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The TOFT

The Zs spin liquid: Described by the simplest, non-trivial, topological field
theory with time-reversal symmetry:

1
L=—K;; /d?’a:a]/\da‘]
4

where a!, I = 1,2 are U(1) gauge connections, and the K matrix is

0 2
(2 0)
The Wilson loops

VC:eXp(i/da:-a1> : WC:exp<7j/daj-a2>
C C

obey WeVeor = — Vo We when C and C7 wrap separate cycles of the torus.
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In the limit of large U, we expect to prefer states in which
N, = 1 at all ». By the usual procedure ot perturbation
theory in 1/U, we obtain an effective Hamiltonian within

the subspace of states with N, = 1. To order 1/U, this
effective Hamiltonian is

HY = — Joona > LW )?b,b, + H.e]
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+uy > ()2 + up Z_(nb)2
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Hygp = — Jyona O [ )2b,b, + He!]
(rr')

- ringZ(lﬂLlﬁmﬁbL%bm H.c.),
&
tuy Y () +uy Y ()

(rr') r

This effective Hamiltonian has exactly the form of a U(1) lattice gauge
theory. We define b, ~ €% where ¢, = £1 on the two sublattices, and
Vpyr ~ €% where ' =1 + é,, o = x,y. Then the above theory can be
written on cubic spacetime lattice in a “relativistic” from with action

S = —JZCOS(AquT — 2a,,,)

— K Z cos(€,aAyay)
[]

The boson e has U(1) gauge charge 2. The Gauss law for this lattice
gauge theory is equivalent to the constraint NV, =1 at all r.
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We can move beyond the NV, = 1 subspace, and account for these
half-charged states, by introducing an operator e¢*~ which has U(1)
gauge charge 1, and global boson number charge ¢, /2. Then gauge-
invariant boson operators for the site and bond bosons now become

br _ €i€r(¢r—2§r) wra _ ei&:r(ara—Aaﬁ_r)

It is easy to verify that these new representations leave the J and
K terms in the previous spacetime lattice action for N, = 1 in-
dependent of 0,. We can also write the half-charge hopping terms
illustrated in the previous slides in this formulation. The final form
of the action so obtained is simplest in terms of a new field 6, in
the mapping

6, =0, whene, =1 , 60,=-0,+ ¢, when ¢, = —1

Note that e?r which has U(1) gauge charge 1, and global boson
number charge 1/2

Bosons at unit density on the square lattice



Collecting these transtormations, we obtain the complete action for the
full phase diagram is

S = —tZCOS(A’u@r — Qyy — Arp/2)

— JZCOS(AM¢T — 2a,,,)

— K Z cos(€paAyay)
[]

In this form, e~ has U(1) gauge charge 1, and boson number charge
1/2; € has U(1) gauge charge 2, and boson number charge 0. We
have also included an external (fixed) gauge field A,,, which couples to
the boson number. The gauge-invariant boson operator is

b~ o200 +id,
r

and this only has A, charge 1/2.

Bosons at unit density on the square lattice



What we have achieved so far:

We started with a model of bosons, b; on the square lattice, at a
density of one boson per site, with short-range interactions. This
model has a global U(1) symmetry under which b — be'®.

We showed that this model can be rewritten (under certain con-
ditions) in terms of half-charged boson h ~ ¢? and a Higgs field
® ~ e'?. so that

b~ ®(h*)?

This theory has the additional gauge invariance under which
O 0@ p s p @)

Then the phases of the theory can be described by the La-
granglan

L = ’(@L — Gy — iAu/Z)hP + mi\h!z + Uh‘h’4

T ‘(aﬂ o Qia,u)(pP T m?ID’(I)P + uCI)‘(I)‘4 o KCOS(G,LWAAI/GJA) S

Bosons at unit density on the square lattice



The phases are:

(1) Superfluid: (®) # 0, (h) # 0. The global U(1) sym-
metry is broken, and so there is Goldstone mode. The
cauge fluctuations are completely Higgsed.

(2) Trivial insulator: (®) = 0, (h) = 0 and ($) = 0,
(h) # 0: Strong gauge fluctuations confine ® and h into
the composite b ~ ®*h?. The b quanta are gapped excita-
tions. Such a description is obtained in the confining phase
of the compact U(1) gauge theory where there is no Higgs
condensate. However, it is also obtained in the Higgs phase
where there is a h condensate, and such a Higgs phase is
smoothly connected to the confining phase.

