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and transforming them into heat. The nonlinearity
of the fluorescence reabsorption is of a some-
what unusual nature: It grows exponentially with
exciton density but to a first approximation does
not alter the exciton dynamics. We have shown
that such a nonlinear reabsorption affects the
fluorescence decay as well as the shape of the
fluorescence spectrum. One should be careful
not to confuse these effects with the possible
formation of polyexcitons or other excited species
in the crystals at high excitation levels. NFR
may be useful for experimental determination of
the absorption coefficients of electronically ex-
cited species.
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A numerical method is developed to study the scaling of distribution of couplings of
highly random antiferromagnetic Ising and quantum Heisenberg spin-2 systems. The
method shows how freezing into inert local singlets prevents ordering down to tempera-
tures well below the median nearest-neighbor coupling or bare exchange percolation
threshold in positionally disordered systems with Heisenberg exchange varying exponen-
tially with distance (e.g., doped semiconductors, quasi one-dimensional salts). This is
contrasted with the Ising system.
PACS numbers: 75.10.Jm, 71.55.-i, 71.70.Gm

Considerable effort has gone into the search
for magnetic order, possibly of the spin-glass
type, ' in doped semiconductors (e.g. , Si:P, CdS
:In)" at donor concentrations (n) below the in-
sulator-metal transition (nM, ). However, no
anomaly is seen in the magnetic susceptibility'
or Faraday rotation, ' attributable to magnetic or-
dering caused by the antiferromagnetic (af) ex-
change coupling between donor electrons down to
temperatures well below the median nearest-
neighbor exchange or the coupling percolation
threshold. Because the radius a of the donor elec-
tron (much greater than the host lattice spacing)
sets the range of the exchange coupling, J, doped
semiconductors constitute a three-dimensional
(3D) system of spin —,

' distributed randomly in

space in essentially a continuum zvay, whose mag-
netic properties are characterized by the Heisen-
berg Hamiltonian

where J'(r) falls off exponentially' with r. (We
use J&0 for af exchange. )
The lack of ordering has been attributed in vary-

ing degrees to (i) the broad distribution of ex-
change couplings [typically varying by 10~-10',
Fig. 1(a)J; (ii) the short-range nature of J(~);
and (iii) the quantum character of spin —,', all of
which distinguish this system from conventional
spin-glasses. ' Because of (i), cluster calcula-
tions' ' have proved to be quite successful in pro-
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(e) teractions J„.[Fig. 1(b)]. If J»»~J;, ~
for all

(i, j)v (1,2), the energy spectrum splits into a
low-lying singlet-triplet manifold and twelve ex-
cited states separated from it by -J» [Fig. 1(c)].
The splitting of the low-lying singlet and triplet
is

5E =J~+(J',3—J23)(J24-J,4)/2J»+O(1/J»'). (3)
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FIG. l. {a) The distribution of nearest-neighbor
couplings in Si:P at a typical concentration. Note the
logarithmic scale along the horizontal axis. {b) A four-
spin cluster with a neighbor, 5. (c) Eigenetates of the
Heisenberg four-spin cluster for J&2» ~ J;& ~ (i,j & 1,2).
(d) Equivalent Heisenberg pair (3', 4') (with renormal-
ized couplings to neighbor 5 in second scheme). {e) Ei-
genstatee of the Ising four-spin cluster (f) E. quivalent
Ising three-spin cluster.

viding agreement with experimental results over
a wide temperature range. However, limitations
imposed by finite cluster size' prevent these
methods from addressing the question of magnet-
ic ordering at lower temperatures (T).
In this Letter, we investigate this possibility by

studying the scaling properties of the spatially
random Heisenberg (H) spin- —, system with expo-
nential af interactions J(r) =J,exp(-2r/a) at low
densities na «1, prototype of the doped semi-
conductor system in 3D. Further, by comparing
with the corresponding Ising system,

(2)

we are able to determine the extent of the role of
(iii). The technique, similar to that used for the
1D random Heisenberg spin-& chain with nearest-
neighbor af exchange, ' ' takes advantage of the
broad distribution of exchange couplings to iter-
atively discard high-lying excitation levels of the
system (which are irrelevant at low T) and trans-
form it to a scaled version with the same low-ly-
ing states. Physical quantities (e.g. , magnetic
susceptibility) are extracted from the energy-lev-
el distributions at appropriate stages.
To understand the philosophy of the calculation,

consider a four-spin cluster (1,2, 3, 4) with H in-

Thus for T &cJy2 the thermodynamics of the four-
spin cluster is adequately represented by a spin
pair (3', 4') with an effective coupling J,4' = EE
[Fig. 1(d)], the renormalization being due to the
polarization of the essentially "frozen" spin pair
(1,2). Thus the simplest scaling procedure in-
volves deleting the strongest spin pairs (1,2) in
the system after renormalizing bonds between all
pairs (3,4) of (neighboring) spins connected to the
strongly coupled pair. ' This procedure reduces
the number of spins by two, and is iterated to
scale the system down as desired.
The next approximation in a cluster-perturba-

tive scheme is to replace four-spin clusters by
an equivalent spin pair. At each iteration, the
four-spin cluster (1,2, 3, 4) is formed from the
strongest af-coupled pair (1,2) and spins 3 and 4
coupled most strongly to (1,2). The coupling be-
tween the renormalized spins 3' and 4' [Fig. 1(d)]
is obtained as before. We calculate the renormal-
ized couplings J»' and J4, ' of the new pair (3', 4')
to each neighboring spin 5 originally coupled to
the four-spin cluster [Fig. 1(c)]by fitting the
eigenvalues" of the reduced Hamiltonian (H„

,Z;P, ~ 5,) within the subspace consisting
of the low-lying singlet-triplet set of (1,2, 3, 4)
and the doublet on 5, to those of a three-spin
cluster (3', 4', 5) [Fig. 1(d)]. The system is
scaled down by repeated application as before.
A similar scaling procedure when applied to

the Ising four-spin cluster removes only eight
states [Fig. 1(e)] corresponding to an antiferro-
magnetic configuration of spins 1 and 2. The re-
maining states are represented by replacing the
spin pair 1-2 with a single spin —, with magnetic
moment p, = 0, labeled 1 in Fig. 1(f), and coup-
lings J»=J»- J», J,4=J„-J,4. This procedure
generates arbitrary magnetic moments and signs
of couplings; decimation of a spin pair (ij) into
a spin k at an arbitrary stage would yield p.~= p, ,
—sgn( J) ii and J»=J;, —sgn(J, ,)J,, with a
neighboring spin 1. As the system is iterated,
the distributions of positive and negative J's ap-
proach each other; thus we exhibit results for
the distribution of 1n~Z~.
The scaling schemes outlined above have been
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The electron-spin-resonance signal of metallic Si:P near the metal-insulator transition has been
measured down to a temperature of 30 mK. The paramagnetic spin susceptibility and the reso-
nance linewidth are found to increase sharply with decreasing temperature. %e argue that these ef-
fects are due to the enhancement of spin fluctuations, and the accompanying slo~ing down of spin
diffusion near the metal-insulator transition. The results are compared with the predictions of re-
cent theories for the susceptibility and linewidth of disordered interacting-electron systems.

