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S=1/2 spins on coupled dimers
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Weakly coupled dimers

Energy dispersion away from
  antiferromagnetic wavevector

Excitation: 
S=1 quasipartcle

=
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Coupled Dimer Antiferromagnet



close to 1 Weakly dimerized square lattice



close to 1 Weakly dimerized square lattice

Excitations:  

2 spin waves (magnons)

Ground state has long-range spin density wave 
(Néel) order at wavevector K= ( , ) 



TlCuCl3
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Néel state

T=0

Pressure in TlCuCl3

Quantum paramagnet

c = 0.52337(3)                                                                   
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LGW theory for quantum criticality
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Ground state has long-range Néel order 

Square lattice antiferromagnet
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Destroy Neel order by perturbations which preserve full square 
lattice symmetry e.g. second-neighbor or ring exchange.
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Partition function on cubic lattice in spacetime

LGW theory: weights in partition function are those of a 
classical ferromagnet at a “temperature” g 

Quantum theory for destruction of Neel order
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∏
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∫
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�ϕ2
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Coherent state path integral on cubic lattice in spacetime

Modulus of weights in partition function: those of a 
classical ferromagnet at a “temperature” g 

Quantum theory for destruction of Neel order
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Partition function on cubic lattice

Quantum theory for destruction of Neel order
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Partition function on cubic lattice

Quantum theory for destruction of Neel order

S. Sachdev and K. Park, Annals of Physics, 298, 58 (2002)

Partition function expressed as a gauge theory of spinor 
degrees of freedom
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∏
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Large g effective action for the Aaμ after integrating z μ
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Theory of a second-order quantum phase transition 
between Neel and VBS phases



Monopole 

fugacity

         ; Arovas-

Auerbach state



g

Phase diagram of S=1/2 square lattice antiferromagnet

T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. Fisher,  Science 303, 1490 (2004).

or

Second-order critical point described by

Sz =
∫

d2xdτ

[
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u

2
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)2
+

1
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at its critical point r = rc where Aμ is non-compact.



Large scale Quantum Monte Carlo studies
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Easy-plane model

Spin stiffness



Easy-plane model

Valence bond solid (VBS) order in expectation values of 
plaquette and exchange terms



SU(2) invariant model

Strong evidence for a 

continuous “deconfined” 

quantum critical point

T. Senthil, A. Vishwanath, L. Balents,          
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1490 (2004).
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SU(2) invariant model

Probability distribution 

of VBS order  at 

quantum critical point

Emergent circular symmetry is 
a consequence of a gapless 
photon excition
                                                      
T. Senthil, A. Vishwanath, L. Balents,         
S. Sachdev and M.P.A. Fisher,  Science 303, 
1490 (2004).
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Holes in the Neel state

Neel

Holes in two valleys at (π/2,±π/2). Each hole also has a sublattice
index. So area of each pocket at hole density x is

A = (2π)2x/4

In the Néel state, the sublattice index is the same as the spin index

Self-consistent spin-wave theory of a single hole
dispersion in the Néel state shows that the energy
minima are at (±π/2,±π/2).

S. A. Trugman, Phys. Rev. B 37, 1597 (1988).
C. L. Kane, P. A. Lee, and N. Read, Phys. Rev.
B 39, 6880 (1989).
S. Sachdev, Phys. Rev. B 39, 12232 (1989).
V. Elser, D. A. Huse, B. I. Shraiman, and E. D. Sig-
gia, Phys. Rev. B 41, 6715 (1990).
Y. M. Li, D. N. Sheng, Z. B. Su, and L. Yu, Phys.
Rev. B 45, 5428 (1992).
Z. Y. Weng, V. N. Muthukumar, D. N. Sheng, and
C. S. Ting, Phys. Rev. B 63, 075102 (2001).



• Begin with the representation of the quantum antiferromagnet
as the lattice CP1 model:

Sz = −1
g

∑
a,μ

z∗aαeiAaµza+μ,α + i
∑

a

ηaAaτ

• Write the electron operator at site r, cα(r) in terms of fermionic
holon operators f±

cα(r) =

{
f†
+(r)zrα for r on sublattice A

εαβf†
−(r)z∗rβ for r on sublattice B

Note that the holons fs have charge s under the U(1) gauge field
Aμ.



• Include the hopping between opposite sublattices (Shraiman-
Siggia term):

St = −t
∑
〈rr′〉

c†α(r)cα(r′) + h.c.

