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& Non-zero T (classical) phase transitions of
superfluids, magnets with "easy-plane’ spins,
.....in D spatial dimensions

¢ T=0 (quantum) phase transitions of bosons
at integer filling between superfluid and
insulator in D-/ spatial dimensions



In dimension|D = 3,|in the low 1" phase, the symmetry 6, —
0; 4+ c is “spontaneously broken”. There is (off-diagonal) long-
range order (LRO) characterized by (¥; = ‘%)

lim (U, 0%) = |¥o|* #0.

|7y —15|—00

We break the symmetry by choosing an overall phase so that

(W) = ¥g # 0 Wilson-Fisher theory
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Kosterlitz-Thouless theory in D=2

In spatial dimension|D = 2,|the symmetry 6, — 6, + c is
preserved at all non-zero T'. There is no LRO, and

(W;) =0 for all T' > 0.

Nevertheless, there is a phase transition at 1" = Txp,
where the nature of the correlations changes

i — 1T, for ' < Tk, (QLRO)
|7 =7 —=00 exp(—|7‘7; — Tj|/f), for T' > Tk, (SRO)

KT theory
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Kosterlitz- Thouless theory in D
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Topological order
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Vortices proliferate

The low 1" phase also has topological order associated

with the suppression of vortices.

KT theory




Can we modify the XY model
Hamiltonian to obtain a phase with
“topological order” in D=3 ?
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(W3) =0 SRO
(©:5) ~ exp(—|ri —751/¢)  Topological
order
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(W3) =0 SRO
(©:5) ~ exp(—|ri —751/¢)  Topological
order

Only €evell (::47'(', 37 . . )
vortices proliferate

(P;) =0
Pt [(WY) ~ exp(—|ri —151/€)
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vortices proliferate
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Add terms which suppress single but
not double vortices.....

All allowed terms are invariant under a global U(1)
symmetry (6; — 6; + ¢) and periodic in all the 6;
(‘97, — 92 -+ 27’(’%7;, n; integers)



We rewrite Z xy using the decomposition
U; = H;;

where
H;, = ¢ and O; = e'¥"

The idea is that single vortices in ¥ will appear as single vortices
in H, while double vortices in W will appear as single vortices in ¢.

This decomposition now demands that any action be invariant
under the U(1) gauge transformations

Ui = Vi + 20, wi =0 —

To obtain simple effective actions, we also introduce a U(1) gauge
field A;, (© = 1,2,3) which transforms as

Ai,u — Ai,u —+ AMOQ



We now write down a U(1) gauge theory, Zg (1) consistent the U(1) gauge
invariance and the global symmetry

2T
do; d% dA;,
2u(1) = H/ o L] 5 exp (“Hu 9, ¢, Au))

Hy v, o = —J; ZCOS 24;,)
—J5 Z cos(A i + Aiy)

(N

—KZCOS(GMMAVAM)

Our claim is that this is the same theory as zZ xvy; In particular

27
dA; N
H/ 27: exp (—Hu[0, o, A,]) = exp(—Hxy [V + 2¢))
- Jo

This result follows from gauge invariance and the global U(1) symmetry, and
can be explicitly established by performing the integrals over A;,, order-by-
order in K.



First we examine the phase diagram by taking a
naive continuum limit of Hy, and studying the
resulting mean-field theory

L=10,—2A, — z’aZXt)H\Q + 51| H|* + wq | H|*
+ (0 + 1AL D|* + s2|0|° + ua|d|®

K(e,uy)\ayA)\)Q

»Cmonopoles

We have included a fixed external field a®* which

U

couples to the current of the global U(1) charge.
The monopoles play a crucial role, similar to those
of vortices in the 2D XY model, and they will

strongly modify the mean-field phase diagram.



[\I, — H¢? | Mean field phase diagram
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[\I, _ H¢2] Mean field phase diagram

S92

LRO No topological
order

All (27, +4m...)
vortices proliferate




[\I, _ H¢2] Mean field phase diagram

72 SRO
Emergent gapless “photon”

All (27, +4m...)
vortices proliferate

(T) = 0

(H) 70, (9)=0 (H) =0, (¢)=0

| RO No topological
order

All (27, +4m...)
vortices proliferate




The emergent “photon” phase is unstable to the
proliferation of monopoles. The monopoles form a
Coulomb plasma with 1/r interactions in 3D, very
similar to the Coulomb plasma of vortices with
In(r) interactions in 2D. However, unlike 2D, in 3D
there is never a state where monopoles are bound
to antimonopoles. The 1/r interactions are always
Debye screened, and the monopoles are effectively
free. This proliferation of monopoles implies that
there is no emergent gapless photon.
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[\p _ H¢2) Phase diagram SRO
SRO 52 T Emergent photon confined

