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Compressible quantum matter

e Comnsider a continuum quantum system with a globally
conserved U(1) charge Q (the “electron density”) in
spatial dimension d > 1.

Tuesday, March 1, 2011



Compressible quantum matter

e Comnsider a continuum quantum system with a globally
conserved U(1) charge Q (the “electron density”) in
spatial dimension d > 1.

e We are interested in zero temperature phases where
(Q) varies smoothly as a function of any external pa-
rameter u (the “chemical potential”). For simplicity,
we assume [ couples linearly to Q.

Tuesday, March 1, 2011



Compressible quantum matter

e Comnsider a continuum quantum system with a globally
conserved U(1) charge Q (the “electron density”) in
spatial dimension d > 1.

e We are interested in zero temperature phases where
(Q) varies smoothly as a function of any external pa-
rameter u (the “chemical potential”). For simplicity,
we assume L couples linearly to Q.

e We will also restrict our attention to phases where this
global U(1) symmetry is not spontaneously broken,
and translational symmetry is preserved.

Tuesday, March 1, 2011



Compressible quantum matter

e Comnsider a continuum quantum system with a globally
conserved U(1) charge Q (the “electron density”) in
spatial dimension d > 1.

e We are interested in zero temperature phases where
(Q) varies smoothly as a function of any external pa-
rameter u (the “chemical potential”). For simplicity,
we assume [ couples linearly to Q.

e We will also restrict our attention to phases where this
global U(1) symmetry is not spontaneously broken,
and translational symmetry is preserved.

There are only a few established examples of such phases in
condensed matter physics.
However, they appear naturally as duals of gravitational
theories, and we want to interpret them in the gauge theory.
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Compressible quantum matter

e Comnsider a continuum quantum system with a globally
conserved U(1) charge Q (the “electron density”) in
spatial dimension d > 1.

e We are interested in zero temperature phases where
(Q) varies smoothly as a function of any external pa-
rameter u (the “chemical potential”). For simplicity,
we assume [ couples linearly to Q.

e We will also restrict our attention to phases where this
global U(1) symmetry is not spontaneously broken,
and translational symmetry is preserved.

All known examples of such phases have a
Fermi Surface

(even in systems with only bosons in the Hamiltonian)
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The Fermi surface

This is the locus of zero energy singularities in momentum space
in the two-point correlator of fermions carrying charge O.

Gl . (k=kp,w=0)=0.

fermion

Luttinger relation: The total “volume (area)” A enclosed by
Fermi surfaces of fermions carrying charge Q is equal to (Q). This
is a key constraint which allows extrapolation from weak to strong
coupling.

Area A
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Examples of compressible phases
and their Fermi surfaces

|. The Fermi liquid (FL)
2. Fermions coupled to gauge fields

3. Fermion-boson mixtures

4. The fractionalized Fermi liquid (FL*)

5. Theories similar to AB|JM

6. Theories similar to N =4 SYM
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The Fermi Liquid (FL)

Most common example: electrons with short-range interactions
(or screened long-range interactions), which are adiabatically con-
nected to the non-interacting limit. The electron Green’s function
G ¢ has a pole which crosses zero energy at k = kr, and the Fermi
surface has the same area as the non-interacting case.

L=Tf (0p — at) ¥ f + 4 Fermi terms
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The Fermi Liquid (FL)

Most common example: electrons with short-range interactions
(or screened long-range interactions), which are adiabatically con-
nected to the non-interacting limit. The electron Green’s function
G ¢ has a pole which crosses zero energy at k = kr, and the Fermi
surface has the same area as the non-interacting case.

v2
2m

L= fl (37 ,u> f + 4 Fermi terms
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Examples of compressible phases
and their Fermi surfaces

|. The Fermi liquid (FL)

4 N

2. Fermions coupled to gauge fields

. J

3. Fermion-boson mixtures

4. The fractionalized Fermi liquid (FL*)

5. Theories similar to AB|JM

6. Theories similar to N =4 SYM




e Couple fermions to a dynamical gauge field A,.

