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Coupled Dimer Antiferromagnet

M. P. Gelfand, R. R. P. Singh, and D. A. Huse, Phys. Rev. B 40, 10801-10809 (1989).
N. Katoh and M. Imada, J. Phys. Soc. Jpn. 63, 4529 (1994).

J. Tworzydlo, O. Y. Osman, C. N. A. van Duin, J. Zaanen, Phys. Rev. B 59, 115 (1999).
M. Matsumoto, C. Yasuda, S. Todo, and H. Takayama, Phys. Rev. B 65, 014407 (2002).
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A close to 0 Weakly coupled dimers
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A close to 0 Weakly coupled dimers
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A close to 0 Weakly coupled dimers
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DD Do

Energy dispersior_1 away from Ci pi + Ci pi
antiferromagnetic wavevector €, = A+ A

A — spin gap
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Coupled Dimer Antiferromagnet




A closeto 1 Weakly dimerized square lattice



A close to 1 Weakly dimerized square lattice

H o HH

H ..... H ...... Excitations:
HH """ H 2 spin wavés (magnons)
H ....... H ....... H £, = \/ c’p’+ CyZ pyZ

Ground state has long-range spin density wave <(5> = ()
(Neéel) order at wavevector K= (m,7)

—

spin density wave order parameter: ¢ =1, E’ ; 1, = =1 on two sublattices
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A, = 0.52337(3)

T:O M. Matsumoto, C. Yasuda, S. Todo, and H. Takayama, Phys.
Rev. B 65, 014407 (2002)
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L GW theory for guantum criticality

Landau-Ginzburg-Wilson theory: write down an effective action
for the antiferromagnetic order parameter ¢ by expanding in powers

of ¢ and its spatial and temporal derivatives, while preserving

all symmetries of the microscopic Hamiltonian

S, = /d2$d7' B ((vgggz)2 +2(0:3)° + (A — N 932) +u (952)2]

S. Chakravarty, B.l. Halperin, and D.R. Nelson, Phys. Rev. B 39, 2344 (1989)



L GW theory for guantum criticality

Landau-Ginzburg-Wilson theory: write down an effective action
for the antiferromagnetic order parameter ¢ by expanding in powers
of @ and its spatial and temporal derivatives, while preserving

all symmetries of the microscopic Hamiltonian

S, = /d2$d7' B ((vgggz)2 +2(0:3)° + (A — N 932) +u (952)2]

S. Chakravarty, B.l. Halperin, and D.R. Nelson, Phys. Rev. B 39, 2344 (1989)

For A <A, oscillations of ¢ about ¢ =0

constitute the #riplon excitation

A.V. Chubukov, S. Sachdev, and J.Ye, Phys. Rev. B 49, 11919 (1994)
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Square lattice antiferromagnet
H=Y J;S;-S;
(i7)

Ground state has long-range Néel order

Order parameter ¢ =m,S.

N, = =1 on two sublattices
<q_5 > = ()



Square lattice antiferromagnet

H = Z J@]S_{L ' gj
(i7)

Destroy Neel order by perturbations which preserve full square
lattice symmetry e.g. second-neighbor or ring exchange.

What is the state with <c§ > =07?



Square lattice antiferromagnet

H= ZJZ]

Destroy Neel order by perturbations which preserve full square
lattice symmetry e.g. second-neighbor or ring exchange.

What is the state with <c§ > =07?



Ouantum theory for destruction of Neel order

Partition function on cubic lattice in spacetime
zZ = H/d(ﬁaé (90 exp ( nga ¢a+u>

LGW theory: weights in partition function are those of a
classical ferromagnet at a “temperature” g

Small g = ground state has Neel order with <q_5 > = ()

Large g = paramagnetic ground state with <c§ > =0



Ouantum theory for destruction of Neel order

Coherent state path integral on cubic lattice in spacetime
Z = H / dSOa ) exXp ( Z Pa - Qpa—l—,u ZSBerry)
a,u

Modulus of weights in partition function: those of a
classical ferromagnet at a “temperature” g

Small g = ground state has Neel order with <q_5 > = ()