Topological order at long length scales
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Structure of the topological phase

The topological phase is in the regime s; < 0 and s > 0 in the field theory

— |(8 —QZA eXt)HP—I—SﬂH‘ —I—’LL1’H|4
T ‘( v - ZA,M)¢’2 -+ 82’¢‘2 =+ u2’¢‘4 =+ K(E,ul/)\ayA)\)2 + »Cmonopoles
Perform a boson-boson (i.e. particle-vortex) duality on the boson H, while

(temporarily) treating A,, as a background field. This leads to a theory of
a dual boson (vortex) ¢ coupled to a dual emergent gauge field B,

~ . N
, Py o Z ex
Laual = (0, — iB)W|* + 31 []? + g |[v|* + + —€uaBudy Ay + QWEMV)\B 0, a5t
T ‘(a,u T ZA,LL)¢’2 + 52’¢‘2 =+ u2’¢’4 =+ K(E/LVAﬁvA)\) + [fmonopoles y
\_

Note that when s; < 0, then s; > 0: so both the v and ¢ bosons are
massive. Also, a monopole changes U(1) flux by 27 and this corresponds
to inserting two 1 bosons (each is a vortex carrying 7 flux); therefore

(»Cmonopoles = A (¢2 + ¢*2))




Structure of the topological phase
The topological phase is described by a TQFT:

l l
L = —€, B0, A\ + —
TQFT = —€uaby AT 9

ext

The gapped complex boson ¢ carries unit A, charge, and global U(1)
charges +1/2.

The gapped real boson ¢ carries unit B,, charge.
The ¢ and 9 particles are mutual semions.

The bound state of ¢ and 9 is a fermion, which also has mutual
semionic statistics with individual ¢ and 1) particles.

This topological order is the same as that of the ‘toric code’, the ¢
are e particles, and the 1 are m particles, and ¢-1 bound state is the
e particle. There is 4-fold ground state degeneracy on a large torus.
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The Hubbard Model

Ztm CinCja T UZ (niT o %) (nz¢ o _> luzczozcwé

t;; — “hopping”. U — local repulsion, ;¢ — chemical potential

Spin index a =1, |

_ AT
Niae — C;,Cix

i P
CinCip T CjBCiq = 0ij0agp

CiaCjp + CipCiay — 0

Will study on the square lattice



Fermi surface+antiferromagnetism

.‘.

QY

1 1 U ., U

Then we decouple the interaction via

, i i
exp (gZ/dTSfQ) — /D(I)?(T) exp (—Z/dT %@?2 — ¢S )

We now integrate out the fermions, and look for the saddle point of the
resulting effective action for ®¢. At the saddle-point we find that the low-
est energy is achieved when ®“ has opposite orientations on the A and B
sublattices.

We use the operator equation S{" = (1/2)¢; 00 5¢;s (valid on each site i):




Fermi surface+antiferromagnetism

Hole
states
occupied

Electron
states
occupied

+

The electron spin polarization obeys

where % ~ ™7 with K = (m,7)

)

(§4(r, 7)) ~ %(r)

the ordering wavevector.



“Spin-fermion” theory of the Hubbard model

We can (exactly) transform the Hubbard model to
the “spin-fermion” model:
electrons c;, on the square lattice with dispersion

_ T
- Zt ( Ci ’L—|—’Up, T Cz—|—'vp,ozcz a)
—H Z Ci abi.a + Hint

are coupled to a magnetic moment order parame-
ter (i), a = x,y, 2

Hing = —AZ@@ el 0lge; 5+ V(DY)

V(®%) = sq)aCI)“+u<I>a<I>“<I>b<I>b



“Spin-fermion” theory of the Hubbard model

Metal with “large” Fermi surface



“Spin-fermion” theory of the Hubbard model

Fermi surfaces translated by K = (7, 7).



“Spin-fermion” theory of the Hubbard model

“Hot” spots



“Spin-fermion” theory of the Hubbard model

Electron and hole pockets in
antiferromagnetic phase with (&%) #£ 0




Square lattice Hubbard model with electron doping

=
RS

electron and

electron pockets
hole pockets

(%) # 0 L (DY) £ 0
and large E and small
- 5 |
_ I VN
b :( I [
iR .
Metal with +  Metal with

¢* = Antiferromagnetism at (7, 7)

Metal with
“large” Fermi
surface



Electron doped cuprates

NdQ—m Ce:l: CUO4:5

Doping Dependence of an n-Type Cuprate Superconductor Investigated by

Angle-Resolved Photoemission Spectroscopy

N. P.Armitage, F. Ronning, D. H. Lu, C. Kim, A. Damascelli, K. M. Shen, D. L. Feng, H. Eisaki,
Z.-X.Shen, P. K. Mang, N. Kaneko, M. Greven, Y. Onose, Y. Taguchi, and Y. Tokura

