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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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of charge order and

d-wave superconductivity
from the pseudogap metal.
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Quantum oscillations in the
CDW phase at low T

show only
a single electron pocket.

This cannot be obtained
in the theory of CDWs

in a Fermi liquid.
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Hole pocket Fermi surfaces

of size p with

charge e, spin-1/2 quasiparticles

+

square lattice spin liquid.

FL*: Spin liquid is required because

the Fermi surface does not enclose

the Luttinger volume (1 + p).
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<latexit sha1_base64="ibv69x46tQiwHRvmlB4yfDqSmmE=">AAACBXicdVBNS8NAEN34WetX1aOXxSJ4Cklt1WPRi8eKtgpNkM122i5uNmF3opbQsyev+iu8iVd/hz/C/+C2VlDRBwOP92aYmRelUhj0vDdnanpmdm6+sFBcXFpeWS2trbdMkmkOTZ7IRF9EzIAUCpooUMJFqoHFkYTz6Opo5J9fgzYiUWc4SCGMWU+JruAMrXQapOKyVPbc3T2vUvWp53pjWLJbq9YOKtSfKGUyQeOy9B50Ep7FoJBLZkzb91IMc6ZRcAnDYpAZSBm/Yj1oW6pYDCbMx6cO6bZVOrSbaFsK6Vj9PpGz2JhBHNnOmGHf/PZG4l9eO8PuQZgLlWYIin8u6maSYkJHf9OO0MBRDixhXAt7K+V9phlHm04xMGCjUz3s5wHCLd6Ijt2TV4Qa2ny+QqD/k1bF9ffc2km1XD+cJFUgm2SL7BCf7JM6OSYN0iSc9Mg9eSCPzp3z5Dw7L5+tU85kZoP8gPP6AS+2mgg=</latexit>⇡



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="PT4zyq5uqrFFYvF1VubWItRDugo="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

X

↵=",#
b†i↵bi↵ = 1

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons



(a)

(b)

(a)

(b)

or

Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons

<latexit sha1_base64="KWDHr9g/KCQyd60B5fJytoNvjGI="></latexit>

Low energy CP1 U(1) gauge theory
<latexit sha1_base64="VAu91Wk2MKvwGtqzpypfiQWIfaY="></latexit>

z↵ ⇠ bA↵ + "↵�bB�

N. Read and S. Sachdev, Physical Review Letters 62, 1694 (1989)

<latexit sha1_base64="RdhSd9w/CmNFl7iANHQh5W6AO4g="></latexit>

Higgs phase, hz↵i 6= 0:

Néel order

<latexit sha1_base64="ksaxYmvO2iJvrBUkAJzQm7qC8As="></latexit>

Confining phase, hz↵i = 0:
VBS order

<latexit sha1_base64="PT4zyq5uqrFFYvF1VubWItRDugo="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

X

↵=",#
b†i↵bi↵ = 1

<latexit sha1_base64="kJjnLKtO9htxv+5/T06y+O9fhbY=">AAAB63icdZDLSgMxFIYz9VbrrerSTbAILqRkpNq6K7px2YK9QDuUTHqmDU1mhiQjlNIncKluxK2P5MK3MZ2OoKIHAj/ffw455/djwbUh5MPJrayurW/kNwtb2zu7e8X9g7aOEsWgxSIRqa5PNQgeQstwI6AbK6DSF9DxJzcLv3MPSvMovDPTGDxJRyEPOKPGoqYeFEukTAipEIJTQVJxVa3VXILdjJRQVo1B8b0/jFgiITRMUK17LomNN6PKcCZgXugnGmLKJnQEPStDKkF7s3TROT6xZIiDSNkXGpzS7xMzKrWeSt92SmrG+re3gGe+/MvuJSaoeTMexomBkC3/ChKBTYQXh+MhV8CMmFpBmeJ2XczGVFFmbDwFm8PXsfh/0T4vu5fli2alVL/OEsmjI3SMTpGLqqiOblEDtRBDgB7QE3p2pPPovDivy9ack80coh/lvH0CAZSOMw==</latexit>s
<latexit sha1_base64="nEbmQBx6fpy8uVuSRSIx1FuUL9E="></latexit>

L = |(@µ � iaµ)z↵|2 + s|z↵|2 + u|z↵|4 + Lmonopole



(a)

(b)

(a)