PACS numbers: 71.30.+h, 72.15.Cz, 76.30.pk

Studies of uncompensated phosphorus-doped silicon
(Si:P) have yielded a great deal of information about
the properties of electrons in disordered systems. '
Transport measurements have demonstrated that the
disorder-enhanced interactions are important in deter-
mining the magnetic field and temperature depen-
dence of the conductivity in the metallic phase. 2 The
behavior close to the metal-insulator transition at den-
sity n, is not very well understood. It has been sug-
gested3 that near n„uncompensated Si:P could be
viewed as a strongly correlated liquid with disorder, in
which the main effect of electron correlations is to
strongly enhance the local spin fluctuations. However,
a quantitative generalization of the Brinkman-Rice4
calculation to include disorder or finite temperatures
has not yet been accomplished. Recent progress in
theories5 6 which take disorder into account to lowest
order (while treating interactions to all orders) also
suggests the importance of spin fluctuations near n,
and the scaling behavior is found to be strongly depen-
dent upon external perturbations that couple to the
electron spin (e.g. , magnetic fields, spin-flip and spin-
orbit scattering). Unfortunately since the scaling
equations flow to strong coupling, the connection with
experiment near n, is not clear.
Information about spin fluctuations can be obtained

from nuclear magnetic resonance (NMR) and elec-
tron-spin resonance (ESR). Recent NMR relaxation
results were argued to signal the existence of slow spin
fluctuations near the metal-insulator transition at mil-
likelvin temperatures. %bile previous ESR rneasure-
mentss 9 have indicated that the spin susceptibility in
the metallic phase is somewhat temperature dependent
well below the degeneracy temperature TF= 100 K,
the ESR linewidth was found to level off at a constant
value below 10 K. In this Letter, we report an ESR
study of Si:P just on the metallic side of the metal-

insulator transition down to 30 mK. We find a strong,
temperature-dependent susceptibility enhancement
and ESR line broadening at the lowest temperatures,
qualitatively as found on the insulating side. 'o Similar
behavior has recently been reported by Ikehata and
Kobayashi"; however, our susceptibility data differ
quantitatively from their published results, and no
quantitative results for the linewidth are given in Ref.
11. We determine the electron-spin diffusivity and
spin-flip scattering rate from the linewidth, and com-
pare the results with predictions of recent
theories. 5 6'2
Two samples of Si:P with P concentrations n/n,=1.09 (Sample A) and 1.25 (Sample B) were studied.

The samples were in the form of a stack of five thin
slabs, 10X 15x 0.8 mm3 each, to minimize eddy-
current losses. The doping density n, determined from
the conductivity of several adjacent test samples, was
found to be macroscopically homogeneous within
+2%. The ESR and the 29Si NMR signals were ob-
served with a conventional Q-meter continuous-wave
spectrometer operating at 18.4 MHz. The latter al-
lowed an absolute calibration of the spectrometer from
the known Curie susceptibility of 29Si nuclei. '3 The
weak resonance signals were recovered by signal
averaging of about 200 static magnetic field sweeps
over the absorption line. From the Kramers-Kronig
relation, the static susceptibility is an integral of the
dynamic susceptibility as a function of frequency. For
Lorentzian lines (as well as for narrow resonance lines
of other shapes) this can be shown to be equivalent to
an integral of the ESR signal as a function of the static
magnetic field. '3 This was applicable to the data above
30 mK reported here. It is important to note that we
measure only the paramagnetic spin susceptibility in
contrast to static techniques which measure a sum of
both the spin and the diamagnetic contributions.
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Gapless Spin-Fluid Ground State in a Random Quantum Heisenberg Magnet
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We examine the spin-8 quantum Heisenberg magnet with Gaussian-random, infinite-range ex-
change interactions. The quantum-disordered phase is accessed by generalizing to SU(M) sym-
metry and studying the large M limit. For large S the ground state is a spin glass, while
quantum fluctuations produce a spin-fluid state for small S. The spin-fiuid phase is found to
be generically gapless —the average, zero temperature, local dynamic spin susceptibility obeys
g(u) in(l/~w[) + i(vr/2)sgn(u) at low frequencies.

PACS numbers: 75.10.Jm, 05.30.—d, 75.50.Ee

Random quantum spin systems offer a useful labora-
tory for studying the fascinating interplay between strong
interactions and disorder. Though not as complex or in-
tractable as metal-insulator transition systems, they are
still rich enough to display a host of unusual physical phe-
nomena. Moreover, they can be realized in a number of
experimental systems, many of which have been studied
intensively in recent years [1—5).
It is useful to distinguish two diff'erent types of possi-

ble ground states of a random quantum magnet: (a) a
state with magnetic long range order ((8,) g 0 where 8,
is the spin operator on site i) which can be a spin-glass,
ferromagnet, or an antiferromagnet; (b) a quantum dis-
ordered (or "spin-fluid") state in which (8,) = 0 due
to the presence of strong quantum fluctuations. Many
properties of the magnetically ordered phase can be de-
scribed by a semiclassical analysis. In contrast, the spin-
fluid phase and its zero-temperature phase transition to
the magnetically ordered phase are intrinsically quantum
mechanical, and their properties are only very poorly un-
derstood. This paper shall mainly focus on the properties
of the spin-fluid phase.
We begin by recalling earlier work on spin-fluid states.

In early studies of random-exchange spin- 2 Heisen-
berg spin chains by a numerical renormalization group
method, Ma and co-workers and others [6] noted that
the low temperature spin susceptibility g(T) behaved ap-
proximately like T with n ( 1. This behavior, and
their analysis, suggested that the quantum disordered
phase of spin chains generically possesses gapless exci-
tations: the low energy excitations arose from a signif-
icant probability of finding a pair of spins which were
essentially decoupled from the rest of the system, and
with only a weak, mutual, effective exchange interaction.
Subsequently, the numerical y(T) obtained by Bhatt and
Lee [7] of a dilute three-dimensional random-exchange
spin-2 Heisenberg antiferromagnet with short-range in-
teractions could be well fit by T with n —0.66.
Experiments [8] on many lightly doped semiconductors
have also found similar behavior in the low tempera-
ture spin susceptibility; however, somewhat surprisingly,
this behavior appears to persist in denser, more strongly

doped systems. More recently, Doty and Fisher [9,10]
have obtained numerous exact results on random quan-
tum spin chains; in particular, Fisher [10] proved that
the random-exchange, spin-2 Heisenberg chain has y
1/[T ln (1/T)] and is gapless.
In this paper we introduce a new solvable, random-

exchange, quantum Heisenberg magnet —its solution re-
duces to the determination of the properties of an integro-
differential equation, which is a diKcult, though not im-
possible task. Our model possesses infinite-range ex-
change interactions, and is thus a solvable limit which is
complementary to the spin chains. Over a certain range
of parameters, our model is argued to possess a spin-fluid
ground state, which is found to be generically gapless.
However, the physical mechanism of the gaplessness ap-
pears to be quite different from that of the random spin
chains and the Bhatt-Lee analysis [7]. Which of these
two limits is closer to realistic, dense three-dimensional
models remains an open question. Finally, our model is
expected to display a transition to a spin-glass phase. We
have not yet succeeded in unraveling the nature of this
transition and that of the replica symmetry breaking in
the spin-glass phas" these are issues we hope to address
in a future publication.
The main result discussed in this paper is that the