Bosons at unit density on the square lattice



(3) Insulator with topological order: (®) # 0, (h) = 0.
Now the ® field is condensed and this gaps the U(1) gauge
excitations, and h quanta are deconfined gapped excita-
tions. However, there is another gapped excitation: the
analog of the Abrikosov vortex in ®, which we denote by v.
We perform a particle-vortex duality transform to obtain
an effective action for the gapped field v. Then we obtain
the field theory with the continuum Lagrangian (we are
being a little sloppy about the role of monopoles here)

L = [(Ou—iau)h|® +my|h* + up|h[*

+1(8,, — b, )v|* + mz|v|* + u|v|*
? ?
+ ;E/U/Aa,uayb)\ | . E,ul/)\A,uaub)\

Bosons at unit density on the square lattice
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+ iEm/,\%aub/\ | 22 €2 A0y 0y TQFT

(s (s
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Transition from superfluid to
insulator with Z, topological order

The boson field ® ~ e'? is condensed in both phases. This

gaps out the a, field. So the quantum criticality is just the
critical theory of the half-charged boson h ~ €%

L = |(Op— Au/2)hI" + mp k| +ulh|*

This is the O(2)* Wilson-Fisher theory. The x refers to the
fact that the spectrum of the theory only contains operators
which are invariant under h — —h: it is not possible to create
a single half-boson, and they always appear in pairs. The
critical theory therefore involves a fractionalized field, and not
the order parameter: this is an example of a deconfined critical

poInt.
Bosons at unit density on the square lattice
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Transition from trivial insulator
to insulator with Z, topological order

The half-charged boson h ~ €' is gapped in both phases.
So as a first attempt, we just write down the theory of the
critical Higgs field ® ~ e'?

1
62 (E,Lw)\aua)\)z

L = [0~ 2ia,)®|* +mg|P[* + u|®|*

However, this turns out to be incorrect: we cannot ignore the
monopoles is the compact U(1) gauge field, a,,.

Bosons at unit density on the square lattice



Transition from trivial insulator
to insulator with Z5; topological order

The correct theory can be obtained by performing a particle-vortex du-
ality on both the half-charged boson h ~ ¢*? (to a double-vortex d) and
the Higgs field ® ~ €'? (to the vortex v)

L = [(Ou— Z.Cu)d|2 + m?i\d|2 + (O — ibu)v‘z + m%‘U‘Q
) 1
+ %EMVAbLLal/AA - %EMVAaMaV(CA o 2b>\) - K ED: COS(E,LW}\AVG’A)

After integrating over a, this becomes equivalent to the field theory

L = |(au - 7:217#)0”2 + m?i‘d‘Q T ‘(QL — ibu)U‘Q T m%\fv|2

+ iew,\bﬂa,ﬁl)\ — Yy d* 0 + cC.C.,

where v,, is the monopole fugacity.

Bosons at unit density on the square lattice



Transition from trivial insulator
to insulator with Z, topological order

The double vortex d is condensed in both phases: so we can
replace d by a constant, and ignore the gapped b, gauge
field. Because of the monopole tugacity term, the symme-
try v — ve'? is broken. Only the real part of v becomes
critical at the transition. Denoting w ~ v + v™, the vison
field, we have the critical theory

L = (0,w)*+miw®+ uw

This is the Ising®™ Wilson-Fisher critical theory. Again, the
x refers to the fact that all observable operators must be
invariant under w — —w.

Bosons at unit density on the square lattice



An alternative formulation in two dimensions preemptively
accounts for the strong effects of monopoles. We take the
strong-coupling limit, in which the Higgs field is locally
condensed, to a Zy gauge field where €/’ = 1 and e+ =
+1. Then we have the Hamiltonian of a Z5 gauge field

coupled to a half-charged boson e’

H = -t Z 77, cos(An0, — Ara/2)

r,&=I,Y

The Z4 gauge field is dual to the Ising™® theory encountered
earlier.

Bosons at unit density on the square lattice
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(1994); S. Sachdev and M.Voijta, Journal of the Physical Society of Japan 69, Suppl. B, | (2000);
O.l. Motrunich and T. Senthil, PRL 89, 277004 (2002).
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VBS states on the square lattice
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S.Sachdev and R. Jalabert, Modern Physics Letters B 4, 1043 (1990); R. Jalabert and S. Sachdev Phys. Rev. B
44,686 (1991);S. Sachdev and M.Voijta, Journal of the Physical Society of Japan 69, Suppl. B, | (2000).