Phys. Rev. Lett. 88, 257001 (2002)



PHYSICAL REVIEW B 92, 094501 (2015)

Correlation between Fermi surface transformations and superconductivity in the electron-doped
high-7, superconductor Nd,_,Ce, CuQy

T. Helm,">™ M. V. Kartsovnik,'*" C. Proust,” B. Vignolle,? C. Putzke,*** E. Kampert I. Sheikin,* E.-S. Choi,” J. S. Brooks,”
N. Bittner,!® W. Biberacher,! A. Erb,-° J. Wosnitza,> and R. Gross!% |

30 1 30 Gy 7 o Quantum oscillations show

: W (©)xzo1e” | the presence of small hole
04, _ W pockets up to a doping
-oefuy S w * 2 = 0.175 although anti-

) ST I (=) BV ferromagnetism disappears
0_"”\/\/\/ ‘_M/\/WWMWMWMMO near r = 0.14

30 40 5 60 30 40 5 60 70
B(T) B(T)
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R IR x10°
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arXiv:1811.04992
Fermi surface reconstruction in electron-doped cuprates
without antiferromagnetic long-range order

Junfeng He, C. R. Rotundu, M. S. Scheurer, Y. He, M. Hashimoto, K. Xu,
Y.Wang, E.W. Huang, T. Jia, S.-D. Chen, B. Moritz, D.-H. Lu,Y.S. Lee,

T. P. Devereaux and Z.-X. Shen

e New photoemission measurements at zero magnetic
field show Fermi surfaces in quantitative agreement
with quantum oscillation measurements.

e The energy gap between the electron and hole pock-
ets collapses near x = 0.17 like an order parameter.
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Square lattice Hubbard model with electron doping

(@) # 0 (@) £0| (@) =01 () =0
and large E Topological:
: order? E
- T
. o 7 | N :
PR
o E :
: z = 0.14 z = 0.175
Metal with :  Met3l with i Metal with
electron pockets | electfonand ;' “large” Fermi
+  hole pockets surface

¢* = Antiferromagnetism at (7, 7) .



arXiv:1811.04992

Fermi surface reconstruction in electron-doped cuprates
without antiferromagnetic long-range order

Junfeng He, C. R. Rotundu, M. S. Scheurer, Y. He, M. Hashimoto, K. Xu,
Y.Wang, E.W. Huang, T. Jia, S.-D. Chen, B. Moritz, D.-H. Lu,Y.S. Lee,
T. P. Devereaux and Z.-X. Shen

New photoemission measurements at zero magnetic| &
field show Fermi surfaces in quantitative agreement |

with quantum oscillation measurements.

The energy gap between the electron and hole pock-
ets collapses near x = 0.17 like an order parameter.

r

-

“The totality of the data points to a mysterious or-
der between x = 0.14 and * = 0.17, whose appear-
ance favors the F'S reconstruction and disappearance
defines the quantum critical doping. A recent topo-
logical proposal provides an ansatz for its origin.”

J




Mathias Scheurer

S.Sachdev, arXiv:1801.01125

M. S. Scheurer, S. Chatterjee, Wei Wu,
M. Ferrero,A. Georges, and S. Sachdey,
Proceedings of the National Academy of

Sciences 115,E3665 (2018)

Junfeng He, C. R. Rotundu, M. S. Scheurer,Y. He, M. Hashimoto,
K. Xu,Y.Wang, E.W. Huang, T. |ia, S.-D. Chen, B. Moritz, D.-H. Lu,

Y.S. Lee, T. P Devereaux and Z.-X. Shen, arXiv:1811.04992
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Constraints on volume enclosed by the Fermi surface

® |n a conventional Fermi liquid state, Fermi volume
must equal (/-p) (mod 2).

® When the unit cell is doubled by SDWV order, total
Fermi volume must equal (/-p) (mod 1).

® A state with Fermi volume (-p) (mod 2), but no

translational symmetry breaking, must have non-
quasiparticle excitations with vanishing energy on a

torus i.e. emergent gauge fields (bulk topological
order)

M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000)
T. Senthil, M.Vojta, and S. Sachdey, Phys. Rev. B 69,0351 || (2004)
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Transforming to a rotating reference frame

We can (exactly) transform the Hubbard model to
the “spin-fermion” model:
electrons c;, on the square lattice with dispersion

_ T
- Zt ( Ci ’L—|—’Up, T Cz—|—'vp,ozcz a)
—H Z Ci abi.a + Hint

are coupled to a magnetic moment order parame-
ter (i), a = x,y, 2

Hing = —AZ@@ el 0lge; 5+ V(DY)

V(®%) = sq)aCI)“+u<I>a<I>“<I>b<I>b



Transforming to a rotating reference frame

For fluctuating antiferromagnetism
(spin density waves (SDW)), we transform
to a rotating reference frame using the SU(2)

rotation R;
()
%

Cip

Cil
in terms of fermionic “chargons” 4 and a
Higgs field H“(z)

c"®% (1) = R, 0" H" (1) R;-r

The Higgs field is the SDW order in the
rotating reference frame.



