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A simple model of a metal with quasiparticles
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Many-body density of states

Random matrix model
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The Sachdev-Ye-Kitaev (SYK) model



Many-body density of states

Complex SYK model
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The complex SYK model

S. Sachdev and J. Ye, 

PRL 70, 3339 (1993)
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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Conformal solution at µ = 0, G(⌧) ⇠ sgn(⌧)p
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Conformal Perturbation theory
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Solution of eigenvalue equation with E = 1 yields a tower of operators
Oh with scaling dimensions h. Smallest non-trivial value is h = 2, and
O2 is the ‘boundary graviton’.
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Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G. Tarnopolsky, arXiv: 2010.09742, 2012.14449FIG. 14: Plot of the fermionic spin spectral density for ✓f = 0. The red solid line is the numerical result. The

black dashed line is theoretical curve (5.10) ploted for ↵A
0 = 0.2643 and ↵

A
1 = 0.31.

38

FIG. 1: Plot of the local dynamic spin susceptibility. The blue solid line is obtained from numerical solution of

the Schwinger-Dyson equations (2.13) for T/J = 0.1. The black dashed line is analytical result in (1.2) for

C�T ' 0.05 with three higher order terms in (1.3) included with their T = 0 expressions.

mode i.e. the boundary graviton in the holographic dual. Notice that this term has a prefactor

of ! without a corresponding factor of 1/T : this indicates the violation of scaling induced by an

irrelevant operator. We show a plot of Im�L in Fig. 1; it is curious that this resembles observations

in Refs. [13, 14], and it would be worthwhile to investigate this further, especially in systems with

greater randomness. Similar spectra should also apply to anomalous density fluctuations in the

model of Ref. [17], and density fluctuations have been investigated in momentum-resolved electron

energy-loss spectroscopy (M-EELS) [18, 19] but for ! � T .

In the limit of T ! 0, (1.2) predicts a discontinous spectral density at zero frequency. We have

computed higher order terms at T = 0 for the particle-hole symmetric case (see Eq. (5.10))

Im�L(!) ⇠ sgn(!)
h
1� C�|!|�

7

16
(C�)2|!|2 � C

0
|!|2.77354... +

37

48
(C�)3|!|3 � . . .

i
, (1.3)

where the |!|2 and |!|3 terms are non-linear corrections from the time reparameterization mode,

and C
0 mode is a linear contribution of a second irrelevant operator with scaling dimension h =

3.77354 . . .. The T > 0 form of the C
0 term can be deduced from imaginary part of (D24).

We have attempted to write this paper in a self-contained manner for condensed matter physi-

cists. We will begin in Section II by defining the models of interest, and recalling the leading

conformally invariant results. A diagrammatic analysis of the conformal perturbation theory is

presented in Section III, where we obtain the scaling dimensions of all primary operators, and iden-

tify the operators associated with time reparameterization and an emergent U(1) gauge invariance.

Section IV employs an alternative functional approach of Kitaev and Suh [7] which allows e�cient

treatment of particle-hole asymmetry, non-linear corrections and non-zero temperatures. Section V
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Numerical solution of SYK equations (SY, PRL 1993), compared with
conformal perturbation theory. C is a known number, and � is the

co-e�cient of the action for the ‘boundary graviton’ in holographic dual.