Large g = paramagnetic ground state with <c§ > =0

Berry phases lead to large cancellations between different

time histories



Ouantum theory for destruction of Neel order

Partition function on cubic lattice

2= H/dgoa )exp( ZS%, Patp + ZSBerry)
a,p
T E

(!-.lﬂ
U N

Rewrite partition function in

terms of spinors z_,

with a =1, and

— *

Qg = Zaocgalg Zalg

S. Sachdev and K. Park, Annals of Physics, 298, 58 (2002)



Ouantum theory for destruction of Neel order

Partition function on cubic lattice

z = H/dg@a )6Xp< nga Spa—l—,u ZSBerry)

a,H

Partition function expressed as a gauge theory of spinor
degrees of freedom

Z = H/dzaadAaué (Z | Zaa|® — 1)
X exp (l Z z*etfan Zatu,a t 0 Z(QS)T]CLACLT)

g a, a

S. Sachdev and K. Park, Annals of Physics, 298, 58 (2002)



Large g effective action for the A, after integrating z,,,

1 .
Z = H / dAq, exp (262 Z cos (A Aay — AV Ag,) +1 Z TIaAaT>
a, i [] a

with e’ ~g”
This 1s compact QED 1n 3 spacetime dimensions with

static charges =1 on two sublattices.

This theory can be reliably analyzed by a duality mapping.

The gauge theory 1s in a confining phase, and there 1s VBS
order in the ground state. (Proliferation of monopoles in
the presence of Berry phases).

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989).
S. Sachdev and R. Jalabert, Mod. Phys. Lett. B 4, 1043 (1990).
K. Park and S. Sachdev, Phys. Rev. B 65, 220405 (2002).



Characterization of VBS state with <c§ > =0

Such a state breaks the symmetry of rotations by 7 /2 about lattice sites,
and has <‘vas> = 0, where W , 1s the VBS order parameter

\Ijvbs(i) _ Z S_v'z ) S_fjei arctan(r; —r;)
(i7)
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Characterization of VBS state with <q3' > =0

Such a state breaks the symmetry of rotations by 7 /2 about lattice sites,
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Characterization of VBS state with <c§ > =0

Such a state breaks the symmetry of rotations by 7 /2 about lattice sites,
and has <‘vas> = 0, where W , 1s the VBS order parameter

\Ijvbs(i) _ Z 5;, ) g’jei arctan(r; —r;)
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Neel order
<c§ > = ()

VBS order
<\vas> = ()
Not present in
LGW theory
of ¢ order




Theory of a second-order guantum phase transition
between Neel and VBS phases

At the quantum critical point:
* A, — A, +2n periodicity can be ignored
(Monopoles interfere destructively and are dangerously irrelevant).
* §=1/2 spinons z_, with ¢ ~ ZZGGB zy , are globally

propagating degrees of freedom.



o0 VBS
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Phase diagram of S=1/2 square lattice antiferromagnet
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VBS order (¥, )=0

(associated with condensation of monopoles in AM )s

Neel order S =1/2 spinons z, confined,

<cf5 > ~ <Za _>oc[5 Zp > = () S =1 triplon excitations

? > ¢

Second-order critical point described by

. U 2 1
S, = /d233d7' [!(C{% — ZAM>Za’2 + 7| 20|* + 5 (\za|2) + @(%A,, — 8VAM)2

at its critical point r = r. where A, is non-compact.

T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. Fisher, Science 303, 1490 (2004).



L arge scale OQuantum Monte Carlo studies

Easy-plane model:

Hxy =2J ) (S7S7+SYSY) — K )  (SFS;SESy + S7SFS;S;)

(i) (ijkt)

A.W. Sandvik, S. Daul, R. R. P. Singh, and D. J. Scalapino, Phys. Rev. Lett.
89, 247201 (2002); A.W. Sandvik and R.G. Melko, cond-mat/0604451.

SU(2)-invariant model:

HSU(Q):JZS?;-S QZ j‘—;li' (Sk'sl"zl;)

(i7) (i7kl)

A.W. Sandvik, Phys. Rev. Lett. 98, 2272020 (2007).



