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S = kB logW

Density of quantum states D(E) = exp(S(E)/kB)
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Molecular chaos: successive collisions are statistically independent

 
Boltzmann equation (1872) 

Dilute classical gas



Quantum Boltzmann equation (Landau) 
Dense gas of electrons
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Neglects quantum interference (entanglement)  
between successive collisions

Ludwig Boltzmann 
20 February 1844 - September 5, 1906 

Vienna, Austria



Current flow with electrons in ordinary metals
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Flow of electrons described by Boltzmann equation )
typical scattering time ⌧ ⇠ 1/T 2, resistivity ⇢(T ) = ⇢(0) +AT 2

The time ⌧ is much longer than a limiting ‘Planckian time’
~

kBT
.

The long scattering time implies that individual electrons are well-defined.

The motion of electrons is ‘ballistic’ or ‘integrable’
up to the long time ⌧ , after which it is chaotic.
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Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
R. A. Cooper,1 Y. Wang,1 B. Vignolle,2 O. J. Lipscombe,1 S. M. Hayden,1 Y. Tanabe,3 T. Adachi,3
Y. Koike,3 M. Nohara,4* H. Takagi,4 Cyril Proust,2 N. E. Hussey1†

The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
R. A. Cooper,1 Y. Wang,1 B. Vignolle,2 O. J. Lipscombe,1 S. M. Hayden,1 Y. Tanabe,3 T. Adachi,3
Y. Koike,3 M. Nohara,4* H. Takagi,4 Cyril Proust,2 N. E. Hussey1†

The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
R. A. Cooper,1 Y. Wang,1 B. Vignolle,2 O. J. Lipscombe,1 S. M. Hayden,1 Y. Tanabe,3 T. Adachi,3
Y. Koike,3 M. Nohara,4* H. Takagi,4 Cyril Proust,2 N. E. Hussey1†

The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
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the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
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particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.
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superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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Linear-in temperature resistivity from an 
isotropic Planckian scattering rate

Gaël Grissonnanche1,2,3, Yawen Fang2, Anaëlle Legros1,4, Simon Verret1, Francis Laliberté1, 
Clément Collignon1, Jianshi Zhou5, David Graf6, Paul A. Goddard7, Louis Taillefer1,8 ✉ & 
B. J. Ramshaw2,8 ✉

A variety of ‘strange metals’ exhibit resistivity that decreases linearly with 
temperature as the temperature decreases to zero1–3, in contrast to conventional 
metals where resistivity decreases quadratically with temperature. This 
linear-in-temperature resistivity has been attributed to charge carriers scattering at a 
rate given by ħ/τ = αkBT, where α is a constant of order unity, ħ is the Planck constant 
and kB is the Boltzmann constant. This simple relationship between the scattering rate 
and temperature is observed across a wide variety of materials, suggesting a 
fundamental upper limit on scattering—the ‘Planckian limit’4,5—but little is known 
about the underlying origins of this limit. Here we report a measurement of the 
angle-dependent magnetoresistance of La1.6−xNd0.4SrxCuO4—a hole-doped cuprate 
that shows linear-in-temperature resistivity down to the lowest measured 
temperatures6. The angle-dependent magnetoresistance shows a well de#ned Fermi 
surface that agrees quantitatively with angle-resolved photoemission spectroscopy 
measurements7 and reveals a linear-in-temperature scattering rate that saturates at 
the Planckian limit, namely α = 1.2 ± 0.4. Remarkably, we #nd that this Planckian 
scattering rate is isotropic, that is, it is independent of direction, in contrast to 
expectations from ‘hotspot’ models8,9. Our #ndings suggest that 
linear-in-temperature resistivity in strange metals emerges from a 
momentum-independent inelastic scattering rate that reaches the Planckian limit.

Immediately following the discovery of high-temperature supercon-
ductivity in the cuprates, it was noted that their normal-state resistiv-
ity is linear over a broad temperature range10. Linear-in temperature 
(T-linear) resistivity extending to low temperatures indicates a strongly 
correlated metallic state, and it was recognized early on that under-
standing T-linear resistivity may be the key to unravelling the mystery 
of high-temperature superconductivity itself11. Since then, T-linear 
resistivity has become a widespread phenomenon in strongly corre-
lated metals, occurring in systems as diverse as organic and iron-based 
superconductors3 and magic-angle twisted bilayer graphene12. The fact 
that T-linear resistivity is often found in proximity to unconventional 
superconductivity is highly suggestive of a common underlying origin, 
but T-linear resistivity at low temperatures lies outside the standard 
Fermi-liquid description of metals and thus remains a central unsolved 
problem in quantum materials research.

The difficulty in developing a controlled, microscopic theory 
of T-linear resistivity has led to the creation of new theoretical 
approaches that draw on techniques developed for the study of 
quantum gravity, including holography and the Sachdev–Ye–Kitaev 
model13–17. Although these theories are not microscopically moti-
vated, they explicitly account for strong quasiparticle interactions 
in a controlled way and suggest that T-linear resistivity might emerge 

as a universal principle—independent of microscopic details. The 
transport scattering rate 1/τ in these models obeys the so-called  
Planckian limit:

ħ
τ

αk T= , (1)B

where kB and ħ are the Boltzmann and Planck constants, respectively, 
and α is a constant of order unity. Simple estimates of α, based on the 
Drude model, from a wide variety of metals with T-linear resistivity 
are consistent with Planckian-limit scattering4,5,18. The Planckian limit 
even applies to conventional metals such as gold and copper, where 
T-linear resistivity at high temperatures is caused by electron–phonon 
scattering. Phonons, however, cannot explain T-linear resistivity in 
the T → 0 limit, suggesting that the Planckian limit is independent of 
microscopic origin. Estimates based on the Drude model provide no 
information about how the scattering rate varies in momentum space. 
Angle-resolved photoemission spectroscopy (ARPES) does provide the 
momentum dependence19, but only for the single-particle scattering 
rate and not for the transport scattering rate that determines the resis-
tivity. What has been missing is a full momentum-space description of 
the transport scattering rate.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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Fig. 2 | ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24.  
a, Left: the ADMR of Nd-LSCO at p = 0.24 as a function of θ for four different 
temperatures, T = 25 K, T = 20 K, T = 12 K and 6 K, and at B = 45 T. The grey area 
near θ = 90° for T = 6 K and T = 12 K indicates the region where the sample 
becomes superconducting (SC). Right: simulations obtained from the 
Chambers formula using the tight-binding parameters of Extended Data Table 1 
and the scattering-rate model of equation (7). b, Log-scale polar plot of the 
scattering rate at T = 25 K. Note the large scattering rate near the anti-nodes 
where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:
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We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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Fig. 2 | ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24.  
a, Left: the ADMR of Nd-LSCO at p = 0.24 as a function of θ for four different 
temperatures, T = 25 K, T = 20 K, T = 12 K and 6 K, and at B = 45 T. The grey area 
near θ = 90° for T = 6 K and T = 12 K indicates the region where the sample 
becomes superconducting (SC). Right: simulations obtained from the 
Chambers formula using the tight-binding parameters of Extended Data Table 1 
and the scattering-rate model of equation (7). b, Log-scale polar plot of the 
scattering rate at T = 25 K. Note the large scattering rate near the anti-nodes 
where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is