<latexit sha1_base64="jltFhwEIwJTrliTCPAa2BLvYtsY=">AAADPHicnVJNb9NAELXNVzEfTeHIZUSClEptZCelKQekqjkECQ5FNG1RNorW63W8ytpr7a4rRZb5SfwEfgUXDuXEDXHlzNoxFSC4MJKlp3nvjcfPE2ScKe15n2zn2vUbN29t3Hbv3L13f7O19eBUiVwSOiGCC3keYEU5S+lEM83peSYpTgJOz4LlqOLPLqhUTKQnepXRWYIXKYsYwdq05lv2GAV0wdKC0FRTWbojISUlFalAC9 AxhXCV4oQRUBlLQeWK0EyzgHGmVyAiePP2JSQipByhdwh1EInZ/BV0kcb5NjyHcYPG3d0adNwC1XsXkoal2+m4Vw6R0AXeBkCKJWDEaQyI00h3AUUSkwLFAZawlpVFH5bzIzgpAUm2iPX2WjsF14ddQAnWMcG8GBl+gZMEA9pprP8x2gzkodCqaczM2qWLaBpe5TZvtb2et/f0wB+C1+vvPxsMfAO8wdD39sDveXW1raaO561LFAqSJ8ZPOFZq6nuZnhVYakY4NdNzRTNMlnhBpwaaX0DVTnjBMlXDWVGHWMITQ4YQCWmeVEPd/dVc4ESpVRIYZZWJ+pOrmn/jprmODmYFS7Nc05SsXxTlvL4Kc0kQsupQ+MoATCQzawOJsQnT5KGqPH5+NPwbnPZ7/n6v/7rfPjxqktmwHlmPra7lW0Pr0HphHVsTi9jv7Y/2pf3Z+eB8cb4639ZSx248D63fyvn+AzczBT4=</latexit>

Corrections to the dynamic spin susceptibility of SYK model

�L(⌧) = G(⌧)G(�⌧)

�L(!) ⇠ tanh

✓
~!

2kBT

◆
1� C� ! tanh

✓
~!

2kBT

◆
� . . .

�



Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G. Tarnopolsky, arXiv: 2010.09742, 2012.14449

<latexit sha1_base64="jltFhwEIwJTrliTCPAa2BLvYtsY=">AAADPHicnVJNb9NAELXNVzEfTeHIZUSClEptZCelKQekqjkECQ5FNG1RNorW63W8ytpr7a4rRZb5SfwEfgUXDuXEDXHlzNoxFSC4MJKlp3nvjcfPE2ScKe15n2zn2vUbN29t3Hbv3L13f7O19eBUiVwSOiGCC3keYEU5S+lEM83peSYpTgJOz4LlqOLPLqhUTKQnepXRWYIXKYsYwdq05lv2GAV0wdKC0FRTWbojISUlFalAC9 AxhXCV4oQRUBlLQeWK0EyzgHGmVyAiePP2JSQipByhdwh1EInZ/BV0kcb5NjyHcYPG3d0adNwC1XsXkoal2+m4Vw6R0AXeBkCKJWDEaQyI00h3AUUSkwLFAZawlpVFH5bzIzgpAUm2iPX2WjsF14ddQAnWMcG8GBl+gZMEA9pprP8x2gzkodCqaczM2qWLaBpe5TZvtb2et/f0wB+C1+vvPxsMfAO8wdD39sDveXW1raaO561LFAqSJ8ZPOFZq6nuZnhVYakY4NdNzRTNMlnhBpwaaX0DVTnjBMlXDWVGHWMITQ4YQCWmeVEPd/dVc4ESpVRIYZZWJ+pOrmn/jprmODmYFS7Nc05SsXxTlvL4Kc0kQsupQ+MoATCQzawOJsQnT5KGqPH5+NPwbnPZ7/n6v/7rfPjxqktmwHlmPra7lW0Pr0HphHVsTi9jv7Y/2pf3Z+eB8cb4639ZSx248D63fyvn+AzczBT4=</latexit>

Corrections to the dynamic spin susceptibility of SYK model

�L(⌧) = G(⌧)G(�⌧)

�L(!) ⇠ tanh

✓
~!

2kBT

◆
1� C� ! tanh

✓
~!

2kBT

◆
� . . .