Easy-plane model

Hxy =2J ) (SFST+S¥SY) — K ) (SFS;SESy + 5757 S:5;)

L N
- _'“‘\\ D Spin stiffness
.\ o—= .:::[ﬂ.fip_}
0.20 .
lf‘llllﬂllL
= 0.15
V
*®
S
[V
o 0.10 .
0.05 - 5
’QI(/ IIII'.
-o-o-o-e-0-5ue ca-acl '.' |
6.5 7.0 7.5 8.0 8.5 9.0



Easy-plane model

- S7 S, STF)

+ 8

1

-

T "
<HE A I I EEEEEEEEEEENER

oy
‘e

—

<

Y

0 j)_[

Y

R

I
l

2ty (8]
(i)

Hxy

In expectation values of

Valence bond solid (VBS) order

plaguette and exchange terms



SU(2) invariant model
HSUQ)—JZS S;i—Q) (Si-S;—31)(Sk-Si—1)

(17kl)

] Strong evidence for a
continuous “deconfined”
i quantum critical point

o [=]2 1 T. Senthil, A. Vishwanath, L. Balents,
o I[=162024 - S. Sachdev and M.P.A. Fisher, Science 303,

3 a - T 1490 (2004).
"_*JE 145+ —
~ (b) %,
= 1.40|- .
i B, 0
135 | | | | .

(g-gC)LN A.W. Sandvik, Phys. Rev. Lett. 98, 2272020 (2007).



SU(2) invariant model
HSUQ)—JZS S;i—Q) (Si-S;—31)(Sk-Si—1)

(17kl)

Probability distribution
of VBS order W at

guantum critical point

Emergent circular symmetry is
a consequence of a gapless
photon excition

T. Senthil, A. Vishwanath, L. Balents,
S. Sachdev and M.P.A. Fisher, Science 303,
1490 (2004).

A.W. Sandvik, Phys. Rev. Lett. 98, 2272020 (2007).
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Hole dynamics in an antiferromagnet across a deconfined

quantum critical point,
R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil,

Physical Review B 75, 235122 (2007)

Algebraic charge liquids and the underdoped cuprates,
R. K. Kaul, Y. B. Kim, S. Sachdev, and T. Senthil,
arXiv:0706.2187
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Phase diagram of doped antiferromagnets
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Holes in the Neel state

Self-consistent spin-wave theory of a single hole
dispersion in the Néel state shows that the energy
minima are at (+m/2,+7/2).

S. A. Trugman, Phys. Rev. B 37, 1597 (1988).
C. L. Kane, P. A. Lee, and N. Read, Phys. Rev.
B 39, 6880 (1989).

S. Sachdev, Phys. Rev. B 39, 12232 (1989).

V. Elser, D. A. Huse, B. I. Shraiman, and E. D. Sig-
gia, Phys. Rev. B 41, 6715 (1990).

Y. M. Li, D. N. Sheng, Z. B. Su, and L. Yu, Phys.
Rev. B 45, 5428 (1992).

Z.Y. Weng, V. N. Muthukumar, D. N. Sheng, and
C. S. Ting, Phys. Rev. B 63, 075102 (2001).

N\ 7
Z

Neel

Holes in two valleys at (7/2, £7/2). Each hole also has a sublattice
index. So area of each pocket at hole density x is

A= (27)%z /4

In the Néel state, the sublattice index is the same as the spin index



e Begin with the representation of the quantum antiferromagnet
as the lattice CP! model:

:__Z a“2a+ua+zz77a ar

e Write the electron operator at site r, ¢, () in terms of fermionic
holon operators fi

Ca(r) = f l(r)zm for r on sublattice A
’ Eaplt 1(7“)2;55 for r on sublattice B

Note that the holons f; have charge s under the U(1) gauge field
A,



e Choose the dispersion, e(E) of the f1 in momentum space so that
its minima are at (+7/2,+7/2). To avoid double-counting, these

dispersions must be restricted to be within the diamond Brillouin
zZone.

