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Fermi liquid
in the

overdoped metal

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Theory for
“pseudogap metal”
with “Fermi arcs”?
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Needed: a theory for the onset
of charge order and

d-wave superconductivity
from the pseudogap metal.

Why are Tc and TCDW

about the same?

B Keimer et al. Nature 518, 179-186 (2015)



of inverse field, by subtracting the monotonic background (shown for
all temperatures in Supplementary Fig. 2). This shows that the oscilla-
tions are periodic in 1/B, as is expected of oscillations that arise
from Landau quantization. A Fourier transform yields the power
spectrum, displayed in Fig. 3b, which consists of a single frequency,
F 5 (530 6 20) T. In Fig. 3c, we plot the amplitude of the oscillations
as a function of temperature, from which we deduce a carrier mass
m* 5 (1.9 6 0.1)m0, where m0 is the bare electron mass. Within error
bars, both F and m* are the same in sample B, for which the current J is
parallel to the b axis (see Supplementary Fig. 1). Oscillations of the
same frequency are also observed in Rxx (in both samples), albeit with a
smaller amplitude. We note that while at 7.5 K the oscillations are still
perceptible, they are absent at 11 K, as expected from thermally
damped quantum oscillations (see Supplementary Fig. 5).

While quantum oscillations in YBa2Cu3O61y (YBCO) have been
the subject of a number of earlier studies8–10, the data reported so far
do not exhibit clear oscillations as a function of 1/B and, as such, have
not been accepted as convincing evidence for a Fermi surface11.
Furthermore, we note that all previous work was done on oriented
powder samples as opposed to the high-quality single crystals used in
the present study.

Quantum oscillations are a direct measure of the Fermi surface
area via the Onsager relation: F 5 (W0/2p2)Ak, where W0 5 (2.07 3
10215) T m2 is the flux quantum, and Ak is the cross-sectional area of
the Fermi surface normal to the applied field. A frequency of 530 T
implies a Fermi surface pocket that encloses a k-space area (in the a–b
plane) of Ak 5 5.1 nm22, that is, 1.9% of the Brillouin zone (of area
4p2/ab). This is only 3% of the area of the Fermi surface cylinder
measured in Tl-2201 (see Fig. 1c), whose radius is kF < 7 nm21. In the
remainder, we examine two scenarios to explain the dramatic differ-
ence between the small Fermi surface revealed by the low frequency of
quantum oscillations reported here for YBa2Cu3O6.5 and the large
cylindrical surface observed in overdoped Tl-2201. The first scenario
assumes that the particular band structure of YBa2Cu3O6.5 is differ-
ent and supports a small Fermi surface sheet. In the second, the
electronic structure of overdoped copper oxides undergoes a trans-
formation as the doping p is reduced below a value pc associated with
a critical point.

Band structure calculations for stoichiometric YBCO (y 5 1.0),

which is slightly overdoped (with p 5 0.2), show a Fermi surface
consisting of four sheets12,13, as reproduced in Fig. 4a: two large
cylinders derived from the CuO2 bi-layer, one open surface coming
from the CuO chains, and a small cylinder associated with both chain
and plane states. The latter sheet, for example, could account for the
low frequency reported here. ARPES studies on YBCO near optimal

doping14,15 appear to be in broad agreement with this electronic
structure. However, recent band structure calculations16 performed
specifically for YBa2Cu3O6.5, which take into account the unit cell
doubling caused by the ortho-II order, give a Fermi surface where the
small cylinder is absent, as shown in Fig. 4b. This leaves no obvious
candidate Fermi surface sheet for the small orbit reported here.

The fact that the same oscillations are observed for currents along a
and b suggests that they are not associated with open orbits in the
chain-derived Fermi surface sheet. In YBCO, the CuO chains along
the b axis are an additional channel of conduction, responsible for an
anisotropy in the zero-field resistivity r(T) of the normal state (above
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Figure 2 | Hall resistance of YBa2Cu3O6.5. Rxy as a function of magnetic
field B, for sample A, at different temperatures between 1.5 and 4.2 K. The
field is applied normal to the CuO2 planes (B | | c) and the current is along the
a axis of the orthorhombic crystal structure (J | | a). The inset shows a zoom
on the data at T 5 2 K, with a fitted monotonic background (dashed line).
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Figure 3 | Quantum oscillations in YBCO. a, Oscillatory part of the Hall
resistance, obtained by subtracting the monotonic background (shown in
the inset of Fig. 2 for T 5 2 K), as a function of inverse magnetic field, 1/B.
The background at each temperature is given in Supplementary Fig. 2.
b, Power spectrum (Fourier transform) of the oscillatory part for the T 5 2 K
isotherm, revealing a single frequency at F 5 (530 6 20) T, which
corresponds to a k-space area Ak 5 5.1 nm22, from the Onsager relation
F 5 (W0/2p2)Ak . Note that the uncertainty of 4% on F is not given by the
width of the peak (a consequence of the small number of oscillations), but by
the accuracy with which the position of successive maxima in a can be
determined. c, Temperature dependence of the oscillation amplitude A,
plotted as ln(A/T) versus T. The fit is to the standard Lifshitz–Kosevich
formula, whereby A/T 5 [sinh(am*T/B)]21, which yields a cyclotron mass
m* 5 (1.9 6 0.1)m0, where m0 is the free electron mass.

Y

ba

Y

X XΓΓ

Figure 4 | Fermi surface of YBCO from band structure calculations.
a, Fermi surface of YBa2Cu3O7 in the kz 5 0 plane (from ref. 13, with
permission from O. K. Andersen), showing the four bands discussed in the
main text. b, Fermi surface of ortho-II ordered YBa2Cu3O6.5 in the kz 5 0
plane (from ref. 16, with permission from T. M. Rice). In both a and b the
grey shading indicates one quadrant of the first Brillouin zone.
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Quantum oscillations in the
CDW phase at low T
show only a single

electron pocket of size p.

This cannot be obtained
in the theory of CDWs

in a Fermi liquid.
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Our results are in good agreement with some of the observed
trends.
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FIG. 1. Spectral functions in the presence of static and fluctuating
order. (a) The color density plot displays the electron spectral func-
tion in the presence of long-range bidirectional bond density wave
(BDW) at zero magnetic field (in the unfolded Brillouin zone). Such
long-ranged BDW is likely to be present only in a strong magnetic
field and will not be seen in ARPES experiments. Annotations are
superimposed to highlight aspects of the spectral density. In black,
the Fermi surface used for our computation. Dashed arrows mark
the wavevectors of the BDW. The BDW causes reconstruction of the
Fermi surface and the formation of an electron-like pocket, marked
in red, and two hole-like pockets, marked in blue. The pocket con-
tours are obtained by semiclassical analysis as described in sec. III A.
The parameters are t1 = 1.0, t2 = �0.33, t3 = 0.03, µ = �0.9604,
p = 10%, Px

0 = Py
0 = 0.15, � = 0.317. (b) Electron spectral func-

tion in the presence of fluctuating superconducting and bond density
wave correlations. The parameters are p = 11%, �0 = Px

0 = Py
0 = 1,

T/t1 = 0.06, g/⇤2 = 0.2, ⇢S = 0.05, ⇤ = 2. The details are dis-
cussed in sec. I C (c) Quantum oscillations in the density of states
induced by an applied magnetic field: red lines mark peaks associ-
ated with the electron pocket (frequency 432 T or 1.55% of Brillouin
zone), and blue lines those from the hole pockets (frequency 90.9 T
or 0.326% of Brillouin zone).

I. RESULTS

A. Model

We base our analysis on the following model hamiltonian

H =
X

r,a


� tac†r+acr + �a r+a/2c†r+a,"c

†

r,# + h.c.

+
X

i

Pi
aeiQi·(r+a/2)�i

r+a/2c†r+acr + h.c.
�
.

(1)

Here r labels the sites of a square lattice and the vector a
runs over first, second and third neighbors, and also on-site
(a = 0). The first term is the usual kinetic term, with hopping
parameters ta.

The second term couples the electron to the superconduct-
ing order parameter. The coe�cient �a specifies the super-
conducting form factor and the field  is the superconducting
order parameter: it can be short-ranged or acquire an expecta-
tion value.

The third term couples the fermion to the bond order. The
index i labels di↵erent wavevectors Qi, the coe�cients Pi

a
specify the corresponding form factors and the fields �i are
the order parameters, which can also be long-ranged or fluc-
tuating. Throughout this work we consider a specific form
of a density wave which resides primarily upon the bonds of
the lattice: this is not crucial for the quantum oscillations, but
is important for the electron spectral function at intermediate
temperatures. Building on recent experimental and theoreti-
cal work [34–48] we use a bond density wave (BDW) with a
d-form factor.

Both interaction terms can be obtained by appropriate de-
coupling of the Heisenberg interaction in the particle-hole and
particle-particle channels [35].

We use a d-wave superconducting form factor �±x̂ =
+�0/2,�±ŷ = ��0/2 and a bond order with the same form
factor Pi

±x̂ = +Pi
0/2, P

i
±ŷ = �Pi

0/2 [34, 35] which is supported
by recent experimental evidence [47, 48] although a small s-
wave component may also be present [49]. We consider a set
of two wavevectors Q1 = 2⇡(�, 0) and Q2 = 2⇡(0, �), with
� ⇠ 0.3, also based on experimental evidence.

A summary of our main results appears in fig.1, which
shows the electronic spectral functions in the presence of
long-range incommensurate BDW (fig.1a) and in the presence
of fluctuating BDW and superconductivity (fig.1b).

B. Quantum oscillations from density wave order

Fig. 1(a) illustrates Fermi surface reconstruction by a bi-
directional density wave modulation with wavevectors paral-
lel to the Cu-O bonds and period ⇠ 3 lattice spacings. We
constrain the Fermi surface by spectroscopy experiments [50],
and use the remaining freedom in hopping parameters to ob-
tain an electron pocket of about the right size. While our anal-
ysis mainly centers around the experiments on YBCO, which
has a sligthly orthorombic lattice, for simplicity we assume

A. Allais, D. Chowdhury, and S.S., Nature Comm. 5, 5771 (2014)
N. Harrison and S. E. Sebastian PRL 106, 226402 (2011)
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in place of the Fermi liquid

as the ‘parent’ to
conventional
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charge density wave,
spin density wave,
pair density wave

. . .
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Ancilla theory of the
pseudogap metal

Hole pocket Fermi surfaces

of size p with

charge e, spin-1/2 quasiparticles

+

‘spectator’

square lattice spin liquid

at half-filling.

FL*: Spin liquid is required because

the Fermi surface does not enclose

the Luttinger volume (1 + p).
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FIG. 2. Fermi surface of Nd-LSCO at p = 0.24p = 0.24p = 0.24. (a) Left panels: The angle-dependent mag-

netoresistance of Nd-LSCO at p = 0.24 as a function of ✓ for four di↵erent temperatures, T = 25,

20, 12, 6 K, and at B = 45 T. The grey bar near ✓ = 90� for T = 6 K and 12 K indicates the

presence of superconductivity. Right panels: simulations obtained from the Chambers formula,

using the tight-binding parameters from ARPES measurements [12], and in which the relaxation

time ⌧(k) is the only free parameter. (b) The Fermi surface used for the calculation in panel (a),

shown as cuts at kz = 0, ⇡/c, and 2⇡/c, where c is the height of the body-centered-tetragonal unit

cell (and c/2 is the distance between copper oxide layers). (c) The full 3D Fermi surface obtained

from ADMR at p = 0.24. The coloring corresponds to the vz component of the Fermi velocity,

with positive vz in teal, negative vz in purple, and vz = 0 in magenta. A single cyclotron orbit,

perpendicular to the magnetic field, is drawn in black, with the Fermi velocity at di↵erent points

around the orbit shown as gray arrows. The strong variation in vz around the cyclotron orbits is

what leads to ADMR.

!c is the cyclotron frequency, m? is the cyclotron e↵ective mass, e is the electron charge, and

12

FIG. 4. Fermi surface reconstruction in Nd-LSCO at p = 0.21p = 0.21p = 0.21. The top three panels show the

Fermi surface for three di↵erent scenarios, and the bottom three panels show the resulting ADMR

simulations. (b) Calculated ADMR using the same tight-binding and scattering rate parameters

as in Figure 2a, but with the chemical potential shifted past the van Hove singularity (p ⇡ 0.23) to

p = 0.21, for which the Fermi surface is shown in panel (a). (d) Calculated ADMR for a period-3

CDW reconstructed Fermi surface; the section of reconstructed Fermi surface used to calculate the

ADMR is highlighted in orange in panel (c), the unreconstructed Fermi surface is shown with a

blue dashed line. These are the small nodal electron pockets believed to result from CDW order in

YBa2Cu3O6+x and are able to account for the ADMR in YBa2Cu3O6+x at p = 0.11. (f) Calculated

ADMR for reconstruction of the Fermi surface caused by a (⇡,⇡) order parameter, using the same

tight-binding parameters as Figure 2, a gap of 58 kelvin, and a constant scattering rate; (e) The

hole pockets used to simulate the ADMR in (f) are highlighted in orange.

weakest along � = 45�. The gap magnitude (the strength of the potential associated with

the FSR) that best reproduces the data is 58 kelvin — comparable to the onset temperature

T
? of the pseudogap phase at this doping [11, 29]. We find that a momentum-independent

p > pc Large Fermi surface
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p < pc Reconstructed Fermi surface
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Fermi surface transformation at the pseudogap critical point of a cuprate superconductor 
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<latexit sha1_base64="Zcjpn7pcgKgArvXOqPQ4UFGSaM0="></latexit>

JK
Kondo 

RG

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+as3YNuKntRETPJpNsJTctI0nRU="> Hrtosd8Bg8Ac/AAAzBATgER2AESKCDL8HX4Fv4PfwR/gp/L6Vh0HoegZUI//wF5CMGVw==</latexit>

Hancilla =
X

p

"pc
†
p↵cp↵ + JK

X

i

c†i↵
�↵↵0

2
ci↵0 · S1i + J?