⇢ =
m⇤

ne2
1

⌧

with a universal scattering rate

1

⌧
⇡ kBT

~ ,

independent of the strength of interactions!

Current flow without quasiparticles
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No Boltzmann-Landau quasiparticle description )
Many particle quantum entanglement

from quantum interference between “collisions”
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A solvable model of multi-particle  
quantum entanglement.

 
Yields a metal in which current is carried  

not by individual electrons,  
but by an entangled “quantum soup” 
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)
S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))
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N ! 1 yields critical strange metal.
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<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

G
<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

The SYK model
<latexit sha1_base64="sYtpUXsUcBgJpaujCjHrGtShLuU="></latexit>

Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations for the fermion Green’s function
G(⌧) = �

P
↵

⌦
c↵(⌧)c†↵(⌧)

↵
/N in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.



S. Sachdev and J. Ye, PRL 70, 3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015)

E = �0.26
<latexit sha1_base64="G3t8/tsAYXwM/vLxR37KhuYjNvE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN4akiroRiiK4rGAf0IYymU7aoZNJmJkINRR/xY0LRdz6H+78G5M2C209MHA4517umeNFnClt299GYWFxaXmluFpaW9/Y3DK3dxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9IbXmd98oFKxUNzrUUTdAPcF8xnBOpW65l4nwHpAME9uxugSHdtW5azUNcu2ZU+A5omTkzLkqHXNr04vJHFAhSYcK9V27Ei7CZaaEU7HpU6saITJEPdpO6UCB1S5yST9GB2mSg/5oUyf0Gii/t5IcKDUKPDSySyrmvUy8T+vHWv/wk2YiGJNBZke8mOOdIiyKlCPSUo0H6UEE8nSrIgMsMREp4VlJTizX54njYrlnFjO3Wm5epXXUYR9OIAjcOAcqnALNagDgUd4hld4M56MF+Pd+JiOFox8Zxf+wPj8AagNk2M=</latexit>

�ImGR(!)
<latexit sha1_base64="/btafezNZH7m/kkNQAcXE4wBJqc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKgNVAkgwVjAAW0H0ITWhcly3tWrHke0gqigLv8LCAEKsfAYbf4PbZoCWI13p6Jx7de89QcSo0o7zbeXm5hcWl/LLhZXVtfUNe3OrrkQsMalhwYRsBkgRRkNS01Qz0owkQTxgpBEMLkZ+44FIRUV4p4cR8TnqhbRLMdJGats7hx4PxGNyzVN4eX8LS57gpIcO2nbRKTtjwFniZqQIMlTb9pfXETjmJNSYIaVarhNpP0FSU8xIWvBiRSKEB6hHWoaGiBPlJ+MHUrhvlA7sCmkq1HCs/p5IEFdqyAPTyZHuq2lvJP7ntWLdPfMTGkaxJiGeLOrGDGoBR2nADpUEazY0BGFJza0Q95FEWJvMCiYEd/rlWVI/KrvHZffmpFg5z+LIg12wB0rABaegAq5AFdQABil4Bq/gzXqyXqx362PSmrOymW3wB9bnDxeYlW4=</latexit>

~!/(kBT )
<latexit sha1_base64="kunjN0PyYGJToeUrlSRcNKJCI5s=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiYq6LLUjcsKfUETwmQ6aYdOZsLMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89YcKo0o7zba2tb2xubZd2yrt7+weH9tFxV4lUYtLBggnZD5EijHLS0VQz0k8kQXHISC+c3M383iORigre1llC/BiNOI0oRtpIgV3xxiGSnojJCF3UJkETts8Du+rUnTngKnELUgUFWoH95Q0FTmPCNWZIqYHrJNrPkdQUMzIte6kiCcITNCIDQzmKifLz+fFTeGaUIYyENMU1nKu/J3IUK5XFoemMkR6rZW8m/ucNUh3d+jnlSaoJx4tFUcqgFnCWBBxSSbBmmSEIS2puhXiMJMLa5FU2IbjLL6+S7mXdvaq7D9fVRrOIowROwCmoARfcgAa4By3QARhk4Bm8gjfryXqx3q2PReuaVcxUwB9Ynz8ptJPK</latexit>

E = 0
<latexit sha1_base64="FqnpYyJCCEkYCdrjTD+IwnTvPEg=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZlRQTdCUQSXFewD2qFk0kwbmmSGJFMoQ//EjQtF3Pon7vwbM+0stHogcDjnXu7JCRPOtPG8L6e0srq2vlHerGxt7+zuufsHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8W3utydUaRbLRzNNaCDwULKIEWys1HfdnsBmRDDP7mboGnmVvlv1at4c6C/xC1KFAo2++9kbxCQVVBrCsdZd30tMkGFlGOF0VumlmiaYjPGQdi2VWFAdZPPkM3RilQGKYmWfNGiu/tzIsNB6KkI7mefUy14u/ud1UxNdBRmTSWqoJItDUcqRiVFeAxowRYnhU0swUcxmRWSEFSbGlpWX4C9/+S9pndX885r/cFGt3xR1lOEIjuEUfLiEOtxDA5pAYAJP8AKvTuY8O2/O+2K05BQ7h/ALzsc31X6SeA==</latexit>

