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The complex SYK model
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Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U2

N ! 1 yields critical strange metal.
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Feynman graph expansion in Uijk`, and graph-by-graph average, yields ex-
act equations in the large N limit:
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where A = (⇡/U2 cos(2✓))1/4. The value of ✓ is universally related to Q by
a Luttinger-Ward functional analysis similar to that used to establish the
Luttinger theorem of Fermi liquid theory:
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Solution of these equations and corresponding evaluation of the free en-
ergy yields the following universal results (i.e. all results are quantitatively
unchanged by adding additional higher q fermion terms):

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�2� with � = 1/q ()
indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a
parameter E :
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�⌧�2� ⌧ > 0
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, T = 0
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the total charge 0 < Q < 1
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Solution of these equations and corresponding evaluation of the free en-
ergy yields the following universal results (i.e. all results are quantitatively
unchanged by adding additional higher q fermion terms):

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�2� with � = 1/q ()
indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a
parameter E :

G(⌧) ⇠
⇢

�⌧�2� ⌧ > 0
e�2⇡E(�⌧)�2� ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and
the total charge 0 < Q < 1
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• There is a non-vanishing entropy in the zero temperature limit

S(T ! 0) = Ns0 + . . .

• The saddle point equations imply the relation

ds0
dQ = 2⇡E

Integrating this relation from s0 = 0, Q = 0, allows us to compute s0
as a function of Q.
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• There is a non-vanishing entropy in the zero temperature limit
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GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

There are 2N many body levels
with energy E. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state has
an entropy SGPS = Ns0, where

s0 < ln 2 is determined by
integrating

ds0
dQ = 2⇡E .

At Q = 1/2,

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

where G is Catalan’s constant.
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Solution of these equations and corresponding evaluation of the free en-
ergy yields the following universal results (i.e. all results are quantitatively
unchanged by adding additional higher q fermion terms):

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�2� with � = 1/q ()
indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a
parameter E :
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• At T > 0, we obtain a solution with a conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E
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Charged black holes

r
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Solutions of SEM have metric and gauge field (F = dA)

ds2 = �V (r)dt2 + r2d⌦2
d +

dr2

V (r)
, A = µ

 
1� rd�1

0

rd�1

!
dt

V (r) = 1 +
r2

L2
+

⇥
2

r2d�2
� M

rd�1
.

where d⌦2
d is the metric of the d-sphere. All parameters of the solution are

determined in terms of the chemical potential µ, and the Hawking temperature

of horizon, T .
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• The total charge in the black hole is

Q =
Rd�1

h

p
2d [(d+ 1)R2

h + (d� 1)L2]

2gF

• The Bekenstein-Hawking entropy remains finite as T ! 0 (sd
is the area of the d-dimensional surface of a unit sphere)

S(T ! 0) = s0 + . . . , s0 =
2⇡sd
2

Rd
h
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Charged black holes

A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, PRD 60, 064018 (1999)

In the T ! 0 limit, at fixed µ, we obtain a charged black hole
solution with radius r0(T ! 0, µ) = Rh. All properties of this
black hole can be expressed in terms of Rh
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• The Bekenstein-Hawking entropy remains finite as T ! 0 (sd
is the area of the d-dimensional surface of a unit sphere)
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Charged black holes
In the T ! 0 limit, at fixed µ, we obtain a charged black hole
solution with radius r0(T ! 0, µ) = Rh. All properties of this
black hole can be expressed in terms of Rh
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• In the near-horizon region, we change co-ordinates from r to
⇣ so that

r �Rh =
R2

2

⇣
, R2 =

LRhp
d(d+ 1)R2

h + (d� 1)2L2
.

Then the near-horizon metric becomes AdS2⇥ Sd, with

ds2 = R2
2


�dt2 + d⇣2

⇣2

�
+R2

hd⌦
2
d , A =

E
⇣
dt .

where the dimensionless electric field E is

E =
gFRh

p
2d [(d+ 1)R2

h + (d� 1)L2]

2 [d(d+ 1)R2
h + (d� 1)2L2]

.
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⇣ ~x
⇣ = 1

S2
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AdS2 ⇥ S2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt
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Charged black holes

total
charge Q
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horizon

of radius Rh

and entropy s0
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A. Sen, JHEP 0509, 038 (2005)

• The entropy s0, the charge Q, and the dimensionless
electric field E obey

ds0
dQ = 2⇡E
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Charged black holes

T. Faulkner, Hong Liu, J. McGreevy, D. Vegh, PRD 83, 125002 (2011)

In the T ! 0 limit, at fixed µ, we obtain a charged black hole
solution with radius r0(T ! 0, µ) = Rh. All properties of this
black hole can be expressed in terms of Rh
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• A probe fermion has a near-horizon Green’s function with a
conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E . This
is identical to the complex SYK model.

