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S = kB logW

Density of quantum states D(E) = exp(S(E)/kB)
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Molecular chaos: successive collisions are statistically independent

 
Boltzmann equation (1872) 

Dilute classical gas



Quantum Boltzmann equation (Landau) 
Dense gas of electrons
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Neglects quantum interference (entanglement)  
between successive collisions

Ludwig Boltzmann 
20 February 1844 - September 5, 1906 

Vienna, Austria



Current flow with electrons in Copper
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Flow of electrons described by Boltzmann equation )
typical scattering time ⌧ ⇠ 1/T 2, resistivity ⇢(T ) = ⇢(0) +AT 2

The time ⌧ is much longer than a limiting ‘Planckian time’
~

kBT
.

The long scattering time implies that individual electrons are well-defined.

The motion of electrons is ‘ballistic’ or ‘integrable’
up to the long time ⌧ , after which it is chaotic.
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FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018 MATBG: Jaoui et al. 2021
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Linear-in temperature resistivity from an 
isotropic Planckian scattering rate

Gaël Grissonnanche1,2,3, Yawen Fang2, Anaëlle Legros1,4, Simon Verret1, Francis Laliberté1, 
Clément Collignon1, Jianshi Zhou5, David Graf6, Paul A. Goddard7, Louis Taillefer1,8 ✉ & 
B. J. Ramshaw2,8 ✉

A variety of ‘strange metals’ exhibit resistivity that decreases linearly with 
temperature as the temperature decreases to zero1–3, in contrast to conventional 
metals where resistivity decreases quadratically with temperature. This 
linear-in-temperature resistivity has been attributed to charge carriers scattering at a 
rate given by ħ/τ = αkBT, where α is a constant of order unity, ħ is the Planck constant 
and kB is the Boltzmann constant. This simple relationship between the scattering rate 
and temperature is observed across a wide variety of materials, suggesting a 
fundamental upper limit on scattering—the ‘Planckian limit’4,5—but little is known 
about the underlying origins of this limit. Here we report a measurement of the 
angle-dependent magnetoresistance of La1.6−xNd0.4SrxCuO4—a hole-doped cuprate 
that shows linear-in-temperature resistivity down to the lowest measured 
temperatures6. The angle-dependent magnetoresistance shows a well de#ned Fermi 
surface that agrees quantitatively with angle-resolved photoemission spectroscopy 
measurements7 and reveals a linear-in-temperature scattering rate that saturates at 
the Planckian limit, namely α = 1.2 ± 0.4. Remarkably, we #nd that this Planckian 
scattering rate is isotropic, that is, it is independent of direction, in contrast to 
expectations from ‘hotspot’ models8,9. Our #ndings suggest that 
linear-in-temperature resistivity in strange metals emerges from a 
momentum-independent inelastic scattering rate that reaches the Planckian limit.

Immediately following the discovery of high-temperature supercon-
ductivity in the cuprates, it was noted that their normal-state resistiv-
ity is linear over a broad temperature range10. Linear-in temperature 
(T-linear) resistivity extending to low temperatures indicates a strongly 
correlated metallic state, and it was recognized early on that under-
standing T-linear resistivity may be the key to unravelling the mystery 
of high-temperature superconductivity itself11. Since then, T-linear 
resistivity has become a widespread phenomenon in strongly corre-
lated metals, occurring in systems as diverse as organic and iron-based 
superconductors3 and magic-angle twisted bilayer graphene12. The fact 
that T-linear resistivity is often found in proximity to unconventional 
superconductivity is highly suggestive of a common underlying origin, 
but T-linear resistivity at low temperatures lies outside the standard 
Fermi-liquid description of metals and thus remains a central unsolved 
problem in quantum materials research.

