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What is a non-Fermi liquid ?

e A compressible phase at T' = 0: the density O varies
smoothly as a function of . Global U(1) symmetry
1s unbroken.

e No quasiparticle excitations

e Shortest possible local-equilibration/de-phasing/
transition-to-quantum-chaos with

C h S. Sachdev, Quantum Phase Transitions,
T ~ P E— Cambridge (1999)
v kgT
1 h
TT, Z 2 ]f T J. Maldacena, S. H. Shenker and D. Stanford,
T RhB arXiv:1503.01409

In Fermi liquids, 7 ~ 1/ T?:
in gapped systems, 7 ~ e~/T



Theories of non-Fermi liquids
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Infinite-range model with guasiparticles

H = 1/2 Z twczcﬁ

1,7=1

cici +cjc; =0 | C.CT- + ch-cZ- = 04
r -

t;; are independent random variables with ¢;; = 0 and |t;;]% = t°

Fermions occupying the eigenstates of a
N x N random matrix



Infinite-range model with guasiparticles

Feynman graph expansion in t¢;; , and graph-by-graph average,
yields exact equations in the large N limit:
1
iw 4 b — N(iw)
Gir=0")=0Q.

Giw) = . X(1) = t*°G(T)
G(w) can be determined by solving a quadratic equation.
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Infinite-range model with guasiparticles

Now add weak interactions

N N
1 1
H = /2 tijC,:-er | 3/2 Jij;kﬁ CIC}L-C]{CK
W 2 NP, 2
’L,]Zl iajak'aez]-

Jii.ke are independent random variables with m = 0 and |J;;.x¢|? = J?. We
compute the lifetime of a quasiparticle, 7., in an exact eigenstate (i) of the
free particle Hamitonian with energy F,. By Fermi’s Golden rule, for E,, at the
Fermi energy

Ti = 7.J%p} / dEgdEydEs f(Ep)(1 — f(Ey))(1 = f(Es))(Ea + Ep — Ey — Ejs)
- WBJQPSTQ
4

where pg is the density of states at the Fermi energy.

Fermi liquid state: Two-body interactions lead to a scattering time
of quasiparticle excitations from in (random) single-particle eigen-
states which diverges as ~ T2 at the Fermi level.




SYK model

To obtain a non-Fermi liquid, we set ¢;; = O:

1
Hsyk = (2N)3/2 Z Jij. MC Ckcg MZC
7..77k7'é 1

Q== CJ;LCi

Hgvi 1s similar, and has identical properties, to the SY model.

°° A fermion can move only
Ji15611 ce by entangling with another
- fermion: the Hamiltonian
has “nothing but
entanglement” .

Jg.9.12.14
® 14

S.Sachdev and J.Ye, Phys. Rev. Lett. 70, 3339 (1993)
A. Kitaey, unpublished; S. Sachdev, PRX 5, 041025 (2015)



SYK model

Feynman graph expansion in J;; , and graph-by-graph average,
yields exact equations in the large N limit:

Low frequency analysis shows that the solutions must be gapless
and obey

1 A

o) =p— Vit Gle)= -~

for some complex A. The ground state is a non-Fermi liquid, with
a continuously variable density O.

S.Sachdev and |.Ye, Phys. Rev. Lett. 70, 3339 (1993)



SYK model
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Large N solution of equations for G and > agree well with exact diagonal-
ization of the finite N Hamiltonian = no spin-glass order

However, exact diagonalization of the same model with hard-core bosons
indicates the presence of spin-glass order in the ground state. il

WV. Fu and S. Sachdey, arXiv: 1603.05246



SYK model

e T =0 Green’s function G ~ 1//7

S.Sachdev and ].Ye, Phys. Rev. Lett. 70, 3339 (1993)




SYK model

e T =0 Green’s function G ~ 1/4/7

e 7' > 0 Green’s function implies conformal invariance

G ~ 1/(sin(nTT))/?
A. Georges and O. Parcollet PRB 59, 5341 (1999)