�



Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G. Tarnopolsky, arXiv: 2010.09742, 2012.14449

 

A. Georges and O. Parcollet  
PRB 59, 5341 (1999)

<latexit sha1_base64="yZdZAthZlYYTIIYV1mLVBa9iWAQ="></latexit>

Conformally (SL(2,R))
invariant form with

‘Planckian’ dissipative
time ⇠ ~/(kBT ),
independent of U .
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Time reparameterization symmetry and 2D gravity
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After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as

Z =

Z
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For simplicity, we neglect the replica indices, and introduce the
identity

1 =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
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Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+NS(E0)�NSeff [f,�] ,

where E0 / N is the ground state energy.
The same Z is obtained for the boundary graviton of 2D gravity in AdS2.
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Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK
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4⇡2
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0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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The same e↵ective action is obtained for
the boundary graviton of 2D gravity on AdS2.
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Consequences of 2D-gravity for the dynamic spin susceptibility of SYK model
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• Exact evaluation of the path integral over f(⌧) and �(⌧) leads
to the many-body density of states

D(E) ⇠ 2eS0 sinh(
p

2N�E)

• Saddle-point shift leads to a correction to the Green’s func-
tion:

G(⌧) ⇠ sgn(⌧)p
|⌧ |
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1 +

↵G

|⌧ | + . . .

◆

From this, we can compute the susceptibility �(⌧) ⇠ G(⌧)G(�⌧)
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Stars
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The combination of gravitational-wave and x-ray observations of
neutron stars provides new insight into the structure of these
stars, as well as new confirmation of Einstein’s theory of gravity.
Read More »
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New calculations show that spinning black holes—unlike
nonspinning ones—can be tidally deformed by a nonsymmetric
gravitational field. Read More »
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New theories of wormholes—postulated tunnels through
spacetime—explore whether they could be traversable by
humans. Read More »
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Black Holes Obey Information-Emission
Limits
April 22, 2021 • Physics 14, s47

An analysis of the gravitational waves emitted from black hole mergers confirms that black holes are the fastest
known information dissipaters.

The extreme nature of black holes means that they o!er unique opportunities for testing the limits of physics laws.
One law that researchers have wanted to test in this way is the one describing the maximum rate at which
information can flow out from a system. But until recently, this test was impossible with black holes because of a
lack of suitable candidates. That changed with the first measurements of gravitational waves. Now, an analysis of
the gravitational waves detected from eight black hole mergers confirms that the law applies to these extreme
objects [1].

Any perturbed object will emit information about its state until it returns to equilibrium. Theory predicts a limit to
the rate of this information emission, with that limit depending on the object’s temperature and its relaxation time
(how fast it regains equilibrium). For freshly merged black holes, these parameters are encoded in the emitted
gravitational waves.

Of the roughly 50 black hole mergers so-far detected, researchers from the University of Pisa, Italy, and the
University of Glasgow, UK, selected eight from which they could make confident measurements of relaxation times.
For each of these mergers, the team calculated the maximum average rate of information emission per unit of
energy. They found that these rates are the fastest for any known object: about  bits per second per
joule, or 75% of the theoretical maximum. At this extreme rate, perturbed black holes broadcast information at a
rate roughly 11 orders of magnitude higher than those involving “everyday” room-temperature objects that are
roughly a meter wide.

The result confirms that black holes obey fundamental principles of general relativity, information theory, and
thermodynamics—a finding that the team says wasn’t guaranteed to be true. Any future extensions to general
relativity, they say, must obey this information bound as well.
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evidence case (amax ¼ bmax ¼ 100), we employ a
conservative choice. In Fig. 2 we display, in blue, the
median and 90% credible intervals of the posterior prob-
ability distributions pðHjDN; a; bÞ. Single-event likeli-
hoods are shown in gray for comparison. We finally
compute the probability that the Bekenstein-Hod bound
(gold vertical line) is obeyed on a population level, by
computing the p-value (p̃ ≔ pðH < 1jDN; a; bÞ) for each
of a; b sample obtained from Eq. (3). The result yields a p̃-
value distribution strongly peaked towards unity with
median and 90% credible levels given by p̃ ¼ 0.94þ0.05