The difficulty in developing a controlled, microscopic theory 
of T-linear resistivity has led to the creation of new theoretical 
approaches that draw on techniques developed for the study of 
quantum gravity, including holography and the Sachdev–Ye–Kitaev 
model13–17. Although these theories are not microscopically moti-
vated, they explicitly account for strong quasiparticle interactions 
in a controlled way and suggest that T-linear resistivity might emerge 

as a universal principle—independent of microscopic details. The 
transport scattering rate 1/τ in these models obeys the so-called  
Planckian limit:

ħ
τ

αk T= , (1)B

where kB and ħ are the Boltzmann and Planck constants, respectively, 
and α is a constant of order unity. Simple estimates of α, based on the 
Drude model, from a wide variety of metals with T-linear resistivity 
are consistent with Planckian-limit scattering4,5,18. The Planckian limit 
even applies to conventional metals such as gold and copper, where 
T-linear resistivity at high temperatures is caused by electron–phonon 
scattering. Phonons, however, cannot explain T-linear resistivity in 
the T → 0 limit, suggesting that the Planckian limit is independent of 
microscopic origin. Estimates based on the Drude model provide no 
information about how the scattering rate varies in momentum space. 
Angle-resolved photoemission spectroscopy (ARPES) does provide the 
momentum dependence19, but only for the single-particle scattering 
rate and not for the transport scattering rate that determines the resis-
tivity. What has been missing is a full momentum-space description of 
the transport scattering rate.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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Fig. 2 | ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24.  
a, Left: the ADMR of Nd-LSCO at p = 0.24 as a function of θ for four different 
temperatures, T = 25 K, T = 20 K, T = 12 K and 6 K, and at B = 45 T. The grey area 
near θ = 90° for T = 6 K and T = 12 K indicates the region where the sample 
becomes superconducting (SC). Right: simulations obtained from the 
Chambers formula using the tight-binding parameters of Extended Data Table 1 
and the scattering-rate model of equation (7). b, Log-scale polar plot of the 
scattering rate at T = 25 K. Note the large scattering rate near the anti-nodes 
where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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temperature independent, showing that it comes entirely from elastic 
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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is

⇢ =
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ne2
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⌧

with a universal scattering rate
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⌧
⇡ kBT
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independent of the strength of interactions!

Current flow without quasiparticles

<latexit sha1_base64="T8j69x3gdBMLJctbK1AFSUAji44="></latexit>



<latexit sha1_base64="l00jaqgGh5W7qmyTXOGfzDcKOa8="></latexit>

No Boltzmann-Landau quasiparticle description )
Many particle quantum entanglement

from quantum interference between “collisions”



Sachdev-Ye-Kitaev

Model



A solvable model of multi-particle 
entanglement which accounts for quantum 
interference between successive collisions:

leading to a metal with no  
particle-like excitations



Pick a set of random positions

Sachdev, Ye (1993); Kitaev (2015)

The SYK model

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19



Place electrons randomly on some sites

The SYK model
Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19



The SYK model

Place electrons randomly on some sites

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="WU9JQv3QuZeSFtLBkMmKM9B3tmU="></latexit>

U11,12;5,14



Entangle electrons pairwise randomly

The SYK model
Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="WU9JQv3QuZeSFtLBkMmKM9B3tmU="></latexit>

U11,12;5,14



The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="IKWLBVaOopL04SJMr/BCf3dhiuA="></latexit>

U4,5;11,18



The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="IKWLBVaOopL04SJMr/BCf3dhiuA="></latexit>

U4,5;11,18



The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="rsJF7k7so/HPd5gsUXHjJYWvZ8A="></latexit>

U14,19;1,13



The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="rsJF7k7so/HPd5gsUXHjJYWvZ8A="></latexit>

U14,19;1,13



The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="Utq9HnZ9cYobM/K6ortiIQYaw9k="></latexit>

U9,18;5,15



The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="Utq9HnZ9cYobM/K6ortiIQYaw9k="></latexit>

U9,18;5,15



The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="kyfUy4iLmDHmZ1iLj3Dez4cecBc="></latexit>

U6,8;4,14



The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="kyfUy4iLmDHmZ1iLj3Dez4cecBc="></latexit>

U6,8;4,14



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))
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Fermion Green’s function G(!) ⇠ T�1/2F (~!/kBT )

• There is an extensive entropy as T ! 0

s0/kB = lim
T!0

lim
N!1

S/(kBN) 6= 0

=
Catalan

⇡
+

ln 2

4
= 0.464847699170805107492692486833 . . . .