X

i

S1i · S2i

Ancilla theory of the Hubbard model Ya-Hui Zhang and S. S., 
PRR 2, 023172 (2020) 

Ya-Hui 
Zhang



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵
<latexit sha1_base64="ebnBBKbSYIN50U9D2By63bf7j2Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2ge0MUymk3boTBJmJkIJ2foNbnXtTtz6Hy79E6dtFrb1wIXDOfdyLsePOVPatr+twtLyyupacb20sbm1vVPe3WuqKJGENkjEI9n2saKchbShmea0HUuKhc9pyx/ejP3WE5WKReGDHsXUFbgfsoARrI30mHZ9ge4zzzlBgYe9csWu2hOgReLkpAI56l75p9uLSCJoqAnHSnUcO9ZuiqVmhNOs1E0UjTEZ4j7tGBpiQZWbTr7O0JFReiiIpJlQo4n69yLFQqmR8M2mwHqg5r2x+J/XSXRw5aYsjBNNQzINChKOdITGFaAek5RoPjIEE8nMr4gMsMREm6JmUnyRmU6c+QYWSfO06lxUz+/OKrXrvJ0iHMAhHIMDl1CDW6hDAwhIeIFXeLOerXfrw/qcrhas/GYfZmB9/QIN95g+</latexit>

S1, fa

Ancilla theory of the Hubbard model 

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

Ya-Hui Zhang and S. S., 
PRR 2, 023172 (2020) 

Ya-Hui 
Zhang



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p{

{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

<latexit sha1_base64="heluqsgFf06h8MT/CjQtLMwvfUU="></latexit>

Small Fermi surface.
Size 1 + p+ 1

= p (mod 2)

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

Ya-Hui Zhang and S. S., 
PRR 2, 023172 (2020) 

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="p/xVw2bkUUD+Sfs1V84Rs6znlSw="></latexit>

Pseudogap metal =

Kondo Lattice Heavy

Fermi Liquid

�
Spin Liquid

<latexit sha1_base64="5aFsgjuxdB2K79dlaziWCrQ/Y7U="></latexit>

Pseudogap metal:
⌦
c†↵f1↵

↵
6= 0
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“Fermi arcs”
Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,

Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)

<latexit sha1_base64="KPRJJtUPMALE2+PyTCeepMqltTw="></latexit>

Ca2-xNaxCuO2Cl2 
at x = 0.10

Photoemission at small p

Similarities to theories,
which do not have explicit 
reference to spin liquid on 

second ancilla layer 

Kai-Yu Yang, T. M. Rice, Fu-Chun Zhang, 
PRB 73, 174501 (2006) 

S. Sakai, Y. Motome, M. Imada,  
PRL 102, 056404 (2009)

E. Mascot,  A. Nikolaenko, M. Tikhanovskaya,  Ya-Hui Zhang, 
D. K. Morr, and S. S., PRB 105, 075146 (2022)



ARPES on 
Bi2201 

FL* in a  
one-band model 

 
Second ancilla layer is needed 
to describe MDC and EDC

<latexit sha1_base64="I8hoGDjChW+bce4w1o99J0JXCow="></latexit>

Node: kx = 2
<latexit sha1_base64="UQAbJEo0ciaaypYuvyrlSi+6CTs="></latexit>

Anti-node: kx = ⇡
R.-H. He, M. Hashimoto, H. Karapetyan, J. D. Koralek, J. P. Hinton, J. 
P. Testaud, V. Nathan, Y. Yoshida, H. Yao, K. Tanaka, W. Meevasana, R. 
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of the conserved current nx∂yvy − vy∂ynx associated with the
emergent O(4) symmetry (in the XY-VBS rotation channel),
which is a unique feature of the easy-plane DQCP. The gap-
less point (π, 0) also follows naturally, because the XY-VBS
current can decay into the nx continuum at (π,π ) and the
vy continuum at (0,π ), such that the momenta add up to
(π, 0). A similar interpretation applies to the Sz channel as
well. The only difference is that the spin-VBS current there
is not conserved, but is nevertheless still critical. The (π, 0)
continua exhibit a remarkable spatial anisotropy. On the edge
of the continua, the spectral weight is always larger along
(π, 0)-(π,π ) line and smaller along (π, 0)-(0, 0) line. This
spatial anisotropy is a signature of current-current correlation,
which originates from the nontrivial ω2 − q2

x form factor on
the numerator as given in Eqs. (8) and (9). The (0,π ) continua
will also exhibit the spatial anisotropy but with the form
factor rotated by π/2 to ω2 − q2

y . These “shadow” continua
allow us to probe the critical VBS fluctuation in the spin
excitation spectrum, which is another remarkable hallmark of
the DQCP.

As discussed in Sec. I, the spectral features uncovered here
are relatively easy to probe in INS or RIXS experiments,
hence paving way for observation of the seeming ephemeral
DQCP in real materials. These features are also robust even
if the parameter is slightly off the critical point. Our simu-
lation itself serves as a “numerical proof” of this statement.
As we measure the DQCP spectra at q = 0.6 of the EPJQ
model [not exactly at its critical point qc = 0.6197(2)], we
still observe all the low-energy spectral features consistent
with the field theory qualitatively. This demonstrates that the
dynamical signatures do not require fine-tuning and should
be easier to measure in experiments. Whereas the previous
studies of DQCP mainly focused on the critical scaling and
exponents from the theoretical perspective, these quantities
require more fine-tuning and are rather difficult to measure
in experiments. Even if the DQCP turns out to be first order
(as expected if the anisotropy is strong) or becomes unsta-
ble against other intermediate phases at low temperature, its
distinct spectral features over a large range of frequencies
can still be robustly observed above the low-energy scale
at which the potentially other transitions of phases become
manifest.

Finally, the spectra of the EPJQ model in the VBS phase
is shown in Figs. 3(c) and 3(f). Their EPJ1J2 counterpart
in the columnar singlet phase is shown in Figs. 4(c) and
4(f). All spin excitations are gapped in both Sx (q,ω) and
Sz(q,ω) for both models. For the EPJQ model, the spectra
in the VBS phase still maintain broad continua above the gap,
in contrast to the much sharper spectra of gapped magnons
in the EPJ1J2 columnar phase. This might be related to the
two-length-scale phenomena, which is inherent to the DQCP,
persisting in the VBS phase of the standard JQ model [25],
namely, the domain wall size of the VBS order may still
remain large while the spin correlation length is small. The
domain wall size of the VBS order is directly related to the
confinement length scale of the spinons [2]. This implies that,
although the spin-correlation length is finite, the confinement
length scale of the spinon can still be large, which leads to
the large continuum above the spin gap in the spin-excitation
spectrum.

FIG. 5. Comparison of the DQCP dynamic spin structure factors
between numerics [(a) Sx channel and (c) Sz channel] and theory [(b)
Sx channel and (d) Sz channel]. The color map is the same as that
in Fig. 3. The dashed curves trace out the upper and low edges of
the two-parton continuum, assuming free fermionic partons with the
π -flux state dispersion εk in Eq. (14). The lower edge simply follows
εk and the upper edge is given by the maximal two-parton excitation
energy Eq = maxk∈BZ |εk + εq−k|. The suppressed spectral weight
near (0,0) can be captured by matrix element effects.

IV. PARTON MEAN FIELD THEORY FOR
THE DQCP SPECTRA

In this section, we provide theoretical account for the over-
all shape of the dynamic spin structure factors Sx (q,ω) and
Sz(q,ω) observed at the DQCP. The easy-plane DQCP admits
several candidate field theory descriptions, including the easy-
plane NCCP1 theory [1–3], the Nf = 2 noncompact QED3
theory [6,7,9–13], and the Nf = 2 QCD3 theory [5,13] (or
its Higgs descendent Nf = 4 compact QED3 [4,6,13,15,16])
with additional anisotropy in the SO(5) symmetric tensor
representation. Although all theories are believed to provide
equivalent descriptions of the low-energy physics under pro-
posed duality relations [13], some of them are more conve-
nient to handle by mean-field treatment than others. Among
these theories, we found that the Nf = 2 QCD (or Nf = 4
QED) theory gives the best account for the overall spectral
features at the mean-field level. Because, in these theories,
both the AFM and VBS order parameters are treated on equal
footing as fermionic parton bilinears, it is already possible
to approximately capture both spin and dimer fluctuations at
the free fermion level (ignoring gauge fluctuations and local
interactions). Figure 5 shows the comparison of the dynamics
spin-structure factors between numerics and theory, based on
the parton mean-field theory. The overall features match quite
nicely. However, if similar mean-field treatment were applied
to other dual field theories such as the NCCP1 or the Nf = 2
noncompact QED3 theories, some low-energy continua that
involve gauge monopole excitations will be missing, as the
gauge fluctuation can not be captured at the mean-field level.

Let us start with the parton construction on the square
lattice [60], where the spin operator Si is fractionalized into
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exhibit VBS phases, sign problems in quantum Monte Carlo
(QMC) simulations and other technical difficulties in methods
such as the density matrix renormalization group and tensor
product states prohibit studies of the large system sizes needed
to reliably characterize critical points. However, for generic
and universal properties, other “designer hamiltonians” [18]
can be constructed that do not suffer from QMC sign problems
but still host the desired phases. Many such studies have
pointed to the existence of the DQCP in both two-dimensional
(2D) quantum magnets [19–28] and related (through the
path integral) three-dimensional (3D) classical models
[29–32]. In these studies it has been observed, e.g., that
the order parameters have unusually large anomalous dimen-
sions [21,24,25,27,28,31], which is an important deviation
from the common 3D Wilson-Fisher fixed point. More con-
crete evidence of deconfinement has been found by directly
probing the length scale associated with the fractionalization
process [25,33] and from thermodynamics [34]. However, the
experimentally most direct signatures of a DQCP, the dynamic
spin structure factor S(q,ω), have so far not been calculated
in the case of electronic spins (while there are already some
intriguing results for an SU(3) symmetric model [35]). His-
torically, in quasi-1D systems, the experimentally observed
spinon continuum, which agrees with calculations for the
spin-1/2 Heisenberg chain, was crucial in establishing spinon
deconfinement. Indications of fractionalized magnetic exci-
tations in 2D quantum spin liquids have also been similarly
observed [36–42]. Given that S(q,ω) is detectable by multiple
experimental techniques, including inelastic neutron scatter-
ing (INS), resonant inelastic x-ray scattering (RIXS), and
nuclear magnetic resonance (NMR), identifying the distinct
signatures of fractionalization in S(q,ω) at the DQCP will
provide a useful guide to experimental searches for DQCPs in
magnetic materials. Since the qualitative features of S(q,ω)
remain the same in the entire critical “fan” extending from the
critical point to finite temperature, the dynamical signatures
proposed in our study should be robustly observed even if
the experimental parameter is slightly off the critical point.
Moreover, due to a recently investigated duality relation be-
tween the DQCP and a certain bosonic topological transitions
(BTTs) in fermion systems [13,27,28], similar dynamical
signature of fractionalization is also expected in interaction-
driven topological phase transitions. Therefore, our work also
can impact the ongoing efforts in finding experimentally ac-
cessible signatures of topological phase transitions in strongly
correlated electron systems.

In this paper, we will investigate a U(1) version of the
DQCP on the square lattice, with the easy-plane J -Q (EPJQ)
model defined by the Hamiltonian

HJQ = −J
∑

〈ij〉

(
Pij + !Sz

i S
z
j

)
− Q

∑

〈ijklmn〉
PijPklPmn, (1)

where Si denotes the spin-1/2 operator on each site i and
Pij = 1

4 − Si · Sj is the singlet-projection operator on the link
ij (between nearest-neighbor sites). The two- and six-spin
terms are both illustrated in Fig. 1(a). For ! = 0, this is the
previously studied SU(2)spin J -Q3 model [21,22,43], which
is an extension of the original J -Q model (or J -Q2 model)
[20], with two instead of three singlet projectors in the Q

AFXY DQCP VBS

EPJQ

J
i j
k l

m n
Q

q = Q
J+Q

(a)

AFXY 3D XY Columnar

EPJ1 J2

J1

J2

g = J2
J1

(b)

= 1

2
−

FIG. 1. The two lattice models considered in this paper and their
schematic phase diagrams. (a) The EPJQ model with two-spin (J )
and six-spin (Q) couplings preserve all symmetries of the square
lattice. We define the tuning parameter chosen as q = Q/(J + Q).
The antiferromagnetic XY (AFXY) phase is separated by the DQCP
at q = qc from the columnar VBS phase, which spontaneously
breaks lattice symmetries but which has significant fluctuations of
the fourfold degenerate dimer pattern close to qc, as indicated. (b)
The EPJ1J2 model, with the tuning parameter g = J2/J1. The J2 term
explicitly pins a columnar dimer pattern and drives the AFXY phase
to the spin-disordered trivial (nondegenerate) columnar singlet phase
(without spontaneous lattice symmetry breaking) through the 3DXY
transition at g = gc.

terms. With three singlet projectors, we can go further into the
VBS state while still keeping J > 0 in sign-free QMC simu-
lations. The term !Sz

i S
z
j with ! ∈ (0, 1] introduces the easy-

plane anisotropy that breaks the SU(2)spin symmetry down to
U(1)spin explicitly. It has been shown [27] that when ! = 1/2
(which is the value we will use here), the EPJQ model exhibits
a direct and continuous quantum phase transition between the
antiferromagnetic XY (AFXY) and VBS phases, as illustrated
in Fig. 1(a), realizing the easy-plane DQCP (while for larger
anisotropy, such as ! = 1, the transition becomes first-order).
The XY order parameter has a U(1)spin rotational symmetry
and the VBS order parameter exhibits an emergent U(1)VBS
symmetry as the DQCP is approached, and, as argued based
on dualities [13], the two U(1) symmetries combine to form
an emergent higher O(4) symmetry exactly at the DQCP.

To make a comparison with the EPJQ model, we will also
study an easy-plane J1-J2 (EPJ1J2) model,

HJ1J2 = J1

∑

〈i,j〉′
Dij + J2

∑

〈i,j〉′′
Dij , (2)

where Dij = Sx
i Sx

j + S
y
i S

y
j + !Sz

i S
z
j . The J1 bonds 〈i, j 〉′ and

the J2 bonds 〈i, j 〉′′ correspond to the thin black and the thick
blue bonds in Fig. 1(b), respectively. Since the Hamiltonian
explicitly breaks the lattice symmetry, with the J2 terms pin-
ning a columnar pattern of bonds with higher singlet density,
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The classical cubic-lattice dimer model undergoes an unconventional transition between a columnar
crystal and a dimer liquid, in the same universality class as the deconfined quantum critical point in spin-
1=2 antiferromagnets but with very different microscopic physics and microscopic symmetries. Using
Monte Carlo simulations, we show that this transition has emergent SO(5) symmetry relating quantities
characterizing the two phases. While the low-temperature phase has a conventional order parameter, the
defining property of the Coulomb liquid on the high-temperature side is deconfinement of monomers, and
so SO(5) relates fundamentally different types of objects. Studying linear system sizes up to L ¼ 96, we
find that this symmetry applies with an excellent precision, consistently improving with system size over
this range. It is remarkable that SO(5) emerges in a system as basic as the cubic dimer model, with only
simple discrete degrees of freedom. Our results are important evidence for the generality of the SO(5)
symmetry that has been proposed for the noncompact CP1 field theory. We describe an interpretation for
these results in terms of a consistent hypothesis for the renormalization-group flow structure, allowing for
the possibility that SO(5) may ultimately be a near-symmetry rather than exact.
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The classical dimer model on the cubic lattice illustrates
three key mechanisms in three-dimensional (3D) critical
phenomena. Two of these are the appearance of artificial
gauge fields and unconventional phase transitions where
topological effects play a key role. The third, which we
demonstrate here, is the emergence in the infrared (IR) of
unusual non-Abelian symmetries that would be impossible
at a conventional Wilson-Fisher-like critical point.
The close-packed dimer model has a power-law corre-

lated “Coulomb” phase [1,2], governed by an emergent
U(1) gauge field whose conserved flux arises from a
“magnetic field” defined in terms of dimers. A remarkable
phase transition [3] separates this liquid from a “columnar”
phase, illustrated in Fig. 1(a), in which the dimers form a
crystal, spontaneously breaking lattice symmetries. Despite
being entirely classical, this transition is not described by
Ginzburg-Landau theory, but is instead a Higgs transition
of the U(1) gauge theory [4–6]. The effective field theory is
the noncompact CP1 model (NCCP1), in which the gauge
field couples to a two-component bosonic matter field that
condenses at the transition.
NCCP1 is also the effective field theory for the “decon-

fined” Néel-valence-bond solid (VBS) phase transition
[7,8] in 2þ 1D quantum antiferromagnets [9–18] and a
related lattice loop model [19]. This raises the possibility
that the dimer model exhibits a surprising emergent
symmetry: Simulations of the loop model show SO(5)

symmetry emerging at large scales [20]—either exactly or
to an extremely good approximation. Earlier work on
topological sigma models for deconfined critical points
[21,22] revealed that SO(5) is a consistent possibility in the
IR, despite the fact that it cannot be made manifest in the
gauge theory [23]. The Néel-VBS transition involves a
three-component antiferromagnetic order parameter and a
two-component VBS order parameter; SO(5) allows all five
components to be rotated into each other. This symmetry
can be understood through a set of dualities for NCCP1 and
related theories [24].