−0.14,
where p̃ ¼ 1 would indicate perfect agreement with the
prediction, while p̃ ¼ 0 perfect disagreement. The
Bekenstein-Hod bound is respected with very high con-
fidence by the observed BBH population. As an additional
check, we compared our result with the corresponding
value coming from a naive point-estimate of the averageH
likelihood, the latter being insensitive to specific hierar-
chical modeling choices. A weighted average over single
events likelihoods, with weights given by the respective
evidences, yields the red curve displayed in Fig. 2, corre-
sponding to p̃ ¼ 0.93. The excellent agreement between
this un-modelled estimate and the median of the hierar-
chical population posterior confirms the robustness of the
adopted population model.
Conclusions.—BHs are expected to be the fastest dis-

sipating objects in the Universe, in the sense that they

possess the shortest possible relaxation time for a given
temperature [18]. In this Letter, we obtained an observa-
tional verification of the Bekenstein-Hod information
emission bound using a Bayesian time-domain analysis
applied to the binary black holes of the LIGO-Virgo
GWTC-2 catalog. The result is consistent with the pre-
dictions of GR, BH thermodynamics, and information
theory. Our analysis provides the first experimental veri-
fication of a long-standing prediction on the dynamical
information-emission process of a BH.
Software.—Open-software PYTHON packages, accessible

through PyPi, used in this work comprise CORNER,
GWSURROGATE, H5PY, MATPLOTLIB, NUMBA, NumPy,
SciPy, SEABORN, and surfinBH [74,75,86–92].
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FIG. 2. Median and 90% credible levels on the Bekenstein-Hod
parameter H parent distribution, obtained through a hierarchical
model (blue area). Single-events likelihood (grey curves) are also
displayed, together with their evidence-weighted average (red
curve). The probability that the bound (gold dashed line) is
obeyed by the whole population are p̃ ¼ 0.94þ0.05

−0.14 when assum-
ing the posterior distribution and p̃ ¼ 0.93 when assuming the
average likelihood.
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An analysis of the gravitational waves emitted from black hole mergers confirms that black holes are the fastest
known information dissipaters.

The extreme nature of black holes means that they o!er unique opportunities for testing the limits of physics laws.
One law that researchers have wanted to test in this way is the one describing the maximum rate at which
information can flow out from a system. But until recently, this test was impossible with black holes because of a
lack of suitable candidates. That changed with the first measurements of gravitational waves. Now, an analysis of
the gravitational waves detected from eight black hole mergers confirms that the law applies to these extreme
objects [1].

Any perturbed object will emit information about its state until it returns to equilibrium. Theory predicts a limit to
the rate of this information emission, with that limit depending on the object’s temperature and its relaxation time
(how fast it regains equilibrium). For freshly merged black holes, these parameters are encoded in the emitted
gravitational waves.

Of the roughly 50 black hole mergers so-far detected, researchers from the University of Pisa, Italy, and the
University of Glasgow, UK, selected eight from which they could make confident measurements of relaxation times.
For each of these mergers, the team calculated the maximum average rate of information emission per unit of
energy. They found that these rates are the fastest for any known object: about  bits per second per
joule, or 75% of the theoretical maximum. At this extreme rate, perturbed black holes broadcast information at a
rate roughly 11 orders of magnitude higher than those involving “everyday” room-temperature objects that are
roughly a meter wide.

The result confirms that black holes obey fundamental principles of general relativity, information theory, and
thermodynamics—a finding that the team says wasn’t guaranteed to be true. Any future extensions to general
relativity, they say, must obey this information bound as well.

–Christopher Crockett

Christopher Crockett is a freelance writer based in Arlington, Virginia.
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One law that researchers have wanted to test in this way is the one describing the maximum rate at which
information can flow out from a system. But until recently, this test was impossible with black holes because of a
lack of suitable candidates. That changed with the first measurements of gravitational waves. Now, an analysis of
the gravitational waves detected from eight black hole mergers confirms that the law applies to these extreme
objects [1].

Any perturbed object will emit information about its state until it returns to equilibrium. Theory predicts a limit to
the rate of this information emission, with that limit depending on the object’s temperature and its relaxation time
(how fast it regains equilibrium). For freshly merged black holes, these parameters are encoded in the emitted
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Of the roughly 50 black hole mergers so-far detected, researchers from the University of Pisa, Italy, and the
University of Glasgow, UK, selected eight from which they could make confident measurements of relaxation times.
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In general, this summation is not well defined, because to the
uncontrollably large number of spacetime configurations.