(b)

or

Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

<latexit sha1_base64="/+TdBeu+Rjak7sLKIrxZiU3Dbe4="></latexit>

Confining phase:
VBS order

<latexit sha1_base64="4umhIWyCWP0bNIpyE/QUI3k+XfM="></latexit>

Si =
1

2
f†
i↵�↵�fi� ,

X

↵=",#
f†
i↵fi↵ = 1

<latexit sha1_base64="kUdVKvNjBzPk7NWjwprsQZ8wFRs=">AAAB/nicdZBNSwMxEIaz9bt+rXr0EiyCBynZorbeil48Klot1FKy6WwbmmSXJKuWRfCXeFQv4tU/4sF/Y7pWUNE5vTzvDDPzhongxhLy7hUmJqemZ2bnivMLi0vL/srquYlTzaDBYhHrZkgNCK6gYbkV0Ew0UBkKuAgHhyP/4gq04bE6s8ME2pL2FI84o9ahjr96yvrXXPVA4wi0dMx0/BIpE0J2CMG5ILnYr9ZqAcHBmJTQuI47/ttlN2apBGWZoMa0ApLYdka15UzAbfEyNZBQNqA9aDmpqATTzvLbb/GmI10cxW5/rCzO6feJjEpjhjJ0nZLavvntjeB2KP+yW6mNau2MqyS1oNjnrigV2MZ4lAXucg3MiqETlGnuzsWsTzVl1iVWdDl8PYv/F+eVcrBX3j2plOoH40Rm0TraQFsoQFVUR0foGDUQQzfoHj2iJ+/Oe/CevZfP1oI3nllDP8p7/QBwa5XG</latexit>

Schwinger fermions



<latexit sha1_base64="4umhIWyCWP0bNIpyE/QUI3k+XfM="></latexit>

Si =
1

2
f†
i↵�↵�fi� ,

X

↵=",#
f†
i↵fi↵ = 1

<latexit sha1_base64="kUdVKvNjBzPk7NWjwprsQZ8wFRs=">AAAB/nicdZBNSwMxEIaz9bt+rXr0EiyCBynZorbeil48Klot1FKy6WwbmmSXJKuWRfCXeFQv4tU/4sF/Y7pWUNE5vTzvDDPzhongxhLy7hUmJqemZ2bnivMLi0vL/srquYlTzaDBYhHrZkgNCK6gYbkV0Ew0UBkKuAgHhyP/4gq04bE6s8ME2pL2FI84o9ahjr96yvrXXPVA4wi0dMx0/BIpE0J2CMG5ILnYr9ZqAcHBmJTQuI47/ttlN2apBGWZoMa0ApLYdka15UzAbfEyNZBQNqA9aDmpqATTzvLbb/GmI10cxW5/rCzO6feJjEpjhjJ0nZLavvntjeB2KP+yW6mNau2MqyS1oNjnrigV2MZ4lAXucg3MiqETlGnuzsWsTzVl1iVWdDl8PYv/F+eVcrBX3j2plOoH40Rm0TraQFsoQFVUR0foGDUQQzfoHj2iJ+/Oe/CevZfP1oI3nllDP8p7/QBwa5XG</latexit>

Schwinger fermions

(a)

(b)

(a)

(b)

or

Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

Ying Ran and X.-G. Wen, cond-mat/0609620; Ying Ran, Ph.D. thesis, MIT (2007)

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

<latexit sha1_base64="/+TdBeu+Rjak7sLKIrxZiU3Dbe4="></latexit>

Confining phase:
VBS order

<latexit sha1_base64="jMCsKz4sll6WC/0F4/W12KSYBQo="></latexit>

L = i s�µDµ s + . . .

<latexit sha1_base64="KslzQoRPW0BKkuYD8CuC+RgVGI0="></latexit>

⇡-flux mean-field leads to a
low energy theory of Nf = 2
Dirac fermions  s coupled to
an emergent SU(2) gauge field.
Confining order parameters
are Néel and VBS states!

Dual to CP1 U(1) gauge theory.