FIG. 1. Dimer model phases and interactions. (a) Columnar
phase (one of six symmetry-related ground states). (b) Disordered
configuration typical of high-temperature Coulomb phase.
(c) Pairs of nearest-neighbor parallel dimers (back face of cube)
contribute energy −v2. (d) Four parallel dimers around a cube
contribute v4.
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gauge fields and unconventional phase transitions where
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phase, illustrated in Fig. 1(a), in which the dimers form a
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being entirely classical, this transition is not described by
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of the U(1) gauge theory [4–6]. The effective field theory is
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[7,8] in 2þ 1D quantum antiferromagnets [9–18] and a
related lattice loop model [19]. This raises the possibility
that the dimer model exhibits a surprising emergent
symmetry: Simulations of the loop model show SO(5)

symmetry emerging at large scales [20]—either exactly or
to an extremely good approximation. Earlier work on
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IR, despite the fact that it cannot be made manifest in the
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Here we use Monte Carlo simulations to demonstrate
emergent SO(5) at the dimer ordering transition. This large
symmetry is particularly striking in a discrete classicalmodel
with no internal symmetries at all, only spatial symmetries
together with a local constraint that is equivalent to a U(1)
symmetry in a dual representation. SO(5) furthermore unifies
operators of conceptually distinct types, rotating the crystal
order parameter—a conventional observable in terms of
dimers—into “monopole” operators that insert or remove
monomers, and cannot bemeasured in the ensemble of dimer
configurations. Together these yield a five-component
SO(5) superspin. The emergent symmetry group is therefore
identical to that of the Néel-VBS transition. But it should be
noted that themicroscopic symmetries of the latter—roughly
speaking, SOð3Þ × ðlattice symmetriesÞ—are very different
from the ðlattice symmetriesÞ × Uð1Þ in the dimer model.
Previously, SO(5) has been demonstrated directly only in

a single lattice model [20], and is also supported by level
degeneracies in the JQ model [25], both realizations of the
Néel-VBS transition. Its presence in the dimer model is
particularly important because the IR behavior of NCCP1 is
subtle and remains controversial [11,12,15–19,24,26–28].
The simplest explanation for SO(5) would be flow to a
fixed point where allowed SO(5)-breaking perturbations
are irrelevant, but there are reasons to doubt this occurs
[24]. The transition may ultimately be first order, with an
exceptionally large but finite correlation length. However,
even in the absence of a true continuous transition, the RG
flows for NCCP1 may ensure “quasiuniversality” relating
these transitions [19,24], and approximate SO(5). In this
scenario SO(5), though not exact, can hold to higher
accuracy than standard finite-size scaling.
Given this complexity, it is important to test the robust-

ness of SO(5). Finding SO(5) in the dimer model provides
crucial confirmation that this is a generic property of
models coarse graining to NCCP1, rather than one requiring
further fine-tuning. The most striking feature of our results
is that at length scales accessible numerically (up to linear
size L ¼ 96), SO(5) is indistinguishable from an exact
symmetry of the IR theory.
Dimer model.—The degrees of freedom in this classical

statistical model are dimers on the links of a cubic lattice,
illustrated in Fig. 1. Defining the occupation number
dμðr⃗Þ ∈ f0; 1g on the link joining site r⃗ to its neighbor
r⃗þ δ⃗μ (δ⃗μ is a unit vector), the number of dimers at site r⃗ is
nðr⃗Þ ¼

P
μ½dμðr⃗Þ þ dμðr⃗ − δ⃗μÞ&. Close-packed dimer con-

figurations are those where nðr⃗Þ ¼ 1 for all r⃗. For any
function F of the dimer configuration, let hFi ¼
Z−1

0

P
ψ∈C0FðψÞe

−Eψ=T be the average over the ensemble
C0 of close-packed dimer configurations, where Eψ is the
energy of configuration ψ (see below), T the temperature
(kB ¼ 1), and Z0 the partition function.
An equal-weight ensemble of all close-packed configu-

rations (i.e., setting Eψ ¼ 0) is a Coulomb liquid, described

by an emergent noncompact U(1) gauge theory [2]. Sites
where nðr⃗Þ ≠ 1 have charge Qðr⃗Þ ¼ ð−1Þrxþryþrz ½nðr⃗Þ − 1&
in this description, and are hence referred to as monopoles.
A pair of oppositely charged test monopoles (for example,
one empty site from each sublattice) is deconfined in the
liquid phase.
The model can be driven into a confining, ordered

phase using an energy −v2N 2, where N 2 is the number
of nearest-neighbor parallel dimers [3]; see Fig. 1(c).
For T ≪ v2, the dimers form a crystal that maximizes
N 2 and breaks spatial symmetries. A corresponding order
parameter is the “magnetization density”

Nμ ¼
2

L3

X

r⃗

ð−1Þrμdμðr⃗Þ: ð1Þ

As T increases through a critical value Tc, there is a direct
transition into the dimer liquid [3].
Here, we set v2 ¼ 1 and use a configuration energy

Eψ ¼ −N 2 þ v4N 4, where N 4 is the number of cubes
of the lattice that contain four parallel dimers [29]; see
Fig. 1(d). For v4 > 0 this is a frustrating interaction which
decreases Tc. More importantly, as v4 is varied, the order of
the transition changes from clearly first order (at v4 < 0) to
apparently continuous (v4 > 0), with an apparent tricritical
point near v4 ¼ 0 [29]. This point introduces complications
in the scaling analysis, which we avoid by using large
positive v4.
There is no local order parameter for the liquid, which is

instead characterized by monopole deconfinement [1].
Defining operators φðr⃗Þ and φ̄ðr⃗Þ that respectively decre-
ment and increment Qðr⃗Þ, the monopole distribution
function Gm is

Gmðr⃗þ; r⃗−Þ≡ 1

Z0

X

ψ∈Cðr⃗þ;r⃗−Þ
e−Eψ=T ¼ hφ̄ðr⃗þÞφðr⃗−Þi: ð2Þ

Cðr⃗þ; r⃗−Þ denotes the ensemble of dimer configurations
that are close-packed except for a pair of monopoles of
charge '1 at sites r⃗'. In the liquid, Gm remains nonzero
as jr⃗þ − r⃗−j → ∞ (monopole deconfinement). We define
global operators φ ¼ L−3P

r⃗φðr⃗Þ and φ̄.
Continuum theory.—An action believed to describe the

transition [4–6] involves a noncompact U(1) gauge field A⃗,
minimally coupled to a 2-component complex vector z,

L ¼ κ
2
j∇⃗ × A⃗j2 þ jð∇⃗ − iA⃗Þzj2 þ sjzj2 þ uðjzj2Þ2; ð3Þ

with s tuned to its critical value and u, κ > 0. In terms
of this theory, referred to as NCCP1, the local magnetiza-
tion is N⃗ ∼ z†σ⃗z and the monopole operator φ̄ðr⃗Þ creates a
source of the “magnetic field” ∇⃗ × A⃗. This continuum
theory also describes the Néel-VBS transition in spin-12
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Using Monte Carlo simulations, we show that this 
transition has emergent SO(5) symmetry relating 
quantities characterizing the two phases. While the 
low-temperature phase has a conventional order 
parameter, the defining property of the Coulomb 
liquid on the high-temperature side is 
deconfinement of monomers, and so SO(5) relates 
fundamentally different types of objects. Studying 
linear system sizes up to L=96, we find that this 
symmetry applies with an excellent precision, 
consistently improving with system size over this 
range. It is remarkable that SO(5) emerges in a 
system as basic as the cubic dimer model, with 
only simple discrete degrees of freedom. Our 
results are important evidence for the generality of 
the SO(5) symmetry that has been proposed for 
the noncompact CP1 field theory. 
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FIG. 1. Phases of the S = 1/2 J1-J2 antiferromagnet on the square lattice, from the numerical results

of Refs. [7–10], all of which agree that the spin liquid is gapless. Each ellipse in the valence bond solid

(VBS) represents a singlet pair of electrons. Lower part of figure adapted from Ref. [11].

are the nature of the quantum phases of the model, and of the quantum phase transitions between

them, as a function of increasing J2/J1 after the Néel order vanishes at a critical value of J2/J1.

These questions are also the focus of our attention here.

An early proposal [5, 6, 12, 13] was that there was a direct transition from the Néel state to

a valence bond solid (VBS) (see Fig. 1) which restores spin rotation symmetry but breaks lattice

symmetries (followed by a first order transition at larger J2/J1 to a ‘columnar’ state which breaks

spin rotation symmetry, and which we do not address in the present paper). A theory of ‘deconfined

criticality’ was developed [14–16] showing that a continuous Néel-VBS transition was possible, even

though it was not allowed in the Landau-Ginzburg-Wilson framework because distinct symmetries

were broken in the two phases. Evidence has since accumulated for the presence of a VBS phase in

the J1-J2 model, but the nature of the Néel-VBS transition in this model has remained a question
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Figure 1. Ground state phase diagram of the J1x-J1y-J2 model,
including four phases: the AFM, VBS and gapless QSL (red region)
phases, and a stripe phase. The dashed blue lines denote the
hypothetical shape of the VBS phase close to the origin. Solid blue
lines in the middle region denote the unknown QSL shape close to the
tricritical point (filled blue circle). Open blue circles have emergent
O(4) symmetry.

states [44, 45], provides us with a powerful tool to study
frustrated models with very high precision [23, 24]. By apply-
ing such a state-of-the-art method, we elaborately investigate
this model via large-scale computations. The global phase
diagram is shown in Fig. 1. In the small J1y region, we observe
a direct AFM-VBS transition with emergent O(4) symmetry,
formed by three-component AFM order parameters and the
one-component VBS order parameter. In the larger J1y region,
a gapless QSL is observed in between the AFM and VBS
phase. Surprisingly, we find that the emergent O(4) symmetry
persists on the QSL-VBS transition line.

Continuous AFM to VBS transition.— We set J1x = 1
throughout the whole paper, and sweep J2 with fixed J1y
to obtain the phase diagram. We first consider the large
anisotropy region, where we find that a direct AFM-VBS
transition can occur up to J1y = 0.55 but probably vanishes
at J1y ' 0.6. The AFM order parameter hM2

0i is defined
as the spin order parameter m2(k) = 1

L4

P
ijhSi · Sjieik·(i�j) at

k = (⇡, ⇡), where i = (ix, iy) is the site position. Taking
J1y = 0.4 as an example, we show the AFM order parameter
on di↵erent L ⇥ L systems up to 20 ⇥ 20 in Fig. 2(a), and
the fintie size scaling suggests the AFM order vanishes at
Jc1 = J2 ' 0.17 in the 2D limit. We also use the crossing
of the dimensionless quantity ⇠m/L to determine the transition
point, where ⇠m is the spin correlation length defined as ⇠m =
L
2⇡

q
m2(⇡,⇡)

m2(⇡+2⇡/L,⇡) � 1 [23]. It gives rise to consistent Jc1, as
shown in the inset of Fig. 2(a).

The dimer order parameter D↵ = 1
Nb

P
i(�1)i↵B↵i is used to

detect possible VBS patterns, where B↵i = Si ·Si+e↵ is the bond
operator between nearest sites i and i+e↵ with ↵ = x or y, and
Nb = L(L�1) is the total number of counted bonds along the ↵

direction for open boundary systems. In Fig. 2(b), we present
the horizontal VBS order parameter hD2

xi with the largest size
up to 20 ⇥ 20 at fixed J1y = 0.4. It finds that the extrapolated
value of hD2

xi for 2D limit is zero at J2 = 0.16, but nonzero
at J2 = 0.18. Note that the y-direction VBS order parameter
hD2

yi is very small on finite sizes and is clearly extrapolated to
zero in 2D limit. The results indicate the VBS order sets in at
Jc2 = J2 ' 0.17, and thus a direct AFM-VBS transition at Jc =
Jc1 = Jc2. We also use other ways to confirm such an AFM-
VBS transition in the later part. Since the order parameters
on each size show smooth change with J2 varying, presented
in the inset of Fig. 2(b), the AFM-VBS transition is likely to
be continuous, though the possibility of a weakly first-order
transition can not be fully excluded.
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Figure 2. (a) Finite size scaling of AFM order parameter (main panel)
and crossing of ⇠m/L (inset) at J1y = 0.4. (b) Finite size scaling
of VBS order parameter (main panel) and J2-dependence of VBS
order parameters at J1y = 0.4. (c) Finite size scaling of AFM order
parameter (main panel) and crossing of ⇠m/L (inset) at J1y = 0.85.
(d) Finite size scaling of VBS order parameters including hD2

xi and
boundary-induced dimerization hDxi2 at J1y = 0.85. Second order
polynomial fits are used for all the extrapolations.

Emergence of QSL phase.— For J1y � 0.6, we do not
find a direct transition between AFM and VBS phase, and
instead, a QSL phase develops in between. Taking J1y =
0.85 as an example, we present the AFM order parameter in
Fig. 2(c). The finite-size scaling of AFM order parameter
at di↵erent J2 suggests the AFM order begins to vanish at
Jc1 = J2 ' 0.35 in 2D limit, which is further supported by
the crossing of ⇠m/L. On the other hand, the horizontal dimer
order parameter hD2

xi in 2D limit develops above J2 ' 0.4,
as seen in Fig. 2(d). We also examine the dimerization hDxi2
induced by open boundaries for further check. As shown in
the inset of Fig. 2(d), the extrapolated values at J2 = 0.4 are
zero while at J2 = 0.41 the extrapolated values are 0.0012(7)
for hD2

xi and 0.0018(3) for hDxi2. The results consistently
suggest the onset of VBS order at Jc2 ' 0.405(5) and indicate
a QSL phase for 0.35 . J2 . 0.4 by excluding spin and dimer
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Emergent symmetry is a unique feature of identifying quantum phase transitions beyond the Landau
paradigm. Via large-scale tensor network simulations, we study a spatially anisotropic spin-1/2 square-lattice
frustrated antiferromagnetic (AFM) model, i.e., the J1x-J1y-J2 model, which contains anisotropic nearest-
neighbour couplings J1x and J1y, and next nearest-neighbour coupling J2. For small J1y/J1x, by tuning J2, a
direct continuous transition between the AFM and valence-bond solid (VBS) phase is observed. With growing
J1y/J1x, a gapless quantum spin liquid (QSL) phase gradually emerges in between the AFM and VBS phase.
We observe an emergent O(4) symmetry along the AFM-VBS transition line, which is consistent with the
prediction of the deconfined quantum critical point (DQCP) theory. Most surprisingly, we find that such an
emergent O(4) symmetry still holds for the whole QSL-VBS transition line. These findings reveal the intrinsic
relationship between QSL and DQCP, which also provide us with a very strong constraint on quantum field
theory description of the QSL phase. The phase diagram and critical exponents therein are also of direct
relevance to future experiments on frustrated magnets.

Introduction.— The deconfined quantum critical point
(DQCP) has been proposed for almost two decades to
understand the Landau forbidden continuous phase transitions
between two ordered phases, such as the transition between
the antiferromagnetic (AFM) and valence bond solid (VBS)
phase [1, 2]. DQCP has been investigated by a series of
numerical studies on various spin, fermion and classical loop
models [3–24], and one of the most remarkable discoveries is
the appearance of enhanced symmetry [7, 17]. The nature of
such an emergent symmetry also depends on the microscopic
lattice and spin symmetries of the system. For systems with
C4 lattice symmetry and U(1) (SU(2)) spin rotation symmetry,
both numerical and analytic results suggest that enlarged
O(4) (SO(5)) symmetry composed by two-component
VBS order parameters and two- (three-) component AFM
order parameters will emerge at the continuous AFM-VBS
transition point [7, 17, 25–28]. The less studied case is
the rectangular lattice anisotropy and SU(2) spin rotation
symmetry [29, 30], and a recent analytic study on the spin-1/2
model suggests that the rectangular anisotropy can still
realize the DQCP with emergent O(4) symmetry [31]. The
enlarged O(4) symmetry in this case is also supported by the
results of fermion models and classical loop models [32, 33].
Nevertheless, numerical simulations on finite systems can
never fully exclude the possibility of weakly first order
transitions, which becomes a big challenge for the existence
of DQCP.