But in recent years, we have learnt how to evaluate
the summation for Einstein gravity in some cases,
and obtain the exact value of

thanks to connections to the Sachdev-Ye-Kitaev model.
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A(T ) is the area of the black hole horizon at a temperature T .
Interpretation: Black hole entropy is
entanglement entropy across the horizon.
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A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.
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Df(⌧)D�(⌧) exp (�Schwarzian boundary graviton + rotor action[f,�])
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=

Z
Df(⌧)D�(⌧) exp (�Schwarzian boundary graviton + rotor action[f,�])

Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); 
Moitra, Trivedi, Vishal (2018) ; Gaikwad, Joshi, Mandal, Wadia (2018); Iliesiu, Turaci (2020) 
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A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge. The lnT term
is the contribution of the boundary graviton.



Many-body density of states

Complex SYK model
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No quasiparticle
decomposition
of many-body states
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�(E � Ei); E0 + Ei ) Many body eigenvalue
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D(E) ⇠ eS(E)

= eNs0+
p
2N�E

S(T ! 0) = N(s0 + �T )

A. Georges, O. Parcollet, and 
S. Sachdev, 


PRB 63, 134406 (2001)
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2.   Time reparameterization soft mode 

3.  Charged black holes 

4.  Critical Fermi surfaces: large N theory



• Fermi surface
with kdF ⇠ Q.

• Di↵use fermionic
excitations with z = 3/2
to three loops.

• S ⇠ T (d�✓)/z

with ✓ = d� 1.

• SE ⇠ kd�1
F P lnP .
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• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations
near Fermi surface with
⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling
exponent � = d� 1.

• Entanglement entropy
SE ⇥ kd�1

F P lnP .
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liquid
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Empty states
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Fermi surface coupled to a gauge field

kx

Occupied states

Empty states
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A metal with a Fermi surface
minimally coupled to a gauge field A
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Fermi surface coupled to a gauge field
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• Gauge fluctuation at wavevector q couples most e�ciently to
fermions near ±k0.

• Expand fermion kinetic energy at wavevectors about ±k0. In
Landau gauge A = (a, 0).



Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Simple scaling argument for z = 3/2.

Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Under the rescaling x ! x/s, y ! y/s1/2, and ⌧ ! ⌧/sz, we
find invariance provided

a ! a s(2z+1)/4

 !  s(2z+1)/4

g ! g s(3�2z)/4

So the action is invariant provided z = 3/2.
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Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Under the rescaling x ! x/s, y ! y/s1/2, and ⌧ ! ⌧/sz, we
find invariance provided

a ! a s(2z+1)/4
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g ! g s(3�2z)/4

So the action is invariant provided z = 3/2.



Fermi surface coupled to a gauge field
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Because the bare time derivatives are irrelevant, the critical
theory has an emergent time reparameterization symmetry:

⌧ ! f(⌧)

d⌧ ! f 0(⌧) d⌧

x ! [f 0(⌧)]1/z x

y ! [f 0(⌧)]1/(2z) y

a ! [f 0(⌧)]�(2z+1)/(4z) a

 ! [f 0(⌧)]�(2z+1)/(4z)  



Fermi surface coupled to a gauge field
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Various uncontrolled computations show

G(k, i!) =
1

i! � vF (|k|� kF ) + i# g4/3sgn(!)|!|2/3

Needed: systematic theory, which can also address possible
pairing and density-wave instabilities, and the role of time-
reparameterizations
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Large N theory of a critical Fermi surface

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. arXiv: 2103.08615
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Main idea:
IntroduceN flavors of fermions and bosons,
and examine an ensemble of theories with
di↵erent Yukawa couplings. In the large
N limit, every member of the ensemble is
expected to have the same critical proper-
ties, and so it is easier to study the average
theory.