<latexit sha1_base64="4umhIWyCWP0bNIpyE/QUI3k+XfM="></latexit>

Si =
1

2
f†
i↵�↵�fi� ,

X

↵=",#
f†
i↵fi↵ = 1

<latexit sha1_base64="kUdVKvNjBzPk7NWjwprsQZ8wFRs=">AAAB/nicdZBNSwMxEIaz9bt+rXr0EiyCBynZorbeil48Klot1FKy6WwbmmSXJKuWRfCXeFQv4tU/4sF/Y7pWUNE5vTzvDDPzhongxhLy7hUmJqemZ2bnivMLi0vL/srquYlTzaDBYhHrZkgNCK6gYbkV0Ew0UBkKuAgHhyP/4gq04bE6s8ME2pL2FI84o9ahjr96yvrXXPVA4wi0dMx0/BIpE0J2CMG5ILnYr9ZqAcHBmJTQuI47/ttlN2apBGWZoMa0ApLYdka15UzAbfEyNZBQNqA9aDmpqATTzvLbb/GmI10cxW5/rCzO6feJjEpjhjJ0nZLavvntjeB2KP+yW6mNau2MqyS1oNjnrigV2MZ4lAXucg3MiqETlGnuzsWsTzVl1iVWdDl8PYv/F+eVcrBX3j2plOoH40Rm0TraQFsoQFVUR0foGDUQQzfoHj2iJ+/Oe/CevZfP1oI3nllDP8p7/QBwa5XG</latexit>

Schwinger fermions

(a)

(b)

(a)

(b)

or

Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

Ying Ran and X.-G. Wen, cond-mat/0609620; Ying Ran, Ph.D. thesis, MIT (2007)
C. Wang, A. Nahum, M. A. Metlitski, C. Xu, and T. Senthil, Physical Review X 7, 031051 (2017) 

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

<latexit sha1_base64="/+TdBeu+Rjak7sLKIrxZiU3Dbe4="></latexit>

Confining phase:
VBS order

<latexit sha1_base64="jMCsKz4sll6WC/0F4/W12KSYBQo="></latexit>

L = i s�µDµ s + . . .

<latexit sha1_base64="KslzQoRPW0BKkuYD8CuC+RgVGI0="></latexit>

⇡-flux mean-field leads to a
low energy theory of Nf = 2
Dirac fermions  s coupled to
an emergent SU(2) gauge field.
Confining order parameters
are Néel and VBS states!

Dual to CP1 U(1) gauge theory.



F. F. Assaad, M. Imada, and D. J. Scalapino, PRL 77, 4592 (1996) 
S. Raghu, S.A. Kivelson and D. J. Scalapino, PRB 81, 224505 (2010) 

<latexit sha1_base64="vAPebjaik+rfiX/aG+1OGW4eQAs="></latexit>

H = � t

2

X

i

Ki + U

X

i

(ni" � 1
2 )(ni# � 1

2 )�W

X

i

K
2
i , Ki =

X

ê=±x̂,±ŷ

⇣
c
†
i↵ci+ê,↵ + c

†
i+ê,↵ci↵

⌘

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

<latexit sha1_base64="v4FUTTyKf615/T7KoFfqxVi1Fgg="></latexit>

d-wave
superconductor

<latexit sha1_base64="AD2mFnfiysebSwdTO15YpgLUv14=">AAAB/XicbVDLSsNAFJ3UV62vqks3g0VwVROpj2XRjcuK9gFNKZPJJB06mYSZG7WE4he41S9wJ279Fj/A/3D6QGjrhYHDOWe45x4vEVyDbX9buaXlldW1/HphY3Nre6e4u9fQcaooq9NYxKrlEc0El6wOHARrJYqRyBOs6fWvR3rzgSnNY3kPg4R1IhJKHnBKwFB3zRPoFkt22R4P/gPOPCih6dS6xR/Xj2kaMQlUEK3bjp1AJyMKOBVsWHBTzRJC+yRk2TjgEB8ZysdBrMyTgMfsjI9EWg8izzgjAj09r43I/7R2CsFlJ+MySYFJOlkUpAJDjEfXYp8rRkEMMKHU5E0JmBy0RxShYFopuJqZymQIvcwF9gSP3DebsgqXQ9PLQguLoHFads7LZ7eVUvVq2lAeHaBDdIwcdIGq6AbVUB1RFKIX9IrerGfr3fqwPifWnDX9s49mxvr6BYXjljE=</latexit>