T = 0, average, local dynamic spin susceptibility of our
model has the following form over the entire quantum
disordered phase:

1 lg(~) = Ã ln [ + i—sgn(cu)

where X is a constant to be determined below, and the
omitted terms are subdominant in the limit [w~ ~ 0.
A notable feature of this form is that it is identical to
the "marginal" Fermi liquid susceptibility proposed on
phenomenological grounds by Varma et aL [ll] as a de-
scription of the electronic properties of the cuprates. It
is not completely unreasonable to begin a study of the
low-lying spin Quctuations in the cuprates by using the
infinite-range quantum spin model described below; how-
ever, at present we have no arguments which can deter-
mine whether, or how, the marginal spectrum will survive
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NM, (2)

in more realistic models with charge carriers and Gnite-
range interactions. Nevertheless, to our knowledge, ours
is so far the only bulk model to display the marginal
spectrum over an entire phase, and one might hope that
mathematical structure of the mean-field theory is of
broader significance.
We consider the ensemble of Hamiltonians

Here a, 6 = 1, . . . , n are replica indices, 7. and 7' are Mat-
subara times, and S~ is the single-spin kinematic Berry
phase term [12]. The Edwards-Anderson order parame-
ter [16] for the spin-glass phase is qEA = Q ~(r —+ oo).
Moreover, Q ~, a g b, is 7 independent and nonzero only
in the spin-glass phase [17,18].
An exact evaluation of Zo is clearly not possible. We

therefore consider the large M limit, discussing first the
limit (C) above. This is achieved by the Schwinger boson
realization of 8:

where the sum over i, j extends over N —+ oo sites, the
exchange constants J,~ are mutually uncorrelated and se-
lected with probability P(J;z) exp[—J2/(2J )], the 8
are the spin operators of the group SU(M), and the states
on each site belong to a representation labeled by the in-
teger ni, [nb = 28 for SU(2); more generally nt, is the
number of columns in the Young tableau of the represen-
tation [12]]. This model has been considered previously
by Bray and Moore [13] for the group SU(2); they found
strong evidence in favor of the presence of spin-glass or-
der at T = 0 for all values of S. Accessing the spin-fluid
phase therefore requires considerations of groups other
than SU(2); following a technique which has been suc-
cessful in clean antiferromagnets [12,14], we generalize to
the group SU(M) and study the phase diagram in the nb
M plane. [We have also studied the properties of random
Sp(M) [15] magnets with results that are very similar to
the simpler SU(M) case considered here. ]
The system becomes solvable in three interesting limits

in the ng-M plane (taken after the N —+ oo limit). (A)
ng —+ ao, M fixed. This is the semiclassical limit and
yields ground states well within the magnetically ordered
spin-glass phase. (B) M ~ oo, nb fixed. It can be proved
order by order in 1/M, that the ground state in this limit
is always a spin fluid. (C) M —+ oo, ni, /M = K fixed.
This is in many ways the most interesting limit, because
by varying K one ean interpolate between the spin-glass
and spin-fluid phases. Moreover, one expects a phase
transition between these two ground states at a critical
value of v = K,.
The structure of the mean-field theory obtained in the

N ~ oo limit was discussed in Ref. [13]. We express the
partition function as a coherent-state path integral [12],
introduce n replicas, average the partition function, and
the saddle point reduces to the quantum mechanics of
n replicas of a single spin; assuming the saddle point is
spin-rotation invariant (this is true in both the spin-fluid
and spin-glass phases) we obtain the single-site coherent-
state path integral Zo = f 138exp(Z) with

1/T
drdr Q (7 —r )8 (r) ' 8 (r ) (3)

and the self-consistency condition

Q'(r —r') = M, (8 (r) 8'(r'))z'

) b„tb"=nb, (5)

where 6 is a boson annihilation operator, p, , v = 1, . . . , M.
In the large M limit, Eqs. (3) and (4) reduce to the fol-
lowing equations for the boson Green's function Ga (r) =
(1/M) P„(T(bi'(r)b~t(0))) and its Fourier transform
Ga~(i(u„):

b'av ga$ b'avP P

Ga (uu„)= [—i~„+A —Za (i~„)] (6)

~a'(r) = J'Ga'(r)Ga'(r)Ga ( r)—(7)

iAe '
Ga(z) = +, Im(z) & 0,z

where A ) 0. The positivity conditions on the spectral
weight require 0 & 8 & vr/2. Inserting this into (7) we
find for Im(z) & 0 that

while Q ~(r) = Gz"(r)Ga ( r). Her—e A is a chemical
potential set by the constraint G (r = 0 ) = z
two equations can be combined into a single integrodif-
ferential equation for Ga~(r). We also require that solu-
tions satisfy conditions imposed by the spectral represen-
tation of a boson Green's function: G~& (z) is analytic for
Im(z) & 0, w Im[Ga (a + i0+)] & 0 and Ga (z) —1/z
for large ~z~. The replica-diagonal components of Eqs. (6)
and (7) also bear a formal resemblance to a perturbative
solution of the infinite-dimensional Hubbard model [19];
however, there are some signi6eant differences which turn
out to have dramatic consequences in the nature of the
solution.
We will focus here only on the spin-fluid phase, whence

all correlations are replica diagonal, and replica indices
will be dropped. An immediate consequence of (6)
and (7) is that the zero-temperature boson spectrum
must be gapless. For suppose that the spectral weight
Im[Ga(ur + i0+)] = 0 for ~a~ & 4, then (7), expressed
in real frequencies, implies that 1m[Ra(u+ i0+)] = 0 for
~w~ & 36—this agrees with the real-frequency version of
(6) only if 6 = 0.
Let us focus on the low-frequency behavior of G~.