E = 0.26
<latexit sha1_base64="aoZ9+xggb/LUlJ3AzTCiYyAmsIk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUiqqBuhKILLCvYBbSiT6aQdOnkwMxFCqL/ixoUibv0Qd/6NkzYLbT0wcDjnXu6Z48WcSWXb30ZpZXVtfaO8Wdna3tndM/cP2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTW5yv/NIhWRR+KDSmLoBHoXMZwQrLQ3Maj/Aakwwz26n6ArZVv28MjBrtmXPgJaJU5AaFGgOzK/+MCJJQENFOJay59ixcjMsFCOcTiv9RNIYkwke0Z6mIQ6odLNZ+Ck61soQ+ZHQL1Ropv7eyHAgZRp4ejKPKhe9XPzP6yXKv3QzFsaJoiGZH/ITjlSE8ibQkAlKFE81wUQwnRWRMRaYKN1XXoKz+OVl0q5bzqnl3J/VGtdFHWU4hCM4AQcuoAF30IQWEEjhGV7hzXgyXox342M+WjKKnSr8gfH5Azjhkyw=</latexit>
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The SYK model
<latexit sha1_base64="AW/MneVeOkWV4TvoDqQx82XzCpc="></latexit>

Conformal ‘Planckian’
dynamics with

peak width ⇠ kBT/~
and independent of U



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

(Numerics: G. Tarnopolsky)



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="iWcQDvN1YciZtjMFiyjtEpzBNLI="></latexit>

Energy level
spacing ⇠ e�Ns0 !

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

<latexit sha1_base64="XP60xpQNA2hO3jXaTD1t+YJ/nTE="></latexit>

No exponentially large
degeneracy, but exponentially
small level spacing!
No quasiparticle decomposition:
wavefunctions change chaotically
from one state to the next.

Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="vWgqR4x8IbTARO4Q0j5rEJbszHY="></latexit>

D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

J. S. Cotler et al.,  
JHEP 05 (2017) 118

Yingfei Gu, A. Kitaev, S. Sachdev, and  
G. Tarnopolsky, JHEP 02 (2020) 157

Beyond Boltzmann



A. Georges and O. Parcollet
PRB 59, 5341 (1999) 

A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)

The SYK model
<latexit sha1_base64="VLa9cFl6mNFxbz+j2RbPZ/sidhs="></latexit>

The (averaged) partition function can be written as path integral over the

bilocal fermion Green’s function G(⌧1, ⌧2) ⇠ 1
N

P
↵ c↵(⌧1)c†↵(⌧2)

Z =

Z
DG(⌧1, ⌧2) exp (�NSe↵ [G])

The large N saddle point equation �Se↵/�G = 0 for G(⌧1, ⌧2) = Gs(⌧1 � ⌧2) is

Gs(i!) =
1

i! + µ� ⌃(i!)
, ⌃s(⌧) = �U2G2

s(⌧)Gs(�⌧)

Time reparameterization symmetry:
At frequencies ⌧ U , the path integral for is invariant under time

reparametrization f(�)

⌧ = f(�)

G(⌧1, ⌧2) = [f 0
(�1)f

0
(�2)]

�1/4 eG(�1,�2)

There is also an emergent U(1) gauge symmetry. Hints that the low energy

theory is quantum gravity+electromagnetism!



From the SYK model to 
a universal theory of 

strange metals



��⇥ = 0⇥�⇤ �= 0

or

<latexit sha1_base64="ARuR3yK5+4BBiCRsWxKGca+lzNU=">AAAB/nicdVDLSgMxFM3UVx1fVZdugkVwVWa0rboruhFXFW0rdErJpGkbmskMyR21DAV/wK3+gTtx66/4A36HaTuCFT0QOJxzwr33+JHgGhznw8rMzS8sLmWX7ZXVtfWN3OZWXYexoqxGQxGqG59oJrhkNeAg2E2kGAl8wRr+4GzsN26Z0jyU1zCMWCsgPcm7nBIw0tVFm7ZzeafgTIB/kJLjnpRd7KZKHqWotnOfXiekccAkUEG0brpOBK2EKOBUsJHtxZpFhA5IjyWTBUd4z0gd3A2VeRLwRJ3JkUDrYeCbZECgr397Y/EvrxlD97iVcBnFwCSdDurGAkOIx9fiDleMghgaQqjiZkNM+0QRCqYT29PMFCZ70E88YPdwxztmTnJYKHE5sk0x39fj/0n9oOCWC8XLYr5ymlaURTtoF+0jFx2hCjpHVVRDFPXQI3pCz9aD9WK9Wm/TaMZK/2yjGVjvXxEUlfQ=</latexit>

Jc
<latexit sha1_base64="Bn65XBrDy/dih0wG5rNYNKGRHaA=">AAAB/HicdVDLSgMxFM34rPVVdekmWARXw4y2VXdFN+KqBVsFp0gmvW2DmcyQ3FHLUH/Arf6BO3Hrv/gDfofpQ1DRA4HDOSfce0+YSGHQ896dqemZ2bn53EJ+cWl5ZbWwtt40cao5NHgsY30RMgNSKGigQAkXiQYWhRLOw+vjoX9+A9qIWJ1hP4FWxLpKdARnaKX66VWh6LneCPQbKXv+YcWn/kQpkglqV4WPoB3zNAKFXDJjLn0vwVbGNAouYZAPUgMJ49esC9lovQHdtlKbdmJtn0I6Un/kWGRMPwptMmLYM7+9ofiXd5li56CVCZWkCIqPB3VSSTGmw1tpW2jgKPuWMK6F3ZDyHtOMo20kHxiwdaku9rIA4Q5vRdvOyfbcslCDvC3m63r6P2nuun7FLdVLxerRpKIc2SRbZIf4ZJ9UyQmpkQbhBMgDeSRPzr3z7Lw4r+PolDP5s0F+wHn7BJDhlR4=</latexit>

J

kx

ky

kx

ky kx

ky

Quantum criticality of Ising-nematic ordering in a metal

<latexit sha1_base64="/HC9akdEqfnJCs8drBIQNpHvaG0="></latexit>

Pomeranchuk instability as a function of coupling J
(Similar considerations apply to the cuprates, with a Higgs boson �

describing a Fermi volume changing transition)