= −t
∑
〈rr′〉

(f†
+(r)zrα)†εαβf†

−(r′)z∗rβ

• Complete theory for doped antiferromagnet:

S = Sz + Sf + St

• Choose the dispersion, ε(�k) of the f± in momentum space so that
its minima are at (±π/2,±π/2). To avoid double-counting, these
dispersions must be restricted to be within the diamond Brillouin
zone.

Sf =
∫

dτ
∑
s=±

∫
♦

d2k

4π2
f†

s (�k)
(
∂τ − isAτ + ε(�k − s �A)

)
fs(�k)



Holes in the Neel state

In the Néel state, the holon gauge charge
s = ± is identical to the Sz quantum number.

This can be seen as an example of the “Meissner effect”. Apply a mag-
netic field H along the direction of the Néel state, and choose the “Higgs”
condensate zα ∝ (1, 0). Then this condensate leads to a term in the action

∝ [iAμ − (H/2)δμτ ]2

So the Aμ flux is “expelled”, but about a non-zero minimum with iAτ =
H/2. Now evaluating the magnetization, M , by taking the derivative of
the free energy with respect to H, the coupling of Aτ to the fermions leads
to a contribution

M =
1
2

∑
s

∫
♦

d2k

4π2
f†

s (k)fs(k)

So the fs holons carry spin s/2 in the Néel state.



Holes in the VBS state

In the VBS state, the holon gauge charge
s = ± is decoupled from the Sz quantum number.

• If we initially ignore the sublattice mixing, the holons and
spinons bind to form S = 1/2 holes. The f+ holon with bind
with a spinon to give 2 hole species, and similarly for the f−
holon, for a total of four hole species.

• Sublattice mixing term will couple the holes with the same
spin to yield new mixed eigenstates. This mixing has the
effect of moving the dispersion minimum of the hole away
from (π/2,±π/2).



Neel VBS

Area of each pocket, A = (2π)2x/8

Holes in the VBS state

In the VBS state, the holon gauge charge
s = ± is decoupled from the Sz quantum number.



Neel VBS

A = (2π)2x/8

Phase diagram of lightly doped antiferromagnet

s

sc

P

0

Neel

VBS
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Neel VBS

A = (2π)2x/4



Pictorial explanation of factor of 2:

• In the Néel phase, sublattice index is identical to spin index.
So for each valley and momentum, degeneracy of the hole
state is 2.

• In the VBS state, the sublattice index and the spin index are
distinct. So for each valley and momentum, degeneracy of
the hole state is 4.
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A new non-Fermi liquid phase:

The holon metal

An algebraic charge liquid.

K1

K4

K3

K2

Area of each Fermi pocket,

A = (2π)2x/4.

The Fermi pocket will show sharp
magnetoresistance oscillations, but
it is invisible to photoemission.

• Ignore compactness in Aμ and Berry phase term.

• Neutral spinons zα are gapped.

• Charge e fermions fs form Fermi surfaces and carry charges s = ±1
under the U(1) gauge field Aμ.

• Quasi-long range order in a variety of VBS and pairing correlations.



Effective action for holons and spinons in holon metal

Holon dynamics

Spinon dynamics

Sublattice mixing - attractive force 
between holons and spinons

Sholon metal

=
∫

dτ
∑

r

1
g
|(∂τ − iAτ )zrα|2 − 1

g′
∑
r,r′

(
z∗rαeiArr′ zr′α + c.c

)
∫

dτ
∑
v,s

∫
♦

d2k

4π2
f†

s (�k)
(
∂τ − isAτ + ε(�k − s �A)

)
fs(�k)

− t
∑
〈rr′〉

(f†
+(r)zrα)†εαβf†

−(r′)z∗rβ
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Instabilities of the holon metal

  Holon-spinon binding from 
sublattice mixing

 Holon-holon pairing leading to 
d-wave superconductivity 

Resulting phases are also 

algebraic charge liquids



  Holon-spinon binding from sublattice mixing
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Effective action for holons and spinons in holon metal

Holon dynamics
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K1

Holon dispersion

Hole dispersion

kx + ky



A. Kanigel, M. R. Norman, M. Ran-
deria, U. Chatterjee, S. Suoma,
A. Kaminski, H. M. Fretwell, S. Rosenkranz,
M. Shi, T. Sato, T. Takahashi,
Z. Z. Li, H. Raffy, K. Kadowaki,
D. Hinks, L. Ozyuzer, and J. C. Cam-
puzano, Nature Physics 2, 447 (2006).