Assume that Ga (u) w", then from (7) we get
1m[Ra(a)] w + ". This can be consistent with (6)
only if A = Za(cu = 0) and p, = —z. As Ga is analytic
in the upper-half frequency plane, we write
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subara times, and S~ is the single-spin kinematic Berry
phase term [12]. The Edwards-Anderson order parame-
ter [16] for the spin-glass phase is qEA = Q ~(r —+ oo).
Moreover, Q ~, a g b, is 7 independent and nonzero only
in the spin-glass phase [17,18].
An exact evaluation of Zo is clearly not possible. We

therefore consider the large M limit, discussing first the
limit (C) above. This is achieved by the Schwinger boson
realization of 8:

where the sum over i, j extends over N —+ oo sites, the
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on each site belong to a representation labeled by the in-
teger ni, [nb = 28 for SU(2); more generally nt, is the
number of columns in the Young tableau of the represen-
tation [12]]. This model has been considered previously
by Bray and Moore [13] for the group SU(2); they found
strong evidence in favor of the presence of spin-glass or-
der at T = 0 for all values of S. Accessing the spin-fluid
phase therefore requires considerations of groups other
than SU(2); following a technique which has been suc-
cessful in clean antiferromagnets [12,14], we generalize to
the group SU(M) and study the phase diagram in the nb
M plane. [We have also studied the properties of random
Sp(M) [15] magnets with results that are very similar to
the simpler SU(M) case considered here. ]
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ng —+ ao, M fixed. This is the semiclassical limit and
yields ground states well within the magnetically ordered
spin-glass phase. (B) M ~ oo, nb fixed. It can be proved
order by order in 1/M, that the ground state in this limit
is always a spin fluid. (C) M —+ oo, ni, /M = K fixed.
This is in many ways the most interesting limit, because
by varying K one ean interpolate between the spin-glass
and spin-fluid phases. Moreover, one expects a phase
transition between these two ground states at a critical
value of v = K,.
The structure of the mean-field theory obtained in the

N ~ oo limit was discussed in Ref. [13]. We express the
partition function as a coherent-state path integral [12],
introduce n replicas, average the partition function, and
the saddle point reduces to the quantum mechanics of
n replicas of a single spin; assuming the saddle point is
spin-rotation invariant (this is true in both the spin-fluid
and spin-glass phases) we obtain the single-site coherent-
state path integral Zo = f 138exp(Z) with
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where 6 is a boson annihilation operator, p, , v = 1, . . . , M.
In the large M limit, Eqs. (3) and (4) reduce to the fol-
lowing equations for the boson Green's function Ga (r) =
(1/M) P„(T(bi'(r)b~t(0))) and its Fourier transform
Ga~(i(u„):
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weight require 0 & 8 & vr/2. Inserting this into (7) we
find for Im(z) & 0 that

while Q ~(r) = Gz"(r)Ga ( r). Her—e A is a chemical
potential set by the constraint G (r = 0 ) = z
two equations can be combined into a single integrodif-
ferential equation for Ga~(r). We also require that solu-
tions satisfy conditions imposed by the spectral represen-
tation of a boson Green's function: G~& (z) is analytic for
Im(z) & 0, w Im[Ga (a + i0+)] & 0 and Ga (z) —1/z
for large ~z~. The replica-diagonal components of Eqs. (6)
and (7) also bear a formal resemblance to a perturbative
solution of the infinite-dimensional Hubbard model [19];
however, there are some signi6eant differences which turn
out to have dramatic consequences in the nature of the
solution.
We will focus here only on the spin-fluid phase, whence

all correlations are replica diagonal, and replica indices
will be dropped. An immediate consequence of (6)
and (7) is that the zero-temperature boson spectrum
must be gapless. For suppose that the spectral weight
Im[Ga(ur + i0+)] = 0 for ~a~ & 4, then (7), expressed
in real frequencies, implies that 1m[Ra(u+ i0+)] = 0 for
~w~ & 36—this agrees with the real-frequency version of
(6) only if 6 = 0.
Let us focus on the low-frequency behavior of G~.

Assume that Ga (u) w", then from (7) we get
1m[Ra(a)] w + ". This can be consistent with (6)
only if A = Za(cu = 0) and p, = —z. As Ga is analytic
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We examine the spin-8 quantum Heisenberg magnet with Gaussian-random, infinite-range ex-
change interactions. The quantum-disordered phase is accessed by generalizing to SU(M) sym-
metry and studying the large M limit. For large S the ground state is a spin glass, while
quantum fluctuations produce a spin-fluid state for small S. The spin-fiuid phase is found to
be generically gapless —the average, zero temperature, local dynamic spin susceptibility obeys
g(u) in(l/~w[) + i(vr/2)sgn(u) at low frequencies.
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Random quantum spin systems offer a useful labora-
tory for studying the fascinating interplay between strong
interactions and disorder. Though not as complex or in-
tractable as metal-insulator transition systems, they are
still rich enough to display a host of unusual physical phe-
nomena. Moreover, they can be realized in a number of
experimental systems, many of which have been studied
intensively in recent years [1—5).
It is useful to distinguish two diff'erent types of possi-

ble ground states of a random quantum magnet: (a) a
state with magnetic long range order ((8,) g 0 where 8,
is the spin operator on site i) which can be a spin-glass,
ferromagnet, or an antiferromagnet; (b) a quantum dis-
ordered (or "spin-fluid") state in which (8,) = 0 due
to the presence of strong quantum fluctuations. Many
properties of the magnetically ordered phase can be de-
scribed by a semiclassical analysis. In contrast, the spin-
fluid phase and its zero-temperature phase transition to
the magnetically ordered phase are intrinsically quantum
mechanical, and their properties are only very poorly un-
derstood. This paper shall mainly focus on the properties
of the spin-fluid phase.
We begin by recalling earlier work on spin-fluid states.

In early studies of random-exchange spin- 2 Heisen-
berg spin chains by a numerical renormalization group
method, Ma and co-workers and others [6] noted that
the low temperature spin susceptibility g(T) behaved ap-
proximately like T with n ( 1. This behavior, and
their analysis, suggested that the quantum disordered
phase of spin chains generically possesses gapless exci-
tations: the low energy excitations arose from a signif-
icant probability of finding a pair of spins which were
essentially decoupled from the rest of the system, and
with only a weak, mutual, effective exchange interaction.
Subsequently, the numerical y(T) obtained by Bhatt and
Lee [7] of a dilute three-dimensional random-exchange
spin-2 Heisenberg antiferromagnet with short-range in-
teractions could be well fit by T with n —0.66.
Experiments [8] on many lightly doped semiconductors
have also found similar behavior in the low tempera-
ture spin susceptibility; however, somewhat surprisingly,
this behavior appears to persist in denser, more strongly

doped systems. More recently, Doty and Fisher [9,10]
have obtained numerous exact results on random quan-
tum spin chains; in particular, Fisher [10] proved that
the random-exchange, spin-2 Heisenberg chain has y
1/[T ln (1/T)] and is gapless.
In this paper we introduce a new solvable, random-

exchange, quantum Heisenberg magnet —its solution re-
duces to the determination of the properties of an integro-
differential equation, which is a diKcult, though not im-
possible task. Our model possesses infinite-range ex-
change interactions, and is thus a solvable limit which is
complementary to the spin chains. Over a certain range
of parameters, our model is argued to possess a spin-fluid
ground state, which is found to be generically gapless.
However, the physical mechanism of the gaplessness ap-
pears to be quite different from that of the random spin
chains and the Bhatt-Lee analysis [7]. Which of these
two limits is closer to realistic, dense three-dimensional
models remains an open question. Finally, our model is
expected to display a transition to a spin-glass phase. We
have not yet succeeded in unraveling the nature of this
transition and that of the replica symmetry breaking in
the spin-glass phas" these are issues we hope to address
in a future publication.
The main result discussed in this paper is that the