Sf—/dTZ/ fTE 0. —isA, + e(k —SA))fS()

e Include the hopping between opposite sublattices (Shraiman-
Siggia term):

St — —tz T —|—hC

— ¢ Z (M) 2a) 8a5fi(r’)z;f5
()

e Complete theory for doped antiferromagnet:

S:SZ+Sf+St



Holes In the Neel state

In the Néel state, the holon gauge charge
s = + is identical to the S, quantum number.

This can be seen as an example of the “Meissner effect”. Apply a mag-
netic field H along the direction of the Néel state, and choose the “Higgs”
condensate z, o (1,0). Then this condensate leads to a term in the action

o [iA — (H/2)8,r]

So the A, flux is “expelled”, but about a non-zero minimum with 14, =
H/2. Now evaluating the magnetization, M, by taking the derivative of
the free energy with respect to H, the coupling of A, to the fermions leads

to a contribution
M= L > j/ —dzkf*ﬂc)f (k)
N 2 S O 47'('2 5 5

So the fs holons carry spin s/2 in the Néel state.



Holes in the VBS state

In the VBS state, the holon gauge charge
s = * is decoupled trom the S, quantum number.

e [f we initially ignore the sublattice mixing, the holons and
spinons bind to form S = 1/2 holes. The fi holon with bind
with a spinon to give 2 hole species, and similarly for the f_
holon, for a total of four hole species.

e Sublattice mixing term will couple the holes with the same
spin to yield new mixed eigenstates. This mixing has the

effect of moving the dispersion minimum of the hole away
from (7/2, £m/2).



Holes in the VBS state

In the VBS state, the holon gauge charge
s = £ is decoupled from the S. quantum number.

P KN
4

VBS
Area of each pocket, A = (2m)%x/8



Phase diagram of lightly doped antiferromagnet
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Pictorial explanation of factor of 2:

e In the Néel phase, sublattice index is identical to spin index.
So for each valley and momentum, degeneracy of the hole
state 1s 2.

e In the VBS state, the sublattice index and the spin index are
distinct. So for each valley and momentum, degeneracy of
the hole state is 4.
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Phase diagram of lightly doped antiferromagnet
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A new non-Fermi liquid phase:
The holon metal
An algebraic charge liquid.

Ignore compactness in A, and Berry phase term.

Charge e fermions fs form Fermi surfaces and carry charges s = +1

(Quasi-long range order in a variety of VBS and pairing correlations.

Area of each Fermi pocket,
A = (2m)*z /4.

The Fermi pocket will show sharp
magnetoresistance oscillations, but
it is invisible to photoemission.

Neutral spinons z, are gapped.
under the U(1) gauge field A4,,.
g N e
. . .\
S :
7/
y/
N\
\\ ..... //
LN s
M S



Effective action for holons and spinons in holon metal

Spinon dynamics

Sholon metal

/dT Z —] A zral? — L Z (z;‘aeiAT'f“’ Zrio + C.C)

/
g r,r!

/dTZ/ 8 —isA; + e(k —SA)) Fs(k)

— 1 Z (f+ (r)zra) Eaﬁfi (r’)z:ﬁ
(rr’)

Holon dynamics

Sublattice mixing - attractive force
between holons and spinons
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Instabilities of the holon metal

& Holon-spinon binding from
sublattice mixing

@ Holon-holon pairing leading to
d-wave superconductivity

Resulting phases are also
algebraic charge liquids



& Holon-spinon binding from sublattice mixing




Effective action for holons and spinons in holon metal

Spinon dynamics

Sholon metal

/dT Z —] A zral? — L Z (z;‘aeiAT'f“’ Zrio + C.C)

/
g r,r!

/dTZ/ 8 —isA; + e(k —SA)) Fs(k)
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& Holon-spinon binding from sublattice mixing

Banana Hole Fermi
surfaces, visible to
photoemission

A. Kanigel, M. R. Norman, M. Ran-

deria, U. Chatterjee, S. Suoma,

A. Kaminski, H. M. Fretwell, S. Rosenkranz,
M. Shi, T. Sato, T. Takahashi,

Z. 7. Li, H. Raffy, K. Kadowaki,

D. Hinks, L. Ozyuzer, and J. C. Cam-
puzano, Nature Physics 2, 447 (2006).

The lowest energy holons will bind the spinons to form a Fermi
surface of “molecules” — a “banana” Fermi surface of S = 1/2
holes. Now we have

2~Abanana + Aholon — (277_)237/4



Quantum oscillations and
the Fermi surface in an
underdoped high T, su-
perconductor (ortho-IT or-

dered YBayCusOg 5).