- ff (aT v u)f
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e Couple fermions to a dynamical gauge field A,.

L=fl (07 — 0 A,
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e Couple fermions to a dynamical gauge field A,.

e Longitudinal gauge fluctuations are screened by the fermions.
But transverse gauge fluctuations remain unscreened, and are
Landau-damped by excitations near the Fermi surface. The
theory of a Fermi surface coupled to transverse gauge fluctua-

tions is strongly coupled in two spatial dimensions.

S.-S. Lee, Phys. Rev. B 80, 165102 (2009)
M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)

L=fl (aT — 0 A,
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e Couple fermions to a dynamical gauge field A,.

e Longitudinal gauge fluctuations are screened by the fermions.
But transverse gauge fluctuations remain unscreened, and are
Landau-damped by excitations near the Fermi surface. The
theory of a Fermi surface coupled to transverse gauge fluctua-
tions is strongly coupled in two spatial dimensions.

e The overdamped transverse gauge modes lead to “non-Fermi
liquid” broadening of the fermion pole near the Fermi surface.

L=fl (aT — 0 A,
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(Q)




e The location of the Fermi surfaces s well defined,

and the Luttinger relation applies as before.

L=fl (aT — oA,

Tuesday, March 1, 2011



e The location of the Fermi surfaces s well defined,
and the Luttinger relation applies as before.

e Fluctuations near the Fermi surface are described
by a strongly-coupled two-patch theory. Ward
identities allow consistent matching of the patches,
and patches along different directions decouple in

the low energy limit.

2A = (fif,) =(Q)

(V —iocA)? M) L o=l

2m
S.-S. Lee, Phys. Rev. B 80, 165102 (2009)
M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)

L=fl (aT — oA,

Tuesday, March 1, 2011



e The location of the Fermi surfaces s well defined,
and the Luttinger relation applies as before.

e Fluctuations near the Fermi surface are described
by a strongly-coupled two-patch theory. Ward
identities allow consistent matching of the patches,
and patches along different directions decouple in Yy
the low energy limit.

e The singularity of the Green’s function upon ap-
proaching the Fermi surface is described by the

scaling form
G7l = ¢ "F(w/¢*?)

where ¢, = k; — kp, q, = ky, and ¢ = g, + <fo0>:< >
2
q, /(2kp), and n and z are anomalous exponents.

(V —icA)?

2m

u)fa , o==l1

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)

L=fl (aT — oA,
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Examples of compressible phases
and their Fermi surfaces
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2. Fermions coupled to gauge fields

[ 3. Fermion-boson mixturesJ
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Consider mixture of fermions f and bosons b.

o= (o5 —u) s

2
+ b (aT QZL ub>b+s\b\2+—ngfob+...
b

Tuesday, March 1, 2011



Consider mixture of fermions f and bosons b.
There is a U(1)xUp(1) symmetry
and 2 conserved charges:

Q= f1f
Qp = b'h

o= (o5 —u) s

2
+—bTGL v /%>b+ﬂﬂ2+—ngU%+.”
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Consider mixture of fermions f and bosons b.
There is a U(1)xUp(1) symmetry
and 2 conserved charges:

The 2 symmetries imply 2

Luttinger constraints. How- +
ever, bosons at non-zero den- Q — f f
sity invariably Bose condense Q h = bT b

at T' = 0, and so Up(1) is
broken. So there is only the
single constraint on the f Fermi

surface. This describes mix-
tures of 2He and *He.

o= (o5 —u) s

2m

2
+ b (aT QZL ub>b+s\b\2+—ngfob+...
b
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Consider mixture of fermions f and bosons b.
There is a U(1)xUp(1) symmetry
and 2 conserved charges:

Q=f1f
Qp = bTb

Superfluid: (b) # 0
Uy(1) broken; U(1) unbroken

o= (o5 —u) s
2m

2
+ b (aT QZL ub>b+s\b\2+—glﬁﬁfb+...
b
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S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)

Increase the coupling g until the boson, b, and fermion, f,
can bind into a ‘molecule’, the fermion c.