T = 0, average, local dynamic spin susceptibility of our
model has the following form over the entire quantum
disordered phase:

1 lg(~) = Ã ln [ + i—sgn(cu)

where X is a constant to be determined below, and the
omitted terms are subdominant in the limit [w~ ~ 0.
A notable feature of this form is that it is identical to
the "marginal" Fermi liquid susceptibility proposed on
phenomenological grounds by Varma et aL [ll] as a de-
scription of the electronic properties of the cuprates. It
is not completely unreasonable to begin a study of the
low-lying spin Quctuations in the cuprates by using the
infinite-range quantum spin model described below; how-
ever, at present we have no arguments which can deter-
mine whether, or how, the marginal spectrum will survive
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in more realistic models with charge carriers and Gnite-
range interactions. Nevertheless, to our knowledge, ours
is so far the only bulk model to display the marginal
spectrum over an entire phase, and one might hope that
mathematical structure of the mean-field theory is of
broader significance.
We consider the ensemble of Hamiltonians

Here a, 6 = 1, . . . , n are replica indices, 7. and 7' are Mat-
subara times, and S~ is the single-spin kinematic Berry
phase term [12]. The Edwards-Anderson order parame-
ter [16] for the spin-glass phase is qEA = Q ~(r —+ oo).
Moreover, Q ~, a g b, is 7 independent and nonzero only
in the spin-glass phase [17,18].
An exact evaluation of Zo is clearly not possible. We

therefore consider the large M limit, discussing first the
limit (C) above. This is achieved by the Schwinger boson
realization of 8:

where the sum over i, j extends over N —+ oo sites, the
exchange constants J,~ are mutually uncorrelated and se-
lected with probability P(J;z) exp[—J2/(2J )], the 8
are the spin operators of the group SU(M), and the states
on each site belong to a representation labeled by the in-
teger ni, [nb = 28 for SU(2); more generally nt, is the
number of columns in the Young tableau of the represen-
tation [12]]. This model has been considered previously
by Bray and Moore [13] for the group SU(2); they found
strong evidence in favor of the presence of spin-glass or-
der at T = 0 for all values of S. Accessing the spin-fluid
phase therefore requires considerations of groups other
than SU(2); following a technique which has been suc-
cessful in clean antiferromagnets [12,14], we generalize to
the group SU(M) and study the phase diagram in the nb
M plane. [We have also studied the properties of random
Sp(M) [15] magnets with results that are very similar to
the simpler SU(M) case considered here. ]
The system becomes solvable in three interesting limits

in the ng-M plane (taken after the N —+ oo limit). (A)
ng —+ ao, M fixed. This is the semiclassical limit and
yields ground states well within the magnetically ordered
spin-glass phase. (B) M ~ oo, nb fixed. It can be proved
order by order in 1/M, that the ground state in this limit
is always a spin fluid. (C) M —+ oo, ni, /M = K fixed.
This is in many ways the most interesting limit, because
by varying K one ean interpolate between the spin-glass
and spin-fluid phases. Moreover, one expects a phase
transition between these two ground states at a critical
value of v = K,.
The structure of the mean-field theory obtained in the

N ~ oo limit was discussed in Ref. [13]. We express the
partition function as a coherent-state path integral [12],
introduce n replicas, average the partition function, and
the saddle point reduces to the quantum mechanics of
n replicas of a single spin; assuming the saddle point is
spin-rotation invariant (this is true in both the spin-fluid
and spin-glass phases) we obtain the single-site coherent-
state path integral Zo = f 138exp(Z) with

1/T
drdr Q (7 —r )8 (r) ' 8 (r ) (3)

and the self-consistency condition

Q'(r —r') = M, (8 (r) 8'(r'))z'

) b„tb"=nb, (5)

where 6 is a boson annihilation operator, p, , v = 1, . . . , M.
In the large M limit, Eqs. (3) and (4) reduce to the fol-
lowing equations for the boson Green's function Ga (r) =
(1/M) P„(T(bi'(r)b~t(0))) and its Fourier transform
Ga~(i(u„):

b'av ga$ b'avP P

Ga (uu„)= [—i~„+A —Za (i~„)] (6)

~a'(r) = J'Ga'(r)Ga'(r)Ga ( r)—(7)

iAe '
Ga(z) = +, Im(z) & 0,z

where A ) 0. The positivity conditions on the spectral
weight require 0 & 8 & vr/2. Inserting this into (7) we
find for Im(z) & 0 that

while Q ~(r) = Gz"(r)Ga ( r). Her—e A is a chemical
potential set by the constraint G (r = 0 ) = z
two equations can be combined into a single integrodif-
ferential equation for Ga~(r). We also require that solu-
tions satisfy conditions imposed by the spectral represen-
tation of a boson Green's function: G~& (z) is analytic for
Im(z) & 0, w Im[Ga (a + i0+)] & 0 and Ga (z) —1/z
for large ~z~. The replica-diagonal components of Eqs. (6)
and (7) also bear a formal resemblance to a perturbative
solution of the infinite-dimensional Hubbard model [19];
however, there are some signi6eant differences which turn
out to have dramatic consequences in the nature of the
solution.
We will focus here only on the spin-fluid phase, whence

all correlations are replica diagonal, and replica indices
will be dropped. An immediate consequence of (6)
and (7) is that the zero-temperature boson spectrum
must be gapless. For suppose that the spectral weight
Im[Ga(ur + i0+)] = 0 for ~a~ & 4, then (7), expressed
in real frequencies, implies that 1m[Ra(u+ i0+)] = 0 for
~w~ & 36—this agrees with the real-frequency version of
(6) only if 6 = 0.
Let us focus on the low-frequency behavior of G~.