T

��⇥ = 0

Quantum
critical

⇥�⇤ �= 0

TI-n

<latexit sha1_base64="ARuR3yK5+4BBiCRsWxKGca+lzNU=">AAAB/nicdVDLSgMxFM3UVx1fVZdugkVwVWa0rboruhFXFW0rdErJpGkbmskMyR21DAV/wK3+gTtx66/4A36HaTuCFT0QOJxzwr33+JHgGhznw8rMzS8sLmWX7ZXVtfWN3OZWXYexoqxGQxGqG59oJrhkNeAg2E2kGAl8wRr+4GzsN26Z0jyU1zCMWCsgPcm7nBIw0tVFm7ZzeafgTIB/kJLjnpRd7KZKHqWotnOfXiekccAkUEG0brpOBK2EKOBUsJHtxZpFhA5IjyWTBUd4z0gd3A2VeRLwRJ3JkUDrYeCbZECgr397Y/EvrxlD97iVcBnFwCSdDurGAkOIx9fiDleMghgaQqjiZkNM+0QRCqYT29PMFCZ70E88YPdwxztmTnJYKHE5sk0x39fj/0n9oOCWC8XLYr5ymlaURTtoF+0jFx2hCjpHVVRDFPXQI3pCz9aD9WK9Wm/TaMZK/2yjGVjvXxEUlfQ=</latexit>
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<latexit sha1_base64="Bn65XBrDy/dih0wG5rNYNKGRHaA=">AAAB/HicdVDLSgMxFM34rPVVdekmWARXw4y2VXdFN+KqBVsFp0gmvW2DmcyQ3FHLUH/Arf6BO3Hrv/gDfofpQ1DRA4HDOSfce0+YSGHQ896dqemZ2bn53EJ+cWl5ZbWwtt40cao5NHgsY30RMgNSKGigQAkXiQYWhRLOw+vjoX9+A9qIWJ1hP4FWxLpKdARnaKX66VWh6LneCPQbKXv+YcWn/kQpkglqV4WPoB3zNAKFXDJjLn0vwVbGNAouYZAPUgMJ49esC9lovQHdtlKbdmJtn0I6Un/kWGRMPwptMmLYM7+9ofiXd5li56CVCZWkCIqPB3VSSTGmw1tpW2jgKPuWMK6F3ZDyHtOMo20kHxiwdaku9rIA4Q5vRdvOyfbcslCDvC3m63r6P2nuun7FLdVLxerRpKIc2SRbZIf4ZJ9UyQmpkQbhBMgDeSRPzr3z7Lw4r+PolDP5s0F+wHn7BJDhlR4=</latexit>

J
<latexit sha1_base64="n4eQ5pYl3WcFizkpDU5PUdKCU3g="></latexit>

Phase diagram as a function of T and J

Strongly-coupled
“non-Fermi liquid” 

metal with no 
quasiparticles



kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>
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<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)

<latexit sha1_base64="R2bORcCRjESzU3gkCNL1KZHjB94="></latexit>

A critical boson �
e.g. Ising-nematic order,

spin-density wave order,

Higgs boson for Fermi-volume changing transition

<latexit sha1_base64="twP7KJ8kyXHja3b636A9YZ1Ec10=">AAAB+3icbVBNS8NAEN3Ur1q/qh69 LBZBEELSaqu3ohePFUwttKFstpt26e4m7G6EEvIbvOrZm3j1x3j0n7htA9rqg4HHezPMzAtiRpV2nE+rsLK6tr5R3Cxtbe/s7pX3D9oqSiQmHo5YJDsBUoRRQTxNNSOdWBLEA0YegvHN1H94JFLRSNzrSUx8joaChhQjbSQPnkFV6pcrjt2o1q5qdejYzgw/xM1JBeRo9ctfvUGEE06Exgwp1XWdWPspkppiRrJSL1EkRniMhqRrqECcKD+dHZvBE6MMYBhJU0LDmfp7IkVcqQkPTCdHeqSWvan4n9dNdHjpp1TEiSYCzxeFCYM6gtPP4YBKgjWbGIKwpOZWiEdIIqxNPgtbAp6ZTNzlBP6SdtV26/bF3XmleZ2nUwRH4BicAhc0QBPcghbwAAYUPIFn8GJl1qv1Zr3PWwtWPnMIFmB9fAMCvJRS</latexit>

+s
<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4

Critical boson + Fermi surface



<latexit sha1_base64="d8xSXS2wUraBNZ6ZbYD+4EH671E="></latexit>

Spatially random Yukawa coupling g0(r) with g0(r) = 0, g0(r)g0(r0) = g02�(r � r0)

kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 
<latexit sha1_base64="sXpWs1GyUtWRFfsH5DytoUdriq0="></latexit>

+v(r) †(r) (r)

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>
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<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>

Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)

Critical boson + Fermi surface with potential and interaction disorder

<latexit sha1_base64="Zy1tXkTFFnZr00aKXKw8EkouOAw="></latexit>

Spatially random mass �s(r) with �s(r) = 0, �s(r)�s(r0) = �s2�(r � r0)

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)

<latexit sha1_base64="R2bORcCRjESzU3gkCNL1KZHjB94="></latexit>

A critical boson �
e.g. Ising-nematic order,

spin-density wave order,

Higgs boson for Fermi-volume changing transition

<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4



<latexit sha1_base64="pxr+/BbvgU1+nZMbIoHe0Ym+RGs="></latexit>
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Yukawa-SYK model

⌃ =
<latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit> G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

<latexit sha1_base64="iDLsTrJLEJJoGF2ewg+2nrH4V1k=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjOD6y2oB48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YWQ6a+KDg8V4VVfX8RHClbfvbyq2srq1v5DcLW9s7u3vF/YOGilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q9vJ37zCaXicfSgRwl6Ie1HPOCMaiPV7rrFkl223WvHdYkhUxBnkZRgjmq3+NXpxSwNMdJMUKXajp1oL6NScyZwXOikChPKhrSPbUMjGqLysumhY3JilB4JYmkq0mSq/p7IaKjUKPRNZ0j1QC16E/E/r53q4MrLeJSkGiM2WxSkguiYTL4mPS6RaTEyhDLJza2EDaikTJtsCiaEpZeXScMtOxfl89pZqXIzjyMPR3AMp+DAJVTgHqpQBwYIz/AKb9aj9WK9Wx+z1pw1nzmEP7A+fwCzzozj</latexit>