C Q=f1f
/ Q, = bb

o= (o5 —u) s

2
+ b (aT v ub>b+s\b\2+—glﬁﬁfb+...
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S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)

Increase the coupling g until the boson, b, and fermion, f,
can bind into a ‘molecule’, the fermion c.
Decouple the interaction between b and f by a fermion c

b
C Q=f1f
/ Q, = bb

o= g (o5 —u) s

2

1

+ b (aT v Mb>b+s\b\2 cTe—c"fb—ceb T +
2my, g
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In a phase with U(1) unbroken, there is a Luttinger rela-
tion for each conserved U(1) charge. However, the boson,
b cannot have a Fermi surface in its Green’s function, and
so there is no area associated with it, although the boson
density is tncluded in the Luttinger relation

Ac + Ay <fo>:<Q>
A, (bTh) = (Qp)

The b bosons
have bound
with f fermions
to form c
“molecules”

S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)
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S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)

Phase diagram of boson-fermion mixture

Superfluid: (b) # 0 Normal: (b) =0
Uy (1) broken; U(1) unbroken U(1)xUp(1) unbroken

L =

2
(0~ g~ ) 1

2m

2
+ b (aT v ub>b+s\b|2+—gb‘Lfob+...

me
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Examples of compressible phases

and their Fermi surfaces

|. The Fermi liquid (FL)
2. Fermions coupled to gauge fields

3. Fermion-boson mixtures

4. The fractionalized Fermi liquid (FL*)

.

N
J

5. Theories similar to AB|JM

6. Theories similar to N =4 SYM




e Now gauge O — O by a dynamic gauge field A,.
This leaves termion ¢ gauge-invariant

o= (o5 —u) s
(e’

v2
+ b (aT > ub>b+s\b\2+—ngfob+...
b
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e Now gauge O — O by a dynamic gauge field A,.
This leaves termion ¢ gauge-invariant

(Need a background neutralizing charge)
— A2
= (o - - T )
2m
(V 4+ iA)?
me

+ b (aT+z'AT ub>b+s\b\2+—gmﬁfb+..
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S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)

Phase diagram of boson-fermion mixture

Superfluid: (b) # 0 Normal: (b) =0
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T. Senthil, M. Vojta, and S. Sachdev, Physical Review B 69, 035111 (2004)

Phase diagram of U(l) gauge theory

Deconfined phase:
Higgs/confining phase:

Fractionalized
Fermi liquid (FL) Fermi liquid (FL*)

o= g (aT—z'AT (V—iA) u)f

2m
(V 4+ iA)?
me

+ b (aT+iAT ub)b+s\b\2+—gmﬁfb+..
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T. Senthil, M. Vojta, and S. Sachdev, Physical Review B 69, 035111 (2004)

Phase diagram of U(l) gauge theory

e 'L phase: Fermi surface of gauge-
neutral fermions encloses total global
charge O

e FL* phase: Fermi surface of gauge

neutral fermions encloses only part
of the global charge O

Higgs/confining phase: Fractionalized
Fermi liquid (FL) Fermi liquid (FL*)
S
A2
= s -ia - B2 )

2m

‘A2
+ b (EL +iA, v ;LWEA) ub> b+ s|b|* + —gb' fTfb+ ..

b
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Examples of compressible phases
and their Fermi surfaces

|. The Fermi liquid (FL)
2. Fermions coupled to gauge fields

3. Fermion-boson mixtures

4. The fractionalized Fermi liquid (FL*)

5. Theories similar to AB|JM

. J

6. Theories similar to N =4 SYM




ABJM theory in D=2+1 dimensions

o 4N? Weyl fermions carrying fundamental charges

of U(N)xU(N)xSU(4)rg.