<latexit sha1_base64="gEqM+fL4qXCP8+2BYzRiF1lXCGY="></latexit><latexit sha1_base64="gEqM+fL4qXCP8+2BYzRiF1lXCGY="></latexit><latexit sha1_base64="gEqM+fL4qXCP8+2BYzRiF1lXCGY="></latexit><latexit sha1_base64="gEqM+fL4qXCP8+2BYzRiF1lXCGY="></latexit>



1. Quantum matter without quasiparticles: 
         the complex SYK model

2. Einstein-Maxwell theory of charged 
         black holes in AdS space

3. Fluctuations, and the Schwarzian

4. Supersymmetric models



Fluctuations

• The fluctuations can be expressed as a path integral over
a Green’s function G(⌧1, ⌧2) which is bilocal in time. At
frequencies ⌧ U , the action is invariant under reparam-
eterizations f(⌧) and gauge transformations �(⌧)

⌧ ! f(�)

G(⌧1, ⌧2) ! [f 0(�1)f
0(�2)]

��
e�i(�(�1)��(�2)) G(�1,�2)
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A. Kitaev, 2015
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Fluctuations

A. Kitaev, 2015

R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev,  PRB 95, 155131 (2017)

• The saddle-point

G(⌧1 � ⌧2) = �A
e�2⇡ET (⌧1�⌧2)

p
1 + e�4⇡E

✓
T

sin(⇡T (⌧1 � ⌧2))

◆2�

is invariant only under PSL(2, R) transformations which map
the thermal circle onto itself, and an associated gauge trans-
formation

tan(⇡Tf(⌧))

⇡T
=

a
tan(⇡T ⌧)

⇡T
+ b

c
tan(⇡T ⌧)

⇡T
+ d

, ad� bc = 1,

�i�(⌧) = �i�0 + 2⇡ET (⌧ � f(⌧))
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J. Maldacena and D. Stanford, arXiv:1604.07818; 
R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017); 

A. Gaikwad, L.K. Joshi, G. Mandal, and S.R. Wadia, arXiv:1802.07746

Fluctuations

Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

N�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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An exact path integral over the e↵ective action leads to the
following physical consequences

• The ground state energy with fermion number NQ + p
(p integer) varies as

Ep = E0 +
p2

2NK

This identifies K with the compressibility K = dQ/dµ
at T = 0.

• The low temperature corrections to the entropy at fixed
Q are

S(T ! 0,Q) = N
h
s0 + �T + . . .

i
+ 2 ln(U/T ) . . .

This defines � as the co-e�cient of the linear-in-T specific
heat (at fixed Q)
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Fluctuations

D. Stanford and E. Witten, arXiv:1703.04612; A. Kitaev and S. Josephine Suh, arXiv:1711.08467

An exact path integral over the e↵ective action leads to the
following physical consequences

• The ground state energy with fermion number NQ + p
(p integer) varies as

Ep = E0 +
p2

2NK

This identifies K with the compressibility K = dQ/dµ
at T = 0.

• The low temperature corrections to the entropy at fixed
Q are

S(T ! 0,Q) = N
h
s0 + �T + . . .

i
+ 2 ln(U/T ) . . .

This defines � as the co-e�cient of the linear-in-T specific
heat (at fixed Q)
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Fluctuations

• The many-body density of states, D(E), is related to the grand potential,
⌦(T ) by

Z = e�⌦(T )/T =

Z 1

�1
dED(E)e�E/T

We obtain

D(E) =
1X

p=�1
e2⇡pE d (E � Ep)

where NQ+ p is the integer fermion number,

d(E) ⇠ exp (Ns0) sinh
⇣p

2N�E
⌘

, E > 0 , e�cN ⌧ �E ⌧ N

There are exponentially more low energy states than for the quasiparticle
case, and D(E) self-averages down to energies exponentially small in N .
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GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

There are 2N many body levels
with energy E. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state has
an entropy SGPS = Ns0, where

s0 < ln 2 is determined by
integrating

ds0
dQ = 2⇡E .

At Q = 1/2,

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

where G is Catalan’s constant.
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The complex SYK model



An exact path integral over the e↵ective action leads to the
following physical consequences

• The ground state energy with fermion number NQ + p
(p integer) varies as

Ep = E0 +
p2

2NK

This identifies K with the compressibility K = dQ/dµ
at T = 0.

• The low temperature corrections to the entropy at fixed
Q are

S(T ! 0,Q) = N
h
s0 + �T + . . .

i
+ 2 ln(U/T ) . . .