Large N theory of a critical Fermi surface
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N flavors of fermions  ±↵,

M flavors of a boson a↵, and
a “Yukawa coupling” g↵�� which is a random function in

flavor space. Note: there is no spatial randomness. Take

the large N limit with M/N fixed.
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⌘±↵ = ±1 depending upon nature of a↵: gauge field, Higgs

field, order parameter . . . .

g↵�� = 0 , |g↵�� |2 = g2

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. arXiv: 2103.08615
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We can now proceed just as in the SYK model: we obtain a theory for Green’s
functions which are bilocal in both space and time. Using the spacetime co-
ordinate X ⌘ (⌧, x, y), we can write the averaged partition function

Z � =

Z
DG(X1, X2)D⌃(X1, X2)DD(X1, X2)

⇥D⇧(X1, X2) exp [�NI(G,⌃, D,⇧)] .

The G-⌃-D-⇧ action is now
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g2

2
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2
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.

where we have introduced notation

Tr (f · g) ⌘
Z

dX1dX2 f(X2, X1)g(X1, X2) .

Large N theory of a critical Fermi surface

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. arXiv: 2103.08615
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Saddle-point equations
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Exact solution at low energies:
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where �(z) is a universal scaling function, obtained by analytical continu-
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Large N theory of a critical Fermi surface

Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. arXiv: 2103.08615
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Saddle-point equations
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1
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2
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Exact solution at low energies:
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4/3

T
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⇣
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where �(z) is a universal scaling function, obtained by analytical continu-
ation from imaginary Matsubara frequencies !n = (2n� 1)⇡T
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• There is no time-reparameterization soft mode, and no as-
sociated violation of scaling: because of non-trivial action of
time reparameterization on spatial co-ordinates.

• Dynamic scaling exponent z, and fermion anomalous dimen-
sion can (in principle) have corrections at higher orders in
1/N : these can be systematically computed in theory of fields
bilocal in spacetime.

• Can determine scaling dimensions of Cooper pair and 2kF
density wave operators in N = 1 theory: these are univer-
sal functions of M/N , ⌘±↵ = ±1 (and ratios of diamagnetic
susceptibilities with multiple gauge fields). Complex scaling
dimension implies an instability to superconductivity/density
wave order.
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momentum-independent pairing vertex exists, and its eigenvalue equation is given by

E� (i⌦m) = �

X

a

Ma⇣ag2

N

T

3
p
3

X

!n 6=⌦m

� (i!n)

|!n + i⌃(i!n)|

(4⇡)1/3

(gKa)2/3|!n � ⌦m|
1/3

, (7.17)

At low energies and T = 0, where we drop the bare !n term in the RHS of (7.17), because it is

irrelevant in the infrared (IR), we obtain a universal equation independent of g

E� (i⌦m) =
K

3

Z
d!n

2⇡

2⇡� (i!n)

|!n|
2/3|!n � ⌦m|

1/3
, (7.18)

where the dimensionless constant

K ⌘
M1K

2/3
2 �M2K

2/3
1

M1K
2/3
2 +M2K

2/3
1

(7.19)

determines the balance between the attractive and repulsive interactions. Equation (7.18) has the

same form as that for the � = 1/3 case of the �-model of quantum-critical pairing studied by

Chubukov and collaborators [24–27]; it also co-incides with equations studied in the SYK model

[44, 50–53, 72, 73, 84, 85].

We now follow [50]. We assume the eigenvector has the form1

� (i⌦m) =
1

|⌦m|
↵
. (7.20)

In the notation of the scaling analysis of Section VIIA 2, this identifies

dim[� ] = �z↵ . (7.21)

We assume 0 < Re [↵] < 1/3 to ensure a convergent integral in (7.18), and then we have

E = K
⇡2

�
3 cot

�
⇡↵
2

�
+
p
3
�
sec

�
⇡
�
↵ + 1

6

��

9�
�
1
3

�
�(1� ↵)�

�
↵ + 2

3

� . (7.22)