Transforming to a rotating reference frame

The Higgs field is the SDW order in the
rotating reference frame.

c"®% (1) = R; 0" H" (1) R,:-f

Note that this is the precise analog of the relation-
ship in the XY model

U = H ¢*

The two relations take the same form if we write

P = (U + U* —i(V — U*),0)/2

HY = (H+ H* —i(H — H*),0)/2
_ " 0

" ( 0 ¢>



Transforming to a rotating reference frame

The simplest effective Hamiltonian for the fermionic chargons is

the same as that for the electrons, with the SDW order replaced
by the Higgs field.

_ I I
- Z tp (wiyswi_l_'vp,s w”&"—’vp, .,S) o ILL Z ¢i73¢i73 Hint
2 0

Hmt — —)\Z%Ha %s ss’ %S _I_V(Ha)

IF we can transform to a rotating reference frame in which H%(7) =
a constant independent of 7 and time, THEN the 1 fermions in

the presence of (fluctuating) SDW SRO will inherit the small Fermi
surfaces of the electrons in the presence of SDW LRO.

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)



Gauge theory of fluctuating antiferromagnetism

Field |Symbol|Statistics|SU(2)gauge |SU(2)spin|U(1)e.m.charge
Electron c fermion 1 2 -1
AF order| @ boson 1 3 0
Chargon| fermion 2 1 -1
Spinon | R or z| boson 2 2 0
Higgs H boson 3 1 0

Note that the transformation to a rotating reference frame is am-
biguous up to a SU(2) gauge transformation, V;

Vi 4 [ Vi
( wiv_ ) % ‘/Z < wia_ >
R; — R;V}

o H (i) — V; o Hb (i) V.

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)



Gauge theory of fluctuating antiferromagnetism

Field |Symbol|Statistics|SU(2)gauge [SU(2)spin|U(1)e.m.charge

Electron C fermion 1 -1
AF order b boson 1 0
Chargon fermion 2

(\V]

Spinon boson

2
3
1
2
1

Higgs boson

X

SU(2) gauge theory: fractionalize the SDW order parameter into
the Higgs field (H) and the spinons (R); fractionalize the electron
(c) into chargons () and spinons (R). When the Higgs field is
condensed, the 1 fermions and R bosons are deconfined particles
in an algebraic charge liquid (ACL) state, but with a strong residual
attractive interaction from the ¢;;.




Gauge theory of fluctuating antiferromagnetism

Field |Symbol|Statistics|SU(2)gauge [SU(2)spin|U(1)e.m.charge

Electron C fermion 1 -1
AF order b boson 1 0
Chargon fermion 2

(\V]

Spinon boson

2
3
1
2
1

Higgs boson

N

SU(2) gauge theory: The ACL was used to model
the photoemission and the cluster DMFT results
in the intermediate phase.

M. S. Scheurer, S. Chatterjee,Wei Wu, M. Ferrero,A. Georges, and S. Sachdey,
Proceedings of the National Academy of Sciences 115, E3665 (2018)



Gauge theory of fluctuating antiferromagnetism

Field |Symbol|Statistics|SU(2

N——"

gauge SU(Q)spin U(l)e.m.charge

Electron C fermion 1 2 -1
AF order| @ boson 1 3 0
Chargon| fermion 2 1 -1

Spinon | R or z| boso 2 2 0

Higgs H boson

oo
ek
-

SU(2) gauge theory for FL*: Assume the ¥ and R
form an electron-like bound state, and develop an
effective theory for the Higgs fields and the elec-
trons to describe also the crossover/transition to
the Fermi liquid state on the overdoped side.




Gauge theory of fluctuating antiferromagnetism

Taking the continuum limit for the Higgs field:
We obtain different numbers of adjoint Higgs scalars, IV,
depending upon the spatial dependence of the local spm
correlations: K,

A

Neel correlations (electron doped cuprates):
N;, =1,

K = (m,m),

HY (i) = Hy(r)e/S ™




Optimal doping for electron-doped cuprates

SU(2) gauge theory
SU(2) gauge theory with N, = 1 adjoint real Higgs fields H® (a = 1, 2, 3),
and gauge-invariant, electron-like fermions ¢, with a large Fermi surface.

