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The Sachdev-Ye-Kitaev (SYK) model
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Pick a set of random positions



The SYK model
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Place electrons randomly on some sites



The SYK model

Entangle electrons pairwise randomly
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The SYK model
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This describes both a strange metal and a black hole!



The SYK model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, ). Flores, |.B. French, PA. Mello, A. Pandey, and S.S.M.Wong, Rev. Mod. Phys. 53, 385 (1981))

N

1

o (2N)3/2 > Usgimeeicjopey =1 cic;
ij.k f=1 i

cic; +cjci =0 cic; — cT.cZ- = 0j;

J
Q = %chcz

U;;.xe are independent random variables with U;.xe = 0 and |U;;.5e|? = U?
N — oo yields critical strange metal.

S.Sachdev and |.Ye, PRL 70, 3339 (1993)
A. Kitaey, unpublished; S. Sachdev, PRX 5,041025 (2015)



The SYK model

Feynman graph expansion in Uj;ie, and graph-by-graph average,
yields exact equations in the large NV limit:

G

S.Sachdev and ].Ye, Phys. Rev. Lett. 70, 3339 (1993)



The SYK model

Feynman graph expansion in Uj;ie, and graph-by-graph average,
yields exact equations in the large NV limit:

Low frequency analysis shows that the solutions must be gapless
and obey

where A = e~ /4 (r /U?)Y/* at half-filling. The ground state is a
non-Fermi liquid, with a continuously variable density Q.

S.Sachdev and ].Ye, Phys. Rev. Lett. 70, 3339 (1993)



e A
SYK model: A solvable realization of quantum

matter without quasiparticles

- _J

e Thermalization and many-body chaos in the
shortest possible ‘Planckian’ time of order A/(kpT).
Note that essentially all other solvable models (e.g.
integrable lattice models in one dimension) do not
exhibit many-body chaos.

e The SYK models exhibit eigenstate thermalization
(ETH), and yet many aspects are exactly solvable.
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SYK model: A solvable realization of quantum

matter without quasiparticles

~

_/

e The SYK models are ¢

information problem.

ual to gravitational theories
in 1 + 1 dimensions which have a black hole hori-
zon. The connection between the SYK models and
black holes with a near-horizon AdS; geometry was
proposed by SS (2010), and made sharper by Ki-
taev/Maldacena/Stanford (2016). This connection
has been used to examine aspects of the black hole



SYK building blocks for a strange metal

SYK quantum islands of electrons with
random hopping between them.
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Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017)



Low ‘coherence’ scale
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Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017)



Low ‘coherence’ scale

......T/n/l(T/n)sat

_p/psat

To t,/U,=0.001
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U

For I' < E., the
resistivity, p, and

entropy density, s, are

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017)
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Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017)
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Antiferromagnetism in the Hubbard Model

H= =S tycdaera + U (mr = 5) (s = 5) ~n S clae

1<J

t;; — “hopping”. U — local repulsion, u — chemical potential

Mean-field theory with a spin density wave (SDW)
order parameter ®; = (—1)%=+i <c;fa5’agcf,;5> /2

/‘\
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Symmetry
SDW LRO e SDW SRO
Reconstructed Fermi surface | transition Large Fermi surface.

(B) # 0 (@) =0

U/t



Antiferromagnetism in the Hubbard Model

H= =S tycdaera + U (mr = 5) (s = 5) ~n S clae

1<J

t;; — “hopping”. U — local repulsion, u — chemical potential

Both states have Luttinger volume Fermi surfaces
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Symmetry
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Reconstructed Fermi surface | transition Large Fermi surface.
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o SDW SRO
/ x Z; or U(1) topological order.

| B Reconstructed
(non-Luttinger-volume) Fermi surface.

- Symmetry
SDW LRO e SDW SRO
Reconstructed Fermi surface | transition Large FeEmi surface.

(B) £ 0 (3) =0

U/t



SDW SRO

Z; or U(1) topological order.
Reconstructed

(non-Luttinger-volume) Fermi sRrface.
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Figure: K. Fujita and J. C. Seamus Davis
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Figure: K. Fujita and J. C. Seamus Davis



Electron Green’s function in Higgs phase of SU(2) gauge theory

(a) SU(2) gauge theory (c) . SU(2) gauge theory
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t' takes different negative values

Anti-nodal spectra compared to cluster DMFT

M. S. Scheurer, S. Chatterjee, Wei Wu, M. Ferrero, A. Georges, and S. Sachdey,
PNAS 115,E3665 (2018) and PRX to appear
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Orthogonal metals

Fractionalize the electron ¢;,, a =7, ] into an “orthogonal
fermion” f;, and an Ising spin o7 = *1:

_z
Ciae — 03 fioz
This introduces a Z9 gauge invariance
Z Z
o; = Mi0; 5 Jia = Nitia

The orthogonal fermion, f,, carries both the spin and
charge of the electron.

The Ising matter field, 0%, is ‘dark matter’ carrying only
energy, and a Zo gauge charge.

R. Nandkishore, M. Metlitski, and T. Senthil, Phys. Rev. B 86,045128 (2012)



Orthogonal metals

Fractionalize the electron c;po, on sites ¢+ = 1... N, with
spin « = 1...M and orbital index p = 1...M’ into an
“orthogonal fermion” f;, and a real scalar ¢;,:

Cipa — ¢7Lp fia

This introduces a Zsy gauge invariance

Gip = Ni®ip  »  Jia = Nifia

The orthogonal fermion f;, carries both the spin and charge
of the electron.