On the other hand, a recent breakthrough reveals the in-
trinsic relationship between DQCP and gapless quantum spin
liquid (QSL) [24]. According to the categorical symmetry
framework and holographic principle for critical systems,
emergent symmetry might exist for generic quantum phase

transitions beyond the Landau paradigm [34]. Although
several examples have been studied for 1D systems [35],
in higher dimensions, it is unclear what kind of quantum
phase transitions can support emergent symmetry. In this
work, we show that the emergent symmetry not only arises
at DQCP, but also occurs at the phase boundary of QSL. We
will focus on the rectangular spin-1/2 square-lattice model,
particularly, the frustrated J1x-J1y-J2 model [36, 37], which
contains anisotropic nearest neighbor AFM Heisenberg cou-
plings J1x > 0, J1y > 0 and next-nearest neighbor AFM
Heisenberg coupling J2 > 0, with the following Hamiltonian:

H = J1x

X

hi, jix
Si · Sj + J1y

X

hi, jiy
Si · Sj + J2

X

hhi, jii
Si · Sj. (1)

In the strong anisotropy limit with J1y/J1x = 0, it recovers
the decoupled spin-1/2 AFM Heisenberg chain when J2 = 0,
which has an exact emergent O(4) symmetry. It is notable
that for nonzero J1y, an early analytic study suggested a
direct AFM-VBS transition [37], though the phase diagram
of this model is actually far from clear [38, 39]. On the
other hand, in the weak anisotropy limit with J1y/J1x = 1,
it recovers the well-known J1-J2 model, which has a gapless
QSL sandwiched by the AFM and VBS phases [23, 24, 40–
43]. These special limits indicate that the J1x-J1y-J2 model
not only provides us with a good starting point to understand
the emergent symmetry at DQCP from the decoupled spin-1/2
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neighbor exchange coupling, J2 ¼ J1=2, such that the undoped (δ ¼ 0) “parent” state is a quantum spin
liquid. In contrast to the relatively short range superconducting (SC) correlations that have been observed in
recent studies of the six-leg cylinder in the absence of frustration, we find power-law SC correlations with a
Luttinger exponent, KSC ≈ 1, consistent with a strongly diverging SC susceptibility, χ ∼ T−ð2−KSCÞ as the
temperature T → 0. The spin-spin correlations—as in the undoped state—fall exponentially suggesting
that the SC “pairing” correlations evolve smoothly from the insulating parent state.
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Although the physics of cuprate high temperature super-
conductors is surely complex, there are a variety of reasons
[1–3] to believe that the “essential” [4] physics is captured
by the two-dimensional (2D) Hubbard model or its close
relatives. To begin with, as is the case in cuprates, in an
appropriate regime of parameters, the Hubbard model on a
square lattice with n ¼ 1 electrons per site exhibits an
undoped “parent” state that is a Mott insulating antiferro-
magnet. However, two key theoretical issues concerning
this proposition remain unsettled: (1) Does d-wave super-
conductivity (SC) “robustly” arise in this model upon light
doping, i.e., for 0 < δ≡ ð1 − nÞ ≪ 1? (2) If so, how does it
arise (i.e., what is the “mechanism”) and under what
circumstances (e.g., does it depend on specific features
of the band structure)?
For parametrically small values of the Hubbard U ≪ W

(where W is the bandwidth), it is possible to establish [5]
that such a superconducting state arises, but here (except
under extremely fine-tuned circumstances in which
the Fermi surface is perfectly nested) the undoped state
at n ¼ 1 is also superconducting, and the superconducting
Tc is exponentially small in units of W. For intermediate
U ∼W, no controlled analytic approach exists, but calcu-
lations based on a variety of physically motivated approx-
imations [6–8] yield results suggestive of values of Tc as
large as Tc ∼W [where the proportionality is a number of
order 1 but may be small, e.g., ∼ð2πÞ−2]. This was further
supported by density-matrix normalization group (DMRG)
studies of the Hubbard and t-J models on four-leg square
cylinders [9–13]. However, recent [14] DMRG calculations
on six-leg square cylinders, as well as variational
Monte Carlo [15] calculations on 2D models, have called

this proposition into question. Specifically, the tendency of
a doped antiferromagnet to phase separation [15,16] or to
charge-density wave (CDW) formation [11,13,14,17–21]
appears to play a much more dominant role in the physics
at small δ than accounted for by most approximate
approaches.
One attractive notion that was suggested early on is that

high temperature superconductivity could arise naturally
[1,22–27] under circumstances in which the insulating
parent state is a quantum spin liquid (QSL) rather than
an ordered antiferromagnet. In particular, a QSL with a gap
(even a partial gap with nodes), can in some sense be
thought of as a state with preexisting Cooper pairs but with
vanishing superfluid stiffness. Then, upon light doping, one
might naturally expect SC with a gap scale that is inherited
from the QSL (i.e., evolves continuously as δ → 0) and
with a superfluid stiffness—that rises with δ.
In the present Letter, we explore the possibility of SC in a

doped spin liquid using DMRG to treat the t-J model (a
proxy for the Hubbard model) on cylinders of circum-
ference 4 and 6. A number of studies of the spin-1=2
Heisenberg model on the square lattice with first and
second neighbor exchange couplings, J1 and J2, have
led to a consensus [28–35] that there is a QSL phase in
the range of 0.46 < J2=J1 < 0.52 [35]. In this range,
DMRG on cylinders of circumference up to Ly ¼ 10 show
a pronounced spin-gap and exponentially falling spin-spin
correlations with a correlation length ξs considerably
smaller than Ly [30,32]. However, there is still some debate
about whether this gap persists in the 2D limit, or if instead
the QSL phase has a gapless nodal spinon spectrum.
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at small δ than accounted for by most approximate
approaches.
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proxy for the Hubbard model) on cylinders of circum-
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at small δ than accounted for by most approximate
approaches.
One attractive notion that was suggested early on is that

high temperature superconductivity could arise naturally
[1,22–27] under circumstances in which the insulating
parent state is a quantum spin liquid (QSL) rather than
an ordered antiferromagnet. In particular, a QSL with a gap
(even a partial gap with nodes), can in some sense be
thought of as a state with preexisting Cooper pairs but with
vanishing superfluid stiffness. Then, upon light doping, one
might naturally expect SC with a gap scale that is inherited
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with a superfluid stiffness—that rises with δ.
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High temperature 
d-wave superconductivity!0.4

0.6 Upon increasing the cylinder width from 
4 to 8, we observed a significant 
strengthening of the quasi-long-range 
superconducting correlations, and a 
dramatic suppression of any “competing” 
charge-density-wave order. Extrapolating 
from the observed behavior of the width 8 
cylinders, we speculate that the system 
has a nodeless d-wave superconducting 
ground-state in the 2D limit.
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Confinement of SU(2)N gauge theory by charge fluctuations



<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

<latexit sha1_base64="sFxa70RlE4XGswqkgND3bmY4JvI=">AAAF6HiclVTfb9RGEDZw19Lrr0Af+zJqrlJQm9MlUikSQkLuS0QllKo9QIrDac8e++ZY75rddY7DMn8Db1Vf+ </latexit>

• Begin with the ⇡-flux spin liquid in the fermionic spinon description.

Hf = iJ

X

hiji

eij

⇣
f
†
i↵fj↵ � f

†
j↵fi↵

⌘
= iJ

X

hiji

eij

⇣
 

†
iUij j � †

jUji i

⌘
;  i =

✓
fi"
f
†
i#

◆

Hf is invariant under SU(2) rotations in spin and SU(2)N rotations in Nambu space; Uij is

the SU(2)N gauge field.

• Knowing the projective symmetry transformations of  i, we can deduce those of the Bi, and

obtain the nearest-neighbor e↵ective Hamiltonian for Bi

HB = r

X

i

B
†
iBi + iw

X

hiji

eij

⇣
B

†
iUijBj �B

†
jUjiBi

⌘
+ . . .

Confinement of SU(2)N gauge theory by charge fluctuations

<latexit sha1_base64="6keppVFm58vZNtz/3JPJHEBIqao="></latexit>

• Begin with the ⇡-flux spin liquid in the fermionic spinon description.

Hf = iJ

X

hiji

eij

⇣
f
†
i↵fj↵ � f

†
j↵fi↵

⌘
= iJ

X

hiji

eij

⇣
 

†
iUij j � †

jUji i

⌘
;  i =

✓
fi"
f
†
i#

◆

Hf is invariant under SU(2) rotations in spin and SU(2)N rotations in Nambu space; Uij is

the SU(2)N gauge field.

• The nearest-neighbor e↵ective Hamiltonian for charge e, SU(2)N fundamental boson Bi is

constrained by the fact that the composite of Bi and  i is an electron:

HB = r

X

i

B
†
iBi + iw

X

hiji

eij

⇣
B

†
iUijBj �B

†
jUjiBi

⌘
+ . . .



<latexit sha1_base64="8TcydPGkHKxRtC60Ppmyf+TwFQY="></latexit>

L(B) = HB +
u

2

X

i

⇢
2
i + V1

X

i

⇢i (⇢i+x̂ + ⇢i+ŷ) + g

X

hiji

|�ij |2

+ J1

X

hiji

Q
2
ij +K1

X

hiji

J
2
ij .

<latexit sha1_base64="24sjrSBIuq8vVg1zQu6tGuzOLsU="></latexit>

site charge density:
D
c†i↵ci↵

E
⇠ ⇢i = B†

iBi

bond density:
D
c†i↵cj↵ + c†j↵ci↵

E
⇠ Qij = Qji = Im

⇣
B†

i eijUijBj

⌘

bond current: i
D
c†i↵cj↵ � c†j↵ci↵

E
⇠ Jij = �Jji = Re

⇣
B†

i eijUijBj

⌘

Pairing: h"↵�ci↵cj�i ⇠ �ij = �ji = "abBaieijUijBbj .

Confinement of SU(2)N gauge theory by charge fluctuations



<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1
<latexit sha1_base64="r181zh/G8zdi1zQOhjs4IFI+VGs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvlwUanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAX/42T</latexit>

(0, 0)
<latexit sha1_base64="Q87IczK6/das9WOXNzfFDFDi3Fg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOTJcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLFghqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k78xhPXRkTqAUcx90PaV6InGEUrPZbasTgl9jvpFIpu2Z2CLBIvI0XIUO0UvtrdiCUhV8gkNabluTH6KdUomOTjfDsxPKZsSPu8ZamiITd+Ot14TI6t0iW9SNunkEzV3x0pDY0ZhYGtDCkOzLw3Ef/zWgn2rv1UqDhBrthsUC+RBCMyOZ90heYM5cgSyrSwuxI2oJoytCHlbQje/MmLpH5W9i7LF/fnxcpNFkcODuEISuDBFVTgDqpQAwYKnuEV3hzjvDjvzsesdMnJeg7gD5zPHyRij+8=</latexit>

(⇡,⇡)
<latexit sha1_base64="LHsmAvE2SqRHnpgdlALJF/Lhnyo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmbE7Rj04jGCWSAZQk+nJmnS0zN29whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HfuNJ1Sax/LBDBP0I9qTPOSMGis1S+2EnxL3pFMoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz2My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s7J3Wb64Py9WbmZx5OAQjqAEHlxBBe6gCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fSUuO1g==</latexit>

(⇡, 0)
<latexit sha1_base64="k0iMARFfzt/DVn/c1RxpZ5iaIHA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJu8HUMevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Cy7Z8g97RVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE177KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7rFzcn5dqN1kceTiCYyiDB1dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbi+NvQ==</latexit>

(0, 0)

<latexit sha1_base64="WKGtWDoLVYhv+qEHspfgjwmAESk=">AAACJXicbVDLSsNAFJ3UV42vqks3g0VwVZKCj4WLoi7cCBWsLTShTCY37dDJJMxMhBL6M278FTcuLCK48lecPgRtPTBwOOdc7twTpJwp7TifVmFpeWV1rbhub2xube+UdvceVJJJCg2a8ES2AqKAMwENzTSHViqBxAGHZtC/GvvNR5CKJeJeD1LwY9IVLGKUaCN1ShdeAF0mcgpCgxzat0QpDkrhayYJ9TwcgYxNEquUiUQo2wMR/qQ7pbJTcSbAi8SdkTKaod4pjbwwoVlsxik3m9quk2o/J1IzymFoe5mClNA+6ULbUEFiUH4+uXKIj4wS4iiR5gmNJ+rviZzESg3iwCRjontq3huL/3ntTEfnfs5EmmkQdLooyjjWCR5XhkMmgWo+MIRQycxfMe0RU4/pQNmmBHf+5EXyUK24p5WTu2q5djmro4gO0CE6Ri46QzV0g+qogSh6Qi/oDY2sZ+vVerc+ptGCNZvZR39gfX0DHTCmRQ==</latexit>

Massless Dirac
fermion spinons

<latexit sha1_base64="YVUVaGos2GF0MaqvieAYRNqkxOQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ae0oUymk3bIzCTMTIQS+hEu1Y249Xtc+DdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp50gusv9zhNVmsXy0UwS6gs8kixkBBsrdbJ+IFA0HVRrbt2dAS0TryA1KNAcVL/6w5ikgkpDONa657mJ8TOsDCOcTiv9VNMEkwiPaM9SiQXVfjY7d4pOrDJEYaxsSYNm6u+JDAutJyI4C4RtFtiM9aKdi/95vdSEN37GZJIaKsl8V5hyZGKUv4+GTFFi+MQSTBSz5yIyxgoTY0Oq2By8xa+XSfu87l3VLx8uao3bIpEyHMExnIIH19CAe2hCCwhE8Ayv8OZo58V5dz7mrSWnmDmEP3A+fwAVsZCF</latexit>

k

<latexit sha1_base64="7ySHgnIOpS6K/9bjeeyjfYaEFlY=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6wWcLspDcZMjuzzMxGwpLP8KhexKtf48G/cZLsQRMLGoqqbrq7woQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapotCgkkvVDokGzgQ0DDMc2okCEoccWuHwbuq3RqA0k+LRjBMIYtIXLGKUGCv5nRFRkGjGpeiWK27VnQEvEy8nFZSj3i1/dXqSpjEIQznR2vfcxAQZUYZRDpNSJ9WQEDokffAtFSQGHWSzkyf4xCo9HEllSxg8U39PZCTWehyHZ2Fsm2NiBnrRnor/eX5qopsgYyJJDQg63xWlHBuJpxHgHlNADR9bQqhi9lxMB0QRamxQJZuDt/j1MmmeV72r6uXDRaV2mydSREfoGJ0iD12jGrpHddRAFEn0jF7Rm/PkvDjvzse8teDkM4foD5zPH69lkp4=</latexit>"

<latexit sha1_base64="Aa/IqtL9UApUtmQMGSzjaGpBDF8=">AAAB63icbVDLSgNBEOz1GeMr6tHLYhA8SNgV X8egF48JmAckS5id9CZDZmaXmVkhLPkCj+pFvPpJHvwbJ8keNLGgoajqprsrTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDZozGPVDolGziQ2DDMc24lCIkKOrXB0P/VbT6g0i+WjGScYCDKQLGKUGCvVvV6p7FW8Gdxl4uekDDlqvdJXtx/TVKA0lBOtO76XmCAjyjDKcVLsphoTQkdkgB1LJRGog2x26MQ9tUrfjWJlSxp3pv6eyIjQeizC81DYZkHMUC/aU/E/r5Oa6DbImExSg5LOd0Upd03sTh93+0whNXxsCaGK2XNdOiSKUGPjKdoc/MWvl0nzouJfV67ql+XqXZ5IAY7hBM7AhxuowgPUoAEUEJ7hFd4c4bw4787HvHXFyWeO4A+czx9hRI3L</latexit>