1

£: 5

1
(0, H” — €ape ALHE)” + —F% F% + V(H®)

4g2” HvT Y

a
F

V(H®)

Ou AL — 8, A% — eqpe AL AL
sHH® + ug H*H*H°H?



Optimal doping for electron-doped cuprates

SU(2) gauge theory
SU(2) gauge theory with N, = 1 adjoint real Higgs fields H® (a = 1, 2, 3),
and gauge-invariant, electron-like fermions ¢, with a large Fermi surface.

L = —(8 HE — eabcAbHC)Q | ! FYFS 4+ V(HY)

9 p 4g2” HvT Y

_Zt (]Oé]—l-’vp —I_C;r-l—’vpaja) ,uz ]Oé jOﬁ

a
F

V(H®)

Ou AL — 8, A% — eqpe AL AL
sHH® + ug H*H*H°H?



Optimal doping for electron-doped cuprates

SU(2) gauge theory
SU(2) gauge theory with N, = 1 adjoint real Higgs fields H® (a = 1, 2, 3),
and gauge-invariant, electron-like fermions ¢, with a large Fermi surface.

a bayc)? | 1 a a a
£ = 5 (8 7‘[ EabcA,uH ) | 492 FM,/F’W/ —I_V(H )

_Zt (]04 ]—|—’Up, —I_C;L-I-’vp,a ja) ,uz ]Oé ja

T A Z j €7, Oé Ha( )
F, = 0,AL —0,A% — eqpc AL AS
V(H*) = sH*H"+uyH*H*H"H"

The fermions do not have Yukawa coupling to the Higgs fields, or a
minimal coupling to the gauge fields: both are prohibited by gauge
invariance. We treat the quartic coupling, A perturbatively.



>

(N e 1) Phase diagrams of SU(2) gauge theory
ot (HY) #0 vl (H) =0

e H*

e Condensation of H®
breaks SU(2) to U(1) Confinement

A. C. Davis, A. Hart, T.W.B. Kibble, and A. Rajantie, Phys. Rev. D 65, 125008 (2002)



>

[N e 1) Phase diagrams of SU(2) gauge theory
ot (HY) #0 vl (H) =0

,
e H°
e Condensation of H?
breaks SU(2) to U(1)

e U(1) confines because
of proliferation of
't Hooft-Polyakov monopoles

A. C. Davis, A. Hart, T.W.B. Kibble, and A. Rajantie, Phys. Rev. D 65, 125008 (2002)
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[N e 1) Phase diagrams of SU(2) gauge theory
ot (HY) #0 vl (H) =0

,
e H°
e Condensation of H?
breaks SU(2) to U(1) M

e U(1) confines because
of proliferation of
't Hooft-Polyakov monopoles

e Monopole action ~ /—s,
leading to an
exponentially large
confinement scale

A. C. Davis, A. Hart, T.W.B. Kibble, and A. Rajantie, Phys. Rev. D 65, 125008 (2002)



[N e 1) Phase diagrams of SU(2) gauge theory
V(H)]

(H®) 0 veEe)

>
HCL

>

(H?) =0

>
HG,

Higgs/U(1) confinement

Reconstructed (FL*) Fermi O
surfaces, with large length Fermi liquid with
scale confinement in a U(1) large Fermi surface

gauge theory, leading to
re-emergence of large Fermi
surface

e — S —

A

A. C. Davis, A. Hart, T.W.B. Kibble, and A. Rajantie, Phys. Rev. D 65, 125008 (2002)



|. Emergent gauge fields and topological
order in the 3D XY model

2. Electron doped cuprates

(A) Simple models of metals with intrinsic
topological order

(B) SU(2) gauge theory of fluctuating
antiferromagnetism

-

3. Hole doped cuprates
SU(2) gauge theory with Ny adjoint Higgs fields

Higgs-confinement transition to a Fermi liquid

J
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Hole doped cuprates

Yang He,YiYin, M. Zech,A. Soumyanarayanan, |. Zeljkovic, M. M.Yee, M. C. Boyer, K. Chatterjee,W. D.Wise, Takeshi Kondo,
T.Takeuchi, H. Ikuta, P. Mistark, R. S. Markiewicz, A. Bansil, S. Sachdey, E.W. Hudson, and |. E. Hoffman, Science 344, 608 (2014)

K. Fujita, Chung Koo Kim, Inhee Lee, |Jinho Lee, M. H. Hamidian, |.A. Firmo, S. Mukhopadhyay, H. Eisaki,
S. Uchida, M. ). Lawler, E.-A. Kim, J. C. Davis, Science 344, 612 (2014)
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Hole doped cuprates

The remarkable underlying ground states of cuprate superconductors
Cyril Proust and Louis Taillefer, arXiv:1807.0507
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Gauge theory of fluctuating antiferromagnetism