W/t
<latexit sha1_base64="+ARZ4TZefk+bF5nRMj19WthzZCI=">AAAB/XicbVDLSsNAFJ3UV62vqks3g0VwFVKtj2XRjcuK9gFNKZPJJB06mYSZG7WE4he41S9wJ279Fj/A/3D6QGjrhYHDOWe45x4vEVyD43xbuaXlldW1/HphY3Nre6e4u9fQcaooq9NYxKrlEc0El6wOHARrJYqRyBOs6fWvR3rzgSnNY3kPg4R1IhJKHnBKwFB3jn3aLZYc2xkP/gPleVBC06l1iz+uH9M0YhKoIFq3y04CnYwo4FSwYcFNNUsI7ZOQZeOAQ3xkKB8HsTJPAh6zMz4SaT2IPOOMCPT0vDYi/9PaKQSXnYzLJAUm6WRRkAoMMR5di32uGAUxwIRSkzclYHLQHlGEgmml4GpmKpMh9DIX2BM8ct9syipcDk0vCy0sgsaJXT63z24rperVtKE8OkCH6BiV0QWqohtUQ3VEUYhe0Ct6s56td+vD+pxYc9b0zz6aGevrF96Wlcg=</latexit>

0.3

<latexit sha1_base64="t++6V8V5DnBN0ljeu0+xADeZd4k=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4qjNSHxuh6MZlBactdErJZDJtaCYzJHfUMnTlF7jVL3Anbv0SP8D/MH0gtPVC4HDOCffc4yeCa7Dtbyu3tLyyupZfL2xsbm3vFHf36jpOFWUujUWsmj7RTHDJXOAgWDNRjES+YA2/fzPSGw9MaR7LexgkrB2RruQhpwQM1XBPAF/hSqdYssv2ePAfcOZBCU2n1in+eEFM04hJoIJo3XLsBNoZUcCpYMOCl2qWENonXZaNQw7xkaECHMbKPAl4zM74SKT1IPKNMyLQ0/PaiPxPa6UQXrYzLpMUmKSTRWEqMMR4dDEOuGIUxAATSk3elIDJQXtEEQqmmYKnmalNdqGXecCe4JEHZlNW4XJoelloYRHUT8vOefnsrlKqXk8byqMDdIiOkYMuUBXdohpyEUV99IJe0Zv1bL1bH9bnxJqzpn/20cxYX781CJcI</latexit>

U/t = 4

Include charge fluctuations at half-filling: repulsive Hubbard model with pair-hopping

<latexit sha1_base64="vAPebjaik+rfiX/aG+1OGW4eQAs="></latexit>

H = � t

2

X

i

Ki + U

X

i

(ni" � 1
2 )(ni# � 1

2 )�W

X

i
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2
i , Ki =

X

ê=±x̂,±ŷ

⇣
c
†
i↵ci+ê,↵ + c

†
i+ê,↵ci↵

⌘



Include charge fluctuations at half-filling: confinement of SU(2) gauge theory

<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

<latexit sha1_base64="PeSs9b4Xvu25dxEJWDnMF3SfGTs=">AAAInHictVVtb9xEEHYLJMfxlsJHJDQipiQise6CmlKhSuVAIqIFBWhepDg59uyxvam96+6ucz2s42/w2/gR/AXE7HovJE2C6AcsWZqdnZ2ZnXnm2Uldcm0Ggz9u3X7t9TeWlntv9t96 </latexit>

• Begin with the ⇡-flux spin liquid in the fermionic spinon description.

Hf = iJ

X

hiji

eij
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f
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†
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Hf is invariant under distinct SU(2) rotations in spin and Nambu space.

• We can fully confine the SU(2) gauge field by condensing a boson, Bi, which is a fundamental

of gauge SU(2). To obtain superconductivity with charge 2e pairs in the confining phase, Bi

should also carry electromagnetic charge e.

• This uniquely identifies Bi as the ‘chargon’ of X.-G. Wen and P.A. Lee, PRL 76, 503 (1996),

related to the electrons ci� by
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†
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◆

• Knowing the projective symmetry transformations of  i, we can deduce those of the Bi, and

obtain the e↵ective Hamiltonian for Bi
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†
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+ . . .



Include charge fluctuations at half-filling: confinement of SU(2) gauge theory

<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>
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Hf is invariant under distinct SU(2) rotations in spin and Nambu space.