However, the ground state is not extensively degenerate.

• The D(E) ⇠ exp(S/kB) is determined by a time-reparameterization ⌧ ! f(⌧) mode

(similar to the graviton fluctuations of the spacetime metric), and a phase mode �(⌧):

ZSYK = eNs0/kB

Z
DfD� exp

 
�1

~

Z ~/(kBT )

0
d⌧ LSYK [f,�]

!
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Graphene flakes 
and the SYK model
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Electrons in clean macroscopic samples of graphene exhibit an astonishing variety of quantum
phases when strong perpendicular magnetic field is applied. These include integer and fractional
quantum Hall states as well as symmetry broken phases and quantum Hall ferromagnetism. Here we
show that mesoscopic graphene flakes in the regime of strong disorder and magnetic field can exhibit
another remarkable quantum phase described by holographic duality to an extremal black hole in
two dimensional anti-de Sitter space. This phase of matter can be characterized as a maximally
chaotic non-Fermi liquid since it is described by a complex fermion version of the Sachdev-Ye-Kitaev
model known to possess these remarkable properties.

Tensions between the laws of quantum mechanics and
classical gravity that are emblematic of the extreme en-
vironments occurring in the early universe and near hori-
zons of black holes constitute the most enigmatic mys-
teries in modern physics. A promising avenue to resolve
some of the paradoxes encountered in these studies, such
as the black hole information paradox, is the holographic
principle [1]. In holographic duality, quantum gravity
degrees of freedom in a (d + 1)-dimensional spacetime
“bulk” are represented by a many-body system defined
on its d-dimensional boundary.

Important new insights into these fundamental ques-
tions have been gained recently through the study of the
Sachdev-Ye-Kitaev (SYK) model [2, 3] which describes
a system of N fermions in (0+1) dimensions subject to
random all-to-all four-fermion interactions and is dual to
dilaton gravity in (1+1) dimensional anti-de Sitter space
AdS2 [4, 5]. Despite being maximally strongly interact-
ing this model is, remarkably, exactly solvable in the limit
of large N . It has been shown to exhibit physical proper-
ties characteristic of the black hole, including the exten-
sive ground state entropy S0 ⇠ N , emergent conformal
symmetry at low energy and fast scrambling of quan-
tum information that saturates the fundamental bound
on the relevant Lyapunov chaos exponent �T . Exten-
sions of this model also show interesting behaviors, in-
cluding unusual spectral properties [6–8], supersymme-
try [9], quantum phase transitions of an unusual type
[10–12], quantum chaos propagation [13–15], patterns of
entanglement [16, 17] and strange metal behavior [18].

In this letter we propose a simple experimental real-
ization of the SYK model with complex fermions in a
mesoscopic graphene flake with an irregular boundary
and subject to a strong applied magnetic field. Unlike
the earlier proposals in solid state systems [19, 20], which
targeted the Majorana fermion version of the model, our
proposed device does not require superconductivity or
advanced fabrication techniques and should therefore be

B

A B

δ1

δ2δ3

FIG. 1. Schematic depiction of the proposed device. Ir-
regular shaped graphene flake in applied magnetic field B

forms the (0+1) dimensional many-body system equivalent
to a black hole in (1+1) anti-de Sitter space. Inset: lattice
structure of graphene with A and B sublattices marked and
nearest neighbor vectors denoted by �j .

relatively straightforward to assemble using only the ex-
isting technologies. The proposed design is illustrated in
Fig. 1. Magnetic field B applied to graphene is known
to produce a variety of interesting quantum phases [21–
30]. At the noninteracting level the field simply reorga-
nizes the single-particle electron states into Dirac Lan-
dau levels with energies [31] En ' ±~v

