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Abstract

Two of the iconic phases of the hole-doped cuprate materials are the intermediate
temperature pseudogap metal and the lower temperature d-wave superconductor. Following
the prescient suggestion of P. W. Anderson, there were numerous early theories of these
phases as doped quantum spin liquids. However, these theories have had difficulties with two
prominent observations: (i) angle-dependent magnetoresistance measurements (ADMR),
including observation of the Yamaji effect, present convincing evidence of small hole pockets
which can tunnel coherently between square lattice layers, and (ii) the velocities of the nodal
Bogoliubov quasiparticles in the d-wave superconductor are highly anisotropic, with

VFE > va. These lecture notes review how the fractionalized Fermi Liquid (FL*) state, which
dopes quantum spin liquids with gauge-neutral electron-like quasiparticles, resolves both
difficulties. Theories of quantum spin liquids employing fractionalization of the electron spin
into bosonic and fermionic partons are reviewed. In the early theories, upon doping, the
bosonic parton theory leads to a candidate holon metal theory of the pseudogap, while the
fermionic parton theory leads to a d-wave superconductor. The construction of the FL* state
is described using a quantum dimer model, followed by a more realistic description using the
Ancilla Layer Model (ALM). Computations using the ALM resolve the difficulties in both the
pseudogap metal and the d-wave superconductor.
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1. Spin density wave order in the Hubbard
model



We consider the onset of magnetism at a non-zero wavevector in a metal, often called a spin
density wave (SDW). We will focus on the case where the wavevector of the SDW is

K = (7, ) on the square lattice, and so the ordering has the same symmetry as the Néel state
in an insulating antiferromagnet. The main ingredient here will be a bosonic collective mode
representing antiferromagnetic spin fluctuations in the metal: this boson is the ‘paramagnon’.
Near the transition from the Fermi liquid to the antiferromagnetic metal, 1t is possible to
derive a systematic approach to the paramagnon modes of a metal. We begin with an

electronic Hubbard model
H = ngciacka -+ UZ NirNj | (1)
k.o i

where njy = c! ci+, and similarly for n; . Upon using the single-site identity

1 1 2U , U
U . _ . _ — S | 7 2
(n'T 2) (n“ 2) 3 4 (2)

(which is easily established from the electron commutation relations) it becomes possible to
decouple the 4-fermion term in a particle-hole channel. We decouple the interaction term in




the Hubbard model in (1), by the Hubbard-Stratonovich transformation

eXp (252 / d75?> = / DPi(T)exp (Z / dr _@ﬂ Pi -

- Zab

lOé 2

We now have a new field P;(7) which will play the role of the paramagnon field.

The path integral of the Hubbard model can now be written exactly as:

/DC;Q(T)D’P,-(T) exp (/dT{kE; c}:a :087 | 5k:

Tlm-reayel])

We can now formally integrate out the electrons, and obtain

/H DP eXP( Sparamagnon [PI(T)]) ;

Cip

(4)



where Zj is the free electron partition function. Close to the onset of SDW order (but still on
the non-magnetic side), we can expand the action in powers of P

3 XO(q7 iwn)
_ E 2
Sparamagnon [,PI(T)] — A |P(q7 Wn)‘ . 5 T .. (6)

q,wWn - =

where xo(q,w,) is the frequency-dependent Lindhard susceptibility, given by the particle-hole
bubble graph shown in Fig. 1

Figure 1: Feynman diagram leading to (7).
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Performing the sum over frequencies by partial fractions, we obtain

vo(@. iwn) = — Z f(ek+q) — FlEk) (8)
k

V IWn + Ek — €k+q

From the structure of the P propagator, it is clear that P will first condense at the
wavevector gmax at which (g, iw = 0) is a maximum, and @u.x is then the wavevector of
the SDW. In the mean field treatment of (6), the appearance of the this condensate requires
that U is large enough to obey the ‘Stoner criterion’:

3 XO(qmaxa W = O)
41 2

<0. (9)

This wavevector is In turn determined by the dispersion €, of the underlying fermions. For
simplicitly, we will only consider the case of a SDW with wavevector K = (7, 7). The
frequency dependence of xo(q, iw) also has an important influence on the dynamics of the
paramagnon fluctuations.



1.1. Fermi surface reconstruction



Let us now move into the antiferromagnetic metal phase, where we assume there is a P
condensate at wavevector K = (7, )

where the factor

ni = *1 (11)

on the two checkerboard sublattices of the square lattice, and N measuring the strength of the
Néel ordered moment shown in Fig. 2.
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Figure 2: Antiferromagnetic (Néel) order N of the spin density wave state. This can be an insulator at
p = 0, provided A = N is large enough, as shown in Fig. 3. Otherwise, it is a metal with electron

and/or hole pocket Fermi surfaces, as shown in Fig. 3-5.

We wish to describe the excitations of this state. One class of excitations are spin waves:
these can be obtained by considering transverse fluctuations of P about the condensate in
(10) using the full action in (5). However, there are also low energy fermionic excitations in
the antiferromagnetic metal, which are gapped in the insulator. We can determine the
spectrum of the fermions by inserting (10) into the Yukawa coupling; using n; = e'K"%i, with
K = (m,m), we can write the fermion Hamiltonian in momentum space

Hapn = Z 5kc}:acka — A c}:aaéackjLK’a + constant. (12)

k

The is the analog of the BCS Hamiltonian for superconductivity, and the analog of the pairing
gap Is the energy
A=N. (13)

But, in general, the spectrum of Harng does not have a gap, as we will see below. As in BCS
theory, the value of AV has to be determined self-consistently from the mean-field equations.
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Figure 3: Fermi surfaces of the Néel state at half-fillng, i.e. doping p = 0. The pockets intersecting the
diagonals of the Brillouin zone have both bands in (15) empty and so form hole pockets, while the
remaining pockets have both bands occupied and form electron pockets. The dashed line in the
insulator shows the boundary of the Brillouin zone of the Néel state

To obtain the fermionic excitation spectrum, we have to perform the analog of the Bogoliubov
rotation in BCS theory. This is achieved by writing Harpy 1n @ 2 X 2 matrix form by using the
fact that 2K is a reciprocal lattice vector, and so €x oK = €k; correspondingly, the prime over
the summation indicates that it only extends over half the Brillouin zone of the underlying
lattice, shown in the left panel of Fig. 3, which is the Brillouin zone of the lattice with Néel

order.
SR s —AoZ, Ckor
FARM = z,(:(cko"ck+K’o‘) ( —A0L,  Ek+K ) ( Ck+K o > | (14)
It is now easy to diagonalize the 2 x 2 matrix in (14), and we obtain
- 11/2

2
Ek T € El — E
Eri — k 2k+K 1 ( k 2k—|-K) +A2 (15)




The spectrum in (15) is not gapped, or even positive definite. Rather, it is the spectrum of a
metal, in which the negative energy states are filled, and bounded by a Fermi surface. The
Fermi surfaces so obtained is shown in Figs. 3, 4, 5 for different values of the electron density
1 — p. Here p is conventionally the hole doping, and electron doping corresponds to p < 0.
The dispersion ¢ has hoppings t; 23 to first, second, and third neighbors with t; 3 > 0 and
to < 0 as appropriate for the cuprates.



Square-lattice Hubbard model with hole doping
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Figure 4: Fermi surfaces of the Néel state at p > 0. The pockets are as in Fig. 3. From (16), the area
of each hole pocket on the left (when A is large and there are no electron pockets) is p/4, in units with
the square lattice Brillouin zone having unit area. This follows from the existence of 2 independent hole
pockets in the magnetic Brillouin zone, each with a spin degeneracy of 2.



Square-lattice Hubbard model with electron doping
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Figure 5: Fermi surfaces of the Néel state at p < 0, with pockets as in Figs. 3. From (16), the area of
each electron pocket on the left (when A is large and there are no hole pockets) is |p|/2, in units with
the square lattice Brillouin zone having unit area. This follows from the existence of 1 independent
electron pocket in the magnetic Brillouin zone with a spin degeneracy of 2.

We observe that the ‘large’ Fermi surface of the paramagnetic metal has ‘reconstructed’ into
small pocket Fermi surfaces in the SDW state. The excitations of the SDW metal are hole-like
quasiparticles on the Fermi surfaces surrounding the hole pockets, and electron-like
quasiparticles on the Fermi surfaces surrounding the electron pockets. The spin wave
excitations interact rather weakly with the fermionic quasiparticle excitations: this can be see
from a somewhat involved computation from the effective action.

Finally, we discuss the fate of the Luttinger relation in this metal. The Luttinger relation
connects the volume enclosed by the Fermi surface to the density of electrons, modulo 2
electrons per unit cell. It should be applied in the Brillouin zone of the Néel state, which is
half the size of the Brillouin zone of the underlying square lattice, as shown in Fig. 3. In real
space, this corresponds to the fact that the unit cell has doubled, and so the density of
electrons per unit cell is 2(1 — p). For spinful electrons, the Luttinger relations measures
electron density modulo 2, and so the density appearing in the Luttinger relation 1s —2p. This
has to be equated to twice the volumes enclosed by the electron and hole pockets within the



diamond shaped Brillouin zone in Fig. 3. Let A}, be the area of a single elliptical hole pocket:
there are 4 such pockets in the complete Brillouin zone of the square lattice or 2 pockets In
the Brillouin zone of the Néel state, as is apparent from Figs. 3, 4, 5. Similarly, let A, be the
area of a single elliptical electron pocket: there are 2 such pockets in the complete Brillouin
zone of the square lattice or 1 pocket in the Brillouin zone of the Néel state. These arguments
show that the Luttinger relation becomes

1

2 X a2

X (—2Ap+ Ae) = —2p. (16)

On the left hand side, the first factor is the spin degeneracy, and the second factor is the
inverse of the volume of the Brillouin zone of the Néel state. To reiterate, this is the
conventional Luttinger relation applied after accounting for the doubling of the unit cell, and it
determines a linear constraint on the areas of the electron and hole pockets.



P=0.16

Figure 6: Spectral density of hole (left) and electron (right) pockets at p = 0.16 and p = —0.16
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respectively for the SDW state. The fractional area of each hole pocket is p/4, and the fractional area

of the electron pocket is |p|/2.

Fig 6 shows the electron spectral density (as measured by photoemission) at zero frequency for



both the electron and hole pockets.
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Trniangular lattice antiferromagnet

Nearest-neighbor model has ordered spins

KYbSGQ

Yb LOEaS

R
.
/ &
Cy
<,
“ )
: & .
N . .://
B
*
. |
.
- . .
-~
.
b i
L4
«/
Y "
/f
.
.
: -
4 ; !
o .1 A
. -
B, . J \‘ £
, ( * . i
K L)
- v . r -
i — "~
. ="
\ w -
.
A y
N - N : _f;’
’ “
r
4
_/'a’” l‘
. / -
4 4 - g
i"..’ - . . .‘\.—-\
1 ’ %) p g
¢ > - ' 4
LTS B .
. _, ® 5 ..‘
e B 1
. o n e R, oo ©
o
_» . ! -




Spin liquid: resonating valence bonds
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Spin liquid: resonating valence bonds
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P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).
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Spin liquid: resonating valence bonds
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Spin liquid: resonating valence bonds
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Spin liquid: resonating valence bonds
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Spin liquid: resonating valence bonds
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2. Bosonic spinon theory of quantum spin
liquids



Section 1 has obtained an insulator at p = 0 with Néel order /. Decreasing N eventually
leads to a metallic state with A/ = 0, even at p = 0. In this section we study the possibility of
decreasing NV to zero at p = 0 while the system remains an insulator i.e. without closing the
gap to charged excitations.

As long as the charge gap Is finite, we can perform a canonical transformation of the Hubbard
model in Eq. (1) to spin-only Heisenberg antiferromagnet

HJ:ZJ,'J'S,'-SJ'. (17)
1<J

The J;; are short-ranged antiferromagnetic exchange interactions between S = 1/2 spins S; on
sites 1. We will consider here the square and triangular lattices with nearest neighbor
interactions, but the methods generalize to a wide class of lattices and interaction ranges.
In this section, we employ a method which fractionalizes the spin operator into bosonic
partons. On the square lattice, this leads to the low energy U(1) gauge theory with complex
scalars in Eq. (72), and to the phase diagram in Fig. 16. This phase diagram is in good
agreement with numerical studies
[Ferrari and Becca, 2020, Nomura and Imada, 2021, Liu et al., 2024] of the square lattice

antiferromagnet with first and second neighbor exchange (the Ji-J>» model), and also of
Sandvik's J-Q model [Takahashi et al., 2024].



Section 3 fractionalizes the spin operator into fermionic partons. This leads ultimately to a
seemingly different low energy theory on the square lattice: a SU(2) gauge theory with
massless Dirac fermions in Eq. (87), which initially did not agree with numerical studies of
square lattice antiferromagnets. Wang et al. [Wang et al., 2017] argued that the bosonic and
fermionic theories are equivalent, and that the confining phases of the SU(2) gauge theory
lead to the same phase diagram as the bosonic partons. This equivalence is powerful, as it
vields a toolbox of different approaches to study the square lattice spin liquid. In particular,
upon including charge fluctuations, it is the fermionic parton theory that allows study of the
confining instability of the square lattice spin liquid to d-wave superconductivity that we study
in Sections 5 and 6.