0 <latexit sha1_base64="fyb0X3LCrm2dXOjWI2uot52lpXk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBItQQcuM+FoW3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YtrPQ6oGEwzn3cu89YcKZNq775RSWlldW14rrpY3Nre2d8u5eS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3U799iNVmknxYMYJDWI8ECxiBBsr+dVuwk7Qqf2Pe+WKW3NnQH+Jl5MK5Gj0yp/dviRpTIUhHGvte25iggwrwwink1I31TTBZIQH1LdU4JjqIJutPEFHVumjSCr7hEEz9WdHhmOtx3FoK2NshnrRm4r/eX5qousgYyJJDRVkPihKOTISTe9HfaYoMXxsCSaK2V0RGWKFibEplWwI3uLJf0nrrOZd1i7uzyv1mzyOIhzAIVTBgyuowx00oAkEJDzBC7w6xnl23pz3eWnByXv24Recj2+P6ZAm</latexit>

(⇡,�⇡)

<latexit sha1_base64="yNLnveSPfopF3Mx61dLj4yJbZSE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB1DvHiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPVS7Z91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/GT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwa52Xvqnx5f1GqVLM48nAEx3AKHlxDBe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDs4WNbg==</latexit>

B+
<latexit sha1_base64="s0dObGLdEFPS4sbpmBE5t/AQ1pg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4hXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHqrds26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/jp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaN87J3Vb68vyhVqlkceTiCYzgFD66hAndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBto2NcA==</latexit>

B�
<latexit sha1_base64="XcmfqZK1gPcsg+rMJr1wawjpeWU=">AAAB+XicbZBLSwMxFIXv+Kz1NerSzWARXJWZgo9lqRuXFewD2qFk0rQNzSRDcqdQhv4TNy4Uces/cee/MW1noa0HAh/n3EuSEyWCG/T9b2djc2t7Z7ewV9w/ODw6dk9Om0almrIGVULpdkQME1yyBnIUrJ1oRuJIsFY0vp/nrQnThiv5hNOEhTEZSj7glKC1eq5bU0ZJTj06InqopOm5Jb/sL+StQ5BDCXLVe+5Xt69oGjOJVBBjOoGfYJgRjZwKNit2U8MSQsdkyDoWJYmZCbPFy2fepXX63kBpeyR6C/f3RkZiY6ZxZCdjgiOzms3N/7JOioO7MOMySZFJurxokAoPlTevwetzzSiKqQVCNce8AULRllW0JQSrX16HZqUc3JSvHyulai2vowDncAFXEMAtVOEB6tAAChN4hld4czLnxXl3PpajG06+cwZ/5Hz+AH9Uk5U=</latexit>

Bosonic chargons

<latexit sha1_base64="8WrVwdJUrK7/CAr0KDNwujvSKNw=">AAACCHicbVC7TsNAEDyHVwivACWNRYREFdkIAmUEDWWQyEOKo+h8WSdHzmfrbg1EVn6Aiha+gg7R8hd8BP/AJXEBCSOtNJrZ1e6OHwuu0XG+rNzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9eTfzmPSjNI3mLoxg6Ie1LHnBG0UgNr6Z5V3eLJafsTGEvEjcjJZKh1i1+e72IJSFIZIJq3XadGDspVciZgHHBSzTElA1pH9qGShqC7qTTa8f2kVF6dhApUxLtqfp7IqWh1qPQN50hxYGe9ybif147weCik3IZJwiSzRYFibAxsiev2z2ugKEYGUKZ4uZWmw2oogxNQAVPg0lP9nGQegiP+MB7Zk9a4XJs8nHn01gkjZOyWymf3ZyWqpdZUnlyQA7JMXHJOamSa1IjdcLIHXkmL+TVerLerHfrY9aas7KZffIH1ucPPe6bJA==</latexit>

 s

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

Confinement of SU(2)N gauge theory by charge fluctuations



<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1
<latexit sha1_base64="r181zh/G8zdi1zQOhjs4IFI+VGs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvlwUanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAX/42T</latexit>

(0, 0)
<latexit sha1_base64="Q87IczK6/das9WOXNzfFDFDi3Fg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOTJcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLFghqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k78xhPXRkTqAUcx90PaV6InGEUrPZbasTgl9jvpFIpu2Z2CLBIvI0XIUO0UvtrdiCUhV8gkNabluTH6KdUomOTjfDsxPKZsSPu8ZamiITd+Ot14TI6t0iW9SNunkEzV3x0pDY0ZhYGtDCkOzLw3Ef/zWgn2rv1UqDhBrthsUC+RBCMyOZ90heYM5cgSyrSwuxI2oJoytCHlbQje/MmLpH5W9i7LF/fnxcpNFkcODuEISuDBFVTgDqpQAwYKnuEV3hzjvDjvzsesdMnJeg7gD5zPHyRij+8=</latexit>

(⇡,⇡)
<latexit sha1_base64="LHsmAvE2SqRHnpgdlALJF/Lhnyo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmbE7Rj04jGCWSAZQk+nJmnS0zN29whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HfuNJ1Sax/LBDBP0I9qTPOSMGis1S+2EnxL3pFMoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz2My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s7J3Wb64Py9WbmZx5OAQjqAEHlxBBe6gCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fSUuO1g==</latexit>

(⇡, 0)
<latexit sha1_base64="k0iMARFfzt/DVn/c1RxpZ5iaIHA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJu8HUMevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Cy7Z8g97RVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE177KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7rFzcn5dqN1kceTiCYyiDB1dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbi+NvQ==</latexit>

(0, 0)

<latexit sha1_base64="WKGtWDoLVYhv+qEHspfgjwmAESk=">AAACJXicbVDLSsNAFJ3UV42vqks3g0VwVZKCj4WLoi7cCBWsLTShTCY37dDJJMxMhBL6M278FTcuLCK48lecPgRtPTBwOOdc7twTpJwp7TifVmFpeWV1rbhub2xube+UdvceVJJJCg2a8ES2AqKAMwENzTSHViqBxAGHZtC/GvvNR5CKJeJeD1LwY9IVLGKUaCN1ShdeAF0mcgpCgxzat0QpDkrhayYJ9TwcgYxNEquUiUQo2wMR/qQ7pbJTcSbAi8SdkTKaod4pjbwwoVlsxik3m9quk2o/J1IzymFoe5mClNA+6ULbUEFiUH4+uXKIj4wS4iiR5gmNJ+rviZzESg3iwCRjontq3huL/3ntTEfnfs5EmmkQdLooyjjWCR5XhkMmgWo+MIRQycxfMe0RU4/pQNmmBHf+5EXyUK24p5WTu2q5djmro4gO0CE6Ri46QzV0g+qogSh6Qi/oDY2sZ+vVerc+ptGCNZvZR39gfX0DHTCmRQ==</latexit>

Massless Dirac
fermion spinons

<latexit sha1_base64="YVUVaGos2GF0MaqvieAYRNqkxOQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ae0oUymk3bIzCTMTIQS+hEu1Y249Xtc+DdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp50gusv9zhNVmsXy0UwS6gs8kixkBBsrdbJ+IFA0HVRrbt2dAS0TryA1KNAcVL/6w5ikgkpDONa657mJ8TOsDCOcTiv9VNMEkwiPaM9SiQXVfjY7d4pOrDJEYaxsSYNm6u+JDAutJyI4C4RtFtiM9aKdi/95vdSEN37GZJIaKsl8V5hyZGKUv4+GTFFi+MQSTBSz5yIyxgoTY0Oq2By8xa+XSfu87l3VLx8uao3bIpEyHMExnIIH19CAe2hCCwhE8Ayv8OZo58V5dz7mrSWnmDmEP3A+fwAVsZCF</latexit>

k

<latexit sha1_base64="7ySHgnIOpS6K/9bjeeyjfYaEFlY=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6wWcLspDcZMjuzzMxGwpLP8KhexKtf48G/cZLsQRMLGoqqbrq7woQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapotCgkkvVDokGzgQ0DDMc2okCEoccWuHwbuq3RqA0k+LRjBMIYtIXLGKUGCv5nRFRkGjGpeiWK27VnQEvEy8nFZSj3i1/dXqSpjEIQznR2vfcxAQZUYZRDpNSJ9WQEDokffAtFSQGHWSzkyf4xCo9HEllSxg8U39PZCTWehyHZ2Fsm2NiBnrRnor/eX5qopsgYyJJDQg63xWlHBuJpxHgHlNADR9bQqhi9lxMB0QRamxQJZuDt/j1MmmeV72r6uXDRaV2mydSREfoGJ0iD12jGrpHddRAFEn0jF7Rm/PkvDjvzse8teDkM4foD5zPH69lkp4=</latexit>"

<latexit sha1_base64="Aa/IqtL9UApUtmQMGSzjaGpBDF8=">AAAB63icbVDLSgNBEOz1GeMr6tHLYhA8SNgV X8egF48JmAckS5id9CZDZmaXmVkhLPkCj+pFvPpJHvwbJ8keNLGgoajqprsrTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDZozGPVDolGziQ2DDMc24lCIkKOrXB0P/VbT6g0i+WjGScYCDKQLGKUGCvVvV6p7FW8Gdxl4uekDDlqvdJXtx/TVKA0lBOtO76XmCAjyjDKcVLsphoTQkdkgB1LJRGog2x26MQ9tUrfjWJlSxp3pv6eyIjQeizC81DYZkHMUC/aU/E/r5Oa6DbImExSg5LOd0Upd03sTh93+0whNXxsCaGK2XNdOiSKUGPjKdoc/MWvl0nzouJfV67ql+XqXZ5IAY7hBM7AhxuowgPUoAEUEJ7hFd4c4bw4787HvHXFyWeO4A+czx9hRI3L</latexit>

0 <latexit sha1_base64="fyb0X3LCrm2dXOjWI2uot52lpXk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBItQQcuM+FoW3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YtrPQ6oGEwzn3cu89YcKZNq775RSWlldW14rrpY3Nre2d8u5eS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3U799iNVmknxYMYJDWI8ECxiBBsr+dVuwk7Qqf2Pe+WKW3NnQH+Jl5MK5Gj0yp/dviRpTIUhHGvte25iggwrwwink1I31TTBZIQH1LdU4JjqIJutPEFHVumjSCr7hEEz9WdHhmOtx3FoK2NshnrRm4r/eX5qousgYyJJDRVkPihKOTISTe9HfaYoMXxsCSaK2V0RGWKFibEplWwI3uLJf0nrrOZd1i7uzyv1mzyOIhzAIVTBgyuowx00oAkEJDzBC7w6xnl23pz3eWnByXv24Recj2+P6ZAm</latexit>

(⇡,�⇡)

<latexit sha1_base64="yNLnveSPfopF3Mx61dLj4yJbZSE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB1DvHiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPVS7Z91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/GT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwa52Xvqnx5f1GqVLM48nAEx3AKHlxDBe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDs4WNbg==</latexit>

B+
<latexit sha1_base64="s0dObGLdEFPS4sbpmBE5t/AQ1pg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4hXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHqrds26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/jp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaN87J3Vb68vyhVqlkceTiCYzgFD66hAndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBto2NcA==</latexit>

B�
<latexit sha1_base64="XcmfqZK1gPcsg+rMJr1wawjpeWU=">AAAB+XicbZBLSwMxFIXv+Kz1NerSzWARXJWZgo9lqRuXFewD2qFk0rQNzSRDcqdQhv4TNy4Uces/cee/MW1noa0HAh/n3EuSEyWCG/T9b2djc2t7Z7ewV9w/ODw6dk9Om0almrIGVULpdkQME1yyBnIUrJ1oRuJIsFY0vp/nrQnThiv5hNOEhTEZSj7glKC1eq5bU0ZJTj06InqopOm5Jb/sL+StQ5BDCXLVe+5Xt69oGjOJVBBjOoGfYJgRjZwKNit2U8MSQsdkyDoWJYmZCbPFy2fepXX63kBpeyR6C/f3RkZiY6ZxZCdjgiOzms3N/7JOioO7MOMySZFJurxokAoPlTevwetzzSiKqQVCNce8AULRllW0JQSrX16HZqUc3JSvHyulai2vowDncAFXEMAtVOEB6tAAChN4hld4czLnxXl3PpajG06+cwZ/5Hz+AH9Uk5U=</latexit>

Bosonic chargons

<latexit sha1_base64="8WrVwdJUrK7/CAr0KDNwujvSKNw=">AAACCHicbVC7TsNAEDyHVwivACWNRYREFdkIAmUEDWWQyEOKo+h8WSdHzmfrbg1EVn6Aiha+gg7R8hd8BP/AJXEBCSOtNJrZ1e6OHwuu0XG+rNzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9eTfzmPSjNI3mLoxg6Ie1LHnBG0UgNr6Z5V3eLJafsTGEvEjcjJZKh1i1+e72IJSFIZIJq3XadGDspVciZgHHBSzTElA1pH9qGShqC7qTTa8f2kVF6dhApUxLtqfp7IqWh1qPQN50hxYGe9ybif147weCik3IZJwiSzRYFibAxsiev2z2ugKEYGUKZ4uZWmw2oogxNQAVPg0lP9nGQegiP+MB7Zk9a4XJs8nHn01gkjZOyWymf3ZyWqpdZUnlyQA7JMXHJOamSa1IjdcLIHXkmL+TVerLerHfrY9aas7KZffIH1ucPPe6bJA==</latexit>

 s

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

<latexit sha1_base64="yN1SDZlypk2DJolpdjLAECgjWQg="></latexit>

SU(2)N gauge-invariant and SU(2) spin invariant

order parameters of Higgs phases:

x-CDW : ⇢(⇡,0) = B⇤
a+Ba+ �B⇤

a�Ba�

y-CDW : ⇢(0,⇡) = B⇤
a+Ba� +B⇤

a�Ba+

d-density wave : D = i
�
B⇤

a+Ba� �B⇤
a�Ba+

�

d-wave superconductor : � = "abBa+Bb�

Confinement of SU(2)N gauge theory by charge fluctuations

<latexit sha1_base64="Cs10sqlHf3BhenyvR2poaoIKFL8="></latexit>

The O(B2
a±) terms in the energy

have a SO(5)b rotation symmetry

between these orders.