D
<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

<latexit sha1_base64="O76XellgtLk8CAD0tEs2v6wnduc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewuPg9C0IvHCOYByRJmJ7PJkJnZZWZWCEt+wYsHRbz6Q978G2eTHDSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju5yv/VElWaxfDTjhAYCDySLGMEml7p1dtMrV9yq6197vo8smQJ5i6QCc9R75a9uPyapoNIQjrXueG5iggwrwwink1I31TTBZIQHtGOpxILqIJveOkEnVumjKFa2pEFT9fdEhoXWYxHaToHNUC96ufif10lNdBVkTCapoZLMFkUpRyZG+eOozxQlho8twUQxeysiQ6wwMTaekg1h6eVl0vSr3kX1/OGsUrudx1GEIziGU/DgEmpwD3VoAIEhPMMrvDnCeXHenY9Za8GZzxzCHzifP73zjg8=</latexit>

⇧ =
G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

G
<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

⌃ =
<latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit> G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

<latexit sha1_base64="iDLsTrJLEJJoGF2ewg+2nrH4V1k=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjOD6y2oB48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YWQ6a+KDg8V4VVfX8RHClbfvbyq2srq1v5DcLW9s7u3vF/YOGilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q9vJ37zCaXicfSgRwl6Ie1HPOCMaiPV7rrFkl223WvHdYkhUxBnkZRgjmq3+NXpxSwNMdJMUKXajp1oL6NScyZwXOikChPKhrSPbUMjGqLysumhY3JilB4JYmkq0mSq/p7IaKjUKPRNZ0j1QC16E/E/r53q4MrLeJSkGiM2WxSkguiYTL4mPS6RaTEyhDLJza2EDaikTJtsCiaEpZeXScMtOxfl89pZqXIzjyMPR3AMp+DAJVTgHqpQBwYIz/AKb9aj9WK9Wx+z1pw1nzmEP7A+fwCzzozj</latexit>

D
<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

<latexit sha1_base64="O76XellgtLk8CAD0tEs2v6wnduc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewuPg9C0IvHCOYByRJmJ7PJkJnZZWZWCEt+wYsHRbz6Q978G2eTHDSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju5yv/VElWaxfDTjhAYCDySLGMEml7p1dtMrV9yq6197vo8smQJ5i6QCc9R75a9uPyapoNIQjrXueG5iggwrwwink1I31TTBZIQHtGOpxILqIJveOkEnVumjKFa2pEFT9fdEhoXWYxHaToHNUC96ufif10lNdBVkTCapoZLMFkUpRyZG+eOozxQlho8twUQxeysiQ6wwMTaekg1h6eVl0vSr3kX1/OGsUrudx1GEIziGU/DgEmpwD3VoAIEhPMMrvDnCeXHenY9Za8GZzxzCHzifP73zjg8=</latexit>

⇧ =
G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>
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Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
R. A. Cooper,1 Y. Wang,1 B. Vignolle,2 O. J. Lipscombe,1 S. M. Hayden,1 Y. Tanabe,3 T. Adachi,3
Y. Koike,3 M. Nohara,4* H. Takagi,4 Cyril Proust,2 N. E. Hussey1†

The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained

RESEARCHARTICLE

1H. H. Wills Physics Laboratory, University of Bristol, Tyndall
Avenue, Bristol, BS8 1TL, UK. 2Laboratoire National des Champs
Magnétiques Pulsés (LNCMP), UMR CNRS-UPS-INSA 5147,
Toulouse 31400, France. 3Department of Applied Physics, Grad-
uate School of Engineering, Tohoku University, 6-6-05 Aoba,
Aramaki, Aoba-ku, Sendai 980-8579, Japan. 4Department of
Advanced Materials Science, Graduate School of Frontier Sci-
ence, University of Tokyo, Kashiwa-no-ha 5-1-5, Kashiwa-shi,
Chiba 277-8651, Japan.

*Present address: Department of Physics, Okayama University,
Tsushima-naka, Okayama 700-8530, Japan.
†To whom correspondence should be addressed. E-mail:
n.e.hussey@bristol.ac.uk

www.sciencemag.org SCIENCE VOL 323 30 JANUARY 2009 603

D
ow

nloaded from
 https://w

w
w

.science.org at H
arvard U

niversity on O
ctober 26, 2023

Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
R. A. Cooper,1 Y. Wang,1 B. Vignolle,2 O. J. Lipscombe,1 S. M. Hayden,1 Y. Tanabe,3 T. Adachi,3
Y. Koike,3 M. Nohara,4* H. Takagi,4 Cyril Proust,2 N. E. Hussey1†

The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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Localization of overdamped modes
of � from �s(r).

Cannot rescale away �s(r).
Maps onto random transverse field Ising

model after Dasgupta-Ma RG.

Aavishkar A. Patel, Peter Lunts,  
S. Sachdev,  arXiv:2312.06751



Quantum  
black holes 



Objects so dense that light is 
gravitationally bound to them.

Black Holes

Horizon radius R =
2GM

c2
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G Newton’s constant, c velocity of light, M mass of black hole
For M = earth’s mass, R ⇡ 9mm!



What is inside a black hole ???

In Einstein’s theory, all the matter in a black hole collapses 
to a singularity at the center of the black hole. 

Horizon

Matter of infinite density!



What is inside a black hole ???

In Einstein’s theory, all the matter in a black hole collapses 
to a singularity at the center of the black hole. 

It was clear that quantum theory should be applied to the 
collapsed matter, but no one knew how to. 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Quantum Entanglement across a black hole horizon

Black hole 
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Hawking (1975): Black holes have a temperature and an entropy!
 

To an outside observer, the state of the electron inside the black hole 
cannot be known, and so the outside electron is in a random state. 



Quantum Entanglement across a black hole horizon

Black hole 
horizon

Hawking (1975): Black holes have a temperature and an entropy!
 

To an outside observer, the state of the electron inside the black hole 
cannot be known, and so the outside electron is in a random state. 



Quantum Entanglement across a black hole horizon

Black hole 
horizon

= | ⇥⇤⌅ � | ⇤⇥⌅

Quantum entanglement 
on the surface
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By computations outside
the black hole,

Hawking obtained

S =
Ac3

4G~

where A is area of the

black hole horizon.

All other systems have

entropy proportional to

their volume.



Quantum black holes

J. D. Bekenstein, PRD 7, 2333 (1973)
S. W. Hawking, Nature 248, 30 (1974)

C.V.  Vishveshwara, Nature 227, 936 (1970)  
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• Black holes have an entropy and a temperature,
TH = ~c3/(8⇡GMkB).

• The entropy is proportional to their surface area.
S = AkBc3/(4G~).