e 4N? complex bosons carrying fundamental
charges of U(N)xU(N)xSU(4)rg.

e N = 6 supersymmetry
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ABJM theory in D=2+1 dimensions

o 4N? Weyl fermions carrying fundamental charges

of U(N)xU(N)xSU(4)rg.

e 4N? complex bosons carrying fundamental
charges of U(N)xU(N)xSU(4)rg.

e N = 6 supersymmetry

Adding a chemical potential coupling to a SU(4)
charge breaks supersymmetry and SU(4) invariance

Tuesday, March 1, 2011



Theory similar to ABJ|M

e U(1) gauge invariance and U(1) global symme-
try

e Fermions, fi and f_, carry U(1) gauge charges
+1, and global U(1) charge 1.

e Bosons, by and b_, carry U(1) gauge charges
+1, and global U(1) charge 1.

e No supersymmetry
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Theory similar to ABJ|M

U(1) gauge invariance and U(1) global symme-
try

Fermions, fi and f_, carry U(1) gauge charges
+1, and global U(1) charge 1.

Bosons, by, and b_, carry U(1) gauge charges
+1, and global U(1) charge 1.

No supersymmetry

Fermions, ¢, gauge-invariant bound states of fermions
and bosons carrying global U(1) charge 2.
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+ bl | (0, —icA,)

_|_

Theory similar to ABJ|M

(O0r —10A;) o pl fo
(V —iocA)?
2my, ST

U

2

The index o = -

(V —iocA)?

(blbs)" —gn (BLOLFfy +He)
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Theory similar to ABJ|M

i V —icA)?
£ o= fi|@, —ioan - VAT T,
2m ]
) U ioA)? _
+ bj, (0 —10A;) ( igA) Fer — 1| by
_ 21 _
= (bib,)’ bl b H
‘|‘§(g a) — g1 (-|- —f—f—l—_l_ ‘C’)
] " ]
+ 'O, v Feg — 21| C
- 2mc -
—g2 [¢" (f4b— + f_by) + Hee!]
The index 0 = £1, and €; 5 are tuning parameters of phase diagram

Q = f;fa _l_bz;ba _|‘20TC
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Phases of AB|M-like theories

Fermi liquid (FL) of gauge-neutral particles
U(Il) gauge theory is in confining phase




Phases of AB|M-like theories

2A. +2Ar = (Q)

Fractionalized Fermi liquid (FL*)
U( /) gauge theory is in deconfined phase




Phases of AB|M-like theories

(bx) #0
(b40-) #0

No constraint on Fermi surface area,
which can be zero

Superconductor
U(/) gauge theory is in Higgs phase
and global U(1) is broken
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Examples of compressible phases
and their Fermi surfaces

|. The Fermi liquid (FL)
2. Fermions coupled to gauge fields

3. Fermion-boson mixtures
4. The fractionalized Fermi liquid (FL*)

5. Theories similar to AB|JM

s

.

6. Theories similar to N =4 SYM

J




N =4SYM in D=3+1 dimensions

SU(N) gauge invariance and SO(6) global
symmetry

Fermions carry adjoint gauge charges and
are SO(6) spinors

Bosons carry adjoint gauge charges and are
SO(6) fundamentals. Bosons are paired fermions.

N = 4 supersymmetry
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N =4SYM in D=3+1 dimensions

e SU(N) gauge invariance and SO(6) global
symmetry

e Fermions carry adjoint gauge charges and
are SO(6) spinors

e Bosons carry adjoint gauge charges and are
SO(6) fundamentals. Bosons are paired fermions.

e N =4 supersymmetry

Adding a chemical potential coupling to a SO(6)
charge breaks supersymmetry and SO(6) invariance
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Theory similar to /N =4 SYM in a chemical potential

e SU(N) gauge invariance and U(1) global sym-
metry

e Fermions, f,, (¢ = 1...N? — 1) carry adjoint
gauge charges and U(1) charge 1.

e Bosons, b,, carry adjoint gauge charges and U(1)
charge 2. Bosons are paired f, fermions.

e No supersymmetry
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Theory similar to /N =4 SYM in a chemical potential

e SU(N) gauge invariance and U(1) global sym-
metry

e Fermions, f,, (¢ = 1...N? — 1) carry adjoint
gauge charges and U(1) charge 1.

e Bosons, b,, carry adjoint gauge charges and U(1)
charge 2. Bosons are paired f, fermions.

e No supersymmetry

e Fermions, ¢, (analog of baryons), gauge-invariant
bound states of b and f, carry U(1) charge 3.

Q = flfo+2bl b, +3cTe
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Theory similar to /N =4 SYM in a chemical potential

Hf = Z—fooz NZ(Z]BT]B@—FQZ[JTZD + 3¢ )

k,a

Q = flf,+2b b, +3c'c
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Theory similar to /N =4 SYM in a chemical potential

2

Hy = Z;—Sﬁf@ uZ(ZfoQHZbTb + 3cf )
k2

H, = ;(2% | 51> bgba+u/d% (bl.ba)’

Q = flf,+2b b, +3c'c
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Theory similar to /N =4 SYM in a chemical potential

2

Hy = Z;—Sﬁf@ uZ(ZfoaHZbTb + 3cf )
k2

H, = ;(2% | 51> bgba+u/d% (bl.ba)’

=
]
7 N\
SES
S| e
(\V)
™
(\V)
N———
™
>,
™

Q = flf,+2b b, +3c'c
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Theory similar to /N =4 SYM in a chemical potential

2
Hy = szmgf;rzfozﬂzk:(chifa+2ZbLba—|—SCTc)

H = Y <2]:; | 51> bgba+u/d% (bba)”
H. = {:( e | 52>cTc
o \2m2
Hipn = g/ddaz (eapybl fafy + c.c.) +)\/ddaz (c'bafa + c.c.),

The indices, a,B3,7v = 1...N? — 1, the structure constants of
SU((N) are €48, and €1 o are parameters tuning between possible
phases. The SU(N) gauge fields are not shown, and are included
as usual by covariantizing derivatives.

Q = flfo+2b1b, +3c'c
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Phases of SYM-like theories

Fermi liquid (FL) of baryon-like particles
SU(N) gauge theory is in confining phase




Phases of SYM-like theories

3A, + (N2 —1)A; = (O)

Fractionalized Fermi liquid (FL*)
SU(N) gauge theory is in deconfined phase




Phases of SYM-like theories

(ba) 7 0

No constraint on Fermi surface areas

Color Superconductor
SU(N) gauge theory is in Higgs phase
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Phases of SYM-like theories

3A, + (N2 —1)A; = (O)

Fractionalized Fermi liquid (FL*)
SU(N) gauge theory is in deconfined phase




Phases of AB|M-like theories

2A. +2Ar = (Q)

Fractionalized Fermi liquid (FL*)
U( /) gauge theory is in deconfined phase




Phases of AB|M-like theories

2A. +2A7 = (Q)

Fractionalized Fermi liquid (FL*)
U( /) gauge theory is in deconfined phase




Phases of AB|M-like theories

2A. +2A7 = (Q)

Fractionalized Fermi liquid (FL*)
U( /) gauge theory is in deconfined phase

Claim: this is the phase underlying recent holographic theories of
compressible metallic states.

However, a number of artifacts appear in the classical gravity
approximation.
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Gauge-gravity duality

and
impurity mean-field theories




Gauge-gravity duality

@ Begin with a CFT e.g. the SYM theory with a
SO(6) global symmetry

@ The CFT is dual to a gravity theory on AdSs x S°




Gauge-gravity duality

@ Begin with a CFT e.g. the SYM theory with a

SO(6) global symmetry

@ Add some SO(6) charge by turning on a chemical
potential (this breaks the SO(6) symmetry)

@ The CFT is dual to a gravity theory on AdSs x S°

Q In the Einstein-Maxwell theory, the chemical
potential leads at T=0 to an extremal Reissner-
Nordtrom black hole in the AdSs spacetime.




Gauge-gravity duality

@ Begin with a CFT e.g. the SYM theory with a

SO(6) global symmetry

@ Add some SO(6) charge by turning on a chemical
potential (this breaks the SO(6) symmetry)

@ The CFT is dual to a gravity theory on AdSs x S°

Q In the Einstein-Maxwell theory, the chemical
potential leads at T=0 to an extremal Reissner-
Nordtrom black hole in the AdSs spacetime.

Q@ The near-horizon geometry of the RN black hole
is AdS; x R3.This factorization leads to finite
ground state entropy density




AdS theory of finite density quantum matter

Features of AdS Einstein-Maxwell theory of non-zero den-
sity quantum matter, not expected in the final theory:

e Non-zero ground state entropy density.
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AdS theory of finite density quantum matter

Features of AdS Einstein-Maxwell theory of non-zero den-
sity quantum matter, not expected in the final theory:

e Non-zero ground state entropy density.

e Single fermion self energies are momentum indepen-
dent, and their singular behavior is the same on and
off the Fermi surface.
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AdS theory of finite density quantum matter

Features of AdS Einstein-Maxwell theory of non-zero den-
sity quantum matter, not expected in the final theory:

e Non-zero ground state entropy density.

e Single fermion self energies are momentum indepen-
dent, and their singular behavior is the same on and
off the Fermi surface.

e Low energy singularities are described by “conformal
quantum mechanics”: a 0+1 dimensional defect in a

d-+1 dimensional CFT. This is linked to the factor-
ization of the near-horizon metric to AdSs x RY,

Tuesday, March 1, 2011



Solution of lattice models

Place U(1) gauge theory theory on a lattice, integrate out b and
A,, to obtain Kondo lattice Hamiltonian

H = th CinCjo T Z T (i,5)S; - Sj + Jk Zgz ¢l Gaptip

1<j 1<

where S; = fI Go5f3

e Bethe

lattice for
large co-
ordination
Fully-
connected
cluster S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).

A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).
S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Solution of lattice models

All other sites

“Impurity”
site O

L = Linp|Co, fo] + Cngulk - Fgulk(io + Lpulk

Has to be combined with a self-consistency condition
between correlators on the impurity and the bulk.

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).

S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Obtain both FL and FL* phases;
properties of the FL* phase:

e The ground state has a non-zero entropy den-
S1ty

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).
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S1ty

e The correlations of Fyyk are local (z = oo)

e The correlations F},, i in time have a confor-
mal structure with scaling dimension A (as

in the boundary of AdSs)

e Imposition of the self-consistency condition
between impurity and boundary yields the
scaling dimension A = 1, the ‘marginal Fermi
liquid’ value.
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Obtain both FL and FL* phases;
properties of the FL* phase:

These features, and the resulting fermion correla-
tor and transport properties, co-incide with those
obtained (for general A) using the holographic
AdSs x R? theory defined on the extremal horizon

of the Reissner-Nordstrom black hole (T. Faulkner,
H. Liu, J. McGreevy and D. Vegh, arXiv:0907.2694)
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scaling dimension A = 1, the ‘marginal Fermi
liquid’ value.

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).

S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)

Tuesday, March 1, 2011



Conclusions

@ Compressible quantum matter is characterized by
Fermi surfaces.

@ Fermi surfaces can be removed from the Luttinger
count if the fermions acquire gauge charges

@ Phases of a strongly-coupled gauge theory: Fermi
liquids (FL) and fractionalized Fermi liquids (FL*)




Conclusions

@ Mean field Kondo lattice models capture the
physics of holographic metals with a AdS; x R¢
geometry

@ Needed: Holographic theory for FL* or related
compressible phases, without a factorized geometry.
Challenge: detect Fermi surfaces of fermions with
gauge charges