At half-integer density, we obtain an additional Berry phase term
(e, = 41 on the two sub lattices)

— 1 Z cos(A L0, —ar, — Arpu/2)

T

— JZ cos(A,pr — 2ay,,,)

The Berry phases prohibit a “trivial” phase with no broken symme-
try and no topological order: instead we obtain a phase with valence
bond solid order and broken translational symmetry. Also, the Zs
spin liquid is now a “symmetry enriched topological” (SET) state.

Bosons at half-integer density on the square lattice
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“Anomaly” constraints on phase diagram

Consider a general lattice Hamiltonian with 2 global symmetries: translation by a lattice
spacing, T, and a global U(1) symmetry, I/, associated in our case with conservation of
boson number. The global U(1) symmetry is generated by

u@m(m§:m>

where « is the rotation angle, and n; is the boson number on site z. There two symmetries
clearly commute

T.U=UT,

Now place the system on a L, x L, torus, let us consider a spatially-dependent rotation
angle (i.e. we gauge the U(1) symmetry)

2
Z/{G — eXP (ZL—Z ' xz’fb&) .

1

It is now easy to show that Tx and U do not commute, and

A N A
1T, Us = exp (—ZQ?TL—) Ua T,

X

where N is the total number of bosons. This anomaly is an obstruction to gauging the
U(1)xT, global symmetry.



“Anomaly” constraints on phase diagram

Flux
quantum

The operator Uqg is equivalent to the adiabatic insertion of one flux quantum of the
external gauge field, A,, which couples to the boson number. Specifically, we have A, =
f(t)/L,, where f(t) increases slowly from 0 to 2w. However, in the action of the TQFT we
have the term

. . q
exp (%/dgreumbu&,AA> — exp (%/dydtb df) = exp( /dyb ) W,

Here b, is the gauge field that couples to the vison, and W), is the ‘branch-cut’ operator.
So we have the basic result that in an insulator with Zs topological order, when acting on
the low-energy sector

U =W,



“Anomaly” constraints on phase diagram

Flux Y
quantum

The operator Uqg is equivalent to the adiabatic insertion of one flux quantum of the
external gauge field, A,, which couples to the boson number. Specifically, we have A, =

f(t)/L,, where f(t) increases slowly from 0 to 2w. However, in the action of the TQFT we
have the term

. . g
exp (%/dgfr eWAbM(?,,A,\> = exp (%/dydt byd—‘i) = exp (z/dy by) =W,

Here b, is the gauge field that couples to the vison, and W), is the ‘branch-cut’ operator.
So we have the basic result that in an insulator with Zs topological order, when acting on
the low-energy sector

U =W,



“Anomaly” constraints on phase diagram

Combining our results we have for bosons at density v

T,W, = exp(2nivL,)W,T,
T,W, = exp(2nivL,)W,T,

As the Wilson loop operator transports a vison around the
torus, in a translationally invariant system, we can write
these relations as a constraint on the translation operator
acting on single vison states

T,T, = exp (2miv) T, T}

So the vison sees each boson as a 27 flux quantum. At v =
1/2, this implies that each vison state is at least doubly-
degenerate, and it transforms non-trivially under lattice
translations.
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Transition from VBS insulator
to insulator with Z, topological order

Our previous incorrect attempt for this transition at v = 1
turns out to correct at v = 1/2 (up to irrelevant terms at the
critical point)! The half-charged boson h ~ €% is gapped in
both phases. So we just write down the theory of the critical
Higgs field ® ~ e'?

1
9 02 (GuuAauaA)z

L= [0~ 2ia,)®P +m3 |8 + uld|' |

The multiple vison species suppress monopoles in the com-
pact U(1) gauge field, a,. This theory is dual at an O(2)*

Wilson-Fisher theory, and that is the critical theory of the Zg
transition.

Bosons at half-integer density on the square lattice



S.Sachdev and R. Jalabert, Modern Physics Letters B 4, 1043 (1990); R. Jalabert and S. Sachdev PRB 44, 686
(1991); A.V. Chubukov, T. Senthil and S. Sachdev, PRL 72,2089 (1994); S. Sachdev and M.Vojta, Journal of the
Physical Society of Japan 69, Suppl. B, I (2000); T. Senthil, A.Vishwanath, L. Balents, S. Sachdev, and M. P A.