In the bosonic parton approach, we introduce the Schwinger boson description

|[Arovas and Auerbach, 1988], in terms of elementary S = 1/2 bosons. For the group SU(2)
the complete set of (25 + 1) states on site I are represented as follows

1

S, m) = bL)>HM(bI )>™|0), 18
$.m) = e (0 0]) 0 (18)
where m = —5,...S is the z component of the spin (2m is an integer). We have introduced

two flavors of Schwinger bosons on each site, created by the canonical operator bia, with



a =1, ], and |0) is the vacuum with no Schwinger bosons. The total number of Schwinger
bosons, ng, Is the same for all the states; therefore

bl bio = np (19)
with
np — 2S5 . (20)

The above representation of the states is completely equivalent to the operator identity
between the spin and Schwinger boson operators

1
S; = =b 0.3 big (21)

'_2la

where £ = x, y,z and the o are the usual 2 x 2 Pauli matrices.
The spin-states on two sites 1,J can combine to form a singlet in a unique manner - the
wavefunction of the (unnormalized) singlet state is particularly simple in the boson formulation:

(eaﬁbjabjﬁ)zs 0) (22)



Also, using the constraint in Eq. (19), the following Fierz-type identity can be established

(Sagbjab;5> (Evgbhbj(;) = -25; - Sj + n%/Q -+ 5,:,'nb (23)

where ¢ Is the totally antisymmetric 2 X 2 tensor

5:(_01 é) (24)

This implies that H can be rewritten in the form (apart from an additive constant)

1
HJ — —5 Z J,'j (504513;0417;5) (575bi7bj5> (25)

i<j

This form makes it clear that H; counts the number of singlet bonds.



2.1. Mean-tield theory



We begin by the coherent state path integral of 7, in imaginary time 7 at a temperature

B=1/T
b
Zy= [ DODbDAexp | — | L,d7 ], 26
J/Q ep(/OJ) (26)

where

_ J _
L:J - Z _b:[oz (dT | I>‘l> bia — ’.)\inb_

2 J;OF -
il 5a6biabj5 + H.c.|. (27)

1 Z _Jij\Qi,j

— 2 2
I y> -

Here the A; fix the boson number of ng at each site; 7-dependence of all fields is implicit; O
was introduced by a Hubbard-Stratonovich decoupling of H .

This procedure is similar to that employed in deriving the Landau-Ginzburg theory of
superconductivity from electron pairing, with the crucial difference that now the Lagrangian



L has a U(1) gauge invariance associated with the local constraint in Eq. (19):

bl — b}, exp(ipi(7))

Qij — Qijexp (—iﬂi(T) — "Pj(T))

~ Opj
)\, — )\, | 07_ (7-) . (28)

The functional integral over £ faithfully represents the partition function, but does require
gauge fixing. This gauge invariance leads to emergent gauge field degrees of freedom, as we
will see below.

We begin with mean-field saddle point of Z; over the path integrals of Q and A. The
saddle-point approximation is valid in the limit of a large number of spin flavors, but we do not
explore this here. With the saddle point values Q;; = Q,J i\; = \; we obtain a mean-field
Hamiltonian for the b;,,

0P %%y
HyMF = Z<i,j> ( J|2 J| 12 JEaﬁb; bjﬁ + H.C.)

+ D S‘i(bjabioz — Np) . (29)



This Hamiltonian is quadratic in the boson operators and all its eigenvalues can be determined
by a Bogoluibov transtormation. This leads in general to an expression of the form

HmF = Esmr[Q, Al Zwu[Q, MY o Vo (30)
L

The index p extends over 1...number of sites in the system, E; yF I1s the ground state energy
and is a functional of O, A, w,, 1s the eigenspectrum of excitation energies which is also a
function of Q, )\, and the Y, represent the bosonic eigenoperators. The excitation spectrum
thus consists of non-interacting spinor bosons. The ground state is determined by minimizing
Ej mF with respect to the Qu subject to the constraints

OE
-0 (31)
O\;
The saddle-point value of the O satisfies
Qij = (capbiabjs) (32)
Note that Qu = —Qj,- indicating that Q,J is a directed field - an orientation has to be chosen

on every link.



These saddle-point equations have been solved for the square and triangular lattices with
nearest neighbor exchange J, and they lead to stable and translationally invariant solutions for
\; and QU The only saddle-point quantity which does not have the full symmetry of the
lattice 1s the orientation of the QU Note that although it appears that such a choice of
orientation appears to break inversion or reflection symmetries, such symmetries are actually
preserved: the Q,J are not gauge-invariant, and all gauge-invariant observables do preserve all
symmetries of the underlying Hamiltonian. For the square lattice, we have \; = ),

Q; iR = = Q; PR Q. Similarly, on the triangular lattice we have O; ité, — Q forp=12,3,
where the unit vectors

é1 (1/2,V/3/2)
& = (1/2,—v3/2)
&3 (—1,0) (33)

point between nearest neighbor sites of the triangular lattice. We sketch the orientation of the
Qji on the triangular lattice in Fig. 7.
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Figure 7: Orientation of the nearest neighbor Q;; on the triangular lattice. Also shown are the labels of
the 3 sublattices.

We can also compute the dispersion wy of the v, excitations. These are fractionalized bosonic
particles which carry spin S = 1/2 ('spinons’). The dispersion on the square lattice is

- 1/2

wk = (A* — J2Q%(sin kx + sin ky )*) (34)



while that on the triangular lattice is [Sachdev, 1992]

- 1/2

wk = (A* — J2Q°(sin ky + sin kp + sin k3)?) (35)

with k, = k - é,. These are the spinons and the spinon dispersion on the triangular lattice is
plotted in Fig. 8, and that on the square lattice in Fig. 9.



Figure 8: Spinon dispersion on the triangular lattice [Sachdev, 1992]. Reprinted with permission from



APS.

Notice that the spinons have minima at two degenerate points in the Brillouin zone for both
lattices. For the square lattice, the minima are at kK = £(7/2,7/2) with an energy gap of

(A2 — 4 Qz)l/z. For the triangular lattice they are at k = £(47/3,0) (and at wavevectors
separated from these by reciprocal lattice vectors). So there are a total of 4 spinon excitations
in both cases: 2 associated with the spin degeneracy of S, = £1/2, and 2 associated with the
degeneracy in the Brillouin zone spectrum.




Figure 9: Dispersion of bosonic spinons in a square lattice spin liquid, from Eq. (34).



Next, we turn to spin-singlet excitations, i.e. understanding the nature of the spectrum of the
Qi and A; fluctuations about the saddle point described above. At the outset, it appears that
we can view such fluctuations as composites of 2-spinon excitations, as both Q;: and A; couple
to spinon pair operators, and so conclude that such excitations should not be viewed as the
‘elementary’ excitations of the quantum state found so far. Furthermore, the saddle-point has
not broken any global symmetries of the Hamiltonian, and so it would appear that no such
composite excitations has any reason to be low energy without fine-tuning.

However, it does turn out that there are separate elementary excitations in the singlet sector,
and these arise from two distinct causes: (/) the gauge invariance in (28) leads to a gapless
“photon” excitation; (ii) there are topologically non-trivial configurations of Q; which lead to
excitations which appear as new saddle points. Excitations in the class (/) arise in the square
lattice case, while those in class (/i) appear on the triangular lattice, and these will be
considered separately in the following subsections.



2.2. Gauge excitations



The gauge transformations in (28) act on the phases of the Q;;, and so it is appropriate to just
focus on the tluctuations of the phases of the Q;; whose amplitudes are non-zero at the

saddle-point.
We define

Qi,i+>“< Q EXP (i@ix)
Qiirg = Qexp(i©;)) (36)

Then, the gauge transformations in (28) can be written as

Oix(T) — Oix(7) — pi(T) — pPitx(T)
Oi (1) — Oiy(7) — pi(7) — Pity(T)
Opi
A — A A P (7‘) (37)

The question before us is whether (28) imposes on us the presence of a gapless photon in the
low energy and long-wavelength limit. The answer Is affirmative, and the needed result is



obtained by parameterizing such fluctuations as follows

@ix(T) — 77iaX(r7 7-)
@iy(T) — Uiai/(ra T)
Ai = —iX—mnja(r,T) (38)

where the a, are assumed to be smooth functions of spacetime parameterized by the
continuum spatial co-ordinate r, and imaginary time 7; the factor 7;, defined in Eq. (11), has
opposite signs on any pair of nearest-neighbor sites. Then, taking the continuum limit of (37)
with p;(7) = n;p(r,7), we deduce from (38) that

dr — dr — TP (39)

So we reach the very important conclusion that a,, transforms just like a continuum U(1)
gauge field! Note that the factor n; in this U(1) gauge transformation implies from (28) that
the spinons b; carry opposite gauge charges on the two sublattices.



As in traditional field-theoretic analyses, (39) imposes the requirement that the
long-wavelength action of the a,, fluctuations must have the form

1
Sb — /d3X2K/(€MV>\aVa)\)27 (40)

and this describes a gapless a,, photon excitation, with a suitable velocity of ‘light’. So, on the
square lattice, the spectrum of spin-singlet states includes a linearly-dispersing photon mode.
Such a state is a U(1) spin liquid. Actually, the gapless photon of this U(1) spin liquid is
ultimately not stable because of monopole tunneling events; this involves a long and
interesting story [Read and Sachdev, 1989, Read and Sachdev, 1990, Senthil et al., 2004b,
Senthil et al., 2004a] which we will discuss briefly in Section 5. In the following subsection, we
will consider the case of the triangular lattice, where, the U(1) photon is gapped by the Higgs
mechanism to yield a Z»> spin liquid.

Now we have to consider 3 separate values of Q;; per site, and so we replace (36) by

Qi ive, = Qexp (I© ) (41)

where p = 1,2, 3, the vectors &, were defined (33), Q is the mean-field value, and ©, is a real
phase. The effective action for the ©,; must be invariant under

O, — ©pi— pPi — Pite,- (42)



Upon performing a Fourier transform, with the link variables ©, placed on the center of the
links, the gauge invariance takes the form

0,(k) = ©,(k) — 2p(k) cos(ky/2) (43)

The momentum k takes values in the first Brillouin zone of the triangular lattice. This
invariance implies that the effective action for the ©, can only be a function of the following
gauge-invariant combinations:

Inq(k) = 2 cos(kq/2)©p(k) — 2 cos(ky/2)Oq4(k) (44)

We now wish to take the continuum limit at points in the Brillouin zone where the action
involves only gradients of the ©, fields and thus has the possibility of gapless excitations. The
same analysis could have been applied to the square lattice, in which case there 1s only one
invariant /. In this case, we choose k = g + q, with g = (7, ) (this corresponds to the
choice of n; above) and q small; then /, = q.©, — q,© which is clearly the U(1) flux
invariant under (39).

The situation is more complex for the case of the triangular lattice [Sachdev, 1992]. Now there
are 3 independent /,, Invariants, and it is not difficult to see that only two of the three values



of cos(kp/2) can vanish at any point of the Brillouin zone. One such point is the wavevector

27
g — \/§3(07 1) (45)

where
g-é =
g - ég = 0. (46)

Taking the continuum limit with the fields varying with momenta with close to g we find that
the I, depend only upon gradients of ©; and ©,. It is also helpful to parametrize the ©, in
the following suggestive manner (analogous to (38))

O1(r) = ial(r)e"g'.’
Oy(r) = —iag(r.)e’g"
©3(r) = H(r)e'®" (47)

It can be verified that the condition for the reality of ©, is equivalent to demanding that
ai, a>, H be real. We will now take the continuum limit with a1, as, H varying slowly on the



scale of the lattice spacing. It is then not difficult to show that the invariants /,4, then reduce

to (after a Fourier transformation):

o, = 0ra; — O1a2
/31 — (91/‘/ — 231
/32 — 82/‘/ — 232, (48)

where 0; is the spatial gradient along the direction &;. Thus the a;, a> are the components of a

U(1) gauge field, with the components are

taken along an ‘oblique’ co-ordinate system defined

by the axes é1, é&; this Is just as In the square lattice. However, In addition to /12, we also have
the invariants /31 and /32 in the triangular lattice; we observe that this involves the field H

which transforms like the phase of charge -

-2 Higgs field under the U(1) gauge invariance. So

the fluctuations of an isotropic triangular lattice will be characterized by an action of the form

1

Sp = /d3X2K, iy + By + 1] (49)

which replaces (40). This is the action expected in the Higgs phase of a U(1) gauge theory.
The Higgs condensate gaps out the U(1) photon, and so there are no gapless singlet excitations



on the triangular lattice. This i1s a necessary condition for mapping the present state onto a Zo
spin liquid (the reason for this nomenclature will become clearer in the following subsection).
The presentation so far of the gauge fluctuations described by a charge +2 Higgs field coupled
to a U(1) gauge field would be appropriate for an anisotropic triangular lattice in which the
couplings along the &3 direction are different from those along & and &. For an isotropic
triangular lattice, all three directions must be treated equivalently, and then there I1s no simple
way to take the continuum limit in the gauge sector: we have to work with the action in (49),
but with the invariants specified as in (44). Such an action does not have a gapless photon
anywhere In the Brillouin zone, and all gauge excitations remain gapped. There are other
choices for the wavevector g in (45) at which the other pairs of values of cos(k,/2) vanish;

these are the points
2 (V3 1 2 (V3 1 (50)
vV3i\ 27 2 V3 2 7 2]

which are related to the analysis above by the rotational symmetry of the triangular lattice.




2.3. Topological excitations on the triangular lattice



The analysis in Section 2 described small fluctuations in the phases of the Q;; about their
saddle-point values Q. On the triangular lattice, we found that such fluctuations led only to
gapped excitations, which at higher energies become part of the two-spinon continuum.