• They relax to thermal equilibrium in a time
⇠ 8⇡GM/c3 = ~/(kBTH) which is Planckian!



What is inside a black hole ???

In Einstein’s theory, all the matter in a black hole collapses 
to a singularity at the center of the black hole. 

It was clear that quantum theory should be applied to the 
collapsed matter, but no one knew how to. 



What is inside a black hole ???

In Einstein’s theory, all the matter in a black hole collapses 
to a singularity at the center of the black hole. 

It was clear that quantum theory should be applied to the 
collapsed matter, but no one knew how to. 

The many-body quantum system describing black holes 
should have no quasiparticle excitations!



From the SYK model 
to a quantum theory of


charged black holes
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Thermodynamics of quantum black holes with charge Q:

Z(Q, T ) =

Z
Dgµ⌫DAµ exp

✓
�1

~ I(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
⇥
 

....????...

!

<latexit sha1_base64="2aMyfdJNfoeT9a0mqFf/jpebMpg=">AAAB7XicdVBNSwMxEM36WetX1aOXYCt4Ktsqrb0VvXisYD+gXUo2zbax2WRJZoWy9D948aCIV/+PN/+NabtCFX0w8Hhvhpl5fiS4Adf9dFZW19Y3NjNb2e2d3b393MFhy6hYU9akSijd8YlhgkvWBA6CdSLNSOgL1vbH1zO//cC04UrewSRiXkiGkgecErBSq9ADEhf6ubxbdOfAS6RaPa/VKriUKnmUotHPffQGisYhk0AFMaZbciPwEqKBU8Gm2V5sWETomAxZ11JJQma8ZH7tFJ9aZYADpW1JwHN1eSIhoTGT0LedIYGR+e3NxL+8bgzBpZdwGcXAJF0sCmKBQeHZ63jANaMgJpYQqrm9FdMR0YSCDShrQ/j+FP9PWuViqVK8uC3n61dpHBl0jE7QGSqhKqqjG9RATUTRPXpEz+jFUc6T8+q8LVpXnHTmCP2A8/4FFryO1A==</latexit>⌧

<latexit sha1_base64="rYMSF5EKEs2Z4BCuudA73QvX28s=">AAACIHicdVDLSgMxFM34dnyNunQTLIKrMiPS6q6oC5cKthU6Q8lkbttgJhmSjFCHfoobf8WNC0V0p19j+hCq6IHA4ZxzubknzjjTxvc/nJnZufmFxaVld2V1bX3D29xqaJkrCnUquVTXMdHAmYC6YYbDdaaApDGHZnxzOvSbt6A0k+LK9DOIUtIVrMMoMVZqe9Uwhi4TBQVhQA3cM7uSCAphiF2ZG80SwD2p2J0Ubggi+Q62vZJf9kfAU6RSPfYrAQ4mSglNcNH23sNE0jy145QTrVuBn5moIMowymHghrmGjNAb0oWWpYKkoKNidOAA71klwR2p7BMGj9TpiYKkWvfT2CZTYnr6tzcU//JauekcRQUTWW5A0PGiTs6xkXjYFk6YAmp43xJCFbN/xbRHFKG2A+3aEr4vxf+TxkE5qJQPLw9KtZNJHUtoB+2ifRSgKqqhc3SB6oiie/SIntGL8+A8Oa/O2zg640xmttEPOJ9f/XKkIg==</latexit>

Distance
outside horizon

<latexit sha1_base64="Zd1/FXLQ+NeLtN8UqRQHtAnwnjk=">AAAB8HicdVBNS8NAEJ34WetX1aOXxVbwVJMqrb0VvXis0C9pQ9lsN+3SzSbsboQS+iu8eFDEqz/Hm//GbRuhij4YeLw3w8w8L+JMadv+tFZW19Y3NjNb2e2d3b393MFhS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Gbmtx+oVCwUDT2JqBvgoWA+I1gb6b7QG3lYnjcK/VzeLtpzoCVSqVxUq2XkpEoeUtT7uY/eICRxQIUmHCvVdexIuwmWmhFOp9lerGiEyRgPaddQgQOq3GR+8BSdGmWA/FCaEhrN1eWJBAdKTQLPdAZYj9Rvbyb+5XVj7V+5CRNRrKkgi0V+zJEO0ex7NGCSEs0nhmAimbkVkRGWmGiTUdaE8P0p+p+0SkWnXLy8K+Vr12kcGTiGEzgDBypQg1uoQxMIBPAIz/BiSevJerXeFq0rVjpzBD9gvX8B0MaPyA==</latexit>

~/T



<latexit sha1_base64="9GVsginHf5t8aB9xzCE8NKJHPH8="></latexit>

Thermodynamics of quantum black holes with charge Q:

Z(Q, T ) =

Z
Dgµ⌫DAµ exp

✓
�1

~ I(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
⇥
 

....????...

!

<latexit sha1_base64="2aMyfdJNfoeT9a0mqFf/jpebMpg=">AAAB7XicdVBNSwMxEM36WetX1aOXYCt4Ktsqrb0VvXisYD+gXUo2zbax2WRJZoWy9D948aCIV/+PN/+NabtCFX0w8Hhvhpl5fiS4Adf9dFZW19Y3NjNb2e2d3b393MFhy6hYU9akSijd8YlhgkvWBA6CdSLNSOgL1vbH1zO//cC04UrewSRiXkiGkgecErBSq9ADEhf6ubxbdOfAS6RaPa/VKriUKnmUotHPffQGisYhk0AFMaZbciPwEqKBU8Gm2V5sWETomAxZ11JJQma8ZH7tFJ9aZYADpW1JwHN1eSIhoTGT0LedIYGR+e3NxL+8bgzBpZdwGcXAJF0sCmKBQeHZ63jANaMgJpYQqrm9FdMR0YSCDShrQ/j+FP9PWuViqVK8uC3n61dpHBl0jE7QGSqhKqqjG9RATUTRPXpEz+jFUc6T8+q8LVpXnHTmCP2A8/4FFryO1A==</latexit>⌧

