
Quantum criticality: 
quantum matter without quasiparticles

34th Jerusalem Winter School in Theoretical Physics
New Horizons in Quantum Matter 
December 27, 2016 - January 5, 2017

Subir Sachdev

HARVARD

Talk online: sachdev.physics.harvard.edu



• Landau quasi-particles & holes
• Phonon
• Magnon
• Roton
• Plasmon
• Polaron
• Exciton
• Laughlin quasiparticle
• Bogoliubovon
• Anderson-Higgs mode
• Massless Dirac Fermions
• Weyl fermions
• ….

Quantum matter with quasiparticles:



Most generally, a quasiparticle is 
an “additive” excitation:

Quasiparticles can be combined to yield 
additional excitations, with energy 

determined by the energies and densities of 
the constituents. Such a procedure yields all 
the low-lying excitations. Then we can apply 

the Boltzmann-Landau theory to make 
predictions for dynamics.

Quantum matter with quasiparticles:



Quantum matter without quasiparticles:

No quasiparticle structure to excitations.

But how can we be sure that no 
quasiparticles exist in a given system? 

Perhaps there are some exotic quasiparticles 
inaccessible to current experiments……..

Consider how rapidly the system
loses “phase coherence”,

reaches local thermal equilibrium,
or becomes “chaotic”



K. Damle and S. Sachdev, PRB 56, 8714 (1997)                 
S. Sachdev, Quantum Phase Transitions, Cambridge (1999)

Local thermal equilibration or

phase coherence time, ⌧':

• There is an lower bound on ⌧' in all many-body quantum

systems as T ! 0,

⌧' > C
~

kBT
,

where C is a T -independent constant. Systems

without quasiparticles have ⌧' ⇠ ~/(kBT ).

• In systems with quasiparticles, ⌧' is parametrically larger

at low T ;
e.g. in Fermi liquids ⌧' ⇠ 1/T 2

,

and in gapped insulators ⌧' ⇠ e�/(kBT )
where � is the

energy gap.



A. I. Larkin and Y. N. Ovchinnikov, JETP 28, 6 (1969)

J. Maldacena, S. H. Shenker and D. Stanford, arXiv:1503.01409 

A bound on quantum chaos:

• In classical chaos, we measure the sensitivity of the position at time

t, q(t), to variations in the initial position, q(0), i.e. we measure

✓
@q(t)

@q(0)

◆2

= ({q(t), p(0)}P.B.)
2

• By analogy, we define ⌧L as the Lyapunov time over which the wave-

function of a quantum system is scrambled by an initial perturbation.

This scrambling can be measured by

⌧���[ ˆA(t), ˆB(0)]

���
2
�

⇠ et/⌧L

This quantum time was argued to obey lower bound

⌧L � 1

2⇡

~
kBT

.

There is no analogous bound in classical mechanics.
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Quantum matter without quasiparticles

⇡ fastest possible many-body quantum chaos



1.  Coupled ladder antiferromagnet
  

2.  Superfluid-insulator transition of bosons
     

3.  Ising-nematic criticality in metals 



Square lattice antiferromagnet

H =
�

�ij⇥

Jij
⌅Si · ⌅Sj

J

J/�

Weaken some bonds to induce spin 
entanglement in a new quantum phase



Square lattice antiferromagnet

H =
�

�ij⇥

Jij
⌅Si · ⌅Sj

J

J/�

Ground state is a “quantum paramagnet” 
with spins locked in valence bond singlets
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M. Matsumoto, C. Yasuda, S. Todo, and H. Takayama, Phys. Rev.B 65, 014407 (2002).

Quantum critical point with non-local 
entanglement in spin wavefunction
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Excitation spectrum in the paramagnetic phase

Sharp spin 1 
particle excitation 
above an energy 
gap (spin gap) 
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��c

Excitation spectrum in the Néel phase
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CFT3

O(3) order parameter ⇥�

S =
⇤

d2rd⇥
⌅
(⌅�⇤)2 + c2(⇤r  ⇤)2 + (�� �c) ⇤2 + u

�
 ⇤2

⇥2
⇧

Description using Landau-Ginzburg field theory
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Spin waves (“Goldstone” modes)
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S. Wenzel and W. Janke, Phys. Rev. B 79, 014410 (2009)
M. Troyer, M. Imada, and K. Ueda, J. Phys. Soc. Japan (1997)

Quantum Monte Carlo - critical exponents



Quantum Monte Carlo - critical exponents

Field-theoretic 
RG of CFT3
E. Vicari et al.