This defines � as the co-e�cient of the linear-in-T specific
heat (at fixed Q)
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Fluctuations

• The many-body density of states, D(E), is related to the grand potential,
⌦(T ) by

Z = e�⌦(T )/T =

Z 1

�1
dED(E)e�E/T

We obtain

D(E) =
1X

p=�1
e2⇡pE d (E � Ep)

where NQ+ p is the integer fermion number,

d(E) ⇠ exp (Ns0) sinh
⇣p

2N�E
⌘

, E > 0 , e�cN ⌧ �E ⌧ N

There are exponentially more low energy states than for the quasiparticle
case, and D(E) self-averages down to energies exponentially small in N .
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An exact path integral over the e↵ective action leads to the
following physical consequences

• The ground state energy with fermion number NQ + p
(p integer) varies as

Ep = E0 +
p2

2NK

This identifies K with the compressibility K = dQ/dµ
at T = 0.

• The low temperature corrections to the entropy at fixed
Q are

S(T ! 0,Q) = N
h
s0 + �T + . . .
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+ 2 ln(U/T ) . . .

This defines � as the co-e�cient of the linear-in-T specific
heat (at fixed Q)
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Fluctuations

• At charge NQ+ p, the prefactor of the sinh(
p

2N�(E � Ep)) term is

exp [Ns0(Q) + 2⇡pE ] ⇡ exp [Ns0(Q+ p/N)]

using
ds0
dQ = 2⇡E
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The Schwarzian theory and black holes
• Reparameterization invariance is a defining property

of Einstein’s theory of gravity

• In imaginary time, AdS2 is the homogeneous hyper-
bolic space: two-dimensional surface of constant neg-
ative curvature. Its metric is invariant under SL(2,R)
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ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d
with ad� bc = 1.
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• Reparameterization invariance is a defining property
of Einstein’s theory of gravity

• In imaginary time, AdS2 is the homogeneous hyper-
bolic space: two-dimensional surface of constant neg-
ative curvature. Its metric is invariant under SL(2,R)
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Semiclassical fluctuations about the
saddle-point of Einstein-Maxwell
theory of a charged black holes in
d � 2 spatial dimensions lead to
the same Schwarzian+phase the-
ory of fluctuations.
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The Schwarzian theory and black holes
• The Einstein-Maxwell theory leads to the following

parameters for the Schwarzian+phase theory
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1. Quantum matter without quasiparticles: 
         the complex SYK model

2. Einstein-Maxwell theory of charged 
         black holes in AdS space

3. Fluctuations, and the Schwarzian

4. Supersymmetric models
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Cijk are independent random variables with Cijk = 0

and |Cijk|2 = 2U/N2.
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There is a U(1)R charge
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The smallest absolute values of are QR = 0 (for N even) and QR =
±1/6 (for N odd) and we focus on these cases: N = 2 SUSY is
preserved by the ground states. Cases with extensive QR charge,
limN!1 QR/N 6= 0, break SUSY and require a more complex analysis.
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• There is an exact , exponentially large degeneracy of zero energy
states for any Cijk. Consequently, eNs0 ⌘ g(N,QR) is an integer
for all N (there was no such requirement for the non-SUSY case).
The exact non-zero values for small QR are

g(N, 0) = 2⇥ 3N/2�1 , g(N,±1/3) = 3N/2�1 , for N even

g(N,±1/6) = 3(N�1)/2 , for N = 3 mod 4

g(N,±1/6) = 3N/2�1 , g(N,±1/2) = 1 or 3 , for N = 1 mod 4

There are no zero energy states for other values of QR. So in
the large N limit, the entropy s0 = (1/2) ln 3 for
limN!1 QR/N = 0.
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• Fluctuations are described by a super-Schwarzian theory for
limN!1 QR/N = 0. The density of states has delta function
at zero energy, and a continuum contribution at non-zero ener-
gies, both of order es0N . There is a gap between the ground
states and the excited states ⇠ 1/N for even N .

• Similar results are expected to N = 2 black holes with AdS2
horizons obtained from string theory (Sen, Dabholkar, Gomes,
Murthy . . . ).