<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1
<latexit sha1_base64="r181zh/G8zdi1zQOhjs4IFI+VGs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvlwUanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAX/42T</latexit>

(0, 0)
<latexit sha1_base64="Q87IczK6/das9WOXNzfFDFDi3Fg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOTJcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLFghqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k78xhPXRkTqAUcx90PaV6InGEUrPZbasTgl9jvpFIpu2Z2CLBIvI0XIUO0UvtrdiCUhV8gkNabluTH6KdUomOTjfDsxPKZsSPu8ZamiITd+Ot14TI6t0iW9SNunkEzV3x0pDY0ZhYGtDCkOzLw3Ef/zWgn2rv1UqDhBrthsUC+RBCMyOZ90heYM5cgSyrSwuxI2oJoytCHlbQje/MmLpH5W9i7LF/fnxcpNFkcODuEISuDBFVTgDqpQAwYKnuEV3hzjvDjvzsesdMnJeg7gD5zPHyRij+8=</latexit>

(⇡,⇡)
<latexit sha1_base64="LHsmAvE2SqRHnpgdlALJF/Lhnyo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmbE7Rj04jGCWSAZQk+nJmnS0zN29whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HfuNJ1Sax/LBDBP0I9qTPOSMGis1S+2EnxL3pFMoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz2My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s7J3Wb64Py9WbmZx5OAQjqAEHlxBBe6gCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fSUuO1g==</latexit>

(⇡, 0)
<latexit sha1_base64="k0iMARFfzt/DVn/c1RxpZ5iaIHA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJu8HUMevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Cy7Z8g97RVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE177KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7rFzcn5dqN1kceTiCYyiDB1dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbi+NvQ==</latexit>

(0, 0)

<latexit sha1_base64="WKGtWDoLVYhv+qEHspfgjwmAESk=">AAACJXicbVDLSsNAFJ3UV42vqks3g0VwVZKCj4WLoi7cCBWsLTShTCY37dDJJMxMhBL6M278FTcuLCK48lecPgRtPTBwOOdc7twTpJwp7TifVmFpeWV1rbhub2xube+UdvceVJJJCg2a8ES2AqKAMwENzTSHViqBxAGHZtC/GvvNR5CKJeJeD1LwY9IVLGKUaCN1ShdeAF0mcgpCgxzat0QpDkrhayYJ9TwcgYxNEquUiUQo2wMR/qQ7pbJTcSbAi8SdkTKaod4pjbwwoVlsxik3m9quk2o/J1IzymFoe5mClNA+6ULbUEFiUH4+uXKIj4wS4iiR5gmNJ+rviZzESg3iwCRjontq3huL/3ntTEfnfs5EmmkQdLooyjjWCR5XhkMmgWo+MIRQycxfMe0RU4/pQNmmBHf+5EXyUK24p5WTu2q5djmro4gO0CE6Ri46QzV0g+qogSh6Qi/oDY2sZ+vVerc+ptGCNZvZR39gfX0DHTCmRQ==</latexit>

Massless Dirac
fermion spinons

<latexit sha1_base64="YVUVaGos2GF0MaqvieAYRNqkxOQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ae0oUymk3bIzCTMTIQS+hEu1Y249Xtc+DdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp50gusv9zhNVmsXy0UwS6gs8kixkBBsrdbJ+IFA0HVRrbt2dAS0TryA1KNAcVL/6w5ikgkpDONa657mJ8TOsDCOcTiv9VNMEkwiPaM9SiQXVfjY7d4pOrDJEYaxsSYNm6u+JDAutJyI4C4RtFtiM9aKdi/95vdSEN37GZJIaKsl8V5hyZGKUv4+GTFFi+MQSTBSz5yIyxgoTY0Oq2By8xa+XSfu87l3VLx8uao3bIpEyHMExnIIH19CAe2hCCwhE8Ayv8OZo58V5dz7mrSWnmDmEP3A+fwAVsZCF</latexit>

k

<latexit sha1_base64="7ySHgnIOpS6K/9bjeeyjfYaEFlY=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6wWcLspDcZMjuzzMxGwpLP8KhexKtf48G/cZLsQRMLGoqqbrq7woQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapotCgkkvVDokGzgQ0DDMc2okCEoccWuHwbuq3RqA0k+LRjBMIYtIXLGKUGCv5nRFRkGjGpeiWK27VnQEvEy8nFZSj3i1/dXqSpjEIQznR2vfcxAQZUYZRDpNSJ9WQEDokffAtFSQGHWSzkyf4xCo9HEllSxg8U39PZCTWehyHZ2Fsm2NiBnrRnor/eX5qopsgYyJJDQg63xWlHBuJpxHgHlNADR9bQqhi9lxMB0QRamxQJZuDt/j1MmmeV72r6uXDRaV2mydSREfoGJ0iD12jGrpHddRAFEn0jF7Rm/PkvDjvzse8teDkM4foD5zPH69lkp4=</latexit>"

<latexit sha1_base64="Aa/IqtL9UApUtmQMGSzjaGpBDF8=">AAAB63icbVDLSgNBEOz1GeMr6tHLYhA8SNgV X8egF48JmAckS5id9CZDZmaXmVkhLPkCj+pFvPpJHvwbJ8keNLGgoajqprsrTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDZozGPVDolGziQ2DDMc24lCIkKOrXB0P/VbT6g0i+WjGScYCDKQLGKUGCvVvV6p7FW8Gdxl4uekDDlqvdJXtx/TVKA0lBOtO76XmCAjyjDKcVLsphoTQkdkgB1LJRGog2x26MQ9tUrfjWJlSxp3pv6eyIjQeizC81DYZkHMUC/aU/E/r5Oa6DbImExSg5LOd0Upd03sTh93+0whNXxsCaGK2XNdOiSKUGPjKdoc/MWvl0nzouJfV67ql+XqXZ5IAY7hBM7AhxuowgPUoAEUEJ7hFd4c4bw4787HvHXFyWeO4A+czx9hRI3L</latexit>

0 <latexit sha1_base64="fyb0X3LCrm2dXOjWI2uot52lpXk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBItQQcuM+FoW3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YtrPQ6oGEwzn3cu89YcKZNq775RSWlldW14rrpY3Nre2d8u5eS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3U799iNVmknxYMYJDWI8ECxiBBsr+dVuwk7Qqf2Pe+WKW3NnQH+Jl5MK5Gj0yp/dviRpTIUhHGvte25iggwrwwink1I31TTBZIQH1LdU4JjqIJutPEFHVumjSCr7hEEz9WdHhmOtx3FoK2NshnrRm4r/eX5qousgYyJJDRVkPihKOTISTe9HfaYoMXxsCSaK2V0RGWKFibEplWwI3uLJf0nrrOZd1i7uzyv1mzyOIhzAIVTBgyuowx00oAkEJDzBC7w6xnl23pz3eWnByXv24Recj2+P6ZAm</latexit>

(⇡,�⇡)

<latexit sha1_base64="yNLnveSPfopF3Mx61dLj4yJbZSE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB1DvHiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPVS7Z91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/GT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwa52Xvqnx5f1GqVLM48nAEx3AKHlxDBe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDs4WNbg==</latexit>

B+
<latexit sha1_base64="s0dObGLdEFPS4sbpmBE5t/AQ1pg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4hXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHqrds26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/jp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaN87J3Vb68vyhVqlkceTiCYzgFD66hAndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBto2NcA==</latexit>

B�
<latexit sha1_base64="XcmfqZK1gPcsg+rMJr1wawjpeWU=">AAAB+XicbZBLSwMxFIXv+Kz1NerSzWARXJWZgo9lqRuXFewD2qFk0rQNzSRDcqdQhv4TNy4Uces/cee/MW1noa0HAh/n3EuSEyWCG/T9b2djc2t7Z7ewV9w/ODw6dk9Om0almrIGVULpdkQME1yyBnIUrJ1oRuJIsFY0vp/nrQnThiv5hNOEhTEZSj7glKC1eq5bU0ZJTj06InqopOm5Jb/sL+StQ5BDCXLVe+5Xt69oGjOJVBBjOoGfYJgRjZwKNit2U8MSQsdkyDoWJYmZCbPFy2fepXX63kBpeyR6C/f3RkZiY6ZxZCdjgiOzms3N/7JOioO7MOMySZFJurxokAoPlTevwetzzSiKqQVCNce8AULRllW0JQSrX16HZqUc3JSvHyulai2vowDncAFXEMAtVOEB6tAAChN4hld4czLnxXl3PpajG06+cwZ/5Hz+AH9Uk5U=</latexit>

Bosonic chargons

<latexit sha1_base64="8WrVwdJUrK7/CAr0KDNwujvSKNw=">AAACCHicbVC7TsNAEDyHVwivACWNRYREFdkIAmUEDWWQyEOKo+h8WSdHzmfrbg1EVn6Aiha+gg7R8hd8BP/AJXEBCSOtNJrZ1e6OHwuu0XG+rNzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9eTfzmPSjNI3mLoxg6Ie1LHnBG0UgNr6Z5V3eLJafsTGEvEjcjJZKh1i1+e72IJSFIZIJq3XadGDspVciZgHHBSzTElA1pH9qGShqC7qTTa8f2kVF6dhApUxLtqfp7IqWh1qPQN50hxYGe9ybif147weCik3IZJwiSzRYFibAxsiev2z2ugKEYGUKZ4uZWmw2oogxNQAVPg0lP9nGQegiP+MB7Zk9a4XJs8nHn01gkjZOyWymf3ZyWqpdZUnlyQA7JMXHJOamSa1IjdcLIHXkmL+TVerLerHfrY9aas7KZffIH1ucPPe6bJA==</latexit>

 s

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1
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(b)(a)

Confinement of SU(2)N gauge theory by charge fluctuations

<latexit sha1_base64="qxdrH3Pi0yz6aECOSlX0RTpnDfc="></latexit>

The Bav

(a ! SU(2)N gauge, v ! valley)
are the “square roots” of

conventional
d-wave superconductor,
charge density wave,
pair density wave

. . .
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(b)(a)
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(b)(a) <latexit sha1_base64="FuJqJDTMkIOMw8tNol1pwzrO2p8=">AAACHHicbZDLSsNAFIYnXmu9Rd0IbgaL4KqkotVlqRuXClaFppTJ5KQdnEzizIlaQn0UV271KdyJW8GH8B2cXhBvPwz8/OcczpkvSKUw6HnvzsTk1PTMbGGuOL+wuLTsrqyemSTTHBo8kYm+CJgBKRQ0UKCEi1QDiwMJ58Hl4aB+fg3aiESdYi+FVsw6SkSCM7RR2133JVMdCbROfT1yvoIr6rXdklf2hqJfpvLblMhYx233ww8TnsWgkEtmTLPipdjKmUbBJfSLfmYgZfySdaBprWIxmFY+/EGfbtkkpFGi7VNIh+n3iZzFxvTiwHbGDLvmd20Q/ldrZhgdtHKh0gxB8dGiKJMUEzrAQUOhgaPsWcO4FvZWyrtMM44WWtE3YImqDnZzH+EWb0Ro9+RVofqWzx8af83ZTrlSLe+d7JZq9TGpAtkgm2SbVMg+qZEjckwahJM78kAeyZNz7zw7L87rqHXCGc+skR9y3j4BNIih5g==</latexit>

hBi 6= 0

Confinement of SU(2)N gauge theory by charge fluctuations
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(b)(a)

Global phase diagram of SU(2)N gauge theory
(a)

(b)

(a)

(b)

or

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

<latexit sha1_base64="/+TdBeu+Rjak7sLKIrxZiU3Dbe4="></latexit>

Confining phase:
VBS order

<latexit sha1_base64="0kgAl0dEp0JLBG8zv2eR7Nu0bXU=">AAACGXicbZDLSgNBEEV7fMb4ioorN41BcBUmotGNEOLGZQTzgEwIPZ1K0qSnZ+iuUcOQL3HlVr/Cnbh15Uf4D3YeiCZeKLjcqqKK40dSGHTdT2dhcWl5ZTW1ll7f2NzazuzsVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0b92h1oI0J1i4MImgHrKtERnKGNWpl9TzLVlUBL1NMTd0ndVibr5tyx6I/Jz5osmarcynx57ZDHASjkkhnTyLsRNhOmUXAJw7QXG4gY77MuNKxVLADTTMbvD+mRTdq0E2pbCuk4/b2RsMCYQeDbyYBhz8z2RuF/vUaMnYtmIlQUIyg+OdSJJcWQjljQttDAUQ6sYVwL+yvlPaYZR0ss7RmwOFUXe4mH8ID3om3vJAWhhpbPHI15Uz3J5Qu5s5vTbLE0JZUiB+SQHJM8OSdFck3KpEI4ScgTeSYvzqPz6rw575PRBWe6s0f+yPn4Bm0ZoGU=</latexit>

hBi = 0
Phase A

(π,0) stripe 
Phase A

(0,π) stripe 

Phase B
d-wave SC 

Phase C
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(b)(a)

<latexit sha1_base64="4G+DFuwfdYFjVmUc3iJbXpgvx7g=">AAAB63icbVBNS8NAEN3Ur1q/qh69LBbBg4SkWFtvRS8eW7Af0Iay2U7apbtJ2N0IJfQXeFQv4tWf5MF/47YNqNUHA4/3ZpiZ58ecKe04n1ZubX1jcyu/XdjZ3ds/KB4etVWUSAotGvFIdn2igLMQWpppDt1YAhE+h44/uZ37nQeQikXhvZ7G4AkyClnAKNFGaqpBseTYtYp7XS1jx3YW+CZuRkooQ2NQ/OgPI5oICDXlRKme68TaS4nUjHKYFfqJgpjQCRlBz9CQCFBeujh0hs+MMsRBJE2FGi/UnxMpEUpNhW86BdFjterNxQtf/Gf3Eh3UvJSFcaIhpMtdQcKxjvD8cTxkEqjmU0MIlcyci+mYSEK1iadgcnBXv/5L2mXbvbIrzctS/SZLJI9O0Ck6Ry6qojq6Qw3UQhQBekTP6MUS1pP1ar0tW3NWNnOMfsF6/wL8SY4u</latexit>s

<latexit sha1_base64="9W4U2ShK4MFmrysMr0ma1o6/ols=">AAAB63icdVDLSgNBEJz1GeMr6tHLYBA8SNhV8zgGvXhMwDwgWcLspDcZMjO7zMwKYckXeFQv4tVP8uDfOElWUNGChqKqm+6uIOZMG9f9cFZW19Y3NnNb+e2d3b39wsFhW0eJotCiEY9UNyAaOJPQMsxw6MYKiAg4dILJzdzv3IPSLJJ3ZhqDL8hIspBRYqzUVINC0S25Za/qlrElC1hS8yrepYe9TCmiDI1B4b0/jGgiQBrKidY9z42NnxJlGOUwy/cTDTGhEzKCnqWSCNB+ujh0hk+tMsRhpGxJgxfq94mUCK2nIrCdgpix/u3NxfNA/GX3EhPW/JTJODEg6XJXmHBsIjx/HA+ZAmr41BJCFbPnYjomilBj48nbHL6exf+T9kXJq5TKzati/TpLJIeO0Qk6Qx6qojq6RQ3UQhQBekBP6NkRzqPz4rwuW1ecbOYI/YDz9gkCYY4z</latexit>r

<latexit sha1_base64="FuJqJDTMkIOMw8tNol1pwzrO2p8=">AAACHHicbZDLSsNAFIYnXmu9Rd0IbgaL4KqkotVlqRuXClaFppTJ5KQdnEzizIlaQn0UV271KdyJW8GH8B2cXhBvPwz8/OcczpkvSKUw6HnvzsTk1PTMbGGuOL+wuLTsrqyemSTTHBo8kYm+CJgBKRQ0UKCEi1QDiwMJ58Hl4aB+fg3aiESdYi+FVsw6SkSCM7RR2133JVMdCbROfT1yvoIr6rXdklf2hqJfpvLblMhYx233ww8TnsWgkEtmTLPipdjKmUbBJfSLfmYgZfySdaBprWIxmFY+/EGfbtkkpFGi7VNIh+n3iZzFxvTiwHbGDLvmd20Q/ldrZhgdtHKh0gxB8dGiKJMUEzrAQUOhgaPsWcO4FvZWyrtMM44WWtE3YImqDnZzH+EWb0Ro9+RVofqWzx8af83ZTrlSLe+d7JZq9TGpAtkgm2SbVMg+qZEjckwahJM78kAeyZNz7zw7L87rqHXCGc+skR9y3j4BNIih5g==</latexit>

hBi 6= 0
<latexit sha1_base64="DcfBhF6/1XI92aGdguWADkgAJEI=">AAACEnicbVDLSgMxFM34rPVVdekm2CoVpMz47q7oxp0V7QPaUjLpnRrMZIYkI5Shf+DSL3GpbsStWxf+jZk6iFYPBA7n3MPNPW7ImdK2/WFNTE5Nz8xm5rLzC4tLy7mV1boKIkmhRgMeyKZLFHAmoKaZ5tAMJRDf5dBwb04Tv3ELUrFAXOlBCB2f9AXzGCXaSN3cVtuFPhMxBaFBDrOX58WD7ULXLWTbIHrfcjeXt0v2CNgu7e0d7pfL+FtxUpJHKard3Hu7F9DIN3nKiVItxw51JyZSM8phmG1HCkJCb0gfWoYK4oPqxKN7hnjTKD3sBdI8ofFI/ZmIia/UwHfNpE/0tRr3EnHH9f+zW5H2jjsxE2GkQdCvXV7EsQ5w0g/uMQlU84EhhEpmvovpNZGEmh5U0oMzfvVfUt8tOYelg4vdfOUkbSSD1tEGKiIHHaEKOkNVVEMU3aEH9ISerXvr0XqxXr9GJ6w0s4Z+wXr7BEq8nJM=</latexit>