The scalar field, ¢;,, 1s ‘dark matter’ carrying only energy,
and a Zs gauge charge.



A solvable model

We examine the t-J model:

L = (07 Dip) +Z <——M> Jia

ﬁ > tijbidipfifia ﬁ D> Jiiliatisfigfia;

1,7,0,Q i>j,a0

with the scalar field obeying the fixed length constraint

v
> 6, =M
p=1

With ¢;; and J;; independent random numbers with zero mean, L is solvable

in the limit of large number of sites, NV, followed by the limit of large M
and M’ at fixed

k =

i



A solvable model

Equations for the fermion Green’s function G and the boson Green’s function Yy:

1
iwy, + 10— 2 (iwy,)

' — ! — —2{%G(T —7)x(T
X(an) — WTQL+X61 —P(iwn)JrP(iwn :0) ; P(T) = —21 G( )G( )X( )

G (iwy,) N(1) = —J*G*(1)G(—=7) + kt*G(1)x*(7)

where g ! is determined by solving x(7 = 0) = 1/g, and ¢ = t.J.



A solvable model

Gapped boson
Ar=1/4

Gapless boson
Gapless boson Ay = L /4
‘quasi-Higgs’ Ay =1/4
Ay =k/(2(k+2) <1/4

Ap=1/(k+2)>1/4




A solvable model

(Gapped boson
Ar=1/4

Gapless boson
‘quasi-Higgs’

Gapless boson

1/4
1/4

Ay =k/(2(k+2)) <1/4
Ar=1/(k+2)>1/4




A solvable model

(Gapped boson
Ar=1/4

Gapless boson
Gapless boson Ap = ‘_‘/4 Ap+Ap=1/2
S Ap=1/4
quasi-Higgs
Apy=Fk/(2(k+2)) <1/4
Af = 1/(k+2) > 1/4

In gapless region, we always have the Fermi liquid form for
the electron Green’s function (c¢(7)c'(0)) ~ 1/7, although

Z5 charges remain deconfined. This is a consequences of
the fixed point with a non-zero t term in the t-J model.




A solvable model

Gapless |
‘quasi-H

(Gapped boson

Ap=1/4

HOSoN
1ggs’

Ay = k/(2(k -

-2)) < 1/4

Af:1/(k—|-2) > 1/4

Toy model of pseudogap

Toy model of
overdoped region

Gapless boson

Ap =1

Ap=1

/4
/4




A solvable model

Toy model of pseudogap

Toy model of
overdoped region

Gapless boson

(Gapped boson

Gapless boson
‘quasi-Higgs’
Apy=Fk/(2(k+2)) <1/4
Af — 1/(k+2) > 1/4

Ay =1/4




A solvable model

Toy model of pseudogap

Toy model of
overdoped region

(Gapped boson

Gapless boson
Gapless boson ﬁb — /4
‘quasi-Higgs’ F=1/4
Apy=Fk/(2(k+2)) <1/4

Af:1/(k—|-2) > 1/4

In the overdoped region, Fermi liquid electron spectral function, with

anomalies in other properties, match recent observations in cuprates
(Hussey, Bozovic, Armitage, Taillefer...)
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Fermions with random hopping coupled to

a fluctuating U(1) gauge field

< tf‘ftff‘ S=< 2P >=12, Aj = —Ay;.



Fermions with random hopping coupled to
a fluctuating U(1) gauge field

zwn+zﬂ ) — G(iwy,)

Niwn) = t°Giwn) + 7T Z —TI(i€,, = 0)

1

I1(282,,) = QT_ n n m)s Wn) = -
(1Q,) =1t NZG iwn )G 1wy, + 12,), G(iw,) o T i — S (i)



Fermions with random hopping coupled to
a fluctuating U(1) gauge field

Y (iwy) = t2G(iwy) + 12T Z zwn + ZQHEZQ G(_Zﬁgn))y

1

HQmZQT_ W, .n.ma W) = -
(1Q,) =1t NZG(zw VG (twn +i82:), G(iwy) o T i — S (i)

General low energy solution

C(&)

tl—ajTl—aﬁ ?

0(5)6—2775

tl—ac|7-‘1—a: )

G(r>0)= G(r<0)=

where £ is a parameter universally related to the filling fraction

(€ = 0 at half-filling). The exponent z is the solution to

(1/x — 2)(cosh(27E) — cos(mx)) M
tan(7z) sin(7x) N




Fermions with random hopping coupled to
a fluctuating U(1) gauge field

0.5':-'
0.42-
0.3;-
o.zi-
0.1;-
0.0 E
General low energy solution 1073 0.01 i o M/N
C((C;) 0(5)6—2775
G(t>0)= pEp——— G(t <0) = e

where £ is a parameter universally related to the filling fraction
(€ = 0 at half-filling). The exponent z is the solution to

(1/x — 2)(cosh(27E) — cos(mx)) M
tan(mx) sin(mx) N




Solvable models with fractionalization,
variable fermion density, and disorder

. Non-Fermi liquid regime of SYK
models with linear-in-T resistivity

2. Z; Fractionalization in a SYK t-/ model

Overdoped state described by state with fractionalization
but with a Fermi liquid electron spectral function

3.SYK U(1) gauge theory