<latexit sha1_base64="rYMSF5EKEs2Z4BCuudA73QvX28s=">AAACIHicdVDLSgMxFM34dnyNunQTLIKrMiPS6q6oC5cKthU6Q8lkbttgJhmSjFCHfoobf8WNC0V0p19j+hCq6IHA4ZxzubknzjjTxvc/nJnZufmFxaVld2V1bX3D29xqaJkrCnUquVTXMdHAmYC6YYbDdaaApDGHZnxzOvSbt6A0k+LK9DOIUtIVrMMoMVZqe9Uwhi4TBQVhQA3cM7uSCAphiF2ZG80SwD2p2J0Ubggi+Q62vZJf9kfAU6RSPfYrAQ4mSglNcNH23sNE0jy145QTrVuBn5moIMowymHghrmGjNAb0oWWpYKkoKNidOAA71klwR2p7BMGj9TpiYKkWvfT2CZTYnr6tzcU//JauekcRQUTWW5A0PGiTs6xkXjYFk6YAmp43xJCFbN/xbRHFKG2A+3aEr4vxf+TxkE5qJQPLw9KtZNJHUtoB+2ifRSgKqqhc3SB6oiie/SIntGL8+A8Oa/O2zg640xmttEPOJ9f/XKkIg==</latexit>

Distance
outside horizon

<latexit sha1_base64="Zd1/FXLQ+NeLtN8UqRQHtAnwnjk=">AAAB8HicdVBNS8NAEJ34WetX1aOXxVbwVJMqrb0VvXis0C9pQ9lsN+3SzSbsboQS+iu8eFDEqz/Hm//GbRuhij4YeLw3w8w8L+JMadv+tFZW19Y3NjNb2e2d3b393MFhS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Gbmtx+oVCwUDT2JqBvgoWA+I1gb6b7QG3lYnjcK/VzeLtpzoCVSqVxUq2XkpEoeUtT7uY/eICRxQIUmHCvVdexIuwmWmhFOp9lerGiEyRgPaddQgQOq3GR+8BSdGmWA/FCaEhrN1eWJBAdKTQLPdAZYj9Rvbyb+5XVj7V+5CRNRrKkgi0V+zJEO0ex7NGCSEs0nhmAimbkVkRGWmGiTUdaE8P0p+p+0SkWnXLy8K+Vr12kcGTiGEzgDBypQg1uoQxMIBPAIz/BiSevJerXeFq0rVjpzBD9gvX8B0MaPyA==</latexit>

~/T

Gibbons, Hawking (1977)
Chambin, Emparan, Johnson, Myers (1999)

<latexit sha1_base64="e2ADXKQ2qLCaqENEG8IteBGTguI="></latexit>

Obtained from the saddle-point of the

gravity path integral in the imaginary time

spacetime outside the black hole.

<latexit sha1_base64="EkOUqYt62D7O3igcp3XxlcD0l0E="></latexit>

SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c

◆

A0 = 2GQ2/c4 is the area of the
charged black hole horizon at T = 0.



<latexit sha1_base64="9GVsginHf5t8aB9xzCE8NKJHPH8="></latexit>

Thermodynamics of quantum black holes with charge Q:

Z(Q, T ) =

Z
Dgµ⌫DAµ exp

✓
�1

~ I(3+1)
Einstein gravity+Maxwell EM[gµ⌫ , Aµ]

◆

= exp
⇣
SBH

⌘
⇥
 

....????...

!

<latexit sha1_base64="2aMyfdJNfoeT9a0mqFf/jpebMpg=">AAAB7XicdVBNSwMxEM36WetX1aOXYCt4Ktsqrb0VvXisYD+gXUo2zbax2WRJZoWy9D948aCIV/+PN/+NabtCFX0w8Hhvhpl5fiS4Adf9dFZW19Y3NjNb2e2d3b393MFhy6hYU9akSijd8YlhgkvWBA6CdSLNSOgL1vbH1zO//cC04UrewSRiXkiGkgecErBSq9ADEhf6ubxbdOfAS6RaPa/VKriUKnmUotHPffQGisYhk0AFMaZbciPwEqKBU8Gm2V5sWETomAxZ11JJQma8ZH7tFJ9aZYADpW1JwHN1eSIhoTGT0LedIYGR+e3NxL+8bgzBpZdwGcXAJF0sCmKBQeHZ63jANaMgJpYQqrm9FdMR0YSCDShrQ/j+FP9PWuViqVK8uC3n61dpHBl0jE7QGSqhKqqjG9RATUTRPXpEz+jFUc6T8+q8LVpXnHTmCP2A8/4FFryO1A==</latexit>⌧

<latexit sha1_base64="rYMSF5EKEs2Z4BCuudA73QvX28s=">AAACIHicdVDLSgMxFM34dnyNunQTLIKrMiPS6q6oC5cKthU6Q8lkbttgJhmSjFCHfoobf8WNC0V0p19j+hCq6IHA4ZxzubknzjjTxvc/nJnZufmFxaVld2V1bX3D29xqaJkrCnUquVTXMdHAmYC6YYbDdaaApDGHZnxzOvSbt6A0k+LK9DOIUtIVrMMoMVZqe9Uwhi4TBQVhQA3cM7uSCAphiF2ZG80SwD2p2J0Ubggi+Q62vZJf9kfAU6RSPfYrAQ4mSglNcNH23sNE0jy145QTrVuBn5moIMowymHghrmGjNAb0oWWpYKkoKNidOAA71klwR2p7BMGj9TpiYKkWvfT2CZTYnr6tzcU//JauekcRQUTWW5A0PGiTs6xkXjYFk6YAmp43xJCFbN/xbRHFKG2A+3aEr4vxf+TxkE5qJQPLw9KtZNJHUtoB+2ifRSgKqqhc3SB6oiie/SIntGL8+A8Oa/O2zg640xmttEPOJ9f/XKkIg==</latexit>

Distance
outside horizon

<latexit sha1_base64="Zd1/FXLQ+NeLtN8UqRQHtAnwnjk=">AAAB8HicdVBNS8NAEJ34WetX1aOXxVbwVJMqrb0VvXis0C9pQ9lsN+3SzSbsboQS+iu8eFDEqz/Hm//GbRuhij4YeLw3w8w8L+JMadv+tFZW19Y3NjNb2e2d3b393MFhS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Gbmtx+oVCwUDT2JqBvgoWA+I1gb6b7QG3lYnjcK/VzeLtpzoCVSqVxUq2XkpEoeUtT7uY/eICRxQIUmHCvVdexIuwmWmhFOp9lerGiEyRgPaddQgQOq3GR+8BSdGmWA/FCaEhrN1eWJBAdKTQLPdAZYj9Rvbyb+5XVj7V+5CRNRrKkgi0V+zJEO0ex7NGCSEs0nhmAimbkVkRGWmGiTUdaE8P0p+p+0SkWnXLy8K+Vr12kcGTiGEzgDBypQg1uoQxMIBPAIz/BiSevJerXeFq0rVjpzBD9gvX8B0MaPyA==</latexit>

~/T

Gibbons, Hawking (1977)
Chambin, Emparan, Johnson, Myers (1999)

<latexit sha1_base64="e2ADXKQ2qLCaqENEG8IteBGTguI="></latexit>

Obtained from the saddle-point of the

gravity path integral in the imaginary time

spacetime outside the black hole.