p
2n(eB/~c) and

n = 0, 1, · · · . We argue that when the graphene flake
is su�ciently small and irregular the electrons in the
n = 0 Landau level (LL0) are generically described by
the SYK model. This remarkable property is rooted in
the celebrated Aharonov-Casher construction [32] which
implies that, in the absence of interactions, LL0 remains
perfectly sharp even in the presence of strong disorder
that respects the chiral symmetry of graphene. As we
shall see a flake with a highly irregular boundary, il-
lustrated in Fig. 1, is chirally symmetric. Electrons in
LL0, therefore, remain nearly perfectly degenerate, de-
spite the fact that their wavefunctions acquire random
spatial structure. When Coulomb repulsion is projected
onto these highly disordered states, random all-to-all in-
teractions between the zero modes are generated, exactly
as required to define the SYK model.
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Apply a temperature di↵erence�T ,
and measure the voltage di↵erence
�V , while no current is flowing.
The thermopower is

⇥ =
�V

�T
=

kB
e

⇥ (a number)
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Thermopower
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⇥ =
~
eT

Z
d! ! (�@f/@!)

h
ImG(!)

i

Z
d! (�@f/@!)

h
ImG(!)

i =
kB
e

4⇡E
3

=
2

3e

ds0
dQ

Thermopower

Thermopower is non-zero as T ! 0
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f(!) =
1

e~!/kBT + 1
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E is a dimensionless measure of the
particle-hole asymmetry
(E = 0 for Q = 1/2)

SYK metal island
weakly coupled to 
normal metal leadsA. Kruchkov,  

A. A. Patel,  
Philip Kim, and 
S. Sachdev,  
PRB 101, 
205148 (2020)
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⇥ =
~
eT

Z
d! ! (�@f/@!)

h
ImG(!)

i

Z
d! (�@f/@!)

h
ImG(!)

i =
kB
e

⇡2⇢0(EF )kBT

3⇢(EF )
=

1

Ne

dS

dQ

Normal metal island
weakly coupled to 
normal metal leads

f(!) =
1

e~!/kBT + 1
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Thermopower

Thermopower vanishes linearly as T ! 0
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A more realistic model

H =
1p
N

NX

↵�=1

h↵�c
†
↵c� +

1

(2N)3/2

NX

↵,�,�,�=1

U↵�;�� c
†
↵c

†
�c�c� � µ

X

↵

c
†
↵c↵

<latexit sha1_base64="Nr8FeYihaoZj/gRk/35Y/VKup+c="></latexit>

�i
<latexit sha1_base64="2dyzSpSUw0cQgrjNDULcBjBpIQQ=">AAAB+3icdVDLSsNAFJ3UV62vqks3g0VwISGpSau7ohuXFexD2lAmk0k7dDIJM5NCCf0Kt7pyJ279GBf+i9O0gooeGDiccy73zvETRqWyrHejsLK6tr5R3Cxtbe/s7pX3D9oyTgUmLRyzWHR9JAmjnLQUVYx0E0FQ5DPS8cfXc78zIULSmN+paUK8CA05DSlGSkv3faajARrQQblimdZl3bHr0DLtmuXUqpq4juu6VWibVo4KWKI5KH/0gxinEeEKMyRlz7YS5WVIKIoZmZX6qSQJwmM0JD1NOYqIPAsmNJE59bL89hk80WYAw1joxxXM1e/DGYqknEa+TkZIjeRvby7+5fVSFV54GeVJqgjHi0VhyqCK4bwIGFBBsGJTTRAWVJ8N8QgJhJWuq6T7+Po0/J+0q6Z9blZvnUrjatlMERyBY3AKbFAHDXADmqAFMIjAA3gET8bMeDZejNdFtGAsZw7BDxhvnxqklU4=</latexit>

� = ⇡⇢lead
X

i

|�i|2
<latexit sha1_base64="VGZHN2F/iBKnJp7CZ8zSCJmUNNQ="></latexit>

|h↵� |2 = h2
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Normal metal behavior for T < Tcoh ⇠ h2/U
SYK behavior for T > Tcoh ⇠ h2/U



T (K)
1.41 32.4

(a)

(b) (c)