Taking the continuum limit for the Higgs field:
We obtain different numbers of adjoint Higgs scalars, IV,
depending upon the spatial dependence of the local spm
correlations: K,

A

Neel correlations (electron doped cuprates):
N;, =1,

K = (m,m),

HY (i) = Hy(r)e/S ™




Gauge theory of fluctuating antiferromagnetism

Taking the continuum limit for the Higgs field:
We obtain different numbers of adjoint Higgs scalars, IV,
depending upon the spatial dependence of the local spm

correlations: K,
Neel correlations (electron doped cuprates):
Nh — 17
K = (m,m),
H(i) = Hi(r)e't ™ ®
... R - .
o > Ko
.
> K,

Bidirectional incommensurate correlations (hole doped cuprates):
Ny =4,

K, = (m,m—0), Ky =(m—0,m),

H(i) = Re {[H{(r) + iHg (r)] e 5= 4 [Hg (r) + iH (r)] 7}



Optimal doping for hole-doped cuprates

SU(2) gauge theory
For the hole-doped cuprates, N;, = 4, we define complex Higgs fields

H,=H{ +iHy , H,=H;+iHj.
The SU(2) gauge theory is

2 |
| I42F/L1/F/w

1 a bycl|? 1 a byc
L = 5 |(9M7-[$ — eabcAuHA + 5 ‘aﬁﬁ'{y — GQbCAMHy p

Fg, = 0,AL —0,A% — eapcA)AS

18 %



Optimal doping for hole-doped cuprates

SU(2) gauge theory
For the hole-doped cuprates, N;, = 4, we define complex Higgs fields

H,=H{ +iHy , H,=H;+iHj.
The SU(2) gauge theory is

2 |
| I4Lq21[7u1/]"7/w

+V(Hg.,) + coupling to electrons with large Fermi surface

1 a bycl|? 1 a byc
L= O HE — €anc A G| + 5 0, HS — €anc A, HS

Fg, O, A% — 0, A% — eapcA, AS
VHE,) = s(HYHE + HEHD) 4 ug (HEHE + HIHE)
u a k a a k a 2 u a a a a 2
Zl (Ha; Ha: o Hy Hy) T 72 [|Hw?{a¢‘2 T }HyHy‘ }

s (M| + [HeHg )



SU(2) gauge theory (simplified)

SU(2) gauge theory with N, adjoint Higgs fields
H} (a=1,2,3, {=1...Ny), with potential
V(H}) and SU(2) gauge field Aj.
Consider the simpler case with O(/N},) global
flavor symmetry.

1 a a 1 a b r7c) 2 a
£ — 4_92F/U/FMV -+ 5 (a'qu — eabcA,qu) -+ V(He)

Fe,
V(Hy)

0, AL — 0, A% — eqpe AL AS
sH{H] + vy HYH{H? HY,

1
g (HgH%HEH; HfHﬁH%H%)

h
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[N e 1) Phase diagrams of SU(2) gauge theory
vary) | (Hi) #0 vyl (HE) =0

,

Hy
e Condensation of H?

breaks SU(2) to U(1)

>

Hy

e U(1) confines because
of proliferation of
't Hooft-Polyakov monopoles

e Monopole action ~ /—s,
leading to an
exponentially large

confinement scale

A. C. Davis, A. Hart, T.W.B. Kibble, and A. Rajantie, Phys. Rev. D 65, 125008 (2002)



(N =2)

e There is a global O(/N,) symmetry, and we can define a gauge-invariant order parameter

5€m
= HCH® — H®H®
Qf ¢ +tm Nh nttn

e For u; < 0, the Higgs condensate is of the form
HY = (Hy,0,0) , H$ =(0,0,0)

This breaks gauge SU(2) to U(1), and the U(1) confines, as for N, = 1. But the global
O(2) is broken because

<Q€m> 7& 0



[N = 2] Phase diagrams of SU(2) gauge theory
v

@#\O/ V(HE)A®
|
Hg) Hy
(<0

e (Condensation of H? " Possible

breaks SU(2) to U(1), Deconfined

, critical
which confines SU(2) gauge
_ theory

e Broken O(2) symmetry,

<Q€m> # 0.




[N = 2] Phase diagrams of SU(2) gauge theory
vary) | (Hf) #0 vareyt  (Hy) =0

| ,

H¢ Hy
[ u; < 0 ] Confinement
. a ) )
e Condensation of H¢ Possible
breaks SU(2) to U(1), Deconfined
, critical
which confines SU(2) gauge
_ theory

e Broken O(2) symmetry,
<Q€m> # 0.

\,

| Multi-universality
of a Landau-allowed
transition 7

\.