S. Wenzel and W. Janke, Phys. Rev. B 79, 014410 (2009)
M. Troyer, M. Imada, and K. Ueda, J. Phys. Soc. Japan (1997)



TlCuCl3



TlCuCl3

An insulator whose spin susceptibility vanishes 
exponentially as the temperature T tends to zero.
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Pressure in TlCuCl3



N. Cavadini, G. Heigold, W. Henggeler, A. Furrer, H.-U. Güdel, K. Krämer 
and   H. Mutka, Phys. Rev. B 63 172414 (2001).

TlCuCl3 at ambient pressure



N. Cavadini, G. Heigold, W. Henggeler, A. Furrer, H.-U. Güdel, K. Krämer 
and   H. Mutka, Phys. Rev. B 63 172414 (2001).

Sharp spin 1 
particle excitation 
above an energy 
gap (spin gap) 

TlCuCl3 at ambient pressure



Christian Ruegg, Bruce Normand, Masashige Matsumoto, Albert Furrer, 
Desmond McMorrow, Karl Kramer, Hans–Ulrich Gudel, Severian Gvasaliya, 

Hannu Mutka, and Martin Boehm, Phys. Rev. Lett. 100, 205701 (2008)

TlCuCl3 with varying pressure

Observation of 3 � 2 low energy modes, emergence of new longi-
tudinal mode (the “Higgs boson”) in Néel phase, and vanishing of
Néel temperature at quantum critical point



Prediction of quantum field theory
Potential for ⇧⇥ fluctuations: V (⇧⇥) = (�� �c)⇧⇥2 + u

�
⇧⇥2
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Paramagnetic phase, � >� c

Expand about ⇧⇥ = 0:

V (⇧⇥) ⇤ (�� �c)⇧⇥2

Yields 3 particles with energy gap ⇥
�

(�� �c)

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

0.0

0.5

1.0

1.5

2.0

⇥�

V (⇤�)



Néel phase, � < �c

Expand ~' =
�
0, 0,

p
(�c � �)/(2u)

�
+ ~'1:

V (~') ⇡ 2(�c � �)'2
1z

Yields 2 gapless spin waves and one Higgs particle with
energy gap ⇠

p
2(�c � �)
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1.  Coupled ladder antiferromagnet
  

2.  Superfluid-insulator transition of bosons
     

3.  Ising-nematic criticality in metals 



M. Greiner, O. Mandel, T. Esslinger, T. W. Hänsch, and I. Bloch, Nature 415, 39 (2002).

Ultracold 87Rb
atoms - bosons

Superfluid-insulator transition



[bj , b
†
k] = �jk

The Superfluid-Insulator transition

Boson Hubbard model

M.P. A. Fisher,  P.B. Weichmann, G. Grinstein, and D.S. Fisher, Phys. Rev. B 40, 546 (1989).



U � t

|Ground statei =
Y

i

b†i |0i

Insulator (the vacuum)  
at large repulsion between bosons



Excitations of the insulator:
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M. Greiner, O. Mandel, T. Esslinger, T. W. Hänsch, and I. Bloch, Nature 415, 39 (2002).

Ultracold 87Rb
atoms - bosons

Superfluid-insulator transition
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|Ground statei =
"
X

i

b†i

#N

|0i

U ⌧ t

Superfluid  
at small repulsion between bosons
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 ! a complex field representing the

Bose-Einstein condensate of the superfluid
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
ffiffiffi
2
p

{4
" #

1zj=jcð Þ
$ %1=2

j=jc{1ð Þ1=2

Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap

hnMI=U~ 1z 12
ffiffiffi
2
p

{17
" #

j=jc
$ %1=2

1{j=jcð Þ1=2

where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
ffiffiffi
2
p

{4
" #

1zj=jcð Þ
$ %1=2

j=jc{1ð Þ1=2

Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap

hnMI=U~ 1z 12
ffiffiffi
2
p

{17
" #

j=jc
$ %1=2

1{j=jcð Þ1=2

where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
ffiffiffi
2
p

{4
" #

1zj=jcð Þ
$ %1=2
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap

hnMI=U~ 1z 12
ffiffiffi
2
p

{17
" #

j=jc
$ %1=2

1{j=jcð Þ1=2

where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
ffiffiffi
2
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j=jc{1ð Þ1=2

Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap

hnMI=U~ 1z 12
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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expected to diverge at low frequencies, if the probe in use couples
longitudinally to the order parameter2,4,5,9 (for example to the real part
of Y, if the equilibrium value of Y was chosen along the real axis), as is
the case for neutron scattering. If, instead, the coupling is rotationally
invariant (for example through coupling to jYj2), as expected for
lattice modulation, such a divergence could be avoided and the

response is expected to scale as n3 at low frequencies3,6,9,17.
Combining this result with the scaling dimensions of the response
function for a rotationally symmetric perturbation coupling to jYj2,
we expect the low-frequency response to be proportional to
(1 2 j/jc)

22n3 (ref. 9 and Methods). The experimentally observed sig-
nal is consistent with this scaling at the ‘base’ of the absorption feature
(Fig. 4). This indicates that the low-frequency part is dominated by
only a few in-trap eigenmodes, which approximately show the generic
scaling of the homogeneous system for a response function describing
coupling to jYj2.

In the intermediate-frequency regime, it remains a challenge to
construct a first-principles analytical treatment of the in-trap system
including all relevant decay and coupling processes. Lacking such a
theory, we constructed a heuristic model combining the discrete spec-
trum from the Gutzwiller approach (Fig. 3a) with the line shape for a
homogeneous system based on an O(N) field theory in two dimen-
sions, calculated in the large-N limit3,6 (Methods). An implicit assump-
tion of this approach is a continuum of phase modes, which is
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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FIG. 3: Alternative low energy formulation of Fermi liquid theory. We focus on an extended patch
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(a)

(b)
Electron self-energy at order 1/N
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⇠ |⌦|d/3 in dimension d.
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Schematic form of � and fermion Green’s functions in d dimensions

D(~q,!) =
1/N
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, G
f

(~q,!) =
1

q
x

+ q2? � isgn(!)|!|d/3/N
f

In the boson case, q2? ⇠ !1/zb with z
b

= 3/2.
In the fermion case, q

x

⇠ q2? ⇠ !1/zf with z
f

= 3/d.

Note z
f

< z
b

for d > 2 ) Fermions have higher energy than
bosons, and perturbation theory in g is OK.
Strongly-coupled theory in d = 2.
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Schematic form of � and fermion Green’s functions in d = 2

D(~q,!) =
1/N

f

q2
y

+

|!|
|q

y

|

, G
f

(~q,!) =
1

q
x

+ q2
y

� isgn(!)|!|2/3/N
f

In both cases q
x

⇠ q2
y

⇠ !1/z
, with z = 3/2. Note that the

bare term ⇠ ! in G�1
f

is irrelevant.

Strongly-coupled theory without quasiparticles.
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Simple scaling argument for z = 3/2.
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Under the rescaling x ! x/s, y ! y/s

1/2
, and ⌧ ! ⌧/s

z
, we

find invariance provided

� ! � s

 !  s

(2z+1)/4

g ! g s

(3�2z)/4

So the action is invariant provided z = 3/2.
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FL 
Fermi 
liquid

• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling

exponent � = d� 1.

• Entanglement entropy

SE ⇥ kd�1
F P lnP .



• Fermi surface

with kdF ⇠ Q.

• Di↵use fermionic

excitations with z = 3/2
to three loops.

• S ⇠ T (d�✓)/z

with ✓ = d� 1.

• SE ⇠ kd�1
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• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with
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exponent � = d� 1.

• Entanglement entropy
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• Fermi surface

with kdF ⇠ Q.

• Di↵use fermionic

excitations with z = 3/2
to three loops.

• S ⇠ T (d�✓)/z

with ✓ = d� 1.

• SE ⇠ kd�1
F P lnP .

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Fermi surface coupled to a gauge field 

A. A. Patel and S. Sachdev, arXiv:1611.00003
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Compute out-of-time-order correlator to 
diagnose quantum chaos



Fermi surface coupled to a gauge field 

A. A. Patel and S. Sachdev, arXiv:1611.00003

Compute out-of-time-order correlator to 
diagnose quantum chaos

Strongly-coupled theory with no quasiparticles

and fast scrambling:

⌧L ⇡ ~
2.48 kBT

vB ⇡ 4.1
NT 1/3

e4/3
v5/3F

�1/3

DE ⇡ 0.42 v2B⌧L

N is the number of fermion flavors, vF is the Fermi velocity, � is

the Fermi surface curvature, e is the gauge coupling constant.