• We can fully confine the SU(2) gauge field by condensing a boson, Bi, which is a fundamental

of gauge SU(2). To obtain superconductivity with charge 2e pairs in the confining phase, Bi
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Hf is invariant under distinct SU(2) rotations in spin and Nambu space.

• We can fully confine the SU(2) gauge field by condensing a boson, Bi, which is a fundamental

of gauge SU(2). To obtain superconductivity with charge 2e pairs in the confining phase, Bi

should also carry electromagnetic charge e.

• This uniquely identifies Bi as the ‘chargon’ of X.-G. Wen and P.A. Lee, PRL 76, 503 (1996),
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Hf is invariant under distinct SU(2) rotations in spin and Nambu space.

• We can fully confine the SU(2) gauge field by condensing a boson, Bi, which is a fundamental

of gauge SU(2). To obtain superconductivity with charge 2e pairs in the confining phase, Bi

should also carry electromagnetic charge e.

• This uniquely identifies Bi as the ‘chargon’ of X.-G. Wen and P.A. Lee, PRL 76, 503 (1996),
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Hf is invariant under distinct SU(2) rotations in spin and Nambu space.

• We can fully confine the SU(2) gauge field by condensing a boson, Bi, which is a fundamental

of gauge SU(2). To obtain superconductivity with charge 2e pairs in the confining phase, Bi

should also carry electromagnetic charge e.

• This uniquely identifies Bi as the ‘chargon’ of X.-G. Wen and P.A. Lee, PRL 76, 503 (1996),
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• Knowing the projective symmetry transformations of  i, we can deduce those of the Bi, and
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X

hiji

|�ij |2

+ J1

X

hiji

Q
2
ij +K1

X

hiji

J
2
ij .

<latexit sha1_base64="24sjrSBIuq8vVg1zQu6tGuzOLsU="></latexit>

site charge density:
D
c†i↵ci↵

E
⇠ ⇢i = B†

iBi

bond density:
D
c†i↵cj↵ + c†j↵ci↵

E
⇠ Qij = Qji = Im

⇣
B†

i eijUijBj

⌘

bond current: i
D
c†i↵cj↵ � c†j↵ci↵

E
⇠ Jij = �Jji = Re

⇣
B†

i eijUijBj

⌘

Pairing: h"↵�ci↵cj�i ⇠ �ij = �ji = "abBaieijUijBbj .



<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1

<latexit sha1_base64="r181zh/G8zdi1zQOhjs4IFI+VGs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvlwUanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAX/42T</latexit>

(0, 0)
<latexit sha1_base64="Q87IczK6/das9WOXNzfFDFDi3Fg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOTJcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLFghqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k78xhPXRkTqAUcx90PaV6InGEUrPZbasTgl9jvpFIpu2Z2CLBIvI0XIUO0UvtrdiCUhV8gkNabluTH6KdUomOTjfDsxPKZsSPu8ZamiITd+Ot14TI6t0iW9SNunkEzV3x0pDY0ZhYGtDCkOzLw3Ef/zWgn2rv1UqDhBrthsUC+RBCMyOZ90heYM5cgSyrSwuxI2oJoytCHlbQje/MmLpH5W9i7LF/fnxcpNFkcODuEISuDBFVTgDqpQAwYKnuEV3hzjvDjvzsesdMnJeg7gD5zPHyRij+8=</latexit>

(⇡,⇡)
<latexit sha1_base64="LHsmAvE2SqRHnpgdlALJF/Lhnyo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmbE7Rj04jGCWSAZQk+nJmnS0zN29whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HfuNJ1Sax/LBDBP0I9qTPOSMGis1S+2EnxL3pFMoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz2My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s7J3Wb64Py9WbmZx5OAQjqAEHlxBBe6gCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fSUuO1g==</latexit>

(⇡, 0)
<latexit sha1_base64="k0iMARFfzt/DVn/c1RxpZ5iaIHA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJu8HUMevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Cy7Z8g97RVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE177KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7rFzcn5dqN1kceTiCYyiDB1dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbi+NvQ==</latexit>

(0, 0)