<latexit sha1_base64="EkOUqYt62D7O3igcp3XxlcD0l0E="></latexit>

SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c

◆

A0 = 2GQ2/c4 is the area of the
charged black hole horizon at T = 0.



Holographic Metals and the Fractionalized Fermi Liquid

Subir Sachdev
Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA

(Received 23 June 2010; published 4 October 2010)

We show that there is a close correspondence between the physical properties of holographic metals

near charged black holes in anti–de Sitter (AdS) space, and the fractionalized Fermi liquid phase of the

lattice Anderson model. The latter phase has a ‘‘small’’ Fermi surface of conduction electrons, along with

a spin liquid of local moments. This correspondence implies that certain mean-field gapless spin liquids

are states of matter at nonzero density realizing the near-horizon, AdS2 ! R2 physics of Reissner-

Nordström black holes.
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There has been a flurry of recent activity [1–10] on the
holographic description of metallic states of nonzero den-
sity quantum matter. The strategy is to begin with a
strongly interacting conformal field theory (CFT) in the
ultraviolet (UV), which has a dual description as the
boundary of a theory of gravity in anti–de Sitter (AdS)
space. This CFT is then perturbed by a chemical potential
(!) conjugate to a globally conserved charge, and the
infrared (IR) physics is given a holographic description
by the gravity theory. For large temperatures T " !, such
an approach is under good control, and has produced a
useful hydrodynamic description of the physics of quan-
tum criticality [11]. Much less is understood about the low
temperature limit T # !: a direct solution of the classical
gravity theory yields boundary correlation functions de-
scribing a non-Fermi liquid metal [4], but the physical
interpretation of this state has remained obscure. It has a
nonzero entropy density as T ! 0, and this raises concerns
about its ultimate stability.

This Letter will show that there is a close parallel
between the above theories of holographic metals, and a
class of mean-field theories of the ‘‘fractionalized Fermi
liquid’’ (FFL) phase of the lattice Anderson model.

The Anderson model (specified below) has been a popu-
lar description of intermetallic transition metal or rare-
earth compounds: it describes itinerant conduction elec-
trons interacting with localized resonant states represent-
ing d (or f) orbitals. The FFL is an exotic phase of the
Anderson model, demonstrated to be generically stable in
Refs. [12,13]; it has a ‘‘small’’ Fermi surface whose vol-
ume is determined by the density of conduction electrons
alone, while the d electrons form a fractionalized spin
liquid state. The FFL was also found in a large spatial
dimension mean-field theory by Burdin et al. [14], and is
the ground state needed for a true ‘‘orbital-selective Mott
transition’’ [15]. The FFL should be contrasted from the
conventional Fermi liquid (FL) phase, in which there is a
‘‘large’’ Fermi surface whose volume counts both the con-
duction and d electrons: the FL phase is the accepted de-
scription of many ‘‘heavy fermion’’ rare-earth intermetal-

lics. However, recent experiments on YbRh2ðSi0:95Ge0:05Þ2
have observed an unusual phase for which the FFL is an
attractive candidate [16].
Here, we will describe the spin liquid of the FFL by the

gapless mean-field state of Sachdev and Ye [17] (SY). We
will then find that physical properties of the FFL are
essentially identical to those of the present theories of
holographic metals. Similar comments apply to other gap-
less quantum liquids [18] which are related to the SY state.
This agreement implies that nonzero density matter de-
scribed by the SY (or a related) state is a realization of the
near-horizon, AdS2 ! R2 physics of Reissner-Nordström
black holes.
We begin with a review of key features of the present

theory of holographic metals. The UV physics is holo-
graphically described by a Reissner-Nordström black
hole in AdS4. In the IR, the low-energy physics is captured
by the near-horizon region of the black hole, which has a
AdS2 ! R2 geometry [4]. The UV theory can be written as
a SUðNcÞ gauge theory, but we will only use gauge-
invariant operators to describe the IR physics. We use a
suggestive condensed matter notation to represent the IR,
anticipating the correspondence we make later. We probe
this physics by a ‘‘conduction electron’’ ck" (where k is a
momentum and " ¼" , # a spin index), which will turn out
to have a Fermi surface at a momentum k ' jkj ¼ kF. The
IR physics of this conduction electron is described by the
effective Hamiltonian [4,7]

H ¼ H0 þH1½d; c* þHAdS (1)

H0 ¼
X

"

Z d2k

4#2 ð"k +!Þcyk"ck"; (2)

with ck" canonical fermions and "k their dispersion, and

H1½d; c* ¼
X

"

Z d2k

4#2 ½Vkd
y
k"ck" þ V,

kc
y
k"dk"*; (3)

with Vk a ‘‘hybridization’’ matrix element. The dk" are
nontrivial operators controlled by the strongly coupled IR
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Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdS2) at low energies!
The isometry group of AdS2 is the 0+1 dimensional conformal group SL(2,R).
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• For generic charged black holes in 3+1
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There is no degeneracy, but an expo-
nentially small level spacing down to
the ground state.

Developments from the SYK model
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Quantum simulation of charged black holes 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• With su�cient low energy
supersymmetry, string
theory yields:

D(E) = exp

✓
A0c3

4~G

◆
�(E)

+ ✓(E ��)f(E ��) + ...

There are exponentially many
degenerate BPS ground states,
and an energy gap � above
the ground state.

String theory of charged black holes
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realization of the interior 
of a charged black hole !

Quantum simulation of charged black holes 
by the SYK model
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The many faces of multi-particle entanglement

<latexit sha1_base64="GCSZOIvOSpJ57gJfepM2G5S3UIA="></latexit>

• Absence of quasiparticles, as in the SYK model

and strange metals

• A quantum theory of the interior of a black hole.

• Fractionalization and new emergent particles,

as in spin liquids and FL*.

• Higher temperature superconductivity (?)
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