Now we consider excitations which involve large deviations from the spatially uniform saddle
point values, and which turn out to be topologically protected. These excitations are closely
connected to the vortices in charged superfluids. Consider a scalar field W with charge g
coupled to the electromagnetic U(1) gauge field A. This has stable vortex-like saddle points
with flux n®g, with &g = hc/q, for all integer n. We have seen above that the on the
triangular lattice, the Schwinger boson state has fluctuations described by a charge 2 Higgs
field H coupled to a U(1) gauge field a,. In this case, we are normalizing the gauge field so
that iic = 1, and so we can expect vortex solutions with a,, flux n(27)/2, for all integer n.
However, this is not quite correct. A crucial difference between the present theory and the
electromagnetic gauge field is that the a, gauge field is ‘compact’: this mean that a gauge
field ax , 1s identical to ax,, + 27, and tunneling events which change the total tlux by 27 are
allowed (these are ‘monopoles’, which will be considered further in Section 5). This means
that all vortex solutions with even n are identical to each other, as are those with odd n. The
n = 0 case corresponds to no vortex at all, and so there is only a single non-trivial vortex with
n =1 and flux w. This is the sought-after vison. Note that because fluxes m and —7 are



identical, the vison saddle point preserves time-reversal symmetry. Similar excitations appear
in a Z» gauge theory, and hence the Z> spin liquid nomenclature.

In this section, we will obtain the vison saddle point solution by working with a lattice effective
action: this is essential to account for the influence of the monopoles. So we look for spatially
non-uniform solutions of the saddle-point equations (31) and (32). In general, solving such
equations Iis a demanding numerical task, and so we will be satisfied with a simplitied analysis
which is valid when the spin gap iIs large. In the large spin gap limit, we can integrate out the
Schwinger bosons, and write the energy as a local functional of the Q;;. This functional is
strongly constrained by the gauge transformations in (28): for time-independent Qj;, this
functional takes the form

Qi) =~ 3 (lQsf + 5104 ) - K 3 Q400 (61

i<j

even loops

Here «, 8, and K are coupling constants determined by the parameters in the Hamiltonian of
the antiferromagnet. We have shown them to be site-independent, because we have only
displayed terms in which all links/loops are equivalent; they can depend upon links/loops for
longer range couplings provided the full lattice symmetry is preserved.

We can now search for saddle points of the energy functional in (51). Far from the center of



the vison, we have \Q,‘; — O, so that the energy differs from the ground state energy only by a
finite amount. Closer to the center there are differences in the magnitudes. However, the key
difference i1s in the signs of the link variables, as illustrated in Fig. 10: there is a "branch-cut’
emerging from the vison core along which sgn(Qy}:) = —sgn(Q;;). The results of a numerical
minimization [Huh et al., 2011] of E[{Qj;j}] on the the triangular lattice are shown in Fig. 10.
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Figure 10: A vison on the triangular lattice [Huh et al., 2011]. The center of the vison is marked by the
X. The wavy line is the ‘branch-cut’ where we have sgn(Q}:) = —sgn(Qj;) only on the links crossed by

the line. Plotted is the minimization result of E[{Q;i}] with a = 1,3 = —2, K = 0.5. Minimization is
done with the cluster embedded in a vison-free lattice with all nearest neighbor links equal to QU The
numbers are (Q; — Q) and the thickness of the links are proportional to (Qy; — Q;)'/?. Reprinted
with permission from APS.

The magnitudes of Q}/j are suppressed close to the vison, and converge to Q,J as We move
away from the vison (modulo the sign change associated with the branch cut), analogous to
those in Abrikosov vortices. Despite the branch-cut breaking the 3-fold rotation symmetry, the
gauge-invariant fluxes of Q}/j preserve the rotation symmetry.

So we have found a stable real-vortex solution which preserves time-reversal, and has a finite
excitation energy. We have also anticipated that this vortex will be identified with the vison

particle of the Z», spin liquid: more evidence for this identification will appear in Sections 2
and 3.



2.4. Dynamics of excitations on the triangular lattice



For the case of the triangular lattice, Sections 1 and 3 have identified two types of elementary
excitations: bosonic spinons with a 2-fold spin and a 2-fold lattice degeneracy, and a
topological excitation which we have anticipated will become with vison particle of a Zy spin
liquid. We will now describe the dynamics of the interactions between these excitations, and
indeed verity that they reproduce the general structure associated with the Z> spin liquid.

A similar analysis can also be carried for the U(1) spin liquid on the square lattice. However,
defer consideration of this case to Section 5.

The general structure of the theory controlling the low energy spectrum becomes clearer upon
taking a suitable continuum limit of the Lagrangian in (27), while replacing Q;; = Q,J and

iAj = A. We take the continuum limit after separating 3 sites, u, v, w, in each unit cell (see
Fig. 7). We write the boson operators on these sites as b = u,, b = v, etc. Then to the
needed order in spatial gradients, the Lagrangian density becomes [Huh et al., 2010]

U, v, ow, -
Lo= w2+ vy 2 X (Jual? + val + [wal?)
3J0
ZQjozﬁ (UaV5 + Va W3 + WaUQ) -+ C.C.
3JO

+ — Jos (Vug - Vvg+ Vv, - Vwg 4+ Vw, - Vug] + c.c (52)




We now perform a unitary transformation to new variables x,,, V., Z,. These are chosen to
diagonalize only the non-gradient terms in L.

Ueq . 1 ZE —1 v 1 y; /
vo | = = ¢ | +Tap—=| i |+ ¢ | +Tap= | i
W, \/6 42 \/6 _,'C \/6 CZ \/6 iC
N 1
=11 ). (53)

where ¢ = e2™/3, The tensor structure above makes it clear that this transformation is

rotationally invariant, and that x,, V., Z» transform as spinors under SU(2) spin rotations.
Inserting Eq. (53) into £ we find
0Xx,,

o 0z, % OYa
* 0

Yo OT “a ot

+ (A +3V3J9/2)|yal® + Alxal? -

L = - (X —3V3JQ/2)|za|? (54)

3JOV3
3

T

(|0xzal® + |0y za|*) + - . .

The ellipses indicate omitted terms involving spatial gradients in the x, and y, which we will
not keep track of. This is because the fields y,, and x, are massive relative to z,, and so can



be integrated out. This yields the effective Lagrangian

1 3J0V3
L:z — = — 87- Qo ° | 8)( o ° 9, o °
(A —3v3JQ/2)|za|% + ... (55)

Note that the omitted spatial gradient terms in x,, y, do contribute a correction to the spatial
gradient term in (55), and we have not accounted for this.

So we reach the important conclusion that the spinons are described by a relativistic complex
scalar field z,. Counting the two values of «, and the particle and anti-pariticle excitations, we
have a total of 4 spinons, as expected.

Next, we consider the higher order terms in (55), which will arise from including the
fluctuations of the gapped fields O and A. Rather than computing these from the microscopic
Lagrangian, it is more efficient to deduce their structure from symmetry considerations. The
representation in (53), and the connection of the u,, v,, w, to the lattice degrees of freedom,
allow us to deduce the following symmetry transtormations of the x,, Vo, Za:

Under a global spin rotation by the SU(2) matrix g3, we have z, — g,3z3, and similarly
for x,, and y,,.



Under a 120° lattice rotation, we have u, — V4, Vo — Wa, Wy — Us. From (53), we see
that this symmetry is realized by

Zo = C2Z0 s Yo = (Vo s Xa — Xa- (56)

Note that this is distinct from the SU(2) rotation because det(() # 1.

Finally, there is a crucial Z, gauge symmetry, which is the remnant of the U(1) gauge
symmetry in Eq. (28). This is the transformation

Zia = MiZjq (57)

where p; = &1 has an arbitrary site-dependence.

It is easy to verify that Eq. (54) is invariant under all the symmetry operations above. These
symmetry operators make it clear that the only allowed quartic term for the Heisenberg
Hamiltonian is (3, |z@|2)2: this quartic term added to L, yields a theory with O(4)
symmetry, corresponding to rotations between the 4 real fields that can be extracted from the
2 complex field z,.
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Figure 11: Magnetic ordering transition driven by tuning r in (58). Fractionalized anyonic excitations
are present only for r > r., and so there is a ‘confinement’ transition at r = r.. The critical theory is
expressed in terms of bosonic spinons z,, and is an example of deconfined critical theory. There is



evidence for such a transition in KYbSe; [Scheie et al., 2024].

We also observe from (55) that the z, field will condense when
r=(\—3v3J9/2) (58)

becomes negative as k Is varied across k.. Ihis condensation breaks the spin rotation
symmetry, and leads to a quantum phase transition to a phase with coplanar antiferromgnetic
long-range order, as illustrated in Fig. 11. This order parameter of this coplanar

antiferromagnet is related to Z, gauge-invariant bilinears of z, by
S;i o< Im[exp (iQ - r)earzy00528] (59)

where the wavevector Q = (47 /a)(1/3,1/v/3).
Let us now consider the motion of the vison elementary excitation, which we illustrated earlier

in Fig. 12. The vison is located at the center of a triangle, and so can tunnel between
neighboring triangular cells. We are interested here in any possible Berry phases the vison

could pick up upon tunneling around a closed path.
In Section 3, we characterized the vison by the saddle-point configuration Q}/j of the bond

variables in the Hamiltonian (29). By diagonalizing this Hamiltonian



|Sachdev, 1992, Huh et al., 2011], we can show that the wavefunction of the vison can be
written as

W) =Pexp | Y f¥ Tusbl bls | 10), (60)
1<

where |0) is the boson vaccum, P is a projection operator which selects only states which obey
(19), and the boson pair wavefunction f/ = —f; is determined from (29) by a Bogoliubov
transformation.

Let us now consider the motion of a single vison [Huh et al., 2011]. The gauge-invariant Berry
phases are those associated with a periodic motion, and so let us consider the motion of a

vison along a general closed loop C. We illustrated the simple case where C encloses a single
site of the triangular lattice in Fig. 12.



Figure 12: Adiabatic motion of a vison (denoted by the X) around a single site of the triangular lattice



(denoted by the filled circle). The initial state is in (a), and the final state is in (d), and these differ by
a gauge transformation under which b;, — —b;, only on the filled circle site.

The wavy lines indicate sgn(Qy;) = —sgn(Qji), as in Fig. 10. The last state is
gauge-equivalent to the first state, after the gauge transtormation b:* — —b% only for the site
I marked by the filled circle. As long as the vison wavefunction can be chosen to be purely
real, it 1s clear that no Berry phase i1s accumulated from the time-evolution of the
wavefunction as the vison tunnels around the path C. However, there can still be a non-zero
Berry phase because a gauge-transformation is required to map the final state to the initial
state. The analysis in Fig. 12 shows that the required gauge transformation is

b;' b;", for i inside C
b — b, for i outside C. (61)

g

By Eq. (19), each site has n, = 2S5 bosons, and so the total Berry phase accumulated by |W")

S
mnp X (number of sites enclosed by C). (62)

For the important case of S = 1/2, the vison experiences a flux of 7 for every site of the
triangular lattice. This phase factor of 7 iIs related to an ‘anomaly’ associated with the global



U(1) boson number symmetry, and translational symmetry

|[Bonderson et al., 2016, Else and Senthil, 2021], and was first noted in

Refs. [Jalabert and Sachdev, 1991, Sachdev and Vojta, 1999] as a feature of Zy spin liquids
with half-integer spin. In particular, this result implies the RVB state i1s an odd Z»> spin liquid.
A notable features of (62) is that the quantized integer value of n, = 25 is important. Memory
of this quantization was lost in the mean field theory of Section 1, which was sensible also for
non-integer values of ny. So inclusion of the vison fluctuations restores the quantization of
spin. A more complete theory for the vison fluctuations appears below in Section 4.
Proceeding the identification of the present Schwinger boson spin liquid with the Z> spin
liquid, we need to establish that the spinons and visons are mutual semions. This Is
immediately apparent from a glance at Figs. 10 and 13.



Figure 13: Mutual statistics of e and m particles. This process leads to a Berry phase of —1, when the
e particle crosses the branch cut of the m particle.



The Q}/j transport the spinons from site to site, and for spinon encircling a vison in a large
circuit, the only difference between the cases with and without the vison is the branch cut.
This branch cut yields an additional phase of 7 in the vison amplitude, and provides the
needed phase for mutual semion statistics [Read and Sachdev, 1991, Wen, 1991].

We can now identify the e, €, and m anyons, in the abstract topological characterization of the
Z» spin liquid obtained from the toric code. The e anyon is the the Schwinger boson itself, b,,.
This Is mutual semion with respect to the vison, and so we identify the vison with the m
particle. Finally, the € anyon iIs obtained by the fusion ¢ = e X m, and so the € anyon iIs a
bound state of e and m. The € anyon is a fermion as can be deduced by computing the Berry
phase associated with exchanging one bound state of e and m with another bound state, as
shown In Fig. 14.



Figure 14: Two € particles undergoing an exchange: after traversing the path shown, a translation
returns the e particles to the original state. Each € particle is a bound state of a vison (the m particle)
and the s, bosonic spinon (the e particle). This process leads to a Berry phase of —1, when the moving
e particle crosses the branch cut of the stationary m particle.

(Note that this ‘long-distance’ Berry phase is multiplied by the ‘short-distance’ vison motion
phases discussed in Section 2.) It is quite remarkable that a microscopic theory of bosonic
spins S, expressed in terms of fractionalized bosons s,,, yields an excitation which is a fermion:
this is one indication of the presence of long-range entanglement and topological order.

An alternative formulation of the Z»> spin liquid on the triangular lattice proceeds by expressing



the spins S in terms of Schwinger fermions f,. For the Z, spin liquid, the f, spinons would
become the € particles, and the bosonic e would be the bound state of the f, and the m vison.
So ultimately, independent of whether we choose to fractionalize the S spins in terms of
bosonic or fermionic partons, we obtain the same characterization of the observable excitations
in the resulting Zo spin liquid. This identity also extends to the symmetry transformations of
the anyons, as has been shown in some detail on the kagome lattice [Lu et al., 2017].