<latexit sha1_base64="WKGtWDoLVYhv+qEHspfgjwmAESk=">AAACJXicbVDLSsNAFJ3UV42vqks3g0VwVZKCj4WLoi7cCBWsLTShTCY37dDJJMxMhBL6M278FTcuLCK48lecPgRtPTBwOOdc7twTpJwp7TifVmFpeWV1rbhub2xube+UdvceVJJJCg2a8ES2AqKAMwENzTSHViqBxAGHZtC/GvvNR5CKJeJeD1LwY9IVLGKUaCN1ShdeAF0mcgpCgxzat0QpDkrhayYJ9TwcgYxNEquUiUQo2wMR/qQ7pbJTcSbAi8SdkTKaod4pjbwwoVlsxik3m9quk2o/J1IzymFoe5mClNA+6ULbUEFiUH4+uXKIj4wS4iiR5gmNJ+rviZzESg3iwCRjontq3huL/3ntTEfnfs5EmmkQdLooyjjWCR5XhkMmgWo+MIRQycxfMe0RU4/pQNmmBHf+5EXyUK24p5WTu2q5djmro4gO0CE6Ri46QzV0g+qogSh6Qi/oDY2sZ+vVerc+ptGCNZvZR39gfX0DHTCmRQ==</latexit>

Massless Dirac
fermion spinons

<latexit sha1_base64="YVUVaGos2GF0MaqvieAYRNqkxOQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ae0oUymk3bIzCTMTIQS+hEu1Y249Xtc+DdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp50gusv9zhNVmsXy0UwS6gs8kixkBBsrdbJ+IFA0HVRrbt2dAS0TryA1KNAcVL/6w5ikgkpDONa657mJ8TOsDCOcTiv9VNMEkwiPaM9SiQXVfjY7d4pOrDJEYaxsSYNm6u+JDAutJyI4C4RtFtiM9aKdi/95vdSEN37GZJIaKsl8V5hyZGKUv4+GTFFi+MQSTBSz5yIyxgoTY0Oq2By8xa+XSfu87l3VLx8uao3bIpEyHMExnIIH19CAe2hCCwhE8Ayv8OZo58V5dz7mrSWnmDmEP3A+fwAVsZCF</latexit>

k

<latexit sha1_base64="7ySHgnIOpS6K/9bjeeyjfYaEFlY=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6wWcLspDcZMjuzzMxGwpLP8KhexKtf48G/cZLsQRMLGoqqbrq7woQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapotCgkkvVDokGzgQ0DDMc2okCEoccWuHwbuq3RqA0k+LRjBMIYtIXLGKUGCv5nRFRkGjGpeiWK27VnQEvEy8nFZSj3i1/dXqSpjEIQznR2vfcxAQZUYZRDpNSJ9WQEDokffAtFSQGHWSzkyf4xCo9HEllSxg8U39PZCTWehyHZ2Fsm2NiBnrRnor/eX5qopsgYyJJDQg63xWlHBuJpxHgHlNADR9bQqhi9lxMB0QRamxQJZuDt/j1MmmeV72r6uXDRaV2mydSREfoGJ0iD12jGrpHddRAFEn0jF7Rm/PkvDjvzse8teDkM4foD5zPH69lkp4=</latexit>"

<latexit sha1_base64="Aa/IqtL9UApUtmQMGSzjaGpBDF8=">AAAB63icbVDLSgNBEOz1GeMr6tHLYhA8SNgVX8egF48JmAckS5id9CZDZmaXmVkhLPkCj+pFvPpJHvwbJ8keNLGgoajqprsrTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDZozGPVDolGziQ2DDMc24lCIkKOrXB0P/VbT6g0i+WjGScYCDKQLGKUGCvVvV6p7FW8Gdxl4uekDDlqvdJXtx/TVKA0lBOtO76XmCAjyjDKcVLsphoTQkdkgB1LJRGog2x26MQ9tUrfjWJlSxp3pv6eyIjQeizC81DYZkHMUC/aU/E/r5Oa6DbImExSg5LOd0Upd03sTh93+0whNXxsCaGK2XNdOiSKUGPjKdoc/MWvl0nzouJfV67ql+XqXZ5IAY7hBM7AhxuowgPUoAEUEJ7hFd4c4bw4787HvHXFyWeO4A+czx9hRI3L</latexit>