Banana Hole Fermi 
surfaces, visible to 
photoemission

K1

K4
K3

K2

Q1
Q2

Q3
Q4

The lowest energy holons will bind the spinons to form a Fermi
surface of “molecules” – a “banana” Fermi surface of S = 1/2
holes. Now we have

2Abanana + Aholon = (2π)2x/4

  Holon-spinon binding from sublattice mixing



N. Doiron-Leyraud, C. Proust, 

D. LeBoeuf, J. Levallois,         

J.-B. Bonnemaison,   R. Liang, 

D. A. Bonn, W. N. Hardy, and 

L. Taillefer,  Nature 447, 565 

(2007)

Quantum oscillations and
the Fermi surface in an
underdoped high Tc su-
perconductor (ortho-II or-
dered YBa2Cu3O6.5).
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Recent experiments have observed magnetoresistance oscillations
at an area A = (2π)2(0.076)/4 for x = 0.1. We propose these
are due to holon Fermi surfaces. The deficit is taken up by the
hole “banana” Fermi surfaces, which we predict will lead to mag-
netoresistance oscillations at a frequency associated with the area
Abanana = (2π)2(0.012)/4.

  Holon-spinon binding from sublattice mixing



arXiv:0707.0057
Title: Quantum Oscillations in the Underdoped Cuprate 
YBa2Cu4O8
Authors: E. A. Yelland, J. Singleton, C. H. Mielke, N. Harrison, 
F. F. Balakirev, B. Dabrowski, J. R. Cooper

We report the observation of quantum oscillations in the underdoped cuprate 
superconductor YBa2Cu4O8 using a tunnel-diode oscillator technique in 
pulsed magnetic fields up to 85T. There is a clear signal, periodic in inverse 
field, with frequency 660+/-15T and some evidence for the presence of two 
components of slightly di erent frequency. The quasiparticle mass is m*=3.0
+/-0.3m_e. In conjunction with the results of Doiron-Leyraud et al. for 
YBa2Cu3O6.5, the present measurements suggest that Fermi surface pockets 
are a general feature of underdoped copper oxide planes and provide 
information about the doping dependence of the Fermi surface.



  Holon pairing leading to d-wave superconductivity

  First consider holon pairing in the Neel state, where 
holon=hole.

  This was studied in V. V. Flambaum, M. Yu. Kuchiev, and 
O. P. Sushkov, Physica C 227, 267 (1994); V. I. Belincher et 
al., Phys. Rev. B 51, 6076 (1995). They found p-wave 
pairing of holons, induced by spin-wave exchange from the 
sublattice mixing term     . This corresponds to d-wave 
pairing of physical electrons

St



  Holon pairing leading to d-wave superconductivity
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  Holon pairing leading to d-wave superconductivity
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We assume the same pairing holds across a transition involving
loss of long-range Néel order. The resulting phase is another al-
gebraic charge liquid - the holon superconductor. This supercon-
ductor has gapped spinons with no electrical charge, and spinless,
nodal Bogoliubov-Dirac quasiparticles. Both the spinons and nodal
fermions are coupled to the U(1) gauge field Aμ.



Low energy theory of holon superconductor

4 two-component Dirac quasiparticles coupled to a U(1) gauge field

Sholon superconductor =
∫

dτd2r

[
1

2e2
0

(εμνλ∂νAλ)2

+
4∑

i=1

ψ†
i (Dτ − ivF (∂x − iAx)τx − ivF (∂y − iAy)τy) ψi

]



Low energy theory of holon superconductor

External vector potential �A couples as

HA = �j · �A
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are conserve charges of Sholon superconductor.
Fundamental property: The superfluid density, ρs, has the fol-
lowing x and T dependence:

ρs(x, T ) = cx −RkBT

where c is a non-universal constant and R is a universal constant
obtained in a 1/N expansion (N = 4 is the number of Dirac
fermions):

R = 0.4412 +
0.074

N
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Conclusions

1. Good evidence for deconfined criticality in insulating 
square lattice antiferromagnets

2.  Algebraic charge liquids appear naturally upon doping 
antiferromagnets in the vicinity of such a transition.

3. The holon-hole metal is proposed as an explanation of 
magnetoresistance oscillations in underdoped cuprates

4. The holon superconductor has a superfluid density 
whose doping and temperature dependence matches 
observations.