We now combine the above results for the dynamics of spinons and visons to write down a Z»
gauge theory which couples the z;, to a dynamic Z> gauge field Zj; on the links of a
3-dimensional hexagonal lattice (i.e. stacked triangular lattices):

25
Z H/dz,a (ZZ'O‘21) {HZ, ,+T} exp (—Hz,|za, Z])

Zij==x1 1
Hzolza, Z) = =2 Y Zij (zjzja +cc) — K Z 1] zi (63)
(ij) ijeA,

Here the z;,, reside on the sites 1 of the hexagonal lattice, and the K term acts on the
triangular plaquettes of the spatial plane, and the rectangular plaquettes along the temporal
direction. The Z;; descend from the Q;; by fixing their magnitudes and allowing their signs to



be dynamical via

Qij = | Qij| Zj (64)

Then from Eq. (28), the Z, gauge transformation in Eq. (57) acts on the Zy gauge field via

Zij — WiZijlj - (65)

The novel term in Eq. (63), beyond those found in the lattice gauge theory literature, is the
prefactor of the exponential in the curly brackets: this is the Berry phase term for half-integer
spin S. It is a direct consequence of the presence of a background Z, gauge charge on each
site, as implied by Eqgs. (19) and (61) [Shackleton and Sachdev, 2025], and so accounts of the
motion of visons in a background 7 flux.

The partition function in Eq. (63) has been studied by quantum Monte Carlo, and yields the
phase diagram in Fig. 15.
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Figure 15: Phase diagram of Z7, in Eq. (63) obtained via sign-problem-free quantum Monte Carlo in



Ref. [Shackleton and Sachdev, 2025].

Apart from the ordered antiferromagnet and the Z» spin liquid in Fig. 11, here we obtain a
valence bond solid (VBS) state as a consequence of the Berry phase term

| Jalabert and Sachdev, 1991, Sachdev and Vojta, 1999]. This is gapped state which preserves
spin rotation invariance, but breaks lattice translational symmetry.

The transition from the ordered antiferromagnet to the Z», spin liquid is not influenced by the
Berry phase term (because the visons remains gapped at this transition), and is described by
the O(4) Wilson-Fisher critical theory [Chubukov et al., 1994b, Chubukov et al., 1994a4].
However, there is an important difference in the structure of the observable order parameter.
Note that z, was obtained from the continuum limit of the spinon s,, and so it is
fractionalized degree of freedom, carrying a unit Z, charge. Correlators of z, are therefore not
observable, only those of gauge-invariant bilinear combinations. This is denoted by stating the
universality class of the transition is actually O(4)*. This critical theory has the same
exponents as the O(4) theory, but some observables in a finite geometry are different
[Whitsitt and Sachdev, 2016]. As the critical fields of the theory are fractionalized spinons,
this is an example of a ‘deconfined critical point’.

Near the multicritical region where the 3 phases meet in Fig. 15, there could be additional



deconfined criticality [Shackleton and Sachdev, 2025] associated with a U(1) gauge theory of
fermionic spinons [Song et al., 2020a, Song et al., 2019, Wietek et al., 2024] which we do not
explore here.



2.5. Dynamics of excitations on the square lattice



We now examine the low energy theory on the square lattice in the regime where the energy
gap of the spinon excitations is small. Here, we can take a continuum limit for the spinons,
and also account for the fluctuations of Q and A. For the spinons, we introduce the
wavevector at the minimum spinon gap kg = (7/2,7/2) and parameterize on the
checkerboard A and B sublattices (with iy 4 1, even and odd)

bAioz — wla(ri)eikocri
bgia = —icastop(ri)e . (66)
For Q and A, we use the parameterization already discussed in Section 1.

We insert these parameterizations into the spinon action, perform a gradient expansion, and
transform the Lagrangian £ into (a is the lattice spacing)

d’r[ ., (d . ([ d
»Cz — E _wla (dT | ’37'> wloz _|_77b2c\4 (dT ’37') lbza

+A (|10l + [124]7) — 249 (V1024 + Y0 s
HU/DQRI(Y + ia) e (V — ia) v,

+(V —ia) Yy, (V +ia) iy, ]| - (67)




We now introduce the fields

Zow T (wla + @b;a)/ﬁ
(wla — %ka)/\/i,

=
Q
|

to map Eq. (67) to

, d°r [ . [ d Y, d 2
, = | — - iar | Zo — Ta jar | z
232 _WO‘ dr AT a

A (‘Za‘z ‘7704‘2) —2J9Q (‘Za‘z — ‘7704‘2)

+(J/2)Qa |(V + ia) zaf* = [(V + ia) ma || (68)

From Eq. (68), it is clear that the the 7 fields have ‘mass’ \ + 2JQ, while the z fields have a
mass A — 2JQ which vanishes at a quantum phase transition where the z, condense, leading
to Néel order. The 7 fields can therefore be safely integrated out, and L, yields the following
effective action, valid at distances much larger than the lattice



spacing [Read and Sachdev, 1989, Read and Sachdev, 1990]:

2 Az 2
eff—/4 a/dT{ (0, — ia,)z] C2|z\}. (69)

Here 1 extends over x,y, 7, ¢ = v/2JQa is the spin-wave velocity, we have rescaled 7 — T/c,
and A = (\? — 42 Q%)l/2 Is the gap towards spinon excitations. Thus the long-wavelength
theory describes a spin liquid with of a massive, spin-1/2, relativistic, boson z, (spinon)
excitation coupled to a U(1) gauge field a,,.

The continuum theory also makes 1t easy to determine the fate of the antiferromagnet when
the spin energy gap vanishes. We expect that z, will bose condense, and this will break the
spin rotation symmetry; a term quartic in z, will be needed to stabilize the condensate. But
z,, carries a U(1) gauge charge, and so is not directly observable. Following the definitions of
the underlying spin operators, it is not difficult to show that the gauge-invariant composite

N =z 0,323 ~ 1;S; (70)

is just the Néel order parameter of Fig. 2.
However, there i1s an important ingredient that our low energy theory has not yet considered.
These are non-perturbative fluctuations of a,, which are Dirac monopoles in 241 dimensional



spacetime. We will not carry out a full analysis here, and merely summarize some important
consequences. An important result 1s that the spin liquid noted above is ultimately not a spin
liquid. It is unstable to proliferation of monopoles, and ultimately confines a valence bond
solid. But monopoles do not have a significant effect on the Néel state.

On general symmetry grounds, we extend Eq. (69) to a theory for the vicinity of the quantum
critical point at which the spinon gap vanishes [Sachdev and Jalabert, 1990]:

Suty = [ X (La+ Lnonopote) + St
L, = |(0,— ia,l)zoé\2 + g\za\z + u (\Zoé|2)2 o+ K(eumﬁyaA)z
Lmonopole = —Y (Ma + Mi)
Sg = i25) i / dr aj; (71)

The theory £, is also known as the CP! model. We have included monopoles M, in the
gauge field a,,, and also the Berry phase of the spinons in the ground state.
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Figure 16: Phase diagram of the U(1) gauge theory with bosonic spinons, Eq. (72). The Néel order



appears in a Higgs phase where the bosonic spinons are condensed. The VBS order appears in the
confining phase, and is induced by the Berry phases of the confining monopoles. The same phase
diagram applies to the fermionic spinon theory in Eq. (94), and the SO(5) o-model with the WZW
term in Eq. (101).

As we tune the coupling g in Eq. (71), we can expect the 2 phases shown in Fig. 16:

(/) Néel phase, g < g.: the spinon z, condenses in a Higgs phase with (z,) # 0. The a,
gauge field 1s Higgsed, and spin rotation symmetry is broken by opposite polarization of the
spins on the two sublattices.

(i) Valence bond solid (VBS), g > g.: the spinons are gapped. For half-integer spin S, there
is broken translational symmetry by the crystallization of valence bonds in the pattern shown
in Fig. 16.

We now obtain a potential gapless spin liquid if there is a continuous quantum phase
transition at g = g.. For half-integer spin S, the single monopole terms in Eq. (71) average to
zero at long wavelengths from the Berry phases, and only quadrupoled monopole terms
survive. So we can simplify the continuum theory for the vicinity of the quantum critical point

to [Senthil et al., 2004b, Senthil et al., 2004a]

Lo =10 — ian)zal® + glza? + u (12a?)” + K(cundvar)? — ya (ME+ MIY) . (72)



where y4 1s the quadrupoled monopole fugacity. There is ample numerical evidence that y; Is
irrelevant near a possible critical point, and so the question reduces to whether the theory L,
at y4 = 0 exhibits a critical point which realizes a conformal field theory in 241 dimensions.
This Is a question that has been studied extensively in numerics, and it Is clear that a
‘deconfined critical’ description Is suitable over a substantial length scale: with fractionalized
spinons interacting with a U(1) gauge field in the absence of monopoles

INahum et al., 2015, Chen et al., 2024, Liu et al., 2024, Chester and Su, 2024,

Takahashi et al., 2024, Zhou et al., 2024b].
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3. Fermionic spinon theory of quantum spin
liquids



We now present an alternative analysis of the square lattice antiferromagnet in Eq. (17),
replacing the bosonic partons in Eq. (21) by fermionic partons. This will ultimately lead to the
same phase diagram as in Fig. 16, but with a dual description of the phases and the criticality.
This dual fermionic description turns out to be the most efficient way to describe the
connection between the critical spin liquid and d-wave superconductivity in the doped
antiferromagnet, as we will see in Section 5.

The following Schwinger fermion representation applies only for § = 1/2

1
Si = i Tas fig (73)

where f;, are canonical fermions obeying the constraint

ZfT io =1 , foralli. (74)

While the bosonic parton representation led to the U(1) gauge symmetry in Eq. (28), it turns
out the Eqgs. (73) and (74) have a larger SU(2) gauge invariance, and this will be crucial to
our results. The analysis Is clearest upon introducing a matrix notation for the fermions

fir  —1iy
Fi = ( fJf fT ) (75)

il i



This matrix obeys the ‘reality’ condition

.7:; — Jy]:,-TJy. (76)
Now we can write Eq. (73) as
1
Si = —, Tr(F, oZoT o7 F). (77)

The SU(2) gauge symmetry is now associated with a SU(2) matrix V; under which
[Affleck et al., 1988, Dagotto et al., 1988, Coleman and Andrei, 1989}

Fi%\/ifia (78)

which is easily seen to leave the spin operator in Eq. (77) invariant. The global spin rotation
symmetry 1S however

Fi — F:0?Q' 6% (79)

where €2 is the S = 1/2 spin rotation matrix defined by

i i
(ﬁv)%ﬂ(ﬁv>' (80)




Next we insert Eq. (77) into Eq. (17), and perform Hubbard-Stratonovich transformation to
obtain an effective Hamiltonian for the spinons, following the same procedure as for bosonic
spinons. We skip the intermediate steps, and focus directly on the fermion bilinear
Hamiltonian on symmetry grounds; we obtain the mean-field nearest-neighbor spin liquid
Hamiltonian for the spinons of the w-flux phase [Affleck and Marston, 1988]:

1J ' '
Hsir = 5 Ejf _Tr (.7-7.73) — TIr (]:j]:,)
(i)
- i w). w1
= Y e (\u,.\uj _ ij,-) =) (81)
(if) v
where e;; = x1 represents m-tlux on the termions as shown in Fig. 17. We choose ¢;; = —ej;
and
eiitrs =1, eijiry=(-1)", (82)

where 1 = (x,y), X =(1,0), y = (0, 1).



Figure 17: Background 7 flux acting on the spinons f, and also on the chargons B.

In the chosen form, it is evident that Hgjr 1s invariant under the global spin rotation in

-

\_

T,T,

~

~T,T,

N

Eq. (79), and also at least the gobal gauge transformation associate with Eq. (78). We have

chosen the hopping to be pure imaginary because of the identity

Tr (fj.?}) — — Ir (}"j}",> .

We can now easily diagonalize the Hamiltonion in Eq. (81), and obtain the fermionic

dispersion spectrum analogous to Eq.

(34)

Wl — 3

-2 (sin® ky + sin® k)

1/2

(83)



We show a plot of this analogous to Fig. 9 in Fig. 18.



Figure 18: Dispersion of fermionic spinons in Eq. (84).



Unlike the bosonic spinons, the energy of the fermionic spinons is allowed to be negative, and
the negative energy fermion states are occupied in the ground state. The constraint in
Eq. (74) is then automatically satisfied. Notice the two independent nodal Dirac points at k,,
v = 1,2 with

ki =(0,0) , ko= (0,m). (85)

The index v is the ‘valley'.



3.1. Low energy SU(2) gauge theory.



Going beyond mean field theory, while still remaining on the lattice, we extend the mean field
Hamiltonian in Eq. (81) to be invariant under space-dependent SU(2) gauge symmetries. To

achieve this, we need to introduce a SU(2) gauge field U;j = U}L,. on each lattice link upon
which the SU(2) gauge transformation acts as

U,'j — \/' U,'j \/j]L : (86)

Then, by gauge invariance, we extend Eq. (81) to

HsLf % €ij :Tr (]_—'Jr Uu]:f) - Ir (JI:JJr Ui )
()

fi
i1 e (wjfu,.jwj—w}fuj,w,-); V; = ( f} ) (87)
(i)

The first form in terms of F makes both the SU(2) gauge invariance and the SU(2) spin
rotation invariance explicit, while in the second form in terms of W only the gauge invariance is
explicit.