Assume that Ga (u) w", then from (7) we get
1m[Ra(a)] w + ". This can be consistent with (6)
only if A = Za(cu = 0) and p, = —z. As Ga is analytic
in the upper-half frequency plane, we write
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in more realistic models with charge carriers and Gnite-
range interactions. Nevertheless, to our knowledge, ours
is so far the only bulk model to display the marginal
spectrum over an entire phase, and one might hope that
mathematical structure of the mean-field theory is of
broader significance.
We consider the ensemble of Hamiltonians

Here a, 6 = 1, . . . , n are replica indices, 7. and 7' are Mat-
subara times, and S~ is the single-spin kinematic Berry
phase term [12]. The Edwards-Anderson order parame-
ter [16] for the spin-glass phase is qEA = Q ~(r —+ oo).
Moreover, Q ~, a g b, is 7 independent and nonzero only
in the spin-glass phase [17,18].
An exact evaluation of Zo is clearly not possible. We

therefore consider the large M limit, discussing first the
limit (C) above. This is achieved by the Schwinger boson
realization of 8:

where the sum over i, j extends over N —+ oo sites, the
exchange constants J,~ are mutually uncorrelated and se-
lected with probability P(J;z) exp[—J2/(2J )], the 8
are the spin operators of the group SU(M), and the states
on each site belong to a representation labeled by the in-
teger ni, [nb = 28 for SU(2); more generally nt, is the
number of columns in the Young tableau of the represen-
tation [12]]. This model has been considered previously
by Bray and Moore [13] for the group SU(2); they found
strong evidence in favor of the presence of spin-glass or-
der at T = 0 for all values of S. Accessing the spin-fluid
phase therefore requires considerations of groups other
than SU(2); following a technique which has been suc-
cessful in clean antiferromagnets [12,14], we generalize to
the group SU(M) and study the phase diagram in the nb
M plane. [We have also studied the properties of random
Sp(M) [15] magnets with results that are very similar to
the simpler SU(M) case considered here. ]
The system becomes solvable in three interesting limits

in the ng-M plane (taken after the N —+ oo limit). (A)
ng —+ ao, M fixed. This is the semiclassical limit and
yields ground states well within the magnetically ordered
spin-glass phase. (B) M ~ oo, nb fixed. It can be proved
order by order in 1/M, that the ground state in this limit
is always a spin fluid. (C) M —+ oo, ni, /M = K fixed.
This is in many ways the most interesting limit, because
by varying K one ean interpolate between the spin-glass
and spin-fluid phases. Moreover, one expects a phase
transition between these two ground states at a critical
value of v = K,.
The structure of the mean-field theory obtained in the

N ~ oo limit was discussed in Ref. [13]. We express the
partition function as a coherent-state path integral [12],
introduce n replicas, average the partition function, and
the saddle point reduces to the quantum mechanics of
n replicas of a single spin; assuming the saddle point is
spin-rotation invariant (this is true in both the spin-fluid
and spin-glass phases) we obtain the single-site coherent-
state path integral Zo = f 138exp(Z) with

1/T
drdr Q (7 —r )8 (r) ' 8 (r ) (3)

and the self-consistency condition

Q'(r —r') = M, (8 (r) 8'(r'))z'

) b„tb"=nb, (5)

where 6 is a boson annihilation operator, p, , v = 1, . . . , M.
In the large M limit, Eqs. (3) and (4) reduce to the fol-
lowing equations for the boson Green's function Ga (r) =
(1/M) P„(T(bi'(r)b~t(0))) and its Fourier transform
Ga~(i(u„):

b'av ga$ b'avP P

Ga (uu„)= [—i~„+A —Za (i~„)] (6)

~a'(r) = J'Ga'(r)Ga'(r)Ga ( r)—(7)

iAe '
Ga(z) = +, Im(z) & 0,z

where A ) 0. The positivity conditions on the spectral
weight require 0 & 8 & vr/2. Inserting this into (7) we
find for Im(z) & 0 that

while Q ~(r) = Gz"(r)Ga ( r). Her—e A is a chemical
potential set by the constraint G (r = 0 ) = z
two equations can be combined into a single integrodif-
ferential equation for Ga~(r). We also require that solu-
tions satisfy conditions imposed by the spectral represen-
tation of a boson Green's function: G~& (z) is analytic for
Im(z) & 0, w Im[Ga (a + i0+)] & 0 and Ga (z) —1/z
for large ~z~. The replica-diagonal components of Eqs. (6)
and (7) also bear a formal resemblance to a perturbative
solution of the infinite-dimensional Hubbard model [19];
however, there are some signi6eant differences which turn
out to have dramatic consequences in the nature of the
solution.
We will focus here only on the spin-fluid phase, whence

all correlations are replica diagonal, and replica indices
will be dropped. An immediate consequence of (6)
and (7) is that the zero-temperature boson spectrum
must be gapless. For suppose that the spectral weight
Im[Ga(ur + i0+)] = 0 for ~a~ & 4, then (7), expressed
in real frequencies, implies that 1m[Ra(u+ i0+)] = 0 for
~w~ & 36—this agrees with the real-frequency version of
(6) only if 6 = 0.
Let us focus on the low-frequency behavior of G~.

Assume that Ga (u) w", then from (7) we get
1m[Ra(a)] w + ". This can be consistent with (6)
only if A = Za(cu = 0) and p, = —z. As Ga is analytic
in the upper-half frequency plane, we write
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Here a, 6 = 1, . . . , n are replica indices, 7. and 7' are Mat-
subara times, and S~ is the single-spin kinematic Berry
phase term [12]. The Edwards-Anderson order parame-
ter [16] for the spin-glass phase is qEA = Q ~(r —+ oo).
Moreover, Q ~, a g b, is 7 independent and nonzero only
in the spin-glass phase [17,18].
An exact evaluation of Zo is clearly not possible. We

therefore consider the large M limit, discussing first the
limit (C) above. This is achieved by the Schwinger boson
realization of 8:

where the sum over i, j extends over N —+ oo sites, the
exchange constants J,~ are mutually uncorrelated and se-
lected with probability P(J;z) exp[—J2/(2J )], the 8
are the spin operators of the group SU(M), and the states
on each site belong to a representation labeled by the in-
teger ni, [nb = 28 for SU(2); more generally nt, is the
number of columns in the Young tableau of the represen-
tation [12]]. This model has been considered previously
by Bray and Moore [13] for the group SU(2); they found
strong evidence in favor of the presence of spin-glass or-
der at T = 0 for all values of S. Accessing the spin-fluid
phase therefore requires considerations of groups other
than SU(2); following a technique which has been suc-
cessful in clean antiferromagnets [12,14], we generalize to
the group SU(M) and study the phase diagram in the nb
M plane. [We have also studied the properties of random
Sp(M) [15] magnets with results that are very similar to
the simpler SU(M) case considered here. ]
The system becomes solvable in three interesting limits

in the ng-M plane (taken after the N —+ oo limit). (A)
ng —+ ao, M fixed. This is the semiclassical limit and
yields ground states well within the magnetically ordered
spin-glass phase. (B) M ~ oo, nb fixed. It can be proved
order by order in 1/M, that the ground state in this limit
is always a spin fluid. (C) M —+ oo, ni, /M = K fixed.
This is in many ways the most interesting limit, because
by varying K one ean interpolate between the spin-glass
and spin-fluid phases. Moreover, one expects a phase
transition between these two ground states at a critical
value of v = K,.
The structure of the mean-field theory obtained in the