(a) -!"# at B=-10 T with $./0 = 2 at a 
range of temperatures between 1.41 K 
and 31.4 K. Shading indicates doping 
regions for various LLs in the dot. (b) 
Average value of -!"# in the regions 
highlighted by colors in (a). (c) 
Arrhenius plot of the variance of -!"#
divided by the square of the average 
value for the regions highlighted in (a). 
Dashed lines are lines of best fit for 
#$&#' > 3 K.
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Notation: S ! ⇥
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Striking feature of observations at finite N :
fluctuations from random couplings are much larger

for T < Tcoh (normal metal regime)
than for T > Tcoh (possible SYK regime)
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as representing quark propagators and the double lines as
gluon propagators. The quark propagator is given simply
by 1/z while the gluon propagator is given by

D(J kl(t) = (—0',j(t)(Pkl(0) )

Let us now move on to the connected two-point
Green's function

1 1 1
G, (z,w, t }=— tr trS(—() w —q(O) }~

co +m
(2.3)

00 00

+ & + &
( trgP(t) try"(0) )c .N 0„0z +'m"+'

(2.8)
We will now immediately generalize to arbitrary time

dependence by replacing (2.3) by
2

+j', kl( t} ~'l~jk (2.4}

For instance, the time dependence in (2.1) may be
changed in such a way that the "momentum space" prop-
agator co +m in (2.4) is replaced by I /(t0 +y ~

co
~
+m )

or 1/(co +ace +m ), for example. In other words, in
(2.1) we can replace ,'(dy/d—t)z by yK(d/dt)q with K
any reasonable function. Our only requirement is that u
is a smooth function of t and does not blow up as t goes
to zero.
Introducing as usual the one-particle irreducible self-

energy X;.(z}, we can write the generalized rainbow in-
tegral equation [Fig. 1(b)]

X(z)=o 1 =cr G(z) .
z —X(z) (2.5)

Here we have used the fact, which is immediately obvious
from examining the Feynman diagrams, that X;j(z) is
equal to 5;.X(z) and the fact that the gluon propagator
only appears at equal time

1
ij, kl(0) ~il~jk N

a

Note that the quark does not know about time. Solving
the quadratic equation for X, we obtain the Green's func-
tion as defined in (1.3):

N G, (z, w)= 1

(zw)
zw

'2 (2.9)

We next include Wick contractions within the same
trace in (tr(p tr(p"). We see that graphically these con-
tractions describe vertex and self-energy corrections. The
vertex corrections can be immediately summed: The ex-
pression in (2.9) is to be multiplied by two factors, the
factor

Henceforth, for the sake of notational clarity we will set
cr to unity; it can always be recovered by dimensional
analysis. Diagrammatically, the expression for G, (z, to, t )
can be described as two separate quark loops, carrying
"momentum" z and w, respectively, interacting by emit-
ting and absorbing gluons [see Fig. 2(a)].
With a Gaussian distribution for (p, we can readily

"Wick-contract" the expression ( ter (t)trqr"(0) )C. Let
us begin by ignoring contractions within the same trace
(in which case m and n are required to be equal). In the
large N limit, the dominant graphs [see Fig. 2(b)] are
given essentially by "ladder graphs" (with one crossing)
which immediately sum to

G(z)= (z—+z —4o ) .1

20
(2.6)

G,

X(z)=bo =her G(z) .1
z—X(z) (2.7)

Thus, we have the same distribution of eigenvalues with a
suitable rede5nition of the end points.

Taking the absorptive part, we recover immediately
Wigner s semicircle law as given in (1.20).
Incidentally, within this diagrammatic approach, band

matrices can be treated immediately. Let the matrices y
be restricted so that (p," vanishes unless ~i j~ (bN/—2
with b & 1. Such matrices describe, for example, the hop-
ping of a single electron on a one-dimensional lattice with
random hopping amplitudes. The essential feature is that
from each site the electron can hop to O(1/N) sites.
Looking at the Feynman diagrams, we see that in the
generalized rainbow integral equation we simply restrict
the range of summation from N to bN and thus, instead
of (2.3), we obtain

FIG. 2. (a) Feynman diagram expansion for the connected
two-point Green's function. The dotted lines here represent the
"gluon" propagator. (b) Some typical low order Feynman dia-
grams contributing to the connected two-point Green's func-
tion.