If we had not used the pure imaginary hopping in Eq. (81), then the mean-field Hamiltonian
would break (‘Higgs') the SU(2) gauge symmetry to a smaller symmetry. A ‘staggered flux’




ansatz which breaks the SU(2) down to U(1) has commonly been used in the literature
[Lee et al., 2006]. However, it is now known that this U(1) spin liquid allows single monopole

perturbations [Alicea, 2008, Song et al., 2020b] (unlike the quadrupole monopole
perturbations in Eq. (72)), and such single monopole terms are expected to drive a strong

instability to confinement. So we don't consider the staggered-flux U(1) spin liquid.
The continuum formulation of this theory can be obtained by following the same procedure as

in Section 5, but we have to carefully account for the SU(2) gauge symmetry. First, neglecting

gauge fluctuations of Uj; for now, let us write Eq. (81) in momentum space, in terms of the
fermions Fs(k), where s = A, B is a sublattice index. Now the sublattices refer to sites with iy

even and odd, which are the two sites in the unit cell. We obtain

Hsir=—J Y Tr (ﬁ(k) [p" sin(ky) + p* sin(k,)] ﬁ(k)) | (88)
k

where p%, with ¢ = x, y, z, are Pauli matrices in sublattice space. Next, analogous to Eq. (66),



we take the continuum limit near the valley momenta in terms of X, (r, 7)
Fai = Y Xa(r,m)e"

FBi

|
S
<
~~
=
N
~—
m\
A
<
~

(89)

for 1 on the A and B sublattices respectively. This yields the imaginary time Lagrangian density

1
Ly = ETr (XT 0r + 2Jip* 0y + 2Jip* u“ 0, | X) , (90)

where ¢ are the Pauli matrices in valley space. We recall that the fermion X, has
four-components, and each component is a 2 X 2 matrix which obeys the reality condition in
Eq. (76). We can write this in a relativistic Dirac form

/ _
ﬁ){ — §Tr (XVMaMX) ] (91)
with the definitions

X=—ix1? | A=pu? | A =pF , Y =—p, (92)



where we have absorbed factor of ¢ = 2J for the velocity of light. Finally, it is a simple matter
to include the SU(2) gauge field by taking the continuum limit by writing

Ui = exp (—iAfj&) (93)

(where o are the Pauli matrices in SU(2) gauge space) and expanding the exponential. We

then obtain _ _ _
Ly = éTr (Q\TW“ _@L — iAfLaé X) . (94)

The theory in Eq. (94) is the analog of the £, in Eq. (71) for bosonic spinons. The latter
theory was a U(1) gauge theory with two relativistic complex scalars z,. In the present case,
we have a SU(2) gauge theory with N = 2 massless Dirac fermions, associated with valley
index v. The global symmetry of z, was just spin rotations z — Rz. In contrast, here we have
emergent global symmetry which combines spin and valley rotations. A first guess is a SU(4)
symmetry generalizing Eq. (79)

X — XL, (95)

where L acts on spin and valley space with LTL = 1. However, imposition of the reality
condition Eq. (76) shows that we also need

LT =oYLT0Y (96)



and so the symmetry is only Sp(4)=S0O(5)/Z, [Ran and Wen, 2006, Wang et al., 2017]. In
terms of the Hermitian Lie algebra elements M, with L = e'M the reality condition Is

M! = —oYMo” . (97)

Requiring that M commute with the +*, we can now write down the 10 elements of the Lie
algebra of Sp(4)=S0(5)/7Z;

N — {O'X,O'y,O'Z,,ILZO'X,,uZO'y,,uZO'Z,pX,uy,IOX,uXO'X,,OX,uXO'y,,OX,uXO'Z} | (98)
The remaining 5 SU(4) generators which commute with the v* are (t =1...5)
It = {p?, p* ™, p*p? o, p* o, p*p o} (99)

The I'" all anti-commute with each other, and transform as a SO(5) vector under the
generators in Eq. (98). It is now straightforward to check by working back to the lattice
operators from the information above that the vector / Tr (??I_tX) corresponds precisely to the
b components of the orders parameters shown in Fig. 16: the first two components are the
VBS order, and the last 3 components are the Néel order A/ in Eq. (70)

|[Ran and Wen, 2006, Wang et al., 2017].



Wang et al. [Wang et al., 2017] have argued that the likely fate of the SU(2) gauge theory
upon confinement is a state which the SO(5) symmetry is spontaneously broken with

(i'Tr (?EFU()} # 0. The lattice model does not have exact SO(5) symmetry, and the choice
between the Néel and VBS components of 't is made by additional 4-fermi terms that can be

added to Eq. (94). So the ultimate fate of the theory is essentially identical to the fate of the
bosonic spinon theory in Section 1, as illustrated in Fig. 16. This is essentially the reason for
the duality between the theories in Section 1 and 1, and Wang et al. have provided additional

topological arguments.



3.2. SO(5) non-linear o-model



There is a third formulation of the theories in Section 1 and 1 which is useful for some
purposes, as we Illustrate in Fig. 19.

: Bosonic SPINONS: )
\ CP' U ) gauge theory
Nearly-
crltlcal
- S5=1/2
SU(2) gauge theory of Ny = 2 square lattice A
fundamental, massless, Dirac fermions. anti- O(5) non-linear o-model

ferromagnet of Néel/VBS orders
Obtained from a saddle-point of | _—"" with k=1 WZW term

fermionic spinons moving in m-flux. L J
N y

Figure 19: Three field-theoretical formulations of the S = 1/2 square lattice antiferromagnet near the
Néel-VBS transition in Fig. 16. All three are valid descriptions [Wang et al., 2017], but the SU(2)
gauge theory of Dirac fermions is the most convenient starting point to describe the connection to
d-wave superconductivity.



This is obtained most simply by coupling Eq. (94) to the SO(5) vector order parameter, and
integrating out the fermions. Introducing the SO(5) fundamental unit length field ny, n;ny = 1

to Eq. (94)

[y — éTf (;Ew 0, — iALot x) — in,Tr (RTEX) (100)

we integrate out the Dirac fermions following the analysis of
Ref. [Abanov and Wiegmann, 2000] and obtain

1
L, = o (5’Mnt)2 + 27il [ng] (101)

The last term is the Wess-Zumino-Witten (WZW) term at level 1: it is a Berry phase
assoclated with spacetime textures of n:, a higher dimensional analog of the Berry phase of a
single spin which is proportional to area enclosed by a spherical path

[Lee and Sachdev, 2015, Wang et al., 2017]: an explicit expression of ['[n;] requires 4+1
dimensions with an emergent spatial direction. Upon reduction to a O(3) non-linear sigma
model for the Néel order parameter A in Eq. (70), the WZW term reduces

[ Tanaka and Hu, 2005] to the Berry phases of the monopoles noted near Eq. (72).

Also, note that while the SO(5) symmetry is explicit in the fermionic spinon theory in



Eq. (94), it is not explicit in the bosonic spinon theory in Eq. (72), but expected to be
emergent [Senthil and Fisher, 2006].

The form in Eq. (101) has been exploited in recent numerical work on the fuzzy sphere

[Zhou et al., 2024b]. Their results, and those of a number of other numerical works

Hering et al., 2019, Nahum et al., 2015, Ferrari and Becca, 2020, Nomura and Imada, 2021,
Chen et al., 2024, Liu et al., 2024, Chester and Su, 2024, Takahashi et al., 2024| show that
the critical spin liquid defined by Eq. (72), Eq. (94), or (101) is stable over a substantial
intermediate energy and length scales, before ultimately confining into a Néel or VBS state.
This intermediate range stability is not a bug, but a feature ideal for our purpose in Section 6
of defining a FL* state at intermediate temperatures, which ultimately confines to variety of

other states at low temperatures.
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4. Holon metal from a quantum spin liquid
with bosonic spinons



This section dopes the spin liquid state of Section 1 with holes of density p. We already
discussed the fate of the ordered antiferromagnet upon doping in Section 1, and here we will
discuss the fate of the spin liquid.

For the Néel state in Section 1 we obtained a Fermi liquid metal with hole pockets of spin-1/2,
charge e quasiparticles. After accounting for the doubling of the unit cell, there are 2
independent pockets in Fig. 5, and so the fractional area of each pocket is p/4.

In the present section, doping the spin liquid will yield a holon metal, where has Fermi pockets
of spinless, charge e quasiparticles, i.e. holons. There is no doubling of the unit cell here, and
we will see that there are 4 independent pockets. So the area of each holon pocket is again
p/4. But such pockets are not directly observable in photoemission, as the electron operator is
a composite of a holon and a spinon. However the holon pockets will contribute to
magnetotransport observables restricted to motion within each square lattice plane.

We will argue in Section 6 that the holon metal does not provide a satisfactory description of
the cuprate pseudogap. However, recent work [Lebrat et al., 2024, Nikolaenko et al., 2025] has
argued that the holon metal is indeed appropriate for the Hubbard model on the Lieb lattice.
A popular way to dope a spin liquid is to introduce a fermionic holon h, so that the electron
operator can be written as

Cio = hlbig . (102)



However, this approach runs into complications associated with the sublattice assignment of
opposite U(1) gauge charges in Eq. (66). We shall instead follow a simpler approach which is
ultimately equivalent to Eq. (102), but is applicable more broadly. The central idea here is to
transform the electron operator into a rotating reference frame in spin space

[Shraiman and Siggia, 1988, Schulz, 1990, Dupuis, 2002, Borejsza and Dupuis, 2004,
Sachdev et al., 2009, Chowdhury and Sachdev, 2015a, Chowdhury and Sachdev, 2015b,
Chatterjee et al., 2017, Sachdev et al., 2019, Bonetti and Metzner, 2022, Scholle et al., 2023,

Nikolaenko et al., 2025]

Git | _ Vi tp._ p.pt
( c:-, ) = R; ( w;,_ ) , R:Ri = RiR; = 1. (103)
The fermions in the rotating reference frame are spinless ‘chargons’ 15, with s = &, carrying

the electromagnetic charge. The SU(2) rotation matrix R; is represented by two complex

numbers

Zi A
R; =
Zj

"N

)

‘4zl = 1. (104)

__ ¥
l;\l') , ‘Zi,/r

*
Z.
1,7

Indeed, we eventually identity z, with the spinons of the spin liquid described by the complex
scalars of the CP! field theory in Eq. (71).




A key property of the decomposition in Eq. (103) is that it introduces a SU(2) gauge
invariance [Sachdev et al., 2009].

Ri — R W]
Vi + Vi
( i ) — W, ( i ) , (105)

where W; is the SU(2) matrix generating the gauge transformation. This gauge invariance is
distinct from the SU(2) gauge invariance of the fermionic spinons in Section 3, which is
instead associated with a transformation in pseudospin space.

We now apply this tranformation to the paramagnon theory in Eq. (4). Then, we write the
Yukawa coupling between the paramagnon P; and the electrons as

O, O oo/
Pl 25 cig = H; -] S (106)

We have now introduced a ‘Higgs' field H; [Sachdev et al., 2009] given by

o-Hi=R o -P;R; (107)



It is easy to deduce from Eq. (107) that H transforms as an adjoint under the SU(2) gauge

transformation
o-H;i » Wjo - H;y W] (108)

The action of the SU(2) gauge transformation W;, should be distinguished from the action of
global SU(2) spin rotations €2 under which

R,'%QR;

(2) a1
Cil Cil
Vis = Vis

H,' — H,'. (109)

Note that R carries global spin, and so describes spinons. On the other hand H and i are
spinless.

We can now use the SU(2) gauge theory of 1, R, and H to describe the phases of the
Hubbard model. The many possibilities are discussed at some length in

Refs. [Sachdev et al., 2009, Chatterjee et al., 2017, Scheurer and Sachdev, 2018,

Sachdev et al., 2019, Bonetti and Metzner, 2022, Scholle et al., 2023, Nikolaenko et al., 2025].



We limit ourselves here to the simplest case of the state obtained by rotationally averaging the
Néel state of Section 1. The doped spin liquid so obtained corresponds to condensing the
Higgs field as

(H;) = n; (0,0, Ho) (110)

where n; is the sublattice staggering of Eq. (11). Such a condensate preserves spin rotation
invariance, but breaks the SU(2) gauge invariance down to U(1). So the low energy theory is a
U(1) gauge theory, with a gauge field a,, which is the same as that introduced in Eq. (38), and
which also appears in the CP! theory of R in Eq. (71). The effective theory for the chargons 1
can be obtained from Eq. (4) after (i) replacing the electrons c;, by the chargon v; s, (if)
replacing the paramagnon P; by the Higgs condensate in Eq. (110), and (/ii) minimally
coupling the 1) to the U(1) gauge field a,,. So we obtain the effective chargon action

Lo
So= [ dr| S ul 0, — iy - 3 el vy,
O — i75 7.’755
T Z HO wl ,S ;S ’ (111)
ISS —~




where tj; are the hoppings corresponding to the dispersion € in Eq. (4). At leading order, this
yields chargon pockets of spinless fermions which are the same as the pockets of electrons in
the ordered Néel state. At higher order, the gauge will renormalized the dispersion so that the
pockets lose the reflection symmetry about the magnetic Brillouin zone boundary present in
the Néel state.
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b. d-wave superconductor and charge orders

from a quantum spin liquid with fermionic
spinons



We now turn to the fermionic spinon theory of an insulating square lattice spin liquid in
Section 3. We wish to consider a more general situation in which the gap to charged
excitations can vanish [Christos et al., 2024]. In the cuprates, gapless charged excitations
appear when we dope the antiferromagnet. But we can also consider the case where the
charge gap vanishes while the electronic density remains the same as in an insulator. In the
latter case, there can be an emergent particle-hole symmetry, which simplifies considerations
of quantum criticality. We can decrease the charge gap by describing the insulator by an
underlying Hubbard model with on-site repulsion U, and reducing the value of U, or by adding
additional off-site interactions. Such models have been considered in numerical studies
|Assaad et al., 1996, Gotz et al., 2022, Gotz et al., 2024b, Gotz et al., 20244,

Xu and Grover, 2021, Xing et al., 2021, Feng et al., 2022, Cai et al., 2021, Cai et al., 2022,
Wang et al., 2025, Han and Kivelson, 2023, Cai et al., 2024]. We will now show that the
SU(2) gauge theory of Eq. (87) has fates other than those in Fig. 16 once charged excitations
are included, the most interesting of which is a d-wave superconductor with gapless nodal
quasiparticles.