SYK model

e T =0 Green’s function G ~ 1/4/7

e 7' > 0 Green’s function implies conformal invariance

G ~ 1/(sin(nTT))/?

e Non-zero entropy as T' — 0, S(T"— 0) = NSy + . ..
A. Georges, O. Parcollet, and S. Sachdey, Phys. Rev. B 63, 134406 (2001)



SYK model

T = 0 Green’s function G ~ 1/4/7

T > 0 Green’s function implies conformal invariance

G ~ 1/(sin(nTT))/?
Non-zero entropy as T"— 0, S(T' — 0) = NSy + . ..

These features indicate that the SYK model is dual to
the low energy limit of a quantum gravity theory of black
holes with AdSs near-horizon geometry. The Bekenstein-
Hawking entropy is IV .5y.

S.Sachdev, PRL 105, 151602 (2010)



SYK and Ad$S;

charge

density O
AdSQ X SQ
ds? = (dC2 — altZ)/C2 + di?
T

Gauge field: A = (£/()dt

PHYSICAL REVIEW LETTERS [05, 151602 (2010)
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Holographic Metals and the Fractionalized Fermi Liquid

Subir Sachdev

Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
(Received 23 June 2010; published 4 October 2010)

We show that there 1s a close correspondence between the physical properties of holographic metals
near charged black holes in anti—de Sitter (AdS) space, and the fractionalized Fermi liquid phase of the
lattice Anderson model. The latter phase has a ““small” Fermi surface of conduction electrons, along with
a spin liquid of local moments. This correspondence implies that certain mean-field gapless spin liquids
are states of matter at nonzero density realizing the near-horizon, AdS, X R? physics of Reissner-
Nordstrom black holes.



SYK model

T = 0 Green’s function G ~ 1/4/7

T > 0 Green’s function implies conformal invariance

G ~ 1/(sin(nTT))/?
Non-zero entropy as T"— 0, S(T' — 0) = NSy + . ..

These features indicate that the SYK model is dual to
the low energy limit of a quantum gravity theory of black
holes with AdSs near-horizon geometry. The Bekenstein-
Hawking entropy is IV .5y.

There is a scalar zero mode associated with the breaking
of reparameterization invariance down to SL(2,R). The
same pattern of symmetries is present in gravity theories

on AdSQ .
A. Kitaev, KITP talk, 2015



SYK model

e The dependence of Sy on the density © matches the be-
havior of the Wald-Bekenstein-Hawking entropy of AdSs
horizons in a large class of gravity theories.

S.Sachdev PRX 5,041025 (2015)




SYK model

e The dependence of Sy on the density © matches the be-
havior of the Wald-Bekenstein-Hawking entropy of AdSs
horizons in a large class of gravity theories.

e The scalar zero mode leads to a linear-in-71" specific heat
S(T%O) = NSy + N~YT +....

An identical scalar zero model is also present in the low
energy limit of theories of quantum gravity on AdSs.
J. Maldacena and D. Stanford, arXiv:1604.078 18



SYK model

e The dependence of Sy on the density © matches the be-
havior of the Wald-Bekenstein-Hawking entropy of AdSs
horizons in a large class of gravity theories.

e The scalar zero mode leads to a linear-in-71" specific heat
S(T%O) = NSy + N~YT +....

An identical scalar zero model is also present in the low
energy limit of theories of quantum gravity on AdSs.

e The Lyapunov time to quantum chaos saturates the lower
bound both in the SYK model and in quantum gravity.