For K = 1, Setting E = 1 indicates a complex scaling dimension ↵ = 1/6 ± i ⇥ 0.53734 ... ,

which implies that a pairing instability exists and the ground state is superconducting. As the

value of K is reduced, the magnitude of the imaginary part of ↵ also reduces, going to zero at

K = K
⇤ = 0.12038 ..., at which point ↵ = 1/6 exactly. For K⇤ > K > 0 , E = 1 has two solutions

with purely real ↵: ↵1, with 1/6 > ↵1 > 0 and ↵2 = 1/3� ↵1, indicating the apparent absence of

1 There are also odd parity eigenvectors � (i⌦m) = sgn(⌦m)/|⌦m|
↵. However, we can see from the diagrams

involved in the renormalization of the pairing vertex that the physical eigenvector must be of even parity.
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After dropping the bare term,
search for an eigenvector

� (i⌦m) =
1

|⌦m|↵

with eigenvalue E = 1.
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= +

from the first Matsubara frequency, but Tsc is reduced as s2 is increased, and beyond a certain

value of s2, the superconducting transition does not occur.

C. 2kF operator

We can also write down the analog of (7.16) for a charge density wave instability with wavevector

twice the Fermi wavevector, comprising of particle-hole pairs from opposite patches of the Fermi

surface3:

E�2kF (q, i⌦m) = �

X

a

Ma⇣ag2

N
T

X

!n 6=⌦m

Z

k

1

i!n � kx � k2
y � ⌃(i!n)

1

i!n + kx � k2
y � ⌃(i!n)

⇥
1

Ka(ky � qy)
2 +

g2

4⇡

|!n � ⌦m|

|ky � qy|

�2kF (k, i!n). (7.29)

We can then see that self-consistent eigenvectors �2kF (qy, i⌦m) exist that do not depend on qx.

This simplifies (7.29) at T = 0 and low energies to

E�2kF (qy, i⌦m) = �

X

a

iMa⇣ag2

2N

Z

ky ,!n

sgn(!n)

k2
y �

ig4/3

21/3⇡2/3
p
3
sgn(!n)|!n|

2/3

✓
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K
2/3
1 N

+ M2

K
2/3
2 N

◆

⇥
|ky � qy|

Ka|ky � qy|3 +
g2

4⇡ |!n � ⌦m|
�2kF (ky, i!n). (7.30)

We can then rescale (ky, qy) ! g2/3(ky, qy) to absorb the coupling g, producing a strong-coupling

expression analogous to (7.18), given by setting g = 1 in (7.30).

We examine a scaling solution for (7.30) with an eigenvector of the form

�2kF (qy, i⌦m) =
1

|qy|↵
 

✓
⌦m

|qy|3

◆
, (7.31)

which will determine an eigenvalueE(↵) 4. As with the pairing case, we are interested in eigenvalues

which solve E(↵) = 1. If the solution has ↵ real, then this ↵ will determine the scaling dimension

of the 2kF operator. In the notation of Section VIIA 1,

dim[�2kF ] = �↵ . (7.32)

3 Since we are considering an operator in the particle-hole channel, non-trivial renormalizations can now occur for

both real and complex gijk
4 We can again see from the diagrams involved in the renormalization of the 2kF vertex, that the physical eigenvector

must be an even function of qy
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• SYK: a solvable model without quasiparticle excita-

tions, exhibiting thermalization and many-body chaos

in a time of order ~/(kBT ), independent of micro-

scopic energy scales.

• Low energy theory of time reparameterizations is the

theory of the boundary graviton in 2D quantum grav-

ity on AdS2.

• Boundary graviton leads to:

– Dynamic spin susceptibility⇠ sgn(!) [1� c|!|+ . . .]

– Linear-in-T resistivity in the random t-J model.

– Universal�3/2 ln(1/T ) correction to Bekenstein-

Hawking entropy of low T charged black holes

in Einstein gravity.

• Systematic large N theory for a non-Fermi liquid is

obtained by averaging an ensemble of theories. The

is describes by a G-⌃ theory with fields which are

bi-local in spacetime.
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