0 <latexit sha1_base64="fyb0X3LCrm2dXOjWI2uot52lpXk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBItQQcuM+FoW3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YtrPQ6oGEwzn3cu89YcKZNq775RSWlldW14rrpY3Nre2d8u5eS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3U799iNVmknxYMYJDWI8ECxiBBsr+dVuwk7Qqf2Pe+WKW3NnQH+Jl5MK5Gj0yp/dviRpTIUhHGvte25iggwrwwink1I31TTBZIQH1LdU4JjqIJutPEFHVumjSCr7hEEz9WdHhmOtx3FoK2NshnrRm4r/eX5qousgYyJJDRVkPihKOTISTe9HfaYoMXxsCSaK2V0RGWKFibEplWwI3uLJf0nrrOZd1i7uzyv1mzyOIhzAIVTBgyuowx00oAkEJDzBC7w6xnl23pz3eWnByXv24Recj2+P6ZAm</latexit>

(⇡,�⇡)

<latexit sha1_base64="yNLnveSPfopF3Mx61dLj4yJbZSE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB1DvHiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPVS7Z91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/GT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwa52Xvqnx5f1GqVLM48nAEx3AKHlxDBe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDs4WNbg==</latexit>

B+
<latexit sha1_base64="s0dObGLdEFPS4sbpmBE5t/AQ1pg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4hXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHqrds26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/jp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaN87J3Vb68vyhVqlkceTiCYzgFD66hAndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBto2NcA==</latexit>

B�
<latexit sha1_base64="XcmfqZK1gPcsg+rMJr1wawjpeWU=">AAAB+XicbZBLSwMxFIXv+Kz1NerSzWARXJWZgo9lqRuXFewD2qFk0rQNzSRDcqdQhv4TNy4Uces/cee/MW1noa0HAh/n3EuSEyWCG/T9b2djc2t7Z7ewV9w/ODw6dk9Om0almrIGVULpdkQME1yyBnIUrJ1oRuJIsFY0vp/nrQnThiv5hNOEhTEZSj7glKC1eq5bU0ZJTj06InqopOm5Jb/sL+StQ5BDCXLVe+5Xt69oGjOJVBBjOoGfYJgRjZwKNit2U8MSQsdkyDoWJYmZCbPFy2fepXX63kBpeyR6C/f3RkZiY6ZxZCdjgiOzms3N/7JOioO7MOMySZFJurxokAoPlTevwetzzSiKqQVCNce8AULRllW0JQSrX16HZqUc3JSvHyulai2vowDncAFXEMAtVOEB6tAAChN4hld4czLnxXl3PpajG06+cwZ/5Hz+AH9Uk5U=</latexit>

Bosonic chargons

Include charge fluctuations at half-filling: confinement of SU(2) gauge theory

<latexit sha1_base64="8WrVwdJUrK7/CAr0KDNwujvSKNw=">AAACCHicbVC7TsNAEDyHVwivACWNRYREFdkIAmUEDWWQyEOKo+h8WSdHzmfrbg1EVn6Aiha+gg7R8hd8BP/AJXEBCSOtNJrZ1e6OHwuu0XG+rNzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9eTfzmPSjNI3mLoxg6Ie1LHnBG0UgNr6Z5V3eLJafsTGEvEjcjJZKh1i1+e72IJSFIZIJq3XadGDspVciZgHHBSzTElA1pH9qGShqC7qTTa8f2kVF6dhApUxLtqfp7IqWh1qPQN50hxYGe9ybif147weCik3IZJwiSzRYFibAxsiev2z2ugKEYGUKZ4uZWmw2oogxNQAVPg0lP9nGQegiP+MB7Zk9a4XJs8nHn01gkjZOyWymf3ZyWqpdZUnlyQA7JMXHJOamSa1IjdcLIHXkmL+TVerLerHfrY9aas7KZffIH1ucPPe6bJA==</latexit>

 s

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1



<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1

<latexit sha1_base64="r181zh/G8zdi1zQOhjs4IFI+VGs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvlwUanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAX/42T</latexit>

(0, 0)
<latexit sha1_base64="Q87IczK6/das9WOXNzfFDFDi3Fg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOTJcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLFghqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k78xhPXRkTqAUcx90PaV6InGEUrPZbasTgl9jvpFIpu2Z2CLBIvI0XIUO0UvtrdiCUhV8gkNabluTH6KdUomOTjfDsxPKZsSPu8ZamiITd+Ot14TI6t0iW9SNunkEzV3x0pDY0ZhYGtDCkOzLw3Ef/zWgn2rv1UqDhBrthsUC+RBCMyOZ90heYM5cgSyrSwuxI2oJoytCHