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Almost all many-electron systems are described by the 
quasiparticle concept: a quasiparticle is an “excited 
lump” in the many-electron state which responds just 
like an ordinary particle. 

R.D. Mattuck



The quasiparticle idea is the key reason for the many 
successes of quantum condensed matter physics:

 Fermi liquid theory of metals, insulators, semiconductors

 Theory of superconductivity (pairing of quasiparticles)

 Theory of disordered metals and insulators (diffusion and 
localization of quasiparticles)

 Theory of metals in one dimension (collective modes as 
quasiparticles)

 Theory of the fractional quantum Hall effect (quasiparticles 
which are `fractions’ of an electron)

Quantum matter with quasiparticles:



• Note: The electron liquid in one dimension and the fractional

quantum Hall state both have quasiparticles; however, the quasi-

particles do not have the same quantum numbers as an electron.

Quantum matter with quasiparticles:

• Quasiparticles are additive excitations:
The low-lying excitations of the many-body system
can be identified as a set {n↵} of quasiparticles with
energy "↵

E =
P

↵ n↵"↵ +
P

↵,� F↵�n↵n� + . . .

In a lattice system ofN sites, this parameterizes the energy
of ⇠ e↵N states in terms of poly(N) numbers.



Quantum matter with quasiparticles:

• Quasiparticles eventually collide with each other. Such
collisions eventually leads to thermal equilibration in a
chaotic quantum state, but the equilibration takes a long
time. In a Fermi liquid, this time diverges as

⌧eq ⇠ ~EF

(kBT )2
, as T ! 0,

where EF is the Fermi energy.



1. Metal with quasiparticles               
Random matrix model of a `quantum dot’

2. Metal without quasiparticles                
SYK model of a `quantum dot’ 

    
3.  High temperature superconductors
      and strange metals.
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A simple model of a metal with quasiparticles

Pick a set of random positions



Place electrons randomly on some sites

A simple model of a metal with quasiparticles



Electrons move one-by-one randomly

A simple model of a metal with quasiparticles
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Electrons move one-by-one randomly

A simple model of a metal with quasiparticles



H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj + . . .

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

1

N

X

i

c
†
i ci = Q

Fermions occupying the eigenstates of a 
N x N random matrix

tij are independent random variables with tij = 0 and |tij |2 = t2

A simple model of a metal with quasiparticles



Feynman graph expansion in tij.., and graph-by-graph average,
yields exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = t2G(⌧)

G(⌧ = 0�) = Q.

G(!) can be determined by solving a quadratic equation.

!

�ImG(!)

µ

Infinite-range model with quasiparticles



Infinite-range model with quasiparticles

Fermi liquid state: Two-body interactions lead to a scattering time
of quasiparticle excitations from in (random) single-particle eigen-
states which diverges as ⇠ T�2 at the Fermi level.

Now add weak interactions

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj +

1

(2N)3/2

NX

i,j,k,`=1

Uij;k` c
†
i c

†
jckc`

Jij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U
2
. We

compute the lifetime of a quasiparticle, ⌧↵, in an exact eigenstate  ↵(i) of the

free particle Hamitonian with energy "↵. By Fermi’s Golden rule, for "↵ at the

Fermi energy

1

⌧↵
= ⇡U

2
⇢
2
0

Z
d"�d"�d"�f("�)(1� f("�))(1� f("�))�("↵ + "� � "� � "�)

=
⇡
3
U

2
⇢
2
0

4
T

2

where ⇢0 is the density of states at the Fermi energy.
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A simple model of a metal with quasiparticles

!

Let "↵ be the eigenvalues of the matrix tij/
p
N .

The fermions will occupy the lowest NQ eigen-
values, upto the Fermi energy EF . The density
of states is ⇢(!) = (1/N)

P
↵ �(! � "↵).

EF

⇢(!)



A simple model of a metal with quasiparticles

Quasiparticle
excitations with
spacing ⇠ 1/N

There are 2N many
body levels with energy

E =
NX

↵=1

n↵"↵,

where n↵ = 0, 1. Shown
are all values of E for a
single cluster of size

N = 12. The "↵ have a
level spacing ⇠ 1/N .

Many-body
level spacing

⇠ 2�N
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1. Metal with quasiparticles               
Random matrix model of a `quantum dot’

2. Metal without quasiparticles                
SYK model of a `quantum dot’ 

    
3.  High temperature superconductors
      and strange metals.



The Sachdev-Ye-Kitaev (SYK) model

Pick a set of random positions



Place electrons randomly on some sites

The SYK model



Entangle electrons pairwise randomly

The SYK model
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Entangle electrons pairwise randomly

The SYK model



This describes both a strange metal and a black hole!

The SYK model



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

The SYK model

H =
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Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U2

N ! 1 yields critical strange metal.



GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

There are 2N many body levels
with energy E, which do not

admit a quasiparticle
decomposition. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state
has an entropy SGPS = Ns0

with

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

< ln 2

where G is Catalan’s constant,
for the half-filled case Q = 1/2.

The SYK model
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No quasiparticles !
E 6=

P
↵ n↵"↵

+
P

↵,� F↵�n↵n� + . . .

The SYK model



Feynman graph expansion in Uijk`, and graph-by-graph average,
yields exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless
and obey

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

where A = e�i⇡/4(⇡/U2)1/4 at half-filling. The ground state is a
non-Fermi liquid, with a continuously variable density Q.
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A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)

X X
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The SYK model

At frequencies ⌧ U , the i! + µ can be dropped,
and without it equations are invariant under the
reparametrization and gauge transformations.
The singular part of the self-energy and the Green’s
function obey

Z �

0
d⌧2 ⌃sing(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃sing(⌧1, ⌧2) = �U2G2(⌧1, ⌧2)G(⌧2, ⌧1)

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z
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The SYK model
Z �

0
d⌧2 ⌃(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃(⌧1, ⌧2) = �U2G2(⌧1, ⌧2)G(⌧2, ⌧1)

These equations are invariant under

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
e⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
By using f(�) = tan(⇡T�)/(⇡T ) we can
now obtain the T > 0 solution from the T = 0 solution.



A. Kitaev

Let us write the large N saddle point solutions of S as

Gs(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�1/2

⌃s(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�3/2.

The saddle point will be invariant under a reperamateri-
zation f(⌧) when choosing G(⌧1, ⌧2) = Gs(⌧1 � ⌧2) leads
to a transformed eG(�1,�2) = Gs(�1 � �2) (and similarly
for ⌃). It turns out this is true only for the SL(2, R)
transformations under which

f(⌧) =
a⌧ + b

c⌧ + d
, ad� bc = 1.

So the (approximate) reparametrization symmetry is spon-
taneously broken down to SL(2, R) by the saddle point.

The SYK model



S. Sachdev and J. Ye, PRL 70, 3339 (1993)

The SYK model

• Low energy, many-body density of states
⇢(E) ⇠ eNs0 sinh(

p
2(E � E0)N�) , 2s0 = 0.464848...

• Low temperature entropy S = Ns0 +N�T + . . ..

• T = 0 fermion Green’s function is incoherent: G(⌧) ⇠ ⌧�1/2 at
large ⌧ . (Fermi liquids with quasiparticles have the coherent: G(⌧) ⇠
1/⌧)

• T > 0 Green’s function has conformal invariance
G ⇠ (T/ sin(⇡kBT ⌧/~))1/2
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The SYK model

A. Georges and O. Parcollet PRB 59, 5341 (1999)
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• Low temperature entropy S = Ns0 +N�T + . . ..
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S. Sachdev and J. Ye, PRL 70, 3339 (1993)

The SYK model

A. Georges and O. Parcollet PRB 59, 5341 (1999)

A. Eberlein, V. Kasper, S. Sachdev, and J. Steinberg, PRB 96, 205123 (2017)

• The last property indicates ⌧eq ⇠ ~/(kBT ), and this has been
found in a recent numerical study.
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S. Sachdev and J. Ye, PRL 70, 3339 (1993)

The SYK model

A. Georges and O. Parcollet PRB 59, 5341 (1999)

A. Eberlein, V. Kasper, S. Sachdev, and J. Steinberg, PRB 96, 205123 (2017)

• The model exhibits eigenstate thermalization. Each eigenstate
scrambles quantum information (as measured in the out-of-time-
order correlation) in the fastest possible time of ~/(2⇡kBT (E)).
It is remarkable to have a solvable model with such properties.
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• The model exhibits eigenstate thermalization. Each eigenstate
scrambles quantum information (as measured in the out-of-time-
order correlation) in the fastest possible time of ~/(2⇡kBT (E)).
It is remarkable to have a solvable model with such properties.
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                S. Sachdev, 
Quantum Phase Transitions, 

Cambridge (1999)

Quantum matter without quasiparticles:
• If there are no quasiparticles, then

E 6=
X

↵

n↵"↵ +
X

↵,�

F↵�n↵n� + . . .

• If there are no quasiparticles, then

⌧eq = #
~

kBT
, the ‘Planckian time’ .

• Systems without quasiparticles are the fastest possible in reaching local
equilibrium, and all many-body quantum systems obey, as T ! 0

⌧eq > C
~

kBT
.

– In Fermi liquids ⌧eq ⇠ 1/T 2, and so the bound is obeyed as T ! 0.

– This bound rules out quantum systems with e.g. ⌧eq ⇠ ~/(JkBT )1/2.
– There is no bound in classical mechanics (~ ! 0). By cranking up

frequencies, we can attain equilibrium as quickly as we desire.
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frequencies, we can attain equilibrium as quickly as we desire.
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Black 
holes

SYK models and black holes
• Black holes have an entropy proportional to their sur-

face area, and a temperature, TH = ~c3/(8⇡GMkB).

• Black holes relax to thermal equilibrium in a time
⇠ ~/(kBTH) = 8⇡GM/c3.

• Black holes in d+1 spatial dimensions are similar to
a quantum system without quasiparticles in d spatial
dimensions.
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AdS2 ⇥ T2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt



Connections of SYK to gravity and AdS2
horizons

• Reparameterization and gauge
invariance are the ‘symmetries’ of
the Einstein-Maxwell theory of
gravity and electromagnetism

• SL(2,R) is the isometry group of AdS2.

SYK and AdS2

ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d

with ad� bc = 1.
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We propose the digital quantum simulation of a minimal AdS=CFT model in controllable quantum
platforms. We consider the Sachdev-Ye-Kitaev model describing interacting Majorana fermions with
randomly distributed all-to-all couplings, encoding nonlocal fermionic operators onto qubits to efficiently
implement their dynamics via digital techniques. Moreover, we also give a method for probing
nonequilibrium dynamics and the scrambling of information. Finally, our approach serves as a protocol
for reproducing a simplified low-dimensional model of quantum gravity in advanced quantum platforms as
trapped ions and superconducting circuits.
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Holographic duality [1] posits the equivalence, subject
to conditions, of quantum gravity and ordinary quantum
field theories. The most celebrated such correspondence is
conjectured to exist between the N ¼ 4 supersymmetric
Yang-Mills theory in four dimensions and the type-IIB string
theory on AdS5 × S5 . Such dualities offer the exciting
prospect of probing quantum gravity effects by studying
thewell-defined equivalent quantum field theory. This is still
hard: The semiclassical gravity regime is located at strong
coupling and for a large number of local degrees of freedom
N ≫ 1 . Furthermore, a fully nonperturbative understanding
of the dual field theory is likely necessary to resolve themost
puzzling aspects of quantum black holes, such as the famous
information loss paradox [2]. We may therefore opt for
studying the dual field theory on the lattice, by rewriting
the problem in terms of a quantum many-body system
suitable for simulation on a classical computer [3,4]. Even
this powerful technique faces important challenges and
limitations, such as the sign problem [5], and the inappli-
cability of Euclidean lattice methods for intrinsically
Lorentzian physics. It is precisely the latter kind of problem
one needs to understand in order to describe black hole
formation [6] and evaporation.
It is essential to develop alternative avenues of dealing

with strongly coupled quantum many-body systems, both
for themselves as well as with an eye on quantum gravity. As
pointed out originally by Feynman [7], quantum systems are
vastly more computationally efficient at solving many-body
Hamiltonians than classical computer simulations. With the
recent advent of quantum technologies [8–12], it is then
natural to consider multiqubit systems that encode a dual
gravity theory via quantum simulation. Currently, four-
dimensional gauge theories such as the aforementioned
N ¼ 4 theory appear out of reach (see, however, [13] for

work on QCD in this context). Instead, we start by looking
elsewhere for simpler models which nevertheless have a
holographic interpretation.
Another reason to look for these holographically useful

models is that analog gravity simulation faces severe
challenges [14,15]: Any nonlinear gravity theory emerging
from some local nongravitational “substrate” will neces-
sarily have its bulk dynamics entirely frozen. As a result, its
bulk degrees of freedom may be entirely disregarded. The
restrictions of Refs. [14,15] are avoided in holographically
emergent gravity.
In this Letter, as a first step in this direction, we propose

the digital quantum simulation of a quantum field theory
with a holographic dual, namely, the Sachdev-Ye-Kitaev
(SYK) model [16–18]. We consider different variants of the
model, two in terms of Majorana fermions and two with
complex fermions. We then propose digital quantum algo-
rithms for simulating the SYK quantum dynamics and
protocols to test nonequilibrium aspects such as scrambling
[19], in particular, out of time order (OTO) four-point
correlation functions hW†ðtÞV†ð0 ÞWðtÞVð0 Þi, for initially
commuting unitariesW andV. Subsequently, we discuss the
feasibility and implementation of our proposal in suitable
quantum platforms such as trapped ions and superconduct-
ing circuits.
The holographicmodel.—TheSYKmodel, in its simplest

form, is governed by the quenched-disorder Hamiltonian

H ¼ 1

4 × 4!

XN

i;j;k;l¼1

Jijklχiχjχkχl; ð1Þ

where χi are Majorana fermions with fχi; χjg ¼ 2 δij,
located on a lattice of N sites and interacting via all-to-all
couplings Jijkl, sampled from a random distribution that is
usually taken to be Gaussian with variance 3!J2 =N3. While
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i. Trapped ions.—The platform of trapped ions has been a
workhorse of quantum simulations for some time now
[48,49]. We focus on trapped ions as a candidate platform
for our protocol due to the possibility of performing
collective dynamics, the high fidelity of 0.999 of the two-
qubit gates [50,51], and the high number of gates, over 200,
achieved in simulations [49]. The efficient implementation of
exponentials of tensor products of Pauli matrices in trapped
ions relies on the Mølmer-Sørensen (MS) gate, involvingM
qubits and local rotations [52]. We consider the standard
expression UMSðθ;φÞ¼expf−iθ½cosðφÞSxþsinðφÞSy&2=4g,
and Sx;y ¼

PM
j¼0 σ

x;y
j . In order to make contact with the

literature in trapped ions, we use in this paragraph a different
basis, such that jgiz; jeiz → j~gix; j~eix, and the corresponding
mapping σz → ~σx, σx → ~σy, σy → ~σz. The tilded objects
refer to the ion implementation, while untilded ones come
from our algorithms. Having made this distinction, in fact
above and in what follows we obviate the tildes.
Since our quantum algorithm requires the simulation of

terms with two disjoint Jordan-Wigner tails, we consider
gates UA

MS and UB
MS associated with the disjoint collective

operators Sx;yA ¼
PlþM

l¼l σ
x;y
l and Sx;yB ¼

PjþK
l¼j σ

x;y
l , respec-

tively, and the entangling gate UljðϕÞ ¼ expðiϕσαl σ
β
j Þ. This

entangling gate can in turn be achieved in a standard way
by another MS gate and individual rotations, with no
impact on the complexity studied below [19]. We propose
then the following step shown in Fig. 1, that scales with
Oð1Þ in the number of fermions N:

U ¼ UA
MS

!
−
π
2
; 0
"
UB

MS

!
−
π
2
; 0
"
UljðϕÞUB

MS

!
π
2
; 0
"

×UA
MS

!
π
2
; 0
"
: ð14Þ

This results [19] in the desired terms, since the choice of the
intermediate entangling gate UljðϕÞ allows us to modify
the resulting interaction term:
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for the cases M and K even, M and K odd, M even and K
odd, and M odd and K even, respectively, and with

aðnÞ ¼
#−1 for n ¼ 4k − 2; k ∈ N;

1 for n ¼ 4k; k ∈ N;

bðnÞ ¼
#
1 for n ¼ 4k − 3; k ∈ N;

−1 for n ¼ 4k − 1; k ∈ N:
ð16Þ

and ϵαβγ the Levi-Civita symbol.
We note that for the generic and most complex inter-

action, Eq. (13), the Jordan-Wigner σz tails begin in sites l
and j and end in sites k and i, all corresponding to the ones
of the four-body interaction. Up to now, we have achieved a
many-body interaction involving l and j sites and two
corresponding tails starting in those sites and ending in
lþM and jþ K. The desired interaction can be easily
achieved by considering that lþM and jþ K correspond
to k and i, respectively, and by applying the corresponding
rotations in the kth and ith qubits to obtained the desired
Pauli matrices, as depicted in Fig. 1.
ii. Superconducting circuits.—The general framework of

superconducting quantum processors is an extremely active
area of research [53–57]. The number of gates achieved in
this quantum platform, bounded by system decoherence
and gate fidelities, is constantly improving and now reaches
up to 1000 quantum logic gates [56]. Moreover, single- and
two-qubit gates have been experimentally demonstrated
with fidelities at the fault-tolerant threshold for the surface
code [58]. The previous protocol for a generic interaction
can be taken directly for superconducting circuits if we
consider the application of the multiqubit MS gate via a
superconducting resonator, studied only theoretically [59].
As they are not yet available, we decompose the basic step
in Eq. (14) by breaking the MS gate into, in principle, ðn2Þ
single-qubit and two-qubit gates. These have been dem-
onstrated experimentally in superconducting devices with
high fidelities [58]. We consider for the sake of simplicity,

FIG. 1. Engineering many-body interactions in trapped-ion
qubits. Operation sequence of single-qubit and multiqubit gates,
inside a Trotter step, acting on trapped-ion qubits to generate a
generic interaction term (13). The single-qubit rotations Ri and
Rk act on qubits i and k, respectively, and the phase ϕ of the two-
qubit entangling gate,UijðϕÞ, must be chosen adequately in order
to produce the desired combination of αiαjαkαl in the interaction.
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3.  High temperature superconductors
      and strange metals.
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YBa2Cu3O6+x

Strange Metal



Ubiquitous
“Strange”,

“Bad”,

“Incoherent”,

or “Ultra-quantum”
metal has a resistivity, ⇢, which obeys

⇢ ⇠ T ,

and

in some cases ⇢ � h/e2

(in two dimensions),
where h/e2 is the quantum unit of resistance.
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Ultra-quantum metals just got stranger…
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B-linear magnetoresistance!?



Ultra-quantum metals just got stranger…
Scaling between B and T !?
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c

lx
+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Strongly correlated metals comprise an enduring puzzle at the heart of condensed matter physics.
Commonly a highly renormalized heavy Fermi liquid occurs below a small coherence scale, while at
higher temperatures a broad incoherent regime pertains in which quasi-particle description fails. Despite
the ubiquity of this phenomenology, strong correlations and quantum fluctuations make it challenging to
study. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with random all-to-all
four-fermion interactions among N Fermion modes which becomes exactly solvable as N ! 1, exhibiting
a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence of quasi-
particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic hopping.
Combining the imaginary time path integral with real time path integral formulation, we obtain a heavy
Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find
linear in temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two
universal values as a function of temperature. Our work exemplifies an analytically controlled study of a
strongly correlated metal.

Prominent systems like the high-Tc cuprates and heavy
fermions display intriguing features going beyond the quasi-
particle description[1–9]. The exactly soluble SYK models
provide a powerful framework to study such physics. The
most-studied SYK4 model, a 0 + 1D quantum cluster of N

Majorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–25]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature
scale Ec ⌘ t

2
0/U0[21, 26, 27] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a

Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[28], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[29, 30] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c

lx
+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c

lx
+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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The density-density correlator is expressed as

DRn(x,t; x
0,t0) ⌘ i✓(t � t

0)h[N(x,t),N(x
0,t0)]i

=
i

2
hNc(x,t)Nq(x

0,t0)i, (10)

where Ns ⌘
N�S '
�'̇s

, Nc/q = N+ ± N�(keeping momentum-
independent components- See Sec.B). Adding a contact term
to ensure that limp!0 DRn(p,! , 0) = 0[31], the action (9)
yields the di↵usive form [32]

DRn(p,!) =
�iNK!

i! � D'p2 + NK =
�NKD'p

2

i! � D'p2 . (11)

From this we identify NK and D' as the compressibility and
charge di↵usion constant, respectively. The electric conduc-
tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD'

e
2

~ a
2�d(a is lattice spacing).

Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
and defines ✏c/q = 1

2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads (Sec. B)

iS ✏ =
X

p

Z +1

�1

d! ✏c,!(2i�!2
T

2
� p

2⇤3(!))✏q,�! + · · · , (12)

where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in Sec. B,
behaves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy dif-
fusion constant D✏ . This identification is seen from the corre-
lator for energy density modes "c/q ⌘

iN�S ✏
�✏̇c/q

,

DR"(p,!) =
i

2
h"c"qip,! =

�NT
2�D✏ p2

i! � D✏ p
2 , (13)

where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-

tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
T, t0,U0. Introducing generalized resistivities, ⇢' = ⇢, ⇢" =
T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
1
N

R⇣( T

Ec

) ⇣ 2 {', "}, (14)

where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (B2), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T
2, (15)

(a)

(b)

FIG. 3. (a): For t0,T ⌧ U0, ⇢'/" “collapse” to R'/"( T

Ec
)/N. (b): The

Lorentz ratio ⇢
T

reaches two constants ⇡2

3 ,
⇡2

8 , in the two regimes.
The solid curves are guides to the eyes.

where the temperature coe�cient of resistivity A⇣ =
R
00

⇣ (0)
2NE

2
c

is
large due to small coherence scale in denominator, charac-
teristic of a strongly correlated Fermi liquid. Famously, the
Kadowaki-Woods ratio, A'/(N�)2, is approximately system-
independent for a wide range of correlated materials[33, 34].
We find here A'

(N�)2 =
R
00
' (0)

2[S0(0)]2N3 is independent of t0 and U0!
Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary lin-
early with temperature: R⇣(T ) ⇠ c⇣ T . We analytically obtain
c' =

2
p
⇡

and c" =
16
⇡5/2 (Supplementary Information), implying

that the Lorenz number, characterizing the Wiedemann-Franz
law, takes the unusual value L = 

�T
!
⇡2

8 for Ec ⌧ T ⌧ U0.
More generally, the scaling form (B2) implies that L is a uni-
versal function of T/Ec, verified numerically as shown in
Fig. 3b. The Lorenz number increases with lower tempera-
ture, saturating at T ⌧ Ec to the Fermi liquid value ⇡2/3.

Conclusion – We have shown that the SYK model pro-
vides a soluble source of strong local interactions which,
when coupled into a higher-dimensional lattice by ordinary
but random electron hopping, reproduces a remarkable num-
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The density-density correlator is expressed as

DRn(x,t; x
0,t0) ⌘ i✓(t � t

0)h[N(x,t),N(x
0,t0)]i

=
i

2
hNc(x,t)Nq(x

0,t0)i, (10)
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, Nc/q = N+ ± N�(keeping momentum-
independent components- See Sec.B). Adding a contact term
to ensure that limp!0 DRn(p,! , 0) = 0[31], the action (9)
yields the di↵usive form [32]
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From this we identify NK and D' as the compressibility and
charge di↵usion constant, respectively. The electric conduc-
tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD'
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~ a
2�d(a is lattice spacing).

Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
and defines ✏c/q = 1

2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads (Sec. B)
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where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in Sec. B,
behaves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy dif-
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where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-

tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
T, t0,U0. Introducing generalized resistivities, ⇢' = ⇢, ⇢" =
T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
1
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) ⇣ 2 {', "}, (14)

where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (B2), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T
2, (15)
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Ec
)/N. (b): The

Lorentz ratio ⇢
T

reaches two constants ⇡2

3 ,
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8 , in the two regimes.
The solid curves are guides to the eyes.
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versal function of T/Ec, verified numerically as shown in
Fig. 3b. The Lorenz number increases with lower tempera-
ture, saturating at T ⌧ Ec to the Fermi liquid value ⇡2/3.
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But this model exhibits negligible magnetoresistivity !



Mobile electrons (c) interacting with SYK quantum islands (f) 
with exchange interactions.

This yields the first model agreeing with 
magnetotransport in strange metals ! 
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Mobile electrons (c) interacting with SYK quantum islands (f) 
with exchange interactions.

This yields the first model agreeing with 
magnetotransport in strange metals ! Large N solution (with or without microscopic disorder) yields a

‘marginal Fermi liquid’ metal, with conductivities of the form:

�xx(B, T ) =
1

T
�L

✓
B

T

◆

�xy(B, T ) =
B

T 2
�H

✓
B

T

◆

where the scaling functions interpolate as

�L,H(b ! 0) ⇠ constant ; �L,H(b ! 1) ⇠ 1/b2

This solution exhibits B/T scaling, but the magnetoresistance ⇢xx
saturates for B � T .
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Exact numerical solution of charge-transport equations in a random-resistor 
network. (M. M. Parish and P. Littlewood, Nature 426, 162 (2003))

• Current path length increases 
linearly with B at large B due 
to local Hall effect, which 
causes the global resistance 
to increase linearly with B at 
large B.

Need mesoscopic disorder to obtain linear-in-B magnetoresistance
Infecting a Fermi liquid and making it SYK



~ 50 T (a = 3.82 A)

nb/na = 0.8

�b/�a = 0.8

�a = 0.1kBT

(B = 0.0025)

(T = t/100)

t/100 
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Scaling between 
B and T



Quantum matter without quasiparticles:

• No quasiparticle
decomposition of low-lying states.

• Thermalization and many-body chaos in
the shortest possible time of order ~/(kBT ).

• These characteristics are realized in the
solvable SYK model.

• These are also characteristics of black holes
in quantum gravity.
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