I h

N 21 k BT
A. Kitaev, KITP talk, 2015
J. Maldacena and D. Stanford, arXiv:1604.07818
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SYK model

After integrating the fermions, the partition function can be writ-
ten as a path integral with an action S analogous to a Luttinger-

Ward functional

A / DG(Tl, TZ)DZ(TL 7-2) exp(—NS) A. Georges, O. Parcollet, and S. Sachdey,
Phys. Rev. B 63, 134406 (2001)

S =1Indet [6(T — 72)(0r, + 1) — 2(11,T2)]
+/d71d722(71,72) G(79,m1) + (J?/2)G*(72,71)G* (11, T2)]

At frequencies < J, the time derivative in the determinant is less
important, and without it the path integral is invariant under the

reparametrization and gauge transformations A. Georges and O Parcollet
PRB 59, 5341 (1999)
T = f(O') A. Kitaev, unpublished
(o1) S. Sachdev, PRX 5, 041025 (2015)
—1/4 o)
Glri,m) = [ (01) /" (02)] " LI Glo1, 00)
g(o2)
—3/4 9(01
S(r1,m) = [F(00) £ (02)] " 27 (04, )
g(o2)

where f(o) and g(o) are arbitrary functions.



SYK model

Let us write the large IV saddle point solutions of S as

—1/2

GS(Tl—TQ)N(Tl—TQ) ] ES(Tl_TQ)N(Tl—TQ)_S/Q.

These are not invariant under the reparametrization symmetry but are in-
variant only under a SL(2,R) subgroup under which

at + b

So the (approximate) reparametrization symmetry is spontaneously broken.

Reparametrization zero mode
Expand about the saddle point by writing

G(r1,72) = [f' (1) f ()]G (f(11) — f(72))

(and similarly for ) and obtain an effective action for f(7). This action
does not vanish because of the time derivative in the determinant which is
not reparameterization invariant.

J. Maldacena and D. Stanford, arXiv:1604.07818
See also A. Kitaey, unpublished, and ]. Polchinski and V. Rosenhaus, arXiv:1601.06768



SYK model

However the effective action must vanish for SL(2,R) transforma-
tions because Gy, > are invariant under it. In this manner we
obtain the effective action as a Schwarzian

N g 1"\ 2
NSeff: 47:2//d7_{f77-} 9 {f77_}:J;’/ 5(%) ’

where the specific heat, C = ~T..

The Schwarzian effective action implies that
the SYK model saturates the lower bound
on the Lyapunov time

1 h
_27T]€BT

TL

.

J. Maldacena and D. Stanford, arXiv:1604.07818
See also A. Kitaey, unpublished, and ]. Polchinski and V. Rosenhaus, arXiv:1601.06768
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Quantum criticality of Ising-nematic ordering in a metal
p

Occupied states

Ak
&

J \ Empty states

A metal with a Fermi surface
with full square lattice symmetry




Quantum criticality of Ising-nematic ordering in a metal
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Pomeranchuk instability as a function of coupling A



Quantum criticality of Ising-nematic ordering in a metal

e ¢ fluctuation at wavevector ¢ couples most efficiently to fermions
near ::]{70.

e Eixpand fermion kinetic energy at wavevectors about ::EO and
boson (¢) kinetic energy about ¢ = 0.



Quantum criticality of Ising-nematic ordering in a metal

e Lixact solution for some ex-
ponents for the ‘one-sided’

chiral model (Shouvik Sur
and Sung-Sik Lee, PRB 90,
Y 045121 (2014)).

e Expansion in ¢ = 5/2 — d
(D. Dalidovich and Sung-Sik
Lee, PRB 88, 245106 (2013)).

1
=0 (Whos +9le- ) + 5 5 (0y0)

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)




Quantum criticality of Ising-nematic ordering in a metal

The entropy density, s, obeys

S ~v T(d—@)/z ~ T2/3 Y. B. Kim, A. Furusaki, X.-G.Wen, and
PA.Lee, PRB 50, 17917 (1994)

where z = 3/2 is the dynamic critical exponent for fermionic excitations dis-
persing normal to the Fermi surface, and d—6 = 1 is the number of dimensions
normal to the Fermi surface.