Fisher, Science 303, 1490 (2004)

O(2)*
\

Superfluid

\ Wr' ,
®- 1"
I & 6N 6N
, N , N , N
, N , N ,
N N , N , N , N , 4
<l \ , \ , ~ |,
/.\ /.\ /.\ /.\
, N , N , N , N
, \ ’ \ ’ \ ’ \
\ , \ , \ ,
\ , \ , \ ,
_‘ ,‘\ ‘ ,'\ ‘ /‘\ ‘_
’ N , N , N
, \ ’ \ , N
o N , N , \ , N , 2
N N
N , \ , ,
. . . /'\
N , N , N , N
N

/ N / N / N A
7’ \ 7’ \ 7’ \ 7’
\ v \ v \ v
\ Vs \ Vs \ Vs
y > >
v \ v \ v \
7’ \ 7’ \ 7’ \ U /

w/u,

Bosons at half-integer density on the square lattice



T(K)

200

150

100

50

0.20 0.25

Figure: K. Fujita and J. C. Seamus Davis



T(K)

200

150

100

50

d-wave

0.20 0.25

Figure: K. Fujita and J. C. Seamus Davis



Insulating Antiferromagnet
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The Hubbard Model

th CinCja T UZ (niT - %) (nli o _> luzczozcwé

t;; — “hopping”. U — local repulsion, y — chemical potential

Spin index a =1, |

_ AT
Nia = C;,,Cia

i P
CinCiB T CjpCio, = 0ij0ap

CinCjiB + CjgCiq = 0

Will study on the square lattice



Fermi surfaces in electron- and hole-doped cuprates

<« | Hole
states
occupied\
Electron
1 states
occupied [ ™
(D)

Effective Hamiltonian for quasiparticles:

E _ E T
t’LJ zoz Cja = EkCia Cka
k

1<

with ¢;; non-zero for first, second and third neighbor, leads to satisfactory agree-
ment with experiments. The area of the occupied electron states, A., from
Luttinger’s theory is

A - 214 (1 — x) for hole-doping x
© | 2n*(1+p) for electron-doping p

The area of the occupied hole states, A;,, which form a closed Fermi surface and
so appear in quantum oscillation experiments is A, = 47 — A..



“Anomaly” constraints on the Fermi surface size
M. Oshikawa, PRL 84, 3370 (2000)

A. Paramekanti and A. Vishwanath,
PRB 70, 245118 (2004)
Flux
quantum

The anomaly argument can be restated as a computation of the change in
crystal momentum, P, of the many-body state due to piercing by a flux
quantum

B 21t N

(mod 27) = 2nv L, (mod 2m)

T

where v = N/(L,L,) is the density of fermions.



“Anomaly” constraints on the Fermi surface size

Now we compute the momentum balance assuming that the only low energy exci-
tations are quasiparticles near the Fermi surface, and these react like free particles
to a sufliciently slow flux insertion. So each quasiparticle picks up a momentum

op = (2m/L,,0), and then we can write (with dn, the quasiparticle density excited
by the flux insertion)

AP, = Zénppx.
p




“Anomaly” constraints on the Fermi surface size

Now on, = =1 on a shell of thickness op - d§p on the Fermi surface (where §p is an
area element on the Fermi surface). So we can write the above as a surface integral

L.L " ~
AP, = %px< - y>5p-dS
FS 4:7T2 P

- L.L,
6], ()

by the divergence theorem. So




“Anomaly” constraints on the Fermi surface size

where Vpg is the volume of the Fermi surface. So, although the quasiparticles
are only defined near the Fermi surface, by using Gauss’s Law on the momentum
acquired by quasiparticles near the Fermi surface, we have converted the answer to
an integral over the volume enclosed by the Fermi surface.

Now we equate these values to those obtained above, and obtain

VFs Vrs
N — LxLyH — Lxmx , N — LmLy4—ﬂ_2 — Lymy
for some integers m,, m,. Now choose L,, L, mutually prime integers; then
myL, = m,L, implies that m,L, = m,L, = pL,L, for some integer p. Then

we obtain

N _ Vrs
L.L, A4n?

V= + P.

This is Luttinger’s theorem.



Fermi surface+antiferromagnetism
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T'he electron spin polarization obeys

(S(r,7)) = @, )e™

where K is the ordering wavevector.