In terms of adiabatic continuity, this d-wave superconductor is precisely the BCS
superconductor observed in the cuprates. However, the d-wave superconductor obtained In
this section has one significant quantitative difference from the observations: it has a



Lorentz-invariant form of its dispersion, with the two velocities only the square lattice
diagonals, vr and va, being equal to each other (see Fig. 31B). The cuprates instead have

ve > va. We will resolve this problem in an interesting manner in Section 6 when we consider
the transition from FL* to a d-wave superconductor in the doped case.

The only matter field in Section 3 is the fermion F, which has electrical charge 0, spin 1/2,
and is a gauge SU(2) fundamental. As we are allowing for charged fluctuations, we need to
define an electron operator, which has charge —e, spin 1/2, and is a gauge SU(2) singlet. This
directly leads us to introducing a boson B which has charge +e, spin 0, and is a gauge SU(2)
fundamental, so that a composite of F/ and B will have the same quantum numbers as the
electron. We now show that this information is sufficient to deduce an effective action for B,
and to reach our main conclusions. We will give a more microscopic definition of the field B In
the doped case later near Eq. (131).

First, similar to Eq. (75), we introduce a matrix notation for the electron C and the boson B:

Cit G _ ( Bui _ ( Bu —Bj;
(C}L¢ C}L¢>7 BI_(B%)’ BI_(BZi Biki)7 (112)

all of which obey the reality condition analagous to Eq. (76). Then we write the fact that the

Ci



electron operator is a composite of the boson B (the ‘chargon’) and the spinon F by
f
In terms of the matrix components, we can write Eq. (113) as

cl ~ B,.fl — le.saﬁf

I 1i' 1 IoR

where €,3 is the unit antisymmetric tensor for spin SU(2) in Eq. (24).

Now we can use Eq. (113) to determine the symmetry transformations of B from those of F,
using the fact the C is gauge invariant and transforms trivially under all symmetries. A boson
with the same quantum numbers as our B has been considered in earlier work

[Dagotto et al., 1988, Coleman and Andrei, 1989, Wen and Lee, 1996], but with an important
difference. In the earlier work, the expectation value of BTB was set to be equal to the doping
density. That is not the case in our work, as the doping density also includes the density of
fermionic holes (see Section 6).

The generalization of the SU(2) gauge transformation in Eq. (78) is

(114)

C,'%C,' : ./_'.;%\/,'./_'.;
Bi — ViBi , Uj— ViU; VI, (115)



while the generalization of the global SU(2) spin rotation in Eq. (79) is

C,-%C,-JZRTJZ . F; = F;0%R" o7
B,’ — B,’ ; U,'j — U,'j. (116)

Finally, the U(1) charge conservation symmetry acts as

C,' — @C,’ : .7:,' — F,'
B,’ — B,‘ @]L ; U,'j — U,'j, (117)

where

e 0

See also Table 2 later for a summary of these gauge and symmetry transformations.

We now obtain an energy functional for B in a Landau-type expansion [Christos et al., 2023].
Such a functional must also involve the gauge field Uj; of Section 3 to maintain gauge
invariance. The fermion f experiences a 7w flux with pure imaginary hopping, while the electron
¢ has purely real hopping with zero flux (in the absence of an applied physical magnetic field).



From these facts and Eq. (113) we reach the important conclusion that the boson B must also
have purely imaginary hopping with 7-flux (the iw term in Eq. (120) below). So the relation

Icly=—1T,Tx, (119)

realizing the m-tflux applies both to the spinons and to B. We can also reach these conclusions,
and obtain other constraints, by examining the action of all symmetry operators of f, and use
Eq. (113) to deduce the action of symmetry operations on B: the results are summarized in

Table 1.

Symmetry f, B,
I'x (_1)yfa ( 1)yBa
T, f, B,
P, (—1)*f, (—1)*B,
Py (—1)'a (—1)'B
= (—1)Yf, (—1) B
T (=1)Yeapfs | (=1)B,

Table 1: Projective transformations of the f spinons and B chargons on lattice sites i = (x, y) under
the symmetries T, : (x,y) = (x+1,y); T, : (x,y) = (x,y +1); Pc: (x,¥) = (—x,y);



P, :(x,y) = (x,—Yy); Py : (x,y) = (v, x); and time-reversal 7. The indices a, 3 refer to global
SU(2) spin, while the index a = 1, 2 refers to gauge SU(2).

These considerations lead to the energy functional &[B, U] + &4 B, U] with terms quadratic
and quartic in B respenctively:

52[8, U] — (r —+ 2\/§W) Z B}LB; -+ I'WZ ejj (B:f U,'ij — B}L Uj;B,’)
I ()

+hEY S 1- %ReTr 1] Ui

1<

E4[B, U] = §Zp%+ Vi) _pi (ﬂi+f<+pi+y)+gZ|Aif\2+J1§>:Qizj
i i (if) ]

KLY Ji+ Ve > pi (pivsry + Pivs—y)
i) i

+ V22 Z pi (Pitost2y + Piyoz—2g) - (120)



The quartic terms are expressed as products of bilinears of B which are associated with various
gauge-invariant observables as identified below

site charge density: <c;facia> ~ D] = B;Bi

bond density: <CJr C. c! ¢ > ~ Qjj = Qji = Im (B;fe,-j U,-ij)

o jJo Jo Tl

bond current: i<cfr c. —cl c > ~ Jij = —J;i = Re (B;re,-j U;ij)

o Jo Jo I

Pairing: <€a5C,'aCj5> ~ A,'j — Aj,' — gabBaieij U,'ijj. (121)

We have retained terms involving nearest neighbor sites, and a few terms with longer-range
density-density interactions.
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Figure 20: Mean field phase diagram obtained by minimization of the Higgs potential of B, & + &4
(from Ref. [Christos et al., 2023]). For r > 0, there is no Higgs condensate (B) = 0, and we obtain the
same phases as in the insulator from the confinement of the fermionic spinons described by Eq. (87).
For r < 0, (B) # 0, and we minimized the Higgs potential with only nearest neighbor interactions by

setting Vi1 = Vo = 0.

A schematic global phase diagram is shown in Fig. 20, as a function of the tuning parameter r,
which is the ‘'mass’ of B.

When r is large and positive, then we can ignore the B sector, and revert to the spinon
only theory of Section 3. The low energy theory is Eq. (94), and we expect a confining
insulator with either Néel or VBS order as the ground state.

When r is negative, B condenses, and this has the salutary effect of making the gauge
fleld A massive, as in the Higgs phenomenon. In this case, a mean-field treatment of
interactions in the bosonic sector by minimizing &|[B, U] + £4]B, U] is qualitatively valid.

For negative r, Fig. 20 shows the phases obtained by minimizing the energy functional with
nearest-neighbor interactions only, Vi1 = Voo = 0. Three phases are found:

A. This state has charge stripe order with period 2, centered on the sites.

B. A d-wave superconductor, with A; ;i 3 = —AQj ity



C. A "d-density wave” state which has a staggered pattern of spontaneous current.

Including further neighbor interactions can induce other phases, including period-4 charge
order and pair density waves [Christos et al., 2023, Bonetti et al., 2024, Pandey et al., 2025]),
as shown in Fig. 21.
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Figure 21: From Ref. [Pandey et al., 2025]. Mean-Field phase diagram of Eq. (120) a function of the
further neighbor interactions Vi1 and V5;, extending that in Fig. 20. The other parameters are
r=—0.732, w=0.40, u=0, V; =0, g = 0.021446, J; = K1 = 2/(4(1 + v/2)?). dSC is d-wave
superconductivity, CDW,,«» 1s a charge density wave with a supercell with n X m lattice sites. The red
cross marks the parameter values chosen for the Monte Carlo simulations in Ref. [Pandey et al., 2025].

An interesting feature is that these orders are degenerate in the quadratic energy functional
&o, and the degeneracy Is broken only at quartic order in £&;. The fact that the leading term is
degenerate provides a rationale for nearly-degenerate multiple competing or ‘intertwined’
orders [Christos et al., 2023]; more conventional Landau theory approaches

|Jaefari et al., 2010, Hayward et al., 2014, Lee, 2014, Nie et al., 2015, Fradkin et al., 2015,
Pépin and Freire, 2023, Fradkin, 2025] do not have any term in which the degeneracy is exact
without fine-tuning.

Our primary interest for now is the d-wave supercondutor, phase B. Remarkably, the structure
of the m-flux spin liquid, and consequently the m-flux on B leads to d-wave pairing, and not
s-wave pairing. Also, once B is condensed, we can identify ¢ ~ f via Eq. (113), and so the
electron spectral function will inherit nodal Bogoliubov quasiparticles from the massless Dirac
spinons. The main phenomenological ditficulty is that the Bogoliubov quasiparticles will have
isotropic dispersion, as in Eq. (84) and Fig. 18; we will address this difficulty in Section 6.



However, other features of the d-wave state obtained from the energy functional in Eq. (120)
do match observations, including vortices with flux h/(2e) (despite the boson B having charge
e), and competing charge order halos of vortex cores.

Going beyond a classical treatment of B and U, we need to consider a quantum lattice model
to study the interplay of the full array of competing order parameters and deconfined
criticality. This is obtained by extending the energy functionals in Eq. (120) and the lattice
fermion theory in Eq. (87) to

L= |D:Bi + &[B, Ul + &[B, Ul + Y WID W+ Hgir + Lym[U]. (122)

Here D, represents a covariant time derivative with the SU(2) gauge field U, and Ly is the
lattice Yang-Mills Lagrangian for U. We have added only a relativistic time derivative term for
B, which is the allowed term at half-filling with particle-hole symmetry. Away from half-filling,
we will also have to include the hole pockets to be discussed in Section 6, and that will likely
lead to difficulties with the sign problem.



1. Spin density wave order in the Hubbard model
2. Bosonic spinon theory of quantum spin liquids
3. Fermionic spinon theory of quantum spin liquids

4. Holon metal from a quantum spin liquid
with bosonic spinons

D. d-wave superconductior from a quantum spin liquid
with fermionic spinons




Fractionalized Fermi liquids (FL*)



Doping the CP?! spin liquid yields a holon metal state described in Section 4, which is a
candidate for the pseudogap metal. However, as we will discuss below, the holon metal is

incompatible with recent angle-dependent magnetoresistance (ADMR) experiments
[Fang et al., 2022, Chan et al., 2025].



Doping the fermionic spin liquid can lead to a d-wave superconductor, as described In
Section 5. However, the velocities of the nodal quasiparticles are nearly isotropic, with
VE ~ VA.

Figure 18: Dispersion of fermionic spinons in Eq. (85).



We now show that replacing the holon metal with another doped spin liquid phase, the
fractionalized Fermi liquid (FL*), resolves both (and other) difficulties above. It agrees with
the ADMR measurements in the pseudogap, and a confinement transition from FL* yields a
d-wave superconductor with anisotropic nodal velocities.
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Spin-1/2 holes of density
p=1+p

Positive Hall coefficient Area, P/ 2

of carrier density p

Luttinger, 1960: Area enclosed by the Fermi surface is the
same as that for free fermions with the same symmetry.
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Fractionalized Fermi liquid (FL*)

Spin-1/2 holes of density
p=1+p

Total area

(p—1)/2

Positive Hall coethicient
of carrier density p — 1

Oshikawa anomaly is satisfied by the sum of
spin liquid (1) and
Fermi surface anomalies (p — 1)

T. Senthil, S. S., M.Vojta, PRL 90, 216403 (2003); T. Senthil, M.Vojta, and S.S., PRB 69, 0351 | | (2004)
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Exact Solution of a Two-Species Quantum Dimer Model for Pseudogap Metals

Johannes Feldmeier, Sebastian Huber, and Matthias Punk
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We present an exact ground state solution of a quantum dimer model introduced by Punk, Allais, and
Sachdev [Quantum dimer model for the pseudogap metal, Proc. Natl. Acad. Sci. U.S.A. 112, 9552 (2015).],
which features ordinary bosonic spin-singlet dimers as well as fermionic dimers that can be viewed as
bound states of spinons and holons in a hole-doped resonating valence bond liquid. Interestingly, this
model captures several essential properties of the metallic pseudogap phase in high-T',. cuprate super-
conductors. We 1dentify a line in parameter space where the exact ground state wave functions can be
constructed at an arbitrary density of fermionic dimers. At this exactly solvable line the ground state has a
huge degeneracy, which can be interpreted as a flat band of fermionic excitations. Perturbing around the
exactly solvable line, this degeneracy 1s lifted and the ground state 1s a fractionalized Fermi liquid with a
small pocket Fermi surface in the low doping limit.

PHYSICAL REVIEW LETTERS 120, 187001 (2018)
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6. Fractionalized Fermi liquids (FL*)



Our motivation for studying quantum spin liquids has been to find a basis for a theory of the
cuprate phase diagram. Christos et al. proposed [Christos et al., 2023] that the appropriate
spin liquid was precisely that observed in various numerical studies of square lattice
antiferromagnets: this is the spin liquid described by the CP! theory of Section 1, which is

dual to the SU(2) gauge theory of fermionic spinons in Section 3. The previous sections have
shown that the theories of directly doping such spin liquids run into difficulties:

Doping the CP! spin liquid yields a holon metal state described in Section 4, which is
a candidate for the pseudogap metal. However, as we discuss in Section 1, the holon

metal is incompatible with recent angle-dependent magnetoresistance (ADMR) ex-
periments [Fang et al., 2022, Chan et al., 2025].

Doping the fermionic spin liquid can lead to a d-wave superconductor, as described

in Section 5. However, the velocities of the nodal quasiparticles are nearly isotropic,
with ve ~ va.

We now show that replacing the holon metal with another doped spin liquid phase, the
fractionalized Fermi liquid (FL*), resolves both (and other) difficulties above. It agrees with
the ADMR measurements in the pseudogap, and a confinement transition from FL* yields a



d-wave superconductor with anisotropic nodal velocities.