A RG analysis using a dimensionality expansion below d = 5/2 shows that
the opitcal conductivity obeys

d—0—2)/ 2~ —92/3 A. Eberlein, |. Mandal, and S. Sachdey,
o~ w Z w2/ PRB 94, 045133 (2016)

We also computed the shear viscosity and found

N ~ 7(d—0-2)/z _, p—2/3 A.A. Patel,A. Eberlein, and S. Sachdey,
arXiv:1607.03894

Note that n7/s ~ T—2/# does not scale to a constant: so for the viscosity we do
not have a system of reduced dimensionality, a consequence of the anisotropic
scaling between the directions normal and parallel to the Fermi surface.



Z \
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» more generally, measure thermoelectric transport:

6Jz o 045 g 6Ej



Quantum criticality of Ising-nematic ordering in a metal

e Early computations of fermions scattering off ¢ fluc-
tuations obtained o ~ T—4/3.

e However, this ignores “momentum drag”’: the ¢ mo-
mentum is ultimately given back to the fermions, and
this happens rapidly because the fermion-¢ coupling

is (infinitely) strong. D. L. Maslov, V1. Yudson, A.V. Chubukov,
PRL 106, 106403 (2011)

e The critical theories of the clean non-Fermi liquid
can always be defined in the continuum in a manner
so that there is a conserved “momentum” operator

P, so that [P,O(x)] = iV,O(x).



Fermi liquids: quasiparticles moving
ballistically between impurity (red circles)
scattering events

Strange metals: electrons scatter

frequently off each other; so there is no
regime of ballistic quasiparticle motion.
The electron “liquid” then “flows” around
impurities



Thermoelectric transport coefficients

Transport has two components: a “momentum drag” term,
and a “‘quantum critical” term.

with entropy density S, @ = x s, p,, and M = xp, p..

In theories which are relativistic at high energies
(including graphene), Tag(w) = —pog(w), Tkg(w) =
prog(w), M =TS + nQ = H the enthalpy den-
sity, and @ = n the electron density

S.A. Hartnoll, P. K. Kovtun, M. Miller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)



Translational symmetry breaking

Momentum relaxation by an external source h coupling to the operator O
H = Hy-— /ddx h(x)O(x).

Leads to an additional term in equations of motion:

1
0,TH = ... IS

Timp

“Memory function” methods yield an explicit expression for 7imp:

S.A. Hartnoll, P. K. Kovtun, M. Miller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)



Thermoelectric transport coefficients

Transport has two components: a “momentum drag” term,
and a “‘quantum critical” term.

Obtained in hydrodynamics, and by memory functions

S.A. Hartnoll, P. K. Kovtun, M. Miller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)



Quantum criticality of Ising-nematic ordering in a metal

e If we choose © = number or energy density, then the
results are similar to obtained from solving hydrody-

namic equations in the presence of impurities.
R.A. Davison, K. Schalm, and Jan Zaanen, PRB 89,245116 (2014)

e For the Ising-nematic critical point, the strongest
scattering arises from the choice O = ¢, with the
disorder coupling to the local orientation of the ne-
matic ordering. This leads to

Resistivity p ~ [T 111(1/T)]—1/2

e If Landau damping of the ¢ fluctuations can be ne-
clected, then

Resistivity p ~ T’

S.A. Hartnoll, R. Mahajan, M. Punk, and S. Sachdev, PRB 89, 55130 (2014)
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Fermi surface+antiferromagnetism

| Hole
states
occupied

states
occupied [T—

N
e

T
+

rm

T'he electron spin polarization obeys

(S(r,7)) = @, )e™

where K is the ordering wavevector.




Square lattice Hubbard model with hole doping

(@) # 0

and large

N
N

Metal with
hole pockets

(@) # 0

and small

(@) =0

]/\
N/

L

AN
N

Metal with
electron and

hole pockets

Metal with
“large” Fermi
surface



Fermi surfacetantiferromagnetism

Metal with “large” Fermi surface



Fermi surface+antiferromagnetism

Fermi surfaces translated by K = (7, 7).