Fermi surface+antiferromagnetism

We use the operator equation (valid on each site 7):

1 1 o2U o, U
— . —_ _ 1
U(TLT 2) <n¢ 2> 3 S -+ 1 ( )

Then we decouple the interaction via

exp (?Z/dn@f) = /DJ_;;(T) exp (—Z/dT %j} _jz.gi_)
| - @

We now integrate out the fermions, and look for the saddle point of the
resulting effective action for J;. At the saddle-point we find that the lowest
energy is achieved when the vector has opposite orientations on the A and

B sublattices. Anticipating this, we look for a continuum limit in terms of
a field ¢; where

—



Fermi surface+antiferromagnetism

In this manner, we obtain the “spin-fermion” model

:/DcaDgBexp(—S)
0
— /dTZCLa (87 €k> Ck oy

_)\/dT zagpz O_-)aﬁCiBGiK.ri

1 . 1 . S U
+/d7d2r 5 (Vf,’gp)2 + 5 (87g0)2 + 5902 + -7




Fermi surface+antiferromagnetism

In the Hamiltonian form (ignoring, for now, the time depen-
dence of ), the coupling between ¢ and the electrons takes the
form

_ RO B
Hiw =X D Ba CiiqalafChik,p
k7q7a7/8

where ¢ are the Pauli matrices, the boson momentum q is small,
while the fermion momenum k extends over the entire Brillouin
zone. In the antiferromagnetically ordered state, we may take
¢ x (0,0,1) , and the electron dispersions obtained by diago-
nalizing Hy + Hgqy are

9
Ek T €k+K Ek — €k+K R
Fry = > + T \/< T ) -+ )\Z‘QO‘Z

This leads to the Fermi surfaces shown in the following slides
as a function of increasing |J|.



Square lattice Hubbard model at p=0
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Increasing SDW order
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Square lattice Hubbard model at p=0
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Increasing SDW order
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exk+K = 0

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Square lattice Hubbard model at p=0

Increasing SDW order
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S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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(Hertz theory for XY SDW orderJ

The Hertz theory for the onset of SDW order can be described by the following Hamiltonian
Hgaw = H.+ Hy + Hy, (1.1)

where H,. describes electrons (of density (1 — p)) hopping on the sites of a square lattice
H. == (tij + pdij) chocjo (1.2)
i,]
with c;, the electron annihilation operator on site ¢ with spin o =7,]. We represent the SDW

order by a lattice XY rotor model, described by an angle 6;, and its canonically conjugate number

operator /NV;, obeying

H@ == — Z Jz’j COS(@Z' — QJ) -+ 4A Z Nf ; [(91, NJ] — i(SZ-j, (13)

1<J

where J;; positive exchange constants, and A is proportional to the bare spin-wave gap



(Hertz theory for XY SDW orderJ

Finally, there is a ‘Yukawa’ coupling between the XY order parameter, ¢, and the fermions
Hy = =)\ Z n; [e_wic%cu + ewicl.lcn} : (1.4)
where

n = (—1)"T (1.5)

is the staggering factor representing the opposite spin orientations on the two sublattices. Note

that the Yukawa coupling, and the remaining Hamiltonian, commute with the total spin along the

1 1
Sz — Z (Nz -+ §C;'rTciT — 50&0@) . (16)

()

2z direction
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- Z gauge theory for fractionalized )

XY SDW order coupled to electrons

Hi=H.+ Hpz, + Hy
He=— Z (tij + 10ij) CloCio

Hy = —)\Zm { —i0i ZTCZ + i CLCZT}

Hyz, = — ZJZ]/LZ]COS ((6; —0,)/2) +4AZN2—gZ,uZJ KZ

1<

11




Consider the phase with Zs topological order. In this state it is useful
to perform a rotation about the z axis in spin space by introducing the
fermion operators

w_'_ _ GiQ/QCT ’ w_ _ €_i9/26¢.

Then the Yukawa coupling, Hy, takes a simple form independent of the
orientation of the XY order:

Hy = =AY m (Wi + 0l v

In other words, the 14 fermions move in the presence of a spacetime-
independent XY order, even though the actual orientation of the XY order
rotates from point to point. Moreover, from the electron hopping term
in H., we can obtain an effective hopping Z;;t;; (¢§+wj+ — lb:;r_%‘—) where
Z;: = (eT9:=93)/2) is a renormalization factor of order unity. So it appears
we can realize a situation in which the 14 fermions are approximately free,
and their observation of constant XY order implies that they will form small
pocket Fermi surfaces (or be fully gapped at p = 0).
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