N ~ oo limit was discussed in Ref. [13]. We express the
partition function as a coherent-state path integral [12],
introduce n replicas, average the partition function, and
the saddle point reduces to the quantum mechanics of
n replicas of a single spin; assuming the saddle point is
spin-rotation invariant (this is true in both the spin-fluid
and spin-glass phases) we obtain the single-site coherent-
state path integral Zo = f 138exp(Z) with

1/T
drdr Q (7 —r )8 (r) ' 8 (r ) (3)

and the self-consistency condition

Q'(r —r') = M, (8 (r) 8'(r'))z'

) b„tb"=nb, (5)

where 6 is a boson annihilation operator, p, , v = 1, . . . , M.
In the large M limit, Eqs. (3) and (4) reduce to the fol-
lowing equations for the boson Green's function Ga (r) =
(1/M) P„(T(bi'(r)b~t(0))) and its Fourier transform
Ga~(i(u„):
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Ga (uu„)= [—i~„+A —Za (i~„)] (6)

~a'(r) = J'Ga'(r)Ga'(r)Ga ( r)—(7)

iAe '
Ga(z) = +, Im(z) & 0,z

where A ) 0. The positivity conditions on the spectral
weight require 0 & 8 & vr/2. Inserting this into (7) we
find for Im(z) & 0 that

while Q ~(r) = Gz"(r)Ga ( r). Her—e A is a chemical
potential set by the constraint G (r = 0 ) = z
two equations can be combined into a single integrodif-
ferential equation for Ga~(r). We also require that solu-
tions satisfy conditions imposed by the spectral represen-
tation of a boson Green's function: G~& (z) is analytic for
Im(z) & 0, w Im[Ga (a + i0+)] & 0 and Ga (z) —1/z
for large ~z~. The replica-diagonal components of Eqs. (6)
and (7) also bear a formal resemblance to a perturbative
solution of the infinite-dimensional Hubbard model [19];
however, there are some signi6eant differences which turn
out to have dramatic consequences in the nature of the
solution.
We will focus here only on the spin-fluid phase, whence

all correlations are replica diagonal, and replica indices
will be dropped. An immediate consequence of (6)
and (7) is that the zero-temperature boson spectrum
must be gapless. For suppose that the spectral weight
Im[Ga(ur + i0+)] = 0 for ~a~ & 4, then (7), expressed
in real frequencies, implies that 1m[Ra(u+ i0+)] = 0 for
~w~ & 36—this agrees with the real-frequency version of
(6) only if 6 = 0.
Let us focus on the low-frequency behavior of G~.

Assume that Ga (u) w", then from (7) we get
1m[Ra(a)] w + ". This can be consistent with (6)
only if A = Za(cu = 0) and p, = —z. As Ga is analytic
in the upper-half frequency plane, we write
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disorder in an incoherent metal
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Leads to fully self-consistent Migdal-Eliashberg equations
⌃ ⇠ g2G G�, ⌃� ⇠ g2G G in a SYK-like large N limit.

Yukawa-SYK models
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= 1 , � = 0.42037 . . .
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Strange metals,

Non-Fermi liquids, 

and 
Marginal Fermi liquids
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Strange
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B. Michon……A. Georges, arXiv:2205.04030

<latexit sha1_base64="PB02aHHOOwJs/yQAD6dXkIGSyqM="></latexit>

Properties of a strange metal:

• Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.

• Specific heat ⇠ T ln(1/T ) as T ! 0.

• Optical conductivity

�(!) =
K

1

⌧trans(!)
� i!

m⇤
(!)

m

;
1

⌧trans(!)
⇠ Max


kBT

~ ,!

�

• Photoemission: nearly “marginal” electron spectral density:

Im⌃(!) ⇠ |!| T.J. Reber….D. Dessau,  
Nature Communications 10, 5737 (2019) 



Pomeranchuk instability as a function of coupling �

��⇥ = 0⇥�⇤ �= 0

or

Quantum criticality of Ising-nematic ordering in a metal

�
�c



T

Phase diagram as a function of T and �

��⇥ = 0

Quantum
critical

⇥�⇤ �= 0

TI-n

�
�c

Quantum criticality of Ising-nematic ordering in a metal



Fermi surface coupled to a critical boson
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a critical boson �
e.g. Ising-nematic order
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“Yukawa” coupling: g

Z
d2rd⌧  †(r, ⌧) (r, ⌧)�(r, ⌧)
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a critical boson �
e.g. Ising-nematic order
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“Yukawa” coupling: g

Z
d2rd⌧  †(r, ⌧) (r, ⌧)�(r, ⌧)
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Eliashberg solution for electron (G) and boson (D) Green’s functions at small !:

⌃(k̂, i!) ⇠ �isgn(!)|!|2/3 , G(k, i!) =
1

i! � "(k)� ⌃(k̂, i!)
, D(q, i⌦) =

1

⌦2 + q2 + �|⌦|/q

P.A. Lee (1989)
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a critical boson �
e.g. Ising-nematic order
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“Yukawa” coupling: g

Z
d2rd⌧  †(r, ⌧) (r, ⌧)�(r, ⌧)
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Transport—a perfect metal!
Conservation of momentum and
fermion-boson drag imply:

Re [�(!)] = D�(!); Claims of anomalous transport and optical conductivity are incorrect
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Transport—a perfect metal!
Conservation of momentum and
fermion-boson drag imply:

Re [�(!)] = D�(!); Claims of anomalous transport and optical conductivity are incorrectA non-Fermi liquid but NOT a strange metal



(defined by single-particle properties)
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Fermi liquids and their cousins:

• Fermi liquids: Fermionic quasiparticles with a lifetime obeying
1/⌧(") ⌧ |"| and a local density of states N(") ⇠ constant as
|"| ! 0.

• Non-Fermi liquids: No quasiparticles.
Would-be fermionic quasiparticles have 1/⌧(") � |"| and
a local density of states N(") ⇠ constant as |"| ! 0.

• Marginal Fermi liquids: Fermionic quasiparticles with a lifetime
obeying 1/⌧(") ⇠ |"| and a local density of states N(") ⇠ con-
stant as |"| ! 0.