SO(5)b

<latexit sha1_base64="vInQXKmKkCg1CGUWDjgeLhS+CAM=">AAACEnicdVDLSgMxFM3UV62vqks3wVapIGVa6WNZdOPOivYBbSmZ9E4bmskMSUYoQ//ApV/iUt2IW7cu/BvTh6KiBwKHc+7h5h4n4Exp2363YguLS8sr8dXE2vrG5lZye6eu/FBSqFGf+7LpEAWcCahppjk0AwnEczg0nOHZxG/cgFTMF9d6FEDHI33BXEaJNlI3edh2oM9EREFokOPE1UWmcJTuuulEG0TvS+4mU3bWLpXsoo0NmcKQcqFsnxRxbq6k0BzVbvKt3fNp6Jk85USpVs4OdCciUjPKYZxohwoCQoekDy1DBfFAdaLpPWN8YJQedn1pntB4qn5PRMRTauQ5ZtIjeqB+exPx2PH+sluhdsudiIkg1CDobJcbcqx9POkH95gEqvnIEEIlM9/FdEAkoaYHNenh81j8P6nns7litnCZT1VO543E0R7aRxmUQyVUQeeoimqIolt0jx7Rk3VnPVjP1stsNGbNM7voB6zXD2g6nKc=</latexit>

SO(5)f
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(b)

or

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

<latexit sha1_base64="/+TdBeu+Rjak7sLKIrxZiU3Dbe4="></latexit>

Confining phase:
VBS order

<latexit sha1_base64="0kgAl0dEp0JLBG8zv2eR7Nu0bXU=">AAACGXicbZDLSgNBEEV7fMb4ioorN41BcBUmotGNEOLGZQTzgEwIPZ1K0qSnZ+iuUcOQL3HlVr/Cnbh15Uf4D3YeiCZeKLjcqqKK40dSGHTdT2dhcWl5ZTW1ll7f2NzazuzsVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0b92h1oI0J1i4MImgHrKtERnKGNWpl9TzLVlUBL1NMTd0ndVibr5tyx6I/Jz5osmarcynx57ZDHASjkkhnTyLsRNhOmUXAJw7QXG4gY77MuNKxVLADTTMbvD+mRTdq0E2pbCuk4/b2RsMCYQeDbyYBhz8z2RuF/vUaMnYtmIlQUIyg+OdSJJcWQjljQttDAUQ6sYVwL+yvlPaYZR0ss7RmwOFUXe4mH8ID3om3vJAWhhpbPHI15Uz3J5Qu5s5vTbLE0JZUiB+SQHJM8OSdFck3KpEI4ScgTeSYvzqPz6rw575PRBWe6s0f+yPn4Bm0ZoGU=</latexit>

hBi = 0

<latexit sha1_base64="4G+DFuwfdYFjVmUc3iJbXpgvx7g=">AAAB63icbVBNS8NAEN3Ur1q/qh69LBbBg4SkWFtvRS8eW7Af0Iay2U7apbtJ2N0IJfQXeFQv4tWf5MF/47YNqNUHA4/3ZpiZ58ecKe04n1ZubX1jcyu/XdjZ3ds/KB4etVWUSAotGvFIdn2igLMQWpppDt1YAhE+h44/uZ37nQeQikXhvZ7G4AkyClnAKNFGaqpBseTYtYp7XS1jx3YW+CZuRkooQ2NQ/OgPI5oICDXlRKme68TaS4nUjHKYFfqJgpjQCRlBz9CQCFBeujh0hs+MMsRBJE2FGi/UnxMpEUpNhW86BdFjterNxQtf/Gf3Eh3UvJSFcaIhpMtdQcKxjvD8cTxkEqjmU0MIlcyci+mYSEK1iadgcnBXv/5L2mXbvbIrzctS/SZLJI9O0Ck6Ry6qojq6Qw3UQhQBekTP6MUS1pP1ar0tW3NWNnOMfsF6/wL8SY4u</latexit>s

<latexit sha1_base64="9W4U2ShK4MFmrysMr0ma1o6/ols=">AAAB63icdVDLSgNBEJz1GeMr6tHLYBA8SNhV8zgGvXhMwDwgWcLspDcZMjO7zMwKYckXeFQv4tVP8uDfOElWUNGChqKqm+6uIOZMG9f9cFZW19Y3NnNb+e2d3b39wsFhW0eJotCiEY9UNyAaOJPQMsxw6MYKiAg4dILJzdzv3IPSLJJ3ZhqDL8hIspBRYqzUVINC0S25Za/qlrElC1hS8yrepYe9TCmiDI1B4b0/jGgiQBrKidY9z42NnxJlGOUwy/cTDTGhEzKCnqWSCNB+ujh0hk+tMsRhpGxJgxfq94mUCK2nIrCdgpix/u3NxfNA/GX3EhPW/JTJODEg6XJXmHBsIjx/HA+ZAmr41BJCFbPnYjomilBj48nbHL6exf+T9kXJq5TKzati/TpLJIeO0Qk6Qx6qojq6RQ3UQhQBekBP6NkRzqPz4rwuW1ecbOYI/YDz9gkCYY4z</latexit>r
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Can the underlying spin liquid help understand experimental observations of spin dynamics ?
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FIG. 2. Energy/momentum intensity maps of RIXS spectra for
(a) AF (p ! 0.03), (b) UD15K (p ! 0.11), (c) OP33K (p ! 0.16),
and (d) OD11K (p ! 0.21) along the high-symmetry momentum
trajectory indicated in Fig. 1(b) and in the inset of (a). The intensity
is in unit of photons/s/eV. Data were taken with π -polarized incident
light at 20 K. Elastic peaks were subtracted for a better visualization
of the low energy features.

energy, one nonresonant spectrum of silver paint or carbon
tape.

B. RIXS data overview and fitting procedure

Figure 2 displays the energy/momentum intensity maps of
RIXS spectra for AF [Fig. 2(a)], UD15K [Fig. 2(b)], OP33K
[Fig. 2(c)], and OD11K [Fig. 2(d)] along the high-symmetry
directions indicated in the inset of Fig. 2(a). The intensity
of RIXS spectra is in unit of photons/s/eV. The magnetic
excitations are very sharp for the AF case and become in-

creasingly broader with doping, in agreement with previous
results [12,13,23]. The strongly suppressed intensity near
Q = (0.5, 0) is consistent with the anomalous broadening
and damping of spin waves at that momentum in square
two-dimensional (2D) AF lattice observed previously in, e.g.,
La2CuO4 and in copper deuteroformate tetradeurate by INS
[40,41] and in CaCuO2 with RIXS, which was ascribed to
the decay of spin waves into fractional spin excitations [42].
We note that we do not observe any of the low-energy spin
excitation along (0, 0) → (0.5, 0.5) predicted by the RPA
calculations [26]. On the other hand, we observed a sharp
charge-order peak along the (0, 0) → (0.5, 0) direction in the
overdoped Bi2201 as reported in Ref. [43]. In the present work
we subtracted out the elastic peak to focus on the study of
magnetic excitations.

For a quantitative analysis of these experimental data we
used a general fitting procedure applicable to all cases for the
extraction of the energy, intensity and broadening of the spin
excitations. The RIXS process leading to a spin excitation can
be expressed in terms of the magnetic susceptibility χ , in strict
analogy with INS experiments: the spin dynamic structure
factor S(Q,ω) determines the scattering cross section, which
is proportional to the imaginary part of the susceptibility
χ ′′(Q,ω). The microscopic scattering process is very differ-
ent for RIXS and INS, so that absolute intensity cannot be
directly compared. However their relative intensity can be
compared because their dependence on the scattering angles
and polarization of the scattering particles are known to evolve
slowly with Q within a given Brillouin zone [2]. Therefore
we can fit the RIXS spectra to obtain relevant estimates of
the energy, width, and relative intensity of the spin-flip peak
and, ultimately, of χ . The fitting function is easily obtained
from the expressions of χ and of its imaginary part χ ′′. For
a generic damped harmonic oscillator, of given undamped
frequency ω0 and damping factor γ , it is well known that the
complex susceptibility is χ (ω) ∝ 1/[(ω2

0 − ω2) + 2iγω]. For
a given Q we can thus write

χ ′′(Q,ω) ∝ γω
(
ω2 − ω2

0

)2 + 4γ 2ω2
. (1)

When the damping is not too large (i.e., underdamped,
γ < ω0) the shape of χ ′′ can be reproduced by an antisym-
metrized Lorentzian function L(ω), i.e., the difference of two
Lorentzian peaks at position ±ωp and same width γ :

L(ω) = γ

(ω − ωp )2 + γ 2
− γ

(ω + ωp )2 + γ 2
. (2)

Indeed the two functions are identical up to a normalization
factor if ω2

p = ω2
0 − γ 2, which is possible only for γ ! ω0. As

pointed out by Lamsal et al. [33], in some recent RIXS papers
[12,13] the antisymmetrized Lorentzian function has been
used to fit damped paramagnon curves, leading to an inac-
curate estimation of ω0. The deviation is evident in the case of
overdamped paramagnons (i.e., γ > ω0), which cannot be fit-
ted by L(ω) in a satisfactory way. But even for underdamped
paramagnons, that can be fitted well by the antisymmetrized
Lorentzian, a nonnegligible deviation is made if one assigns
to ω0 the value ωp obtained from the fitting. It must be also
noted that ωMax, the maximum of the function χ ′′ of Eq. (1),
is different from both ω0 and ωp when γ ∼ ω0 (critically
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[40,41] and in CaCuO2 with RIXS, which was ascribed to
the decay of spin waves into fractional spin excitations [42].
We note that we do not observe any of the low-energy spin
excitation along (0, 0) → (0.5, 0.5) predicted by the RPA
calculations [26]. On the other hand, we observed a sharp
charge-order peak along the (0, 0) → (0.5, 0) direction in the
overdoped Bi2201 as reported in Ref. [43]. In the present work
we subtracted out the elastic peak to focus on the study of
magnetic excitations.

For a quantitative analysis of these experimental data we
used a general fitting procedure applicable to all cases for the
extraction of the energy, intensity and broadening of the spin
excitations. The RIXS process leading to a spin excitation can
be expressed in terms of the magnetic susceptibility χ , in strict
analogy with INS experiments: the spin dynamic structure
factor S(Q,ω) determines the scattering cross section, which
is proportional to the imaginary part of the susceptibility
χ ′′(Q,ω). The microscopic scattering process is very differ-
ent for RIXS and INS, so that absolute intensity cannot be
directly compared. However their relative intensity can be
compared because their dependence on the scattering angles
and polarization of the scattering particles are known to evolve
slowly with Q within a given Brillouin zone [2]. Therefore
we can fit the RIXS spectra to obtain relevant estimates of
the energy, width, and relative intensity of the spin-flip peak
and, ultimately, of χ . The fitting function is easily obtained
from the expressions of χ and of its imaginary part χ ′′. For
a generic damped harmonic oscillator, of given undamped
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complex susceptibility is χ (ω) ∝ 1/[(ω2
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When the damping is not too large (i.e., underdamped,
γ < ω0) the shape of χ ′′ can be reproduced by an antisym-
metrized Lorentzian function L(ω), i.e., the difference of two
Lorentzian peaks at position ±ωp and same width γ :

L(ω) = γ
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− γ
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. (2)

Indeed the two functions are identical up to a normalization
factor if ω2

p = ω2
0 − γ 2, which is possible only for γ ! ω0. As

pointed out by Lamsal et al. [33], in some recent RIXS papers
[12,13] the antisymmetrized Lorentzian function has been
used to fit damped paramagnon curves, leading to an inac-
curate estimation of ω0. The deviation is evident in the case of
overdamped paramagnons (i.e., γ > ω0), which cannot be fit-
ted by L(ω) in a satisfactory way. But even for underdamped
paramagnons, that can be fitted well by the antisymmetrized
Lorentzian, a nonnegligible deviation is made if one assigns
to ω0 the value ωp obtained from the fitting. It must be also
noted that ωMax, the maximum of the function χ ′′ of Eq. (1),
is different from both ω0 and ωp when γ ∼ ω0 (critically
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Altogether these findings are consistent with arguments in
favor of spin-fluctuations contributing to pairing in cuprate
superconductors [20,21].

Nevertheless, a complete picture has yet to emerge, as
most results have focused primarily on the (1,0) antinodal
direction, parallel to the Cu-O bonds. In contrast to that
behavior, recent experiments have found that the spectra along
the (1,1) nodal direction lack easily identifiable collective
excitations [22,23]. Interpreted as charge channel, particle-
hole excitations, with support from random-phase approxi-
mation (RPA) calculations, these findings challenge the ex-
istence of paramagnons (damped collective spin excitations)
in doped cuprates [22–26]. The apparent dichotomy between
dispersing spin excitations along (1,0), largely insensitive to
doping, and a continuum of charge modes along (1,1), which
apparently soften upon doping [24,25], raises questions con-
cerning the doping evolution of magnons into paramagnons
and the correct microscopic description of spin excitations
in overdoped compounds. The dichotomy may be even more
interesting in light of our recent RIXS study demonstrating
a direct correlation across several cuprate families between
optimal Tc and the difference in dispersion along the (1,0)
and (1,1) directions in AF parent compounds [27], where
the difference also correlates with parameters of microscopic
models that involve the oxygen degree of freedom, e.g., the
charge-transfer energy [28].

While one can debate whether or not a given micro-
scopic model properly describes the low-energy physics in
the cuprates, these models do provide useful insight on the
impact of correlations and their evolution with doping. In
particular, recent results from determinant quantum Monte
Carlo (DQMC) simulations of the single-band Hubbard model
challenge conventional wisdom about that rate at which the
influence from correlations decreases with carrier doping [29].
Based solely on single-particle properties [30,31], one would
conclude that correlations weaken rapidly with doping, reveal-
ing Fermi-liquid-like behavior just into the overdoped regime.
However, the behavior of multiparticle spin and charge re-
sponse functions shows that the influence from correlations
can persist to relatively high doping levels. When compared
to the results from RPA calculations, the influence of cor-
relations persists across the Brillouin zone and throughout
the doping range relevant to the cuprates. Additional model
calculations compared to RIXS experimental results demon-
strate a clear delineation between the low-energy spin and
charge excitations [32]. Given clear distinctions from model
calculations, and another recent proposal for a low-energy
spin excitation in overdoped cuprates from RPA calculations,
which may be resolvable with an improved energy resolution
(∼60 meV) [26], an extensive high-resolution study of the
doping and momentum dependence of paramagnons may
reconcile these differing perspectives.

In this article we present a systematic RIXS study of
magnetic excitations in single-layer (Bi,Pb)2(Sr,La)2CuO6+δ

(Bi2201), with four doping levels ranging from the AF in-
sulator to the overdoped superconductor. Our data cover a
significant portion of reciprocal space with an energy reso-
lution of about 55 meV. Polarization-resolved measurements
demonstrate the spin-flip nature, even in the overdoped re-
gion, of the main spectral feature commonly assigned to

paramagnons. We extract the paramagnon dispersion, damp-
ing, and spectral weight as functions of momentum and dop-
ing by fitting the spectra with a general function valid for all
damping regimes [22,33]. We find that both the undamped
frequency and damping factor increase with doping. More-
over, the damping and the spectral weight display a significant
momentum dependence. These observations are captured by
DQMC calculations of the spin dynamical structure factor
S(Q,ω) for the three-band Hubbard model, which allow us
to discuss quantitatively the implications of the experimental
results.