We begin by presenting the basic definition of the FL* state. Consider any system of S =1/2
fermions of density p, with spin rotation invariance preserved. In the Fermi liquid (FL) state,
Luttinger’'s argument [Luttinger, 1960] states that the fractional volume of the Brillouin zone
enclosed by the Fermi surface should be p/2, modulo integers to account for filled bands.
Oshikawa [Oshikawa, 2000] placed Luttinger's argument on a non-perturbative basis by related

to an anomaly associated with translations and charge conversation. This iIs summarized in
Fig. 22.
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Figure 22: Properties of the Fermi liquid (FL) state.



The idea of a ‘fractionalized Fermi liquid’ (FL*) was introduced in

Refs. [Senthil et al., 2003, Senthil et al., 2004c]|, as a metallic state in which the Fermi surface
did not obey the Luttinger constraint. In the simplest case, the fractional volume enclosed by
the Fermi surface in FL* is (p — 1) /2. The central point

|Senthil et al., 2004c, Paramekanti and Vishwanath, 2004, Qi and Sachdev, 2010,

Sachdev et al., 2012, Bonderson et al., 2016, Else et al., 2021, Sachdev, 2023]| was that it was
possible to satisfy Oshikawa’s anomaly by combining the anomaly of a Fermi surface (which
contributes an amount equivalent to a density p — 1) with that of a fractionalized spin liquid
(which contributes an amount equivalent to a density 1). It is trivially possible to shift p by an

even integer by adding and removing filled bands, and the novelty is the shift in FL* by an odd
integer. This is summarized in Fig. 23.



Fractionalized Fermi liquid (FL*)

Spin-1/2 holes of density

p=1

Positive Hall coeflicient
of carrier density p — 1

p

rTotad area

(p—1)/2

\—

Oshikawa anomaly is satisfied by the sum of

spin liquid (1) and

Fermi surface anomalies (p — 1)
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6.1. FL* in single band models



Next, we describe here construction of the FL* phase in a single band model, such as the
square lattice Hubbard model (possibly with additional short-range interactions) of interest for
the cuprates. At the level of cartoon pictures, we illustrate the structure of the FL* and other
states in Fig. 24 [Punk et al., 2015]. This figure describes three distinct metallic phases in a
Hubbard time model with electron density 1 — p. Recall that in the absence of a broken
symmetry, the Luttinger constraint on hole Fermi surfaces is that they have a fractional area
per spin of (1 4+ p)/2, relative to the area of the full square lattice Brillouin zone.
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Figure 24: Cartoon pictures of different states of doped antiferromagnets; adapted from



Ref. [Punk et al., 2015]. The areas are those that would be measured by a probe such as quantum
oscillation. The AF metal has long-range antiferromagnetic order, and the reduced Brillouin zone is
shown with the dashed line. The other phases do not break any symmetries. The open circles are
holons, and these are assumed fermionic in the holon metal. The green dimers represent bound states
of holons and spinons. Note that all 3 states would show a Hall co-efficient of density p positively
charged carries.

AF Metal. This is a state with antiferromagnetic long-range order, which we described in
Section 1. We can understand the Fermi surface by considering free electrons moving in a
background with the same symmetry 1.e. in a background spin-dependent potential which
has a modulation at the wavevector (7, 7). This leads to the magnetic Brillouin zone
boundary shown by the dashed line, and 4 hole pocket Fermi surfaces. Only two of these
pockets are independent within the magnetic Brillouin zone. After accounting for a factor
of 2 from spin, we conclude that the fractional area of each pocket is p/4. This Fermi
surface area obeys the Luttinger constraint. Thermal fluctuations do not move Fermi
surfaces, only broaden them, and so we expect that a fluctuating spin density wave state

will also have pockets of area p/4 [Schmalian et al., 1998, Schmalian et al., 1999,
Ye and Chubukov, 2023, Kokkinis and Chubukov, 2025].

Holon metal. This is a state with no broken symmetry, in which the electrons have paired



up In singlet bonds which resonate with each other. The dopants are realized by spinless
mobile vacancies of charge +¢e, known as holons. The density of holons is p, and if the
holons are fermions, they will form Fermi surfaces corresponding to spinless free fermions
of density p. If there are four distinct Fermi surfaces in the Brillouin zone (as is the case
in many computations), then the fractional area of each pocket will be p/4. Although this
area Is the same as that for the AF metal, the reason is very different. Now there is no
broken symmetry, and the fermionic quasiparticles are spinless holons. This Fermi surface
area does not obey the Luttinger constraint, and this is permitted because of the presence
of the spin liquid. A systematic, gauge theoretic treatment of the holon metal state was
presented in Section 4 and Refs. [Sachdev et al., 2009, Chowdhury and Sachdev, 2015a,
Chowdhury and Sachdev, 2015b, Chatterjee et al., 2017, Wu et al., 2018,

Scheurer et al., 2018, Sachdev, 2019, Sachdev et al., 2019, Wu et al., 2020,

Bonetti and Metzner, 2022, Scholle et al., 2023], and it is relevant to ultracold studies of
the Hubbard model on the Lieb lattice [Lebrat et al., 2024, Nikolaenko et al., 2025].

FL*. Finally, we turn to the metallic state of interest. The holon metal state also has
spinon excitations, which can be created out of the ground state. Now imagine a
situation in which each holons gains energy by binding with a spinon, so that the system
can pay the price for creating the spinons. Then the ground state will change into one in



which the mobile charge carriers are holon-spinon bound states

Ribeiro and Wen, 2005, Kaul et al., 2007, Kaul et al., 2008, Qi and Sachdev, 2010,

Lau et al., 2011b, Moon and Sachdev, 2011, Lau et al., 2011a, Mei et al., 2012,

Punk and Sachdev, 2012, Punk et al., 2015, Feldmeier et al., 2018, Grusdt et al., 2018,
Chiu et al., 2019, Grusdt et al., 2023, Schlomer et al., 2024, Nyhegn et al., 2025]. These
bound states are always fermions with charge +e, spin S = 1/2, just like a hole. Treating
these holes as free fermions, we conclude that the total area of the Fermi surface should
be p/2. If there are 4 distinct pockets (as there in the computation below), then each
pocket will have the distinctive area of p/8. This Fermi surface area also does not obey

the Luttinger constraint.

We highlight key features of the single-band FL* state of Ref. [Punk et al., 2015] in Fig. 24.
We will see that these features will also play a key role in the Ancilla Layer Model of Section 2,

as we Illustrate later in Fig. 29.



The electron quasiparticle of FL* is a (green) “dimer” in Fig. 24, a bound state of
a spin and vacancy.

FL* has a background of spinon excitations obtained by breaking singlet bonds (the
blue dimers) in Fig. 24.

Recent ADMR observations by Fang et al. [Fang et al., 2022] and Chan et al.

[Chan et al., 2025] in the pseudogap metal and well modeled by hole pockets containing
quasiparticles which can tunnel coherently between layers. This is not possible for the holon
metals as the holons carry charges of distinct emergent gauge fields within each layer. In the
AF metal coherent tunneling requires significant interlayer spin correlations, which are not
observed [Tabis et al., 2014, Anderson et al., 2025], but could perhaps be induced by the
applied magnetic field. The FL* quasiparticles are gauge neutral and can indeed tunnel
coherently between layers. So even at the outset, these observations favor a FL* description of
the pseudogap phase of the cuprates [Zhao et al., 2025].

Moreover, the observations of Chan et al. [Chan et al., 2025] also provide a quantitative
correspondence with the FL* theory. Their observation of the Yamaji effect in the cuprate
HgBa,CuO45 show pockets of a fractional area of ‘approximately 1.3%’ at a doping p = 0.1,



close to the value p/8 = 1.25% predicted for FL* [Senthil et al., 2003, Senthil et al., 2004c,
Kaul et al., 2007, Qi and Sachdev, 2010, Nikolaenko et al., 2023, Zhao et al., 2025].



6.2. Layer construction with ancilla qubits



While much insight can be gained from the methods above, they fall short of providing a
mean-field theory for the FL* phase, which could be used to study quantum phase transitions
out of it. A suitable mean field theory can also lead to a trial wavefunction for the FL* state,
which can be used for variational numerical computations and compared to cold atom
observations [Koepsell et al., 2021, Miiller et al., 2025, Shackleton and Zhang, 2024/, as
discussed in Section 4. To these ends, we now describe the Ancilla Layer Model (ALM)
|Zhang and Sachdev, 2020b, Zhang and Sachdev, 2020a], which also easily ensures
consistency with anomaly arguments.

We wish to have a mean-field theory which changes a large hole-like Fermi surtace of area

(1 + p)/2 to small hole-like Fermi surfaces of total area p/2. The simplest way to achieve this
in mean-field theory is to hybridize the large Fermi surface with another band at half-filling (as
in the Kondo lattice, and was done by Yang-Rice-Zhang [Yang et al., 2006])—this leads to a
Fermi surface of the needed area (1+p+1)/2 (mod 1) = p/2. But we are not allowed to add
a single band at half-filling because it i1s not ‘trivial’ /.e. it i1s not anomaly-free, and its
excltations cannot be integrated out because the extra band can only acquire a gap with a
broken symmetry. On the other hand, we are allowed to add two bands at half filling each (or
any even number of bands), because they can form a trivial insulator with a gap. After the
first added band hybridizes with the physical electrons to yield the small Fermi surfaces, the



second added band is left decoupled, and it can form the spin liquid needed to satisfy the
Oshikawa anomaly. This is the essence of the ALM.

We begin with a constructive derivation of the ALM starting from the familiar Hubbard model
in Eq. (1), and proceeding to the paramagnon representation in Eq. (4). After some
renormalization of the high energy states we give the paramagnon P some independent
dynamics with a non-zero mass mp, and obtain its effective Lagrangian

cp) = 3 |2 0. + 2P| (123

" - -

where the P term is as in Eq. (4). This is a paramagnon theory with 3 local harmonic
oscillators on each site. Now we take steps different from conventional paramagnon
approaches. The ground state of the paramagnon theory is obtained when all three oscillators
are in the n = 0 state: |0,0,0). There is a triplet of first excited states:

1,0,0) ~Pix|0,0,0);]0,1,0) ~ P4, |0,0,0);1]0,0,1) ~ P;,|0,0,0) .

We can map this low energy spectrum to that of a pair of S = 1/2 ancilla spins with a mutual
interaction J| S1; - S5;. By comparing the above matrix elements to those that couple the



singlet and triplet spin states states, we obtain the operator identification
P;~ S1;— S, . (124)

Inserting Eq. (124) into Eq. (4), we obtain the Hamiltonian of the ALM, Har,m, which is a
simple augmentation of a Kondo lattice Hamiltonian Hxkg, by the layer of S,; spins

Harm = Hkr + JL Z Sii- Soi+ Y Jij Soi - Soj

1<J

HxL = Y Juj Sii- Sij — Z iCl Cia + Z —51, ¢l oascis. (125)

1<J

This Hamiltonian is illustrated in the bottom half of Fig. 25.
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Figure 25: lllustration of the mapping from a single-band Hubbard model with decoupled ancilla qubits,



to a single band with free fermions coupled to a bilayer antiferromagnet. The Schrieffer-Wolff
transformation is derived in Ref. [Nikolaenko et al., 2021], and the Hubbard-Stratonovich
transformation is derived in Ref. [Mascot et al., 2022]. The layer numbers of the layer construction
with ancilla qubits are indicated in the bottom picture.

So we see that the ancilla spins are simply the fractionalization of the familiar $ =1
paramagnon into a pair of S = 1/2 spins [Mascot et al., 2022]. The above derivation of the
mapping to the ALM yields an additional ferromagnetic Kondo interaction between the
electrons c;, and spins S,;. Ferromagnetic Kondo couplings are expected to be irrelevant, and
we will note this coupling again in Eq. (131). We have also explicitly included a direct
exchange interaction between the S,; spins, as it will be important for our purposes below.
Note that there i1s no Hubbard interaction U in Har M, and it has been replaced by the Kondo
interaction Jx in HarM.

We discuss the phase diagram of Har,n shown in Fig. 26.
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Figure 26: Phases of the Ancilla Layer Model. The noted areas are per spin. The phases are
distinguished by the condensation of the boson &, which hybridizes the conduction electrons in the top



layer with the fermionic spinons in the middle layer.

At small Jk, the ancilla spins decouple into rung singlets, and we are back to a ¢, state
adiabatically connected to free electrons, which is the conventional Fermi liquid with a large
hole pocket of area (1 + p)/2.

At large Jk, we assume that the ¢, electrons and $; spins realize the commonly observed
heavy Fermi liquid (FL) phase of Hki,. With the density of ¢, equal to 1 + p, the total density
of the ‘large’ Fermi surface is 2 + p. As a trivial filled band with density 2 can always be
removed, we obtain ‘small’ Fermi surface associated with density p in the FL phase of Hxi,.
So the total area of hole pockets is p/2. While this is the Luttinger value for Hkry,, it is not for
Harm. The S5; have an effective ferromagnetic Kondo coupling to the conduction electrons
C. (mediated by the antiferromagnetic J| and the antiferromagnetic Jx ), and so we can
expect them to decouple from the top two layers. Indeed, we obtain a FL* phase for Harn if
the Sy; layer forms a spin liquid, and the effects of J, in Eq. (125) can be treated
perturbatively. This leads the identification in Fig. 26 of the FL* pseudogap metal with the
combination of a Kondo lattice FL state of ¢, and 8§71, and a spin liquid of S5.



6.3. Mean field theory of the cuprate pseudogap.



We can now obtain a mean-tfield theory of the pseudogap by extending the Kondo lattice
mean-field theory to the Hamiltonian Har in Eq. (125).