Fermi surface+antiferromagnetism

“Hot” spots



Low energy theory for critical point near hot spots



Theory has fermions 11 5 (with Fermi velocities v o)
and boson order parameter ¢,

interacting with coupling A
Vi V2

1 fermions o fermions
occupied occupied

Ar.Abanov and A.V. Chubukoy, Phys. Rev. Lett. 93,255702 (2004).



Lf = wia (Or —1vy - V) 10 + wga (Or —iva - V) 1o,

1 1
Order parameter: L, = 5 (V. @) + 5 (0-3)° + 3952 + %834
“Yukawa” coupling: L.=—\p- (@Dia&aﬁwzﬁ + ¢$a5a5w15>

Ar.Abanov and A.V. Chubukoy, Phys. Rev. Lett. 93,255702 (2004).



Quantum criticality of spin density wave ordering in a metal

Because the hotspots are localized at points in momentum space,
the termion excitations are effectively two-dimensional, the “viola-
tion of hyperscaling” exponent § = 0. So both the entropy density
and the optical conductivity of the hot-spot critical theory obey
the conventional scaling A.A. Patel, P Strack, and S. Sachdev, PRB 92, 165105 (2015)

s~ T4z~ T2/% and o ~ w(4=2)/% ~ constant.

For the d.c. transport, a novel hydrodynamic regime is obtained
if we assume the hot spots and the cold regions both equilibrate
with each other on a time scale shorter than the impurity scattering
time. Then we find, via memory functions, that the d.c. resitivity is
dominated by momentum relaxation near the hot spots. Disorder
coupling to ¢* (i.e. random variations in the local value of the
critical coupling) leads to a resistivity

p ~ 1 up to logarithms

with z = 2.

A.A. Patel and S. Sachdev, PRB 90, 165146 (2014)
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Graphene

Same “Hubbard” model as for
ultracold atoms, but for electrons on
the honeycomb lattice




Graphene Predicted
T(K) strange metal

\,u>0

4007

3007 ‘
2007
Hole Electron
1007 Fermi liquid Fermi liquid
-1 0.5 0 0.5 ] 10%2/m?

M. Miiller, L. Fritz, and S. Sachdev, PRB 78, 115406 (2008)
M. Miiller and S. Sachdev, PRB 78, 115419 (2008)



Graphene Predicted
/ strange metal
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M. Miiller, L. Fritz, and S. Sachdev, PRB 78, 115406 (2008)
M. Miiller and S. Sachdev, PRB 78, 115419 (2008)



Thermal and electrical conductivity
with quasiparticles
» Wiedemann-Franz law in a Fermi liquid:
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G. S. Kumar, G. Prasad, and R.O. Pohl, J. Mat. Sci. 28,4261 (1993)



Prediction for transport in the graphene strange metal

For a strange metal with a “relativistic’ Hamiltonian, hydrodynamic, holo-
graphic, and memory function methods yield for the Lorentz ratio L = k/(To)

B - € UFQ27'1mp B U%Hﬂmp - e UFQQTlmp 1
7T T T Hog  NE T " Hoo

—2
7 e H Timp - e?v% Q% Timp
TQO'Q HO‘Q 7

where H is the enthalpy density, Timp is the momentum relaxation time (from
impurities), while 0 = 0@, an intrinsic, finite, “quantum critical” conductivity.

e For O =0, as Timp — 00, 0 remains finite, while kK — 0o, and so L — oo.
e For O # 0, as Timp — 00, 0 — 00, while s remains finite, and so L — 0.

Prediction: L diverges as 1/ 0% near Q = 0 in clean ographene.