(N =2)

e There is a global O(/N,) symmetry, and we can define a gauge-invariant order parameter

5€m
= HCH® — H®H®
Qf ¢ +tm Nh nttn

e For u; < 0, the Higgs condensate is of the form
HY = (Hy,0,0) , H$ =(0,0,0)

This breaks gauge SU(2) to U(1), and the U(1) confines, as for N, = 1. But the global
O(2) is broken because

<Q€m> 7& 0
e For u; > 0, the Higgs condensate is of the form
HY = (Hy,0,0) , HS=1(0,Hp,0)

This breaks gauge SU(2) to Zs, leading to Zs topological order (as in the ‘toric code’).
But now the global O(2) is unbroken because

<Q€m> =0



[N = 2] Phase diagrams of SU(2) gauge theory
v

@#\0/ vaey!  (Hf) =0
Higgs )
Hg) Hy
[ uyp > 0 ] Confinement
e Condensation of H? " Possible
breaks SU(2) to Zo, Deconfined
, critical
leading to Zo SU(2) gauge
topological order. | theory

e Unbroken O(2)
symmetry, (Qem) = 0.




(N, = 3]

e For u; < 0, the Higgs condensate is of the form

H® = (Hy,0,0) , H$=1(0,0,0) , H?=(0,0,0)

This breaks gauge SU(2) to U(1), and the U(1) confines, as for N = 1,2. The global O(3)
is broken to O(2) and

<Q€'m> 7é 0



[Nh — 3) Phase diagrams of SU(2) gauge theory
vary) | (Hi) #0 vyl (HE) =0

| ,

H¢ Hy
[ up <0 ] Confinement
. r N
e Condensation of H? Possible
breaks SU(2) to U(1), Deconlined
. critical
which confines SU(2) gauge
\ theory )

¢ O(3) symmetry broken

\,

| Multi-universality
of a Landau-allowed
. transition 7




(N, = 3]

e For u; < 0, the Higgs condensate is of the form

H® = (Hy,0,0) , H$=1(0,0,0) , H?=(0,0,0)

This breaks gauge SU(2) to U(1), and the U(1) confines, as for N = 1,2. The global O(3)
is broken to O(2) and

<Q€'m> 7é 0
e For u; > 0, the Higgs condensate is of the form
H} = (Hy,0,0) , H$=(0,Hyp,0) , HS=(0,0,Hy)

This breaks gauge SU(2) to Zs, leading to Zs topological order (as in the ‘toric code’).
But now the global O(3) is unbroken because

<Q€m> =0



[Nh — 3) Phase diagrams of SU(2) gauge theory
V)|

@#\0/ vaey!  (Hf) =0
Higgs )
Hg) Hy
[ uy > 0 ] Confinement
e Condensation of H? " Possible
breaks SU(2) to Zo, Deconfined
, critical
leading to Zo SU(2) gauge
topological order. | theory

e Unbroken O(3)
symmetry, (Q¢m) = 0.




(Ni > 4]

Ny > 4

e For u; < 0, the Higgs condensate is of the form
H{ = (Hp,0,0) , H)~;=(0,0,0)

This breaks gauge SU(2) to U(1), and the U(1) confines, as for N = 1,2. The global
O(N},) is broken to O(Ny, — 1) and

<Q€m> 7£ 0



[Nh > 4] Phase diagrams of SU(2) gauge theory

vyl (Hy) #0 vyl (HE) =0
Higgs )
Hg) Hy
[ up <0 ] Confinement
e Condensation of H¢ " Possible
breaks SU(2) to U(1), Deconlined
. critical
which confines SU(2) gauge
\ theory )

e O(Ny) symmetry
broken to O(Nh B 1>7 | Multi-universality |
<Q€m> # 0. of a Landau-allowed

S

transition 7




[thll] N, > 4

e For u; < 0, the Higgs condensate is of the form
H{ = (Hp,0,0) , H)~;=(0,0,0)

This breaks gauge SU(2) to U(1), and the U(1) confines, as for N = 1,2. The global
O(N},) is broken to O(Ny, — 1) and

<Q€m> 7£ 0
e For uy; > 0, the Higgs condensate is of the form
HY = (Hp,0,0) , Hy=(0,Hyp,0) , Hy=(0,0,Hy) , Hp3=1(0,0,0)

This breaks gauge SU(2) to Zs, leading to Z, topological order (as in the ‘toric code’).
But now the global O(Ny,) is broken to O(Ny, — 3)x0O(3), and

<Q€m> 7é 0



[Nh > 4] Phase diagrams of SU(2) gauge theory

vyl (Hy) #0 vyl (HE) =0

w )

HY
CED

>

>

e Condensation of H* " Possible |
breaks SU(2) to Zo, Dii?ﬁ?;ed
leading to Zo SU(2) gauge
topological order. | theory

e O(Ny) symmetry
broken to

O(Nn —3)x0(3), (Qem) 7 0.