We begin with the top two layers of electrons ¢, and spins §7 in the ALM in Fig. 25. We
proceed with parton decomposition of §; in terms of the fermionic spinons fi,, as in Eq. (73)

1
_ T

and obtain the mean-field fermion Kondo lattice Hamiltonian for the ¢, and f1,:

HKLmf = Z _—t,-jc;facja — tlj,-jffiaflja_ — Z(CID c}tafl,-a + ¢~ flinac,-a) . (127)
IJ i

Here ® is decoupling field of the Jx exchange interaction in Eq. (125), and is illustrated in
Fig. 30. At the mean-field level, we can assume the S, spin liquid remains decoupled, and
important effects of this spin liquid will be discussed in Section 5.

When considered as a theory of the Kondo lattice model Hkg,, the FL state corresponds to the
condensation of the decoupling field . On the other hand, on the Hilbert space of the full
HatMm, this same ® condensed phase is the FL* state. This interesting inversion is highlighted
in Fig. 27: the single band model has an ‘inverted’ Kondo lattice transition.
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Figure 27: Comparison of the phases of the Kondo lattice model and the Ancilla Layer Model of the
single band Hubbard model in Fig. 26. There is an inversion in the phase in which ® Is condensed.

The magnitude of ® determines the value of the electronic gap in the anti-nodal region of the
Brillouin zone (near momenta (m,0), (0,7)).
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Figure 28: Spectral density of hole (left) and electron (right) pockets at p = 0.16 and p = —0.16
respectively in the FL* state. The fractional area of each hole pocket is p/8, and the fractional area of
the electron pocket is |p|/4. Compared to Fig. 6 for the SDW state, the pocket areas have been halved
in the FL* state.

Fig 28 shows the electron spectral density (as measured by photoemission) at zero frequency



for both the electron and hole pockets, computed by diagonalizing Eq. (127).
We can now present in Fig. 29 the close analogy between the FL* state obtained in the ALM
and the state presented in Fig. 24 as highlighted in the box before the beginning of Section 2

The electron quasiparticle of FL* is the hybridization of ¢, and f;, induced by &,

which creates the bound state ~ ciafl]tia between a vacancy and a spin, analogous
to the green dimers in Fig. 24.

The background of spinons in FL* are obtained from the spin liquid of S> spinons

in the bottom layer, analogous the spinons obtained by breaking the blue dimers In
Fig. 24. We will later represent these spinons by f, via Eq. (129).
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Figure 29: Comparison between (a) the quantum dimer theory of the square lattice FL* state

[Punk et al., 2015] and the (b) ancilla layer theory. The dashed green dimer is the state c,.aflT,.a created
by the hybridization ® in the ALM. Note that the ALM has exactly N blue dimers more than the dimer
model, and these extra dimers are the number in a trivial rung-singlet bilayer antiferromagnet.



A key observation is that the number of spin-singlet blue dimers in the ALM is exactly N more
than in the dimer model of Fig. 24, while the number of green dimers is the same. This is
acceptable because N spin singlets Is precisely the number that can be accommodated In a
trivial rung-singlet state of a bilayer antiferromagnet.

The connection in Fig. 29 shows that the ALM is, in a sense, ‘minimal’. For a FL* mean field
theory with both a small Fermi surface and spinons, we need the middle and bottom ancilla
layers to provide the vacancy-spin and singlet valence bonds respectively. And a bonus, not
available in the quantum dimer analysis of Ref. [Punk et al., 2015, Feldmeier et al., 2018] or
other approaches [Ribeiro and Wen, 2005, Mei et al., 2012, Punk and Sachdev, 2012], is that
it also provides a mean-field theory which captures the FL large Fermi when the bottom two
layers are In a rung-singlet state.



6.4. Wavefunction for FL* and cold atom
observations.



A separate mean-field approach is to work with variational wavefunctions. The ancilla layer
method was the first to provide a variational wavefunction for the FL* phase of the
single-band Hubbard model. This approach couples all three layers together in the proposed
wavefunction [Zhang and Sachdev, 2020b]

'FLx) = [Projection onto rung singlets of S1, S7]
] |Slater determinant of (c, f1))
® |Spin liquid of Sy) . (128)

Here f; is obtained from the parton decomposition of §1 in Eq. (126). Note that this
wavefunction depends only upon the co-ordinates of the c electrons alone, as the co-ordinates
of the f, f; fermions have been projected out. This wavefunction replaces the ‘vanilla’
Gutzwiller projected wavefunctions of the ¢ electrons alone [Anderson et al., 2004] in the
underdoped region. We see rather explicitly in Eq. (128) the expressivity of the layered
construction [Rumelhart et al., 1986], allowing us to include both a small Fermi surface and a
spin liquid in the same state.

The wavefunction Eq. (128) has been studied numerically in

Refs. [Miller et al., 2025, Shackleton and Zhang, 2024, Zhou et al., 2024a], with the

couplings in Hyrmr treated as variational parameters. The results of



Refs. [Miller et al., 2025, Shackleton and Zhang, 2024] successfully capture the evolution of

local, multi-point spin and charge correlations with doping as measured in cold atom
experiments on the square lattice fermionic Hubbard model [Koepsell et al., 2021]. The results
of Ref. [Zhou et al., 2024a] compare well with the exact diagonalization of Hubbard models in

one and two dimensions.



6.5. SU(2) gauge theory of the onset of d-wave
superconductivity from FL*



This section addresses the fate of the FL* pseudogap as the temperature is lowered, upon
including the coupling to the S» spin liquid in Hpseudogap 1N Eq. (132). This Hamiltonian
specifically choses the m-flux spin liquid of Section 3 for the S, layer. We will show that for
this spin liquid there is a transition to a conventional BCS-type d-wave superconductor, with
anisotropic nodal velocities for the Boboliubov quasiparticles, and h/(2e) vortices.
Nevertheless the transition itself is not of the BCS type with a Cooper-pairing instability of a
Fermi surface. Instead, the transition is driven by the confinement of the fractionalized
excitations of the S> spin liquid. We also find nearby instabilities to charge ordering, consistent
with observations—see the review in Ref. [Bonetti et al., 2025] for more information.

We note here recent numerics which support the idea of the d-wave superconductor emerging
from the doping-induced confinement of the m-flux spin liquid. As we have discussed In
Section 3, the m-flux spin liquid is one description of the quantum-criticality between the Néel
and VBS states. The numerical studies of Refs. [Jiang and Kivelson, 2021, Jiang et al., 2023]
examined the J;-J> square lattice antiferromagnet near the Néel-VBS transition, and indeed
found d-wave superconductivity upon doping.

Now we return to the analysis of the pseudogap using the ALM in Eq. (125). In Section 3, we
presented a mean field analysis in terms of decoupled Kondo lattice and spin liquid models.
This section will couple them using the methods developed in Sections 2 and 5.



On the spin liquid layer of S> spins we write a parton decomposition which parallels that in
Eq. (73) and (126)

Soi = %fi‘;aaﬁfiﬁ. (129)
Then the analysis of the exchange interactions within the S> layer is precisely that in
Section 3. W decouple the Jj; term in Eq. (125) to Hsir in Eq. (87) realizing a m-flux state of
the S> spins with a SU(2) gauge field.
To couple this spin liquid to the Kondo lattice, we have to decouple the J| term coupling the
fi and f spinons in Eq. (125). Given the SU(2) gauge structure of the S, layer, it pays to
decouple the J| term in a manner which keeps the SU(2) gauge invariance explicit. In fact,
the needed decoupling field is precisely the boson B; introduced in Eq. (112). We also

introduce a matrix fermion operator Fi;

hiv  —Hhiy
-Fli — ( fJf fJf ) : (130)
1i] 1it

whose transformations under the symmetries in Eqgs. (115,116,117) are the same as those of
C;. We summarize the gauge and symmetry properties in Table 2.



. Gauge Global
Field Layer SU(2) SU(2) [ U(D)
c or C 1 1 2R -1
fl or .Fl 2 1 2R -1
f or F 3 2L 2R 0
B or B 2 3 2L 1 1

Table 2: Summary of gauge and global symmetry transformations for the fields of the ALM in the FL*
phase. The representations of the SU(2) are indicated by their dimension; the subscripts L/R indicate
whether the SU(2) acts by left/right multiplication in the matrix form of the field. The representations
of the global U(1) is the electrical charge in units of e. For the fermions, the layer column indicates the
layer number i1s Fig. 25. For the bosons, the layer column indicates the layers between which there is a
Yukawa coupling to the fermions.

Then, from the J; term, symmetry considerations are sufficient to constrain the structure of
the Yukawa term between B and the fermions [Christos et al., 2023], which follows from
Eq. (113) and is illustrated in Fig. 30:



Figure 30: The two distinct Higgs fields in the ancilla layer theory of the single band Hubbard model. &
hybridizes conduction electrons in the top layer with spinons in the middle layer. B couples the spinons
of the bottom layer to the upper layers.

Uy = _% Z :iTr (fj,.B}ff,) +ig Tr (C,TB,‘-LE) t+ H-C-:

Z _i (Blifi];flia — Bﬂ%ﬁ%ﬂiﬁ) + H.c.

I

tig (Byfi i — BoicasfinCis) + Hee.| . (131)
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We have also included a Yukawa coupling to ¢, from an allowed term ~ S,; - c! 0 n3Cig, wWhich

I
descends from the Kondo coupling noted below Eq. (124).
We can now collect all terms to write down the complete Hamiltonian needed for our analysis
of the pseudogap metal, and its low temperature instabilities.

Hpseudogap — HKme =+ 7'[SLf =+ HY =+ 52[87 U] =+ 54[87 U] (132)

specified in Eqs. (127), (87), (131), (120). This Hamiltonian has 3 fermions ¢, fin, f. whose
transformations under SU(2) gauge, spin rotation, and electromagnetic charge symmetries are
in Egs. (115), (116), (117), with f;,, transforming just like c,.

The boson B couples the Kondo Lattice to the spin liquid on the bottom layer, with SU(2)
gauge field Uj;.

There is a remarkable similarity between Eq. (132), and the Weinberg-Salam theory of weak
interactions [Christos et al., 2023]. Although the dispersions of the fermions and bosons have
a lattice structure, the SU(2)x U(1) gauge structure (we treat the electromagnetic U(1) as
global), and the Yukawa couplings between the Higgs and the fermions are similar, with the
spinons mapping to neutrinos, and the electrons mapping to electrons.



6.6. Anisotropic velocities in the d-wave
superconductor



BCS /Bogoliubov quasiparticles
In a d-wave superconductor
Er = (g}, + A2)1/2
A = Ag (cosk, — cosk,)

4 nodal points where

1/2
Eko-l—q — (U%’Cﬁ_ T Uiqﬁ) p.

with v > vA.



We now show how the problem of isotropic quasiparticle velocities, noted in Section 5, is
resolved by the presence of the pocket Fermi surfaces described by Hyims in Eq. (127). The
discussion below Is based on the detailed computations presented In

Refs. [Chatterjee and Sachdev, 2016, Christos and Sachdev, 2024].

Given the pocket Fermi surfaces and spinons in the FL* normal state, we imagine imposing a
BCS type pairing on the Fermi surface excitations. If the pairing is d-wave, it would lead to 8
nodal Bogoliubov points as shown in Fig. 31A. However this state also has the 4 nodal
quasiparticles of the S> spin liquid, associated with the dispersion in Fig. 18. So strictly
speaking, this state remains fractionalized, and i1s not a conventional d-wave superconductor.
It would be appropriate to call it d-SC*.



(B) FL*>d-sC

Figure 31: (A) Cooper pairing the Fermi surface quasiparticles in FL* leads to d-SC* state, with 8
nodal Bogoliubov quasiparticles (red), and 4 nodal spinons (pink). (B) Upon condensing B, the spinons
mutually annihilate 4 of the Bogoliubov quasiparticles, leaving 4 Bogoliubov quasiparticles with



VE > VA.

However, if we induce the pairing by the B condensate in Eq. (131), the SU(2) gauge field is
higgsed. Morever, the Yukawa coupling allows the nodal quasiparticles of the §> spin liquid to
hybridize with the Bogoliubov quasiparticles of the pocket Fermi surfaces. The net result,
sketched In Fig. 31B, Is that the B condensate can enable the nodal points on the ‘backsides’
of the pocket Fermi surfaces to mutually annihilate with the spinons of the S> spin liquid. We
are then left with the 4 nodal quasiparticles on front sides of the pocket Fermi surfaces. The
number of nodal points are the same as those obtained in conventional BCS theory from
d-wave pairing of a Fermi liquid. These remaining nodal points are associated with pairing on
the pocket Fermi surfaces, and these is no reason for their velocity to be isotropic (unlike the
spinons).

The annihilation of the extra nodal points occurs via hybridization between the electrons and
spinons within a mean-field band structure of Hxrmt + Hsir + Hy in Egs. (127), (81), and
(131) . Furthermore, computations which diagonalize this Hamiltonian with B fixed and

U = 1 do indeed yield anisotropic velocities similar to those observed. Unlike the situation In
Section 5, the spinons do not become the Bogoliubov quasiparticles in the doped case; instead
the spinons are needed to annihilate the extraneous Bogoliubov quasiparticles.



An interesting prediction can be made in the particular case of the electron-doped cuprates. In
these materials, photoemission experiments have observed a normal state to superconductivity
which is gapped near (7/2,7/2) and has spectral weight only near electron pockets at the
antinode [Armitage et al., 2002]. If d-wave superconductivity were to emerge as a BCS
instability from such a normal state, the resulting superconductor should be gapped. However,
the FL*™ theory yields a different prediction. Similar to how the spinon degrees of freedom
emerge to annhilate with the backside pocket when B Higgs condenses in the hole-doped case,
the Dirac node of the spin liquid will appear with a finite spectral weight near (7/2,7/2) when
B condenses, leading to a nodal superconductor. Such a prediction can be explored in future
photoemission experiments in the electron doped cuprates [Xu et al., 2023] and could serve as
an experimental test of the FL™ theory.
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