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal



Adding spatial disorder: 
Potential disorder - v


and

Interaction disorder - g’
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“Yukawa” coupling: g
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Random potential

Z
d2rd⌧ v(r) †(r, ⌧) (r, ⌧)
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Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)



Fermi surface coupled to a critical boson
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Random potential
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Boson self energy: ⇧ ⇠ �g2

v2
|⌦|, D(q, i⌦) =

1

q2 + �|⌦|
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Marginal Fermi liquid self energy and T ln(1/T ) specific heat
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Random potential

Z
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The g2log term does not contribute to transport:
With g and v non-zero, we obtain a non-zero residual resistivity

and Fermi liquid like corrections
⇢(T ) = ⇢(0) +AT 2 + . . ..

with 1/⇢(0) ⇠ 1/⌧trans ⇠ v2.

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990;  T. C. Wu, Y. Liao, and M. S. Foster, arXiv:2206.01762 



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Potential disorder v 

A marginal Fermi liquid but NOT a strange metal
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Figure 3: Doping dependence of the spatially resolved gap filling and gap magnitude. a Gap 
magnitude histogram for each doping concentration. b-d The spatial distributions of the gap 
magnitude for the OD23K, OD12K, and OD3K samples. The spectra that are omitted from the 
histograms (see main text and supplementary SII) are indicated by the white areas in figure 
b-d. e Gap filling histogram for each doping level. f-h Spatial distribution of the gap filling for 
the OD23K, OD12K, and OD3K samples respectively. 

 

 

Puddle formation, persistent gaps, and  
non-mean-field breakdown of 

superconductivity in overdoped 
(Pb,Bi)2Sr2CuO6+δ 

Willem O. Tromp, Tjerk Benschop, Jian-Feng Ge,  
Irene Battisti, Koen M. Bastiaans, Damianos Chatzopoulos, 
Amber Vervloet, Steef Smit, Erik van Heumen,  
Mark S. Golden, Yinkai Huang, Takeshi Kondo, Yi Yin, 
Jennifer E. Hoffman, Miguel Antonio Sulangi, Jan Zaanen, 
Milan P. Allan 

Our scanning tunneling spectroscopy measurements in the 
overdoped regime of the (Pb,Bi)2Sr2CuO6+δ high- 
temperature superconductor show the emergence of 
puddled superconductivity, featuring nanoscale 
superconducting islands in a metallic matrix 

arXiv:2205.09740
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Spatially random interactions!
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Spatially random interactions!
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Randomness in hopping tij leads to randomness in exchange interactions t2ij/U . The interaction
associated with the � collective mode has the schematic form

�
Z

d2rd⌧ J(r) † †  

where we have omitted a local ‘form factor’ for the interaction, and the random strength of the
overall interaction is determined by the coupling J(r). Upon decoupling

Z
d2rd⌧


�2

2J(r)
� � † 

�

This as a random ‘mass’ in the boson and is strongly relevant. A key idea is that we should
account for the relevant disorder exactly by rescaling the field � in a r-dependent manner so that

Z
d2rd⌧


�2

2
�

p
J(r)� † 

�

The disorder is in the boson-fermion coupling, and can be accounted for systematically.
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The disorder is in the boson-fermion coupling, and can be accounted for systematically.
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Boson self energy: ⇧ = ⇧g +⇧g0

⇧g(i⌦) ⇠ �g2

v2
|⌦|, ⇧g0(i⌦) ⇠ �g02|⌦|, D(q, i⌦) =

1

q2 + �|⌦|
Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990
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Fermion self energy: ⌃ = ⌃v + ⌃g + ⌃g0
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The g2 log term does not contribute to transport
but the g02 log term does!

Conductivity:
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Conductivity: �(!) ⇠ [1/⌧trans(!)� i!m⇤(!)/m]�1

1

⌧trans(!)
⇠ v2 + g02|!| ;

m⇤(!)

m
⇠ 2g02

⇡
ln(⇤/!)

Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02.

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Potential disorder v 

A marginal Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Interaction disorder g’ 

A marginal Fermi liquid AND a strange metal



Universal large-N theory 
of strange metals in 2-d

Beyond 0-d “toy” models…. 



Strange metals from a Yukawa-SYK model
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a critical boson �
e.g. Ising-nematic order
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“Yukawa” coupling:
gij`
N
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i (r, ⌧) j(r, ⌧)�l(r, ⌧)

Random potential: +
1p
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Z
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†
i (r, ⌧) j(r, ⌧)

Random interactions: +
1
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Z
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†
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gijl = 0 , g⇤ijlgabc = g2 �ia�jb�lc , vij(r) = 0 , v⇤ij(r)vlm(r0) = v2 �(r � r0)�il�jm

g0ijl(r) = 0 , g0⇤ijl(r)g
0
abc(r

0) = g0
2
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Universal large-N theory of strange metals

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990
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Large N saddle point yields Migdal-Eliashberg equations;
Large N response functions generate ladders of MT and AL diagrams
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Omitted terms associated with �4
boson self-interaction;

Large N saddle point yields Migdal-Eliashberg equations;

Large N response functions generate ladders of MT and AL diagrams.
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3. Fermion-boson drag:
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Fermion-boson drag:

• For electron-phonon scattering in metals, we have “Bloch’s

law” (1931): a resistivity ⇢(T ) ⇠ T 5
.

However, Bloch’s law ignores conservation of total momen-

tum, or phonon drag. Peierls (1932) pointed out that the

conservation of total momentum implies that an electrical

current cannot decay, and so the resistance is practically zero

in a pure sample. But because of the weak electron-phonon

coupling, Bloch’s law applies except in ultrapure crystals.

In a non-Fermi liquid, we cannot separate the momenta car-

ried by the fermions and the bosons, because neither of them

exists at low energies! We must treat the combined system

together: extreme drag. The analog of Bloch’s law does not

apply.

<latexit sha1_base64="db3wc77oIb7IbyOdNbKOlfzZfHw="></latexit>

Key ingredient of our universal theory of strange metals:
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Key ingredient of our universal theory of strange metals:



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Potential disorder v 

A marginal Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Interaction disorder g’ 

A marginal Fermi liquid AND a strange metal



Summary
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• SYK: a solvable model without particle-like excitations, ex-
hibiting thermalization and many-body chaos in a time of
order ~/(kBT ), independent of microscopic energy scales.

• Universal theory of a marginal Fermi liquid and a strange
metal (including linear-T resistivity): spatially random inter-
actions in a two-dimensional quantum-critical metal, solvable
in a Yukawa-SYK-like large N limit.

• Black holes with a net charge in asymptotically Minkowski
space have a near horizon AdS2⇥S2 geometry: this geometry
has an emergemt time-reparameterization soft mode with an
action identical to that of the SYK model. In other words,
the SYK model is a quantum simulation of the low energy
physics of charged black holes in Einstein-Maxwell theory.

D. Chowdhury, A. Georges,  O. Parcollet, S. Sachdev,  
arXiv: 2109.05037, Reviews of Modern Physics
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