II. RIXS EXPERIMENT

A. Experimental details

We studied four doping levels of Bi2201 as indicated
in the phase diagram [34] in Fig. 1(a): antiferromagnetic
(AF, p " 0.03), underdoped with Tc = 15 K (UD15K, p "
0.11), optimal doping with Tc = 33 K (OP33K, p " 0.16)
and overdoped with Tc = 11 K (OD11K, p " 0.21). The
sample growth and characterization methods have been re-
ported previously [35–37]. The RIXS measurements were
performed with the ERIXS spectrometer at the beam
line ID32 of the European Synchrotron Radiation Facil-
ity (ESRF) in Grenoble, France [38]. The RIXS spec-
tra were collected at 20 K with π incident polarization
(parallel to the scattering plane) to maximize the single-
magnon signal [2,39]. The scattering angle was fixed at
149.5◦ and the incident photon energy was tuned to the
maximum of the Cu L3 absorption peak around 931 eV.
The total experimental energy resolution was about 55 meV.
The samples were cleaved in air a few minutes before instal-
lation in the measurement vacuum chamber. The reciprocal
lattice units (rlu) used in figures and in the text below are
defined using the pseudotetragonal unit cell with a = b =
3.86 Å. The zero energy-loss position of each spectrum was
determined by measuring, with the same incident photon

(a)
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0

(b)

FIG. 1. (a) Schematic temperature-doping phase diagram of
(Bi,Pb)2(Sr,La)2CuO6+δ . It shows the antiferromagnetic (AF), su-
perconducting (SC), and the pseudogap (PG) regions. Here we study
four doping levels as indicated by the solid red squares. (b) 2D recip-
rocal lattice for the pseudotetragonal structure and the first Brillouin
zones (structural in light grey, magnetic in light blue). Coordinates
H and K are in r.l.u.. The path followed for the measurements is
indicated by the red arrows, starting at (0.25,0.25) and ending around
(0.30,0.30) via (0.5,0) and (0,0).
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FIG. 2. Energy/momentum intensity maps of RIXS spectra for
(a) AF (p ! 0.03), (b) UD15K (p ! 0.11), (c) OP33K (p ! 0.16),
and (d) OD11K (p ! 0.21) along the high-symmetry momentum
trajectory indicated in Fig. 1(b) and in the inset of (a). The intensity
is in unit of photons/s/eV. Data were taken with π -polarized incident
light at 20 K. Elastic peaks were subtracted for a better visualization
of the low energy features.

energy, one nonresonant spectrum of silver paint or carbon
tape.

B. RIXS data overview and fitting procedure

Figure 2 displays the energy/momentum intensity maps of
RIXS spectra for AF [Fig. 2(a)], UD15K [Fig. 2(b)], OP33K
[Fig. 2(c)], and OD11K [Fig. 2(d)] along the high-symmetry
directions indicated in the inset of Fig. 2(a). The intensity
of RIXS spectra is in unit of photons/s/eV. The magnetic
excitations are very sharp for the AF case and become in-

creasingly broader with doping, in agreement with previous
results [12,13,23]. The strongly suppressed intensity near
Q = (0.5, 0) is consistent with the anomalous broadening
and damping of spin waves at that momentum in square
two-dimensional (2D) AF lattice observed previously in, e.g.,
La2CuO4 and in copper deuteroformate tetradeurate by INS
[40,41] and in CaCuO2 with RIXS, which was ascribed to
the decay of spin waves into fractional spin excitations [42].
We note that we do not observe any of the low-energy spin
excitation along (0, 0) → (0.5, 0.5) predicted by the RPA
calculations [26]. On the other hand, we observed a sharp
charge-order peak along the (0, 0) → (0.5, 0) direction in the
overdoped Bi2201 as reported in Ref. [43]. In the present work
we subtracted out the elastic peak to focus on the study of
magnetic excitations.

For a quantitative analysis of these experimental data we
used a general fitting procedure applicable to all cases for the
extraction of the energy, intensity and broadening of the spin
excitations. The RIXS process leading to a spin excitation can
be expressed in terms of the magnetic susceptibility χ , in strict
analogy with INS experiments: the spin dynamic structure
factor S(Q,ω) determines the scattering cross section, which
is proportional to the imaginary part of the susceptibility
χ ′′(Q,ω). The microscopic scattering process is very differ-
ent for RIXS and INS, so that absolute intensity cannot be
directly compared. However their relative intensity can be
compared because their dependence on the scattering angles
and polarization of the scattering particles are known to evolve
slowly with Q within a given Brillouin zone [2]. Therefore
we can fit the RIXS spectra to obtain relevant estimates of
the energy, width, and relative intensity of the spin-flip peak
and, ultimately, of χ . The fitting function is easily obtained
from the expressions of χ and of its imaginary part χ ′′. For
a generic damped harmonic oscillator, of given undamped
frequency ω0 and damping factor γ , it is well known that the
complex susceptibility is χ (ω) ∝ 1/[(ω2

0 − ω2) + 2iγω]. For
a given Q we can thus write

χ ′′(Q,ω) ∝ γω
(
ω2 − ω2

0

)2 + 4γ 2ω2
. (1)

When the damping is not too large (i.e., underdamped,
γ < ω0) the shape of χ ′′ can be reproduced by an antisym-
metrized Lorentzian function L(ω), i.e., the difference of two
Lorentzian peaks at position ±ωp and same width γ :

L(ω) = γ

(ω − ωp )2 + γ 2
− γ

(ω + ωp )2 + γ 2
. (2)

Indeed the two functions are identical up to a normalization
factor if ω2

p = ω2
0 − γ 2, which is possible only for γ ! ω0. As

pointed out by Lamsal et al. [33], in some recent RIXS papers
[12,13] the antisymmetrized Lorentzian function has been
used to fit damped paramagnon curves, leading to an inac-
curate estimation of ω0. The deviation is evident in the case of
overdamped paramagnons (i.e., γ > ω0), which cannot be fit-
ted by L(ω) in a satisfactory way. But even for underdamped
paramagnons, that can be fitted well by the antisymmetrized
Lorentzian, a nonnegligible deviation is made if one assigns
to ω0 the value ωp obtained from the fitting. It must be also
noted that ωMax, the maximum of the function χ ′′ of Eq. (1),
is different from both ω0 and ωp when γ ∼ ω0 (critically
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RIXS spectra for AF [Fig. 2(a)], UD15K [Fig. 2(b)], OP33K
[Fig. 2(c)], and OD11K [Fig. 2(d)] along the high-symmetry
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creasingly broader with doping, in agreement with previous
results [12,13,23]. The strongly suppressed intensity near
Q = (0.5, 0) is consistent with the anomalous broadening
and damping of spin waves at that momentum in square
two-dimensional (2D) AF lattice observed previously in, e.g.,
La2CuO4 and in copper deuteroformate tetradeurate by INS
[40,41] and in CaCuO2 with RIXS, which was ascribed to
the decay of spin waves into fractional spin excitations [42].
We note that we do not observe any of the low-energy spin
excitation along (0, 0) → (0.5, 0.5) predicted by the RPA
calculations [26]. On the other hand, we observed a sharp
charge-order peak along the (0, 0) → (0.5, 0) direction in the
overdoped Bi2201 as reported in Ref. [43]. In the present work
we subtracted out the elastic peak to focus on the study of
magnetic excitations.

For a quantitative analysis of these experimental data we
used a general fitting procedure applicable to all cases for the
extraction of the energy, intensity and broadening of the spin
excitations. The RIXS process leading to a spin excitation can
be expressed in terms of the magnetic susceptibility χ , in strict
analogy with INS experiments: the spin dynamic structure
factor S(Q,ω) determines the scattering cross section, which
is proportional to the imaginary part of the susceptibility
χ ′′(Q,ω). The microscopic scattering process is very differ-
ent for RIXS and INS, so that absolute intensity cannot be
directly compared. However their relative intensity can be
compared because their dependence on the scattering angles
and polarization of the scattering particles are known to evolve
slowly with Q within a given Brillouin zone [2]. Therefore
we can fit the RIXS spectra to obtain relevant estimates of
the energy, width, and relative intensity of the spin-flip peak
and, ultimately, of χ . The fitting function is easily obtained
from the expressions of χ and of its imaginary part χ ′′. For
a generic damped harmonic oscillator, of given undamped
frequency ω0 and damping factor γ , it is well known that the
complex susceptibility is χ (ω) ∝ 1/[(ω2
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a given Q we can thus write
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When the damping is not too large (i.e., underdamped,
γ < ω0) the shape of χ ′′ can be reproduced by an antisym-
metrized Lorentzian function L(ω), i.e., the difference of two
Lorentzian peaks at position ±ωp and same width γ :
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0 − γ 2, which is possible only for γ ! ω0. As
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[12,13] the antisymmetrized Lorentzian function has been
used to fit damped paramagnon curves, leading to an inac-
curate estimation of ω0. The deviation is evident in the case of
overdamped paramagnons (i.e., γ > ω0), which cannot be fit-
ted by L(ω) in a satisfactory way. But even for underdamped
paramagnons, that can be fitted well by the antisymmetrized
Lorentzian, a nonnegligible deviation is made if one assigns
to ω0 the value ωp obtained from the fitting. It must be also
noted that ωMax, the maximum of the function χ ′′ of Eq. (1),
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and damping of spin waves at that momentum in square
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we subtracted out the elastic peak to focus on the study of
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For a quantitative analysis of these experimental data we
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excitations. The RIXS process leading to a spin excitation can
be expressed in terms of the magnetic susceptibility χ , in strict
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factor S(Q,ω) determines the scattering cross section, which
is proportional to the imaginary part of the susceptibility
χ ′′(Q,ω). The microscopic scattering process is very differ-
ent for RIXS and INS, so that absolute intensity cannot be
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of the conserved current nx∂yvy − vy∂ynx associated with the
emergent O(4) symmetry (in the XY-VBS rotation channel),
which is a unique feature of the easy-plane DQCP. The gap-
less point (π, 0) also follows naturally, because the XY-VBS
current can decay into the nx continuum at (π,π ) and the
vy continuum at (0,π ), such that the momenta add up to
(π, 0). A similar interpretation applies to the Sz channel as
well. The only difference is that the spin-VBS current there
is not conserved, but is nevertheless still critical. The (π, 0)
continua exhibit a remarkable spatial anisotropy. On the edge
of the continua, the spectral weight is always larger along
(π, 0)-(π,π ) line and smaller along (π, 0)-(0, 0) line. This
spatial anisotropy is a signature of current-current correlation,
which originates from the nontrivial ω2 − q2

x form factor on
the numerator as given in Eqs. (8) and (9). The (0,π ) continua
will also exhibit the spatial anisotropy but with the form
factor rotated by π/2 to ω2 − q2

y . These “shadow” continua
allow us to probe the critical VBS fluctuation in the spin
excitation spectrum, which is another remarkable hallmark of
the DQCP.

As discussed in Sec. I, the spectral features uncovered here
are relatively easy to probe in INS or RIXS experiments,
hence paving way for observation of the seeming ephemeral
DQCP in real materials. These features are also robust even
if the parameter is slightly off the critical point. Our simu-
lation itself serves as a “numerical proof” of this statement.
As we measure the DQCP spectra at q = 0.6 of the EPJQ
model [not exactly at its critical point qc = 0.6197(2)], we
still observe all the low-energy spectral features consistent
with the field theory qualitatively. This demonstrates that the
dynamical signatures do not require fine-tuning and should
be easier to measure in experiments. Whereas the previous
studies of DQCP mainly focused on the critical scaling and
exponents from the theoretical perspective, these quantities
require more fine-tuning and are rather difficult to measure
in experiments. Even if the DQCP turns out to be first order
(as expected if the anisotropy is strong) or becomes unsta-
ble against other intermediate phases at low temperature, its
distinct spectral features over a large range of frequencies
can still be robustly observed above the low-energy scale
at which the potentially other transitions of phases become
manifest.

Finally, the spectra of the EPJQ model in the VBS phase
is shown in Figs. 3(c) and 3(f). Their EPJ1J2 counterpart
in the columnar singlet phase is shown in Figs. 4(c) and
4(f). All spin excitations are gapped in both Sx (q,ω) and
Sz(q,ω) for both models. For the EPJQ model, the spectra
in the VBS phase still maintain broad continua above the gap,
in contrast to the much sharper spectra of gapped magnons
in the EPJ1J2 columnar phase. This might be related to the
two-length-scale phenomena, which is inherent to the DQCP,
persisting in the VBS phase of the standard JQ model [25],
namely, the domain wall size of the VBS order may still
remain large while the spin correlation length is small. The
domain wall size of the VBS order is directly related to the
confinement length scale of the spinons [2]. This implies that,
although the spin-correlation length is finite, the confinement
length scale of the spinon can still be large, which leads to
the large continuum above the spin gap in the spin-excitation
spectrum.

FIG. 5. Comparison of the DQCP dynamic spin structure factors
between numerics [(a) Sx channel and (c) Sz channel] and theory [(b)
Sx channel and (d) Sz channel]. The color map is the same as that
in Fig. 3. The dashed curves trace out the upper and low edges of
the two-parton continuum, assuming free fermionic partons with the
π -flux state dispersion εk in Eq. (14). The lower edge simply follows
εk and the upper edge is given by the maximal two-parton excitation
energy Eq = maxk∈BZ |εk + εq−k|. The suppressed spectral weight
near (0,0) can be captured by matrix element effects.

IV. PARTON MEAN FIELD THEORY FOR
THE DQCP SPECTRA

In this section, we provide theoretical account for the over-
all shape of the dynamic spin structure factors Sx (q,ω) and
Sz(q,ω) observed at the DQCP. The easy-plane DQCP admits
several candidate field theory descriptions, including the easy-
plane NCCP1 theory [1–3], the Nf = 2 noncompact QED3
theory [6,7,9–13], and the Nf = 2 QCD3 theory [5,13] (or
its Higgs descendent Nf = 4 compact QED3 [4,6,13,15,16])
with additional anisotropy in the SO(5) symmetric tensor
representation. Although all theories are believed to provide
equivalent descriptions of the low-energy physics under pro-
posed duality relations [13], some of them are more conve-
nient to handle by mean-field treatment than others. Among
these theories, we found that the Nf = 2 QCD (or Nf = 4
QED) theory gives the best account for the overall spectral
features at the mean-field level. Because, in these theories,
both the AFM and VBS order parameters are treated on equal
footing as fermionic parton bilinears, it is already possible
to approximately capture both spin and dimer fluctuations at
the free fermion level (ignoring gauge fluctuations and local
interactions). Figure 5 shows the comparison of the dynamics
spin-structure factors between numerics and theory, based on
the parton mean-field theory. The overall features match quite
nicely. However, if similar mean-field treatment were applied
to other dual field theories such as the NCCP1 or the Nf = 2
noncompact QED3 theories, some low-energy continua that
involve gauge monopole excitations will be missing, as the
gauge fluctuation can not be captured at the mean-field level.

Let us start with the parton construction on the square
lattice [60], where the spin operator Si is fractionalized into
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• The electromagnetic U(1) is e↵ectively global, because ↵ ⌧ 1.

• The fermionic spinons transform as a fundamental of gauge SU(2), with a massless Dirac spectrum
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where Uij is the (lattice) SU(2) gauge field. The spinons are the analog of the neutrinos

• The Higgs sector has a boson Bi which is fundamental of SU(2)
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• The hole pockets in the nodal region of the Brillouin zone are described by electron c̄i↵ which

have a Yukawa coupling to the spinons and the Higgs field Bi = (B1i, B2i):
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