Henry Shackleton
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Striking feature of observations at finite N :
fluctuations from random couplings are much larger

for T < Tcoh (normal metal regime)
than for T > Tcoh (possible SYK regime)
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Conductivity �
Normal metal regime:

var(�) = (� � �)2

�2 =
3⇠(3)

16⇡3

✓
h

TN

◆2

Follows from Dyson-Mehta formula
for single-particle RMT eigenvalue repulsion

ImGr(!)ImGr(✏)� ImGr(!) ImGr(✏) = � 1

2(! � ✏)2
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Striking feature of observations at finite N :
fluctuations from random couplings are much larger

for T < Tcoh (normal metal regime)
than for T > Tcoh (possible SYK regime)

<latexit sha1_base64="FumGuUzOdPiBcKFc1c8mMn0YFcc="></latexit>

Conductivity �
SYK regime:

var(�) = (� � �)2

�2 =
1

8N4



From the SYK model 
to a quantum theory of


charged black holes



Objects so dense that light is 
gravitationally bound to them.

Black Holes

Horizon radius R =
2GM

c2

<latexit sha1_base64="DmHY5rKnFNBAMp1nOXUIIHLQ/tU="></latexit>

G Newton’s constant, c velocity of light, M mass of black hole
For M = earth’s mass, R ⇡ 9mm!



What is inside a black hole ???

In Einstein’s theory, all the matter in a black hole collapses 
to a singularity at the center of the black hole. 

This singularity must be understood quantum mechanically  

Horizon

Matter of infinite density!



_

Quantum Entanglement across a black hole horizon



_

Quantum Entanglement across a black hole horizon

Black hole 
horizon



_

Black hole 
horizon

Quantum Entanglement across a black hole horizon



Black hole 
horizon

Quantum Entanglement across a black hole horizon

Black hole horizons have  
a temperature and an entropy (Hawking, 1974):
to an outside observer, the state of the electron 

inside the black hole cannot be known, and so the 
outside electron is in a random state. 



Quantum Black Holes

Horizon

Matter of infinite density!

Hawking obtained the black hole entropy by  the 
saddle-point of the gravitational path integral  

outside the black hole horizon.
<latexit sha1_base64="qgN1B92yPiBPuHgAY16ipiHqKGk="></latexit>

Bohr-Sommerfeld semiclassical quantum theory
of a black hole in d spatial dimensions

Z =

Z
Dgµ⌫Daµ exp

 
�1

~

Z
ddx

Z ~/(kBT )

0
d⌧

p
gLd[gµ⌫ , aµ]

!

gµ⌫ ) spacetime metric, g = det(gµ⌫)

aµ ) Electromagnetic gauge field

Ld ) Classical Einstein-Maxwell action



Quantum Black Holes

Horizon

Matter of infinite density!

This allowed Hawking to 
avoid the contradictions 

associated with the 
singularity at the center 

of the black hole. 
The answer was 

independent of the nature 
of the matter inside.

Hawking obtained the black hole entropy by  the 
saddle-point of the gravitational path integral  

outside the black hole horizon.
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Bohr-Sommerfeld semiclassical quantum theory
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Quantum Black Holes

Hawking obtained the black hole entropy by  the 
saddle-point of the gravitational path integral  

outside the black hole horizon.

Can we find a quantum theory for the collapsed 
matter at the center of the black hole,  

whose density of quantum states matches the 
Bekenstein-Hawking entropy, in accordance with 
Boltzmann’s principles of statistical mechanics ?



Quantum black holes

J. D. Bekenstein, PRD 7, 2333 (1973)
S. W. Hawking, Nature 248, 30 (1974)

C.V.  Vishveshwara, Nature 227, 936 (1970)  
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• Black holes have an entropy and a temperature,
TH = ~c3/(8⇡GMkB).

• The entropy is proportional to their surface area.
S = AkBc3/(4G~).

• They relax to thermal equilibrium in a time
⇠ 8⇡GM/c3 = ~/(kBTH) which is Planckian!



Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 

~x ⇣



Zooming into the near-
horizon region of a charged 

black hole at low 
temperature, yields a 

quantum theory in one 
space (   ) and one time 

dimension
⇣

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 

~x ⇣



Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 

~x ⇣
The quantum versions of 
Maxwell’s and Einstein’s 

equations in this  
two-dimensional spacetime are 
also the equations describing 
electron entanglement in the 

SYK model



The SYK provides a 
realization of the black 
hole interior, and its 

density of quantum states 
matches gravitational 

entropy computations for 
charged black holes !

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 

~x ⇣
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• Planckian time dynamics without quasiparticles with a relaxation time ⇠ ~/(kBT )
when kBT ⌧ U .

Fermion Green’s function G(!) ⇠ T�1/2F (~!/kBT )

• There is an extensive entropy as T ! 0

s0/kB = lim
T!0

lim
N!1

S/(kBN) 6= 0

=
Catalan

⇡
+

ln 2

4
= 0.464847699170805107492692486833 . . . .

However, the ground state is not extensively degenerate.

• The D(E) ⇠ exp(S/kB) is determined by a time-reparameterization ⌧ ! f(⌧) mode

(similar to the graviton fluctuations of the spacetime metric), and a phase mode �(⌧):

ZSYK = eNs0/kB

Z
DfD� exp

 
�1

~

Z ~/(kBT )

0
d⌧ LSYK [f,�]

!
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D(E) ⇠ N�1 exp (Ns0/kB) sinh(
p
2N�E)

The SYK model
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E
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D(E) =
X

i

�(E � Ei)

= exp (S/kB) �(E) + . . .

Quantum simulation of charged black holes 
by the SYK model

<latexit sha1_base64="O1QTjuaf1l2ED18gt4/55MzgohU="></latexit>

• For generic black holes with charge Q in
asymptotically Minkowski 3+1 dimensions,
the SYK model yields, in terms of A0 =
2GQ2/c4, the horizon area at T = 0:

D(E) ⇠
✓
A0c3

~G

◆�347/90

exp

✓
A0c3

4~G

◆
sinh

0
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String theory of charged black holes
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Properties of a strange metal:

1. Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.

2. Specific heat ⇠ T ln(1/T ) as T ! 0.
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Yukawa-SYK models
<latexit sha1_base64="HVkeQFvT23X3Lp93JpLcCaERYBo="></latexit>

H = �µ
X

i

 †
i i +

X

`

1

2

�
⇡2
` + !2

0�
2
`

�
+

1

N

X

ij`

gij` 
†
i j�` ,

with gij` independent random numbers with zero mean.
Leads to fully self-consistent Migdal-Eliashberg equations
⌃ ⇠ g2G G�, ⌃� ⇠ g2G G in a SYK-like large N limit.
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Spatially random Yukawa coupling g0(r) with g0(r) = 0, g0(r)g0(r0) = g02�(r � r0)
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Fermi surface coupled to a critical boson with disorder
<latexit sha1_base64="yu8rDWkp7ce/HUv+bE/tAyDhtz0="></latexit>

a critical boson �
e.g. Ising-nematic order

kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 
<latexit sha1_base64="sXpWs1GyUtWRFfsH5DytoUdriq0="></latexit>

+v(r) †(r) (r)

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>

Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)



Fermi surface coupled to a critical boson with disorder
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Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02;
Transport insensitive to g; Marginal Fermi liquid self energy and T ln(1/T ) specific heat.
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Summary
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• Graphene flakes display a crossover from quasiparticle behavior with
large disorder-induced fluctuations at low T , to a higher T regime
with weak fluctuations and a T -independent thermopower. The latter
behavior matches that of the SYK model

• SYK model captures the correct universal low energy quantum theory
of charged black holes, and provides a quantum simulation of black
hole microstates.

• Linear-T resistivity, T ln(1/T ) specific heat, ⇠ 1/! optical conductiv-
ity, and marginal Fermi liquid electron spectrum all arise from a SYK-
like model with spatially random interactions in a two-dimensional
quantum-critical metal.
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