌧ ], ⌧ ] is the Schwarzian derivative of g(⌧).
The couplings are related to the entropy S(T,Q)

and the chemical potential µ via

S(T ! 0,Q) = s0 + �T, K =

✓
dQ
dµ

◆

T!0

, 2⇡E =
ds0
dQ
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