[N e 4) Phase diagrams of SU(2) gauge theory
vmg]

(Hy) #0

e Condensation of H¢
breaks SU(2) to U(1) or Zs.

>

Hy

vareyt  (Hy) =0

Confinement

I&Z<
\ 4

g Possible A
Deconfined

critical
SU(2) gauge
_ theory




[N e 4) Phase diagrams of SU(2) gauge theory
vmg]

(Hy) #0

,

Hy

e Condensation of H¢
breaks SU(2) to U(1) or Zs.

e The U(1) cases confine, while
the Zo cases have Zy (toric
code) topological order.

V(HE)A <HEL> =0

\ 4

Confinement

g Possible A

Deconfined
critical
SU(2) gauge
_ theory




[Nh — 4) Phase diagrams of SU(2) gauge theory
vary) | (Hf) #0 vareyt  (Hy) =0

| ,

H¢ Hy
breaks SU(2) to U(1) or Zs.
r —
. Possible
e The U(1) cases confine, while | Deconfined
the Zo cases have Zs (toric critical
code) topological order. SU(2) gauge
_ theory

e One or more global sym-
metries are broken in all cases.




Optimal doping for hole-doped cuprates

There are multiple order parameters for different broken symmetries
(Note: spin rotations are preserved and there is no SDW order)

e I[sing nematic order

¢ =HHY — HZ*HZ
e Charge density wave (CDW) order at wavevectors 2K, ,

b, = HIHE , D, = HOH

e Charge density wave (CDW) order at wavevectors K, + K,
®r=Fl ko B =G
e (Modulated) scalar spin chirality

Xijk = €abe H(ri)H(r;)HC (7y,)



Phase diagram of SU(2) gauge theory for hole-doped cuprates

vas) . (Hy) # 0

=D

Higgs/U(1) confinement
[Z; deconfined

One or more of Ising-nematic,
CDW, scalar spin chirality, and
Zi5 topological orders
Reconstructed (FL*) Fermi

surfaces, with large length scale
confinement in the U(1) cases

V(HY)

v (H) =0

>

Hy

f Possible A

Deconfined
critical
SU(2) gauge
_ theory

Fermi liquid with
large Fermi surface



Optimal doping for hole-doped cuprates
Broken symmetries and topological order in the Higgs phase

us < 0




Optimal doping for hole-doped cuprates
Broken symmetries and topological order in the Higgs phase

ug > 0
A . . (G)Q _ Io.35
0.30
_ 0.25
= ’ 0.20 —
B (E) g, :
S ®;) =] F0.15
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Optimal doping for hole-doped cuprates
Broken symmetries and topological order in the Higgs phase

usg > 0
(&), |0.35
A C <(I):v> — <(I)y> # 04
<¢(> 720 @) =(e]) 20| U0
_ ' 0.25
e
= 0.20 §
3 (E)
S <(:Dx — 0.15
-1 (A) [ |
O N@A |
-2} <¢>,[<J( Phenomenologically attractive state with

 uni-directional CDW, Ising-nematic, and scalar
spin chirality order:
i 3_"3 _'2 - Hg =sin6(0,0,1), Hy = cos0(1,4,0)
1.e. short-range collinear spin correlations along x,
and short-range spiral spin correlations along y.




e Cuprates are described across optimal doping by the Higgs-
to-confinement crossover/transition of a SU(2) gauge theory
with IV, adjoint Higgs fields coupled to a large Fermi surface

of gauge-neutral electrons.



e Cuprates are described across optimal doping by the Higgs-
to-confinement crossover/transition of a SU(2) gauge theory
with N}, adjoint Higgs fields coupled to a large Fermi surtace
of gauge-neutral electrons.

e Llectron doped cuprates are described by N, = 1. In this
case, there is no phase transition, only a crossover. The un-
derdoped cuprates are described by the Higgs regime, while
the overdoped Fermi liquid is the confinement regime.



e Cuprates are described across optimal doping by the Higgs-
to-confinement crossover/transition of a SU(2) gauge theory
with N}, adjoint Higgs fields coupled to a large Fermi surtace
of gauge-neutral electrons.

e Llectron doped cuprates are described by N, = 1. In this
case, there is no phase transition, only a crossover. The un-
derdoped cuprates are described by the Higgs regime, while
the overdoped Fermi liquid is the confinement regime.

e Hole doped cuprates are described by NN, = 4. In this case,
a phase transition must occur, at least in the absence of dis-
order. The Higgs phase is characterized by:

— Stable Zs topological order, or U(1) topological up to
an exponentially large length scale

— One or more broken symmetries involving Ising-nematic,
CDW, and scalar spin chirality.