N. Doiron-Leyraud, C. Proust, p 15
D. LeBoeuf, J. Levallois,

J.-B. Bonnemaison, R.Liang, _ 1|

D. A. Bonn, W. N. Hardy, and 2

L. Taillefer, Nature 447,565 < g5l

(2007)
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&) Holon-spinon binding from sublattice mixing

Recent experiments have observed magnetoresistance oscillations
at an area A = (27)%(0.076)/4 for x = 0.1. We propose these
are due to holon Fermi surfaces. The deficit is taken up by the
hole “banana” Fermi surfaces, which we predict will lead to mag-
netoresistance oscillations at a frequency associated with the area

Abanana = (2m)%(0.012) /4.



arXiv:0707.0057
Title: Quantum Oscillations in the Underdoped Cuprate

YBa2Cu408
Authors: E. A. Yelland, J. Singleton, C. H. Mielke, N. Harrison,
F. F. Balakirev, B. Dabrowski, J. R. Cooper

We report the observation of quantum oscillations in the underdoped cuprate
superconductor YBa2Cu408 using a tunnel-diode oscillator technique in
pulsed magnetic fields up to 85T. There is a clear signal, periodic in inverse
field, with frequency 660+/-15T and some evidence for the presence of two
components of slightly different frequency. The quasiparticle mass is m*=3.0
+/-0.3m_e. In conjunction with the results of Doiron-Leyraud et al. for
YBa2Cu306.5, the present measurements suggest that Fermi surface pockets
are a general feature of underdoped copper oxide planes and provide
information about the doping dependence of the Fermi surface.



@ Holon pairing leading to d-wave superconductivity

@ First consider holon pairing in the Neel state, where
holon=hole.

@ This was studied in V. V. Flambaum, M. Yu. Kuchiev, and
O. P. Sushkov, Physica C 227, 267 (1994); V. I. Belincher et
al., Phys. Rev. B 51, 6076 (1995). They found p-wave
pairing of holons, induced by spin-wave exchange from the
sublattice mixing term &S, . This corresponds to d-wave
pairing of physical electrons



@ Holon pairing leading to d-wave superconductivity




@ Holon pairing leading to d-wave superconductivity

Gap nodes




@ Holon pairing leading to d-wave superconductivity

Gap
nodes

We assume the same pairing holds across a transition involving
loss of long-range Néel order. The resulting phase is another al-
gebraic charge liquid - the holon superconductor. This supercon-
ductor has gapped spinons with no electrical charge, and spinless,
nodal Bogoliubov-Dirac quasiparticles. Both the spinons and nodal
fermions are coupled to the U(1) gauge field A4,,.



Low energy theory of holon superconductor

4 two-component Dirac quasiparticles coupled to a U(1) gauge field

1
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Low energy theory of holon superconductor

External vector potential A couples as
Ha=j A
where
jo = vr (Vs = wlen) e =ve (Vlvs — vl

are conserve charges of Sholon superconductor-
Fundamental property: The superfluid density, ps, has the fol-
lowing = and 1" dependence:

ps(x,T) =cx — RkpT

where ¢ is a non-universal constant and K is a universal constant
obtained in a 1/N expansion (N = 4 is the number of Dirac
fermions):

0.074
R =0.4412 + ——
+
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Conclusions

|. Good evidence for deconfined criticality in insulating
square lattice antiferromagnets

2. Algebraic charge liquids appear naturally upon doping
antiferromagnets in the vicinity of such a transition.

3.The holon-hole metal is proposed as an explanation of
magnetoresistance oscillations in underdoped cuprates

4.The holon superconductor has a superfluid density
whose doping and temperature dependence matches
observations.