S. A. Hartnoll, P. K. Kovtun, M. Miiller, and S. Sachdev, PRB 76, 144502 (2007)
M. Miiller and S. Sachdev, PRB 78, 115419 (2008)




Graphene Predicted
/ strange metal
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M. Miiller, L. Fritz, and S. Sachdev, PRB 78, 115406 (2008)
M. Miiller and S. Sachdev, PRB 78, 115419 (2008)



Graphene Predicted
strange metal

Impurity scattering dominates

M. Miiller, L. Fritz, and S. Sachdev, PRB 78, 115406 (2008)
M. Miiller and S. Sachdev, PRB 78, 115419 (2008)



J. Crossno et al., Science 351, 1058 (2016)

Red dots: data
Blue line: value for L = Ly

Thermal Conductivity (nW/K)




J. Crossno et al., Science 351, 1058 (2016)

Red dots: data
Blue line: value for L = Ly

Thermal Conductivity (nW/K)




J. Crossno et al., Science 351, 1058 (2016)
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Graphene Predicted
strange metal

Impurity scattering dominates

M. Miiller, L. Fritz, and S. Sachdev, PRB 78, 115406 (2008)
M. Miiller and S. Sachdev, PRB 78, 115419 (2008)



J. Crossno et al., Science 351, 1058 (2016)

Strange metal in graphene

Tbath (K)

Wiedemann-Franz n (10° cm) Wiedemann-Franz
violated ! obeyed



Thath (K)
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oo — quantum critical conductivity
Timp — Momentum relaxation time from impurities

S. A. Hartnoll, P. K. Kovtun, M. Miiller, and S. Sachdev, PRB 76, 144502 (2007)
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Comparison to theory with a single momentum relaxation time 7jyyp.

Best fit of density dependence to thermal conductivity does not capture
the density dependence of electrical conductivity

A. Lucas, J. Crossno, K.C. Fong, P. Kim, and S. Sachdev, PRB 93, 075426 (2016)



Non-perturbative treatment of disorder

Note
n=090

Figure 3: A cartoon of a nearly quantum critical fluid where our hydrodynamic description of
transport is sensible. The local chemical potential u(x) always obeys |u| < kT, and so the
entropy density s/kp is much larger than the charge density |n|; both electrons and holes are
everywhere excited, and the energy density € does not fluctuate as much relative to the mean.
Near charge neutrality the local charge density flips sign repeatedly. The correlation length of
disorder £ is much larger than [, the electron-electron interaction length.

Numerically solve the hydrodynamic equations in the presence of a
x-dependent chemical potential. The thermoelectric transport properties

will then depend upon the value of the shear viscosity, 7.

A. Lucas, J. Crossno, K.C. Fong, P. Kim, and S. Sachdev, PRB 93, 075426 (2016)
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of a space-dependent chemical potential.
Best fit of density dependence to thermal conductivity now gives a better fit to

the density dependence of the electrical conductivity (for n/s ~ 10). The T
dependencies of other parameters also agree well with expectation.

A. Lucas, J. Crossno, K.C. Fong, P. Kim, and S. Sachdev, PRB 93, 075426 (2016)



Graphene:“a metal that behaves like water”

.




Non-Fermi liquids

Shortest possible “phase coherence” time, fastest possible local equilibra-
tion time, or fastest possible Lyapunov time towards quantum chaos, all

h
kT

of order

Realization in solvable SYK model, which saturates the lower bound on
the Lyapunov time. Its properties have some similarities to non-rational,
large central charge CFT2s.

Remarkable match between SYK and quantum gravity of black holes with
AdS; horizons, including a SL(2,R)-invariant Schwarzian effective action
for thermal energy fluctuations.

Transport of non-Fermi liquids described by collective flow of fluid around
impurities. Non-Fermi liquids with a critical Fermi surface have a diver-
gent /s as T'— 0. This is a consequence of the spatial anisotropy in the
vicinity of a Fermi surface point, and unlike existing holographic models.

Experiments on graphene agree well with predictions of a theory of a
nearly relativistic quantum liquid without quasiparticles.