• For limN!1 QR/N 6= 0, we expect that the density of states of
the generic complex SYK model will apply.
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Figure 1: Top: Exact density of states of the Schwarzian theory near the ground state,
for di↵erent amounts of supersymmetry. For the two N = 2 cases we chose q̂ = 3 and we
omitted the �(E) contribution to the spectrum. Bottom: The numerical density of states
from exact diagonalization of (super) SYK with a four-fermion Hamiltonian. The Hilbert
space dimensions used are respectively 216, 216, 218, 219. The N = 0 case is an average
using data from [11]. The other curves are for a single realization.

function at large n, we find that the contour can be closed either in the upper half plane
or in the lower half plane (for |m| < q

2 we close in di↵erent directions for the two terms in
the cosine) unless E > E0(m), with

E0(m) =
1
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✓
|m|
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1
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. (3.59)

This is the lowest energy of the continuum part of the spectrum in charge sector m. The
fact that di↵erent charge sectors start contributing rather sharply at di↵erent energies
explains the odd shape of ⇢(E) in figure 1. Remembering that q̂ is odd, we can see that if
N is even (so that m is an integer), we have that E0(m) is positive for all values of m. This
means that there is a gap above the degenerate ground states described by the �(E) term.
By contrast, in the case of odd N , we have sectors of charge m = ±

q̂

2 that are gapless.
The qualitative features of the low energy spectrum derived in the N = 0, N = 1

and N = 2 theories all agree quite well with exact diagonalziation numerics for the SYK
model, again at low energies. This is particularly impressive in the N = 2 case, where the
story is fairly complicated. We will not attempt a quantitative fit of these curves, but we
compare informally in figure 1.
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N is even (so that m is an integer), we have that E0(m) is positive for all values of m. This
means that there is a gap above the degenerate ground states described by the �(E) term.
By contrast, in the case of odd N , we have sectors of charge m = ±

q̂

2 that are gapless.
The qualitative features of the low energy spectrum derived in the N = 0, N = 1

and N = 2 theories all agree quite well with exact diagonalziation numerics for the SYK
model, again at low energies. This is particularly impressive in the N = 2 case, where the
story is fairly complicated. We will not attempt a quantitative fit of these curves, but we
compare informally in figure 1.
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• Fluctuations are described by a super-Schwarzian theory for
limN!1 QR/N = 0. The density of states has delta function
at zero energy, and a continuum contribution at non-zero ener-
gies, both of order es0N . There is a gap between the ground
states and the excited states ⇠ 1/N for even N .

• Similar results are expected to N = 2 black holes with AdS2
horizons obtained from string theory (Sen, Dabholkar, Gomes,
Murthy . . . ).

• For limN!1 QR/N 6= 0, we expect that the density of states of
the generic complex SYK model will apply.

<latexit sha1_base64="YESH793hr8e4G4xnX7BbyQ0zNew="></latexit><latexit sha1_base64="YESH793hr8e4G4xnX7BbyQ0zNew="></latexit><latexit sha1_base64="YESH793hr8e4G4xnX7BbyQ0zNew="></latexit><latexit sha1_base64="YESH793hr8e4G4xnX7BbyQ0zNew="></latexit>



Wenbo Fu, D. Gaiotto, J. Maldacena, and S. Sachdev, PRD 95, 026009 (2017)

SYK with N = 2 SUSY
<latexit sha1_base64="YZNZcTxtbJ3KeLcT4UgCYquEgj0="></latexit><latexit sha1_base64="YZNZcTxtbJ3KeLcT4UgCYquEgj0="></latexit><latexit sha1_base64="YZNZcTxtbJ3KeLcT4UgCYquEgj0="></latexit><latexit sha1_base64="YZNZcTxtbJ3KeLcT4UgCYquEgj0="></latexit>

D. Stanford and E. Witten, arXiv:1703.04612

• Fluctuations are described by a super-Schwarzian theory for
limN!1 QR/N = 0. The density of states has delta function
at zero energy, and a continuum contribution at non-zero ener-
gies, both of order es0N . There is a gap between the ground
states and the excited states ⇠ 1/N for even N .

• Similar results are expected to N = 2 black holes with AdS2
horizons obtained from string theory (Sen, Dabholkar, Gomes,
Murthy . . . ).

• For limN!1 QR/N 6= 0, we expect that the density of states of
the generic complex SYK model will apply.

<latexit sha1_base64="YESH793hr8e4G4xnX7BbyQ0zNew="></latexit><latexit sha1_base64="YESH793hr8e4G4xnX7BbyQ0zNew="></latexit><latexit sha1_base64="YESH793hr8e4G4xnX7BbyQ0zNew="></latexit><latexit sha1_base64="YESH793hr8e4G4xnX7BbyQ0zNew="></latexit>



Quantum matter without quasiparticles

• Planckian dynamics is realized in the ‘solvable’ SYK

models

• Black holes thermalize in a time ⇠ ~/(kBTH), where TH

is the Hawking temperature.

• A Schwarzian theory of a time reparameterization mode,

with SL(2,R) symmetry, describes the quantum dynam-

ics of

– the SYK models

– black holes with near-extremal AdS2 horizons
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