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Quantum matter without quasiparticles:
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7r,: the Lyapunov time to reach quantum chaos




The SaCthV—Ye—KltaeV Figure credit: L. Balents
(SYK) model:

e A theory of a
strange metal

e Dual theory of
oravity on AdSs

e Fastest possible
quantum chaos
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Infinite-range model with guasiparticles

H = 1/2 Z twczcﬁ

1,7=1

cici +cjc; =0 | C.CT- + ch-cZ- = 04
r -

t;; are independent random variables with ¢;; = 0 and |t;;]% = t°

Fermions occupying the eigenstates of a
N x N random matrix



Infinite-range model with guasiparticles

Feynman graph expansion in t¢;; , and graph-by-graph average,
yields exact equations in the large N limit:
1
iw 4 b — N(iw)
Gir=0")=0Q.

Giw) = . X(1) = t*°G(T)
G(w) can be determined by solving a quadratic equation.
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Infinite-range model with guasiparticles

Now add weak interactions

1
_ | T
— 1/2 E twcZ Cj e )3/2 g Jijke C;C iCrCy

7.7 1 ,],k,e 1

Jij.ke are independent random variables with J;;.ke = 0 and |J;;.x¢]? = J*. We
compute the lifetime of a quasiparticle, 7., in an exact eigenstate 1, (¢) of the
free particle Hamitonian with energy E,. By Fermi’s Golden rule, for E,, at the
Fermi energy

Ti = 1.J%ps / dEgdE,dEs f(Eg)(1 — f(E,))(1 — f(E5))d(Ea + Eg — Ey — Es)
7TSJZP(Q) 72
4

where pg is the density of states at the Fermi energy.

Fermi liquid state: Two-body interactions lead to a scattering time
of quasiparticle excitations from in (random) single-particle eigen-
states which diverges as ~ T2 at the Fermi level.




SYK model
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Jij.ke are independent random variables with J;;..¢ = 0 and |J;;.x¢]? = J?

N — oo yields critical strange metal.
S.Sachdev and |.Ye, PRL 70, 3339 (1993)

A. Kitaey, unpublished; S. Sachdev, PRX 5,041025 (2015)



SYK model

Feynman graph expansion in J;; , and graph-by-graph average,
yields exact equations in the large N limit:

Low frequency analysis shows that the solutions must be gapless
and obey

1 A

o) =p— Vit Gle)= -~

for some complex A. The ground state is a non-Fermi liquid, with
a continuously variable density O.

S.Sachdev and ].Ye, Phys. Rev. Lett. 70, 3339 (1993)



SYK and AdS>

e Non-zero GPS entropy as T'— 0, S(T"— 0) = NSy + ...
Not a ground state degeneracy: due to an exponen-
tially small (in V) many-body level spacing at all energies
down to the ground state energy.
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A. Georges, O. Parcollet, and S. Sachdev, PRB 63, 134406 (2001)



SYK and AdS>

e Non-zero GPS entropy as T'— 0, S(T"— 0) = NSy + ...
Not a ground state degeneracy: due to an exponen-
tially small (in V) many-body level spacing at all energies
down to the ground state energy.

e

A. Georges, O. Parcollet, and S. Sachdev, PRB 63, 134406 (2001)

e This entropy, and other dynamic correlators of the SYK
models, imply that the SYK model is holographically dual

to black holes with an AdS,; horizon. The Bekenstein-
Hawking entropy of the black hole equals N .Sp:

GPS=BH. ¢ Sachdev, PRL 105, 151602 (2010)



SYK and AdS>

BH

charge
density QO

AdSQ X TQ
ds? = (d(? — dt?)/(? + dx?
Gauge field: A = (£/()dt

Einstein-Maxwell theory
+ cosmological constant

Mapping to SYK applies when temperature < 1/(size of T?)

GPS
entropy

S.Sachdey, PRL 105, 151602 (2010)




SYK and AdS>

S.Sachdev and ].Ye, Phys. Rev. Lett. 70, 3339 (1993)



SYK and AdS>

At frequencies < J, the iw + u can be dropped,
and without it equations are invariant under the
reparametrization and gauge transformations

7= f(o)
G(r1,72) = [f'(01) f'(02)] /"2

~

G(O-la 0-2)
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S(71,79) = [f/(01) f/(02)] S(01,02)
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where f(o) and g(o) are arbitrary functions.

A. Kitaev, unpublished
S.Sachdev, PRX 5, 041025 (2015)



SYK and AdS>

Let us write the large N saddle point solutions of S as

GS(Tl—TQ) ~ (7'1—7'2)_1/2

28(7'1—7'2) ~ (7’1—7'2)_3/2.

The saddle point will be invariant under a reperamateri-
zation f(7) when choosing G(711,72) = Gs(11 — T2) leads
to a transformed G(o1,02) = G4(01 — 02) (and similarly
for »). It turns out this is true only for the SL(2, R)
transformations under which

at + b

So the (approximate) reparametrization symmetry is spon-
taneously broken down to SL(2, R) by the saddle point.

A. Kitaev, unpublished



SYK and AdS
@onnections of SYK to gravity and AdSs \

horizons

e Reparameterization and gauge
invariance are the ‘symmetries’ of
the Einstein-Maxwell theory of
cravity and electromagnetism

e SL(2,R) is the isometry group of AdS;.
ds? = (d7* + d(¢?)/(? is invariant under

a(t +1iC) +b
c(t+iC) +d

\_ with ad — be = 1. j

7'+’ =




SYK and AdS>

Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z = /DG(Tl,Tl)DZ(Tl,TQ)e_NS[G’E]

for a known action S|G, ¥|. We find the saddle point, G, ¥4, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(Tl,TQ) — [f/(Tl)f/(TZ)]1/4Gs(f(71) - f(72))€i¢(ﬁ)_i¢(72)

(and similarly for ). Then the path integral is approximated by

z /Df(T)D¢(T)€_NSeff[fa¢].

J. Maldacena and D. Stanford, arXiv:1604.07818;

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.1612.00849;

S.Sachdev, PRX 5, 041025 (2015); J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;
K.Jensen, arXiv:1605.06098; |. Engelsoy, T.G. Mertens, and H.Verlinde, arXiv:1606.03438



SYK and AdS>

Symmetry arguments, and explicit computations, show that the effective action is

1T

dr {tan(nT (1 + €(7)), 7},

K 1/T
Seet| f, @] = / 7(0-¢ 4+ i(2nET)0€)* — 4;2

where f(7) = 7+ ¢(7), the couplings K, v, and £ can be related to thermodynamic
derivatives and we have used the Schwarzian:

2
B g/// 3 g//
{97 T} — g/ 2 ( g/ ’

Specifically, an argument constraining the effective at T' = 0 is

at + b

St 1) = 20, 0(r) = 0| =0,

and this is origin of the Schwarzian.

J. Maldacena and D. Stanford, arXiv:1604.07818;

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.1612.00849;

S.Sachdev, PRX 5, 041025 (2015); J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;
K.Jensen, arXiv:1605.06098; |. Engelsoy, T.G. Mertens, and H.Verlinde, arXiv:1606.03438



SYK and AdS>

BH

charge
density QO

AdSQ X TQ
ds? = (d(? — dt?)/(? + dx?
Gauge field: A = (£/()dt

Einstein-Maxwell theory
+ cosmological constant

Mapping to SYK applies when temperature < 1/(size of T?)

GPS
entropy

S.Sachdey, PRL 105, 151602 (2010)




SYK and AdS>

Same long-time
effective action

charge
density QO

AdSQ X TQ
ds? = (d(? — dt?)/(? + dx?
Gauge field: A = (£/()dt

Einstein-Maxwell theory
+ cosmological constant

Mapping to SYK applies when temperature < 1/(size of T?)




Coupled SYK models

Figure 1: A chain of coupled SYK sites: each site contains N > 1 fermion with SYK
interaction. The coupling between nearest neighbor sites are four fermion interaction with
two from each site.

Yingfei Gu, Xiao-Liang Qi, and D. Stanford, arXiv:1609.07832
R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.|1612.00849



SYK and AdS>

charge
density QO

AdSQ X TQ
ds® = (d¢* — dt?)/(? + dr”
Gauge field: A = (£/()dt

Einstein-Maxwell theory
+ cosmological constant

S.Sachdey, PRL 105, 151602 (2010)

Mapping to SYK applies when temperature < 1/(size of T?)



Coupled SYK and AdS4

charge
density QO

AdSQ X R2
ds? = (d(? — dt?)/(? + dx?
Gauge field: A = (£/()dt
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Finstein-Maxwell-axion theory with saddle point ¢; = kx;
leading to momentum disspation



Coupled SYK and AdS4

The response functions of the density, @, and the energy, E exhibit diffusion

<< (D5 Q) (E—nQ;9), ., /T

T . 2\ —1
E—pQ;Q), (BE—pQE—uQ), /T ) = liw(=iw + DE)™ 4+ 1] x,

where the diffusivities are related to the thermoelectric conductivities by
the Einstein relations
o} @7 1
D = .
( al R ) Xs

The Seebeck co-efficient (thermopower), a/o, is given exactly by a thermo-
dynamic derivative -

Oz_aS()1

o (9QJ

-

The coupled-SYK and AdS4 models realize

a disordered metal with no quasiparticle excitations.
(a “strange metal”)

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.|1612.00849



Quantum chaos:

e In both the SYK and holographic models, the growth of chaos is charac-

terized by
(el ). 0.0} ~ exp (i (t_ |_B\>)

where the Lyapunov time saturates the lower bound h/(27kgT) and the
BUTTERFLY VELOCITY vg ~ T1/2.

e The thermal diffusivity, Dg is given exactly by
Dgp = ”UQBTL.

There is no universal relationship between the charge diffusivity, D., and
UVRB.

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.|1612.00849



Quantum chaos:

e In both the SYK and holographic models, the growth of chaos is charac-

terized by
(el ). 0.0} ~ exp (i (t_ |_B\>)

where the Lyapunov time saturates the lower bound h/(27kgT) and the
BUTTERFLY VELOCITY vg ~ T1/2.

e The thermal diffusivity, Dg is given exactly by
Dgp = ”U%TL.

There is no universal relationship between the charge diffusivity, D., and
UVRB.

e Quantum chaos is intimately linked to the loss of phase coherence from
electron-electron interactions. As the time derivative of the local phase is
determined by the local energy, phase fluctuations and chaos are linked
to interaction-induced energy fluctuations, and hence thermal diffusivity.

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.|1612.00849



Coupled SYK and AdS4

charge
density QO

AdSQ X R2
ds? = (d(? — dt?)/(? + dx?
Gauge field: A = (£/()dt
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Finstein-Maxwell-axion theory with saddle point ¢; = kx;
leading to momentum disspation



Coupled SYK and AdS4

Matching correlators for thermoelectric
diffusion, and quantum chaos

charge
density QO

AdSQ X R2
ds? = (d¢? — dt?)/(? + dx?
Gauge field: A = (£/()dt

|

2
A 1 | PN
S = /d4$\/ —§ (R‘F 6/L2 - A 2(8957,)2 T _F,LLI/FNV> )
2 — 4
Finstein-Maxwell-axion theory with saddle point ¢; = kx;
leading to momentum disspation
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vg: the “butterfly velocity” tfor the spatial propagation of chaos
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Fermi surface coupled to a gauge field




Fermi surface coupled to a gauge field
(i \
v

f Y
o
L a] =

1
—a (Ylyy —ply ) - A

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)




Fermi surface coupled to a gauge field
Compute out-of-time-order correlator to

diagnose quantum chaos

) 3 | —& :
+ A
) > 11— : J

F() = 3300 Y [ o T |2 s (a0), 0] 0))

1,7=1

x e PH/2 L, (x,t),11(0)}

~ GXP((t - x/vB)/TL)

A.A. Patel and S. Sachdev, arXiv:1611.00003



Fermi surface coupled to a gauge field

Compute out-of-time-order correlator to
diagnose quantum chaos

| — & ; < |——s P -
— + A + A
|— ; > —— i i

Strongly-coupled theory with no quasiparticles
and fast scrambling:

N A
L S A8 kAT
v A 41NT1/3 vp
ed/3 A1/3

Dy =~ 0.42 ?JQBTL

N 1is the number of fermion flavors, v is the Fermi velocity, v is
the Fermi surface curvature, e is the gauge coupling constant.

A.A. Patel and S. Sachdev, arXiv:1611.00003
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7r,: the Lyapunov time to reach quantum chaos

vg: the “butterfly velocity” tfor the spatial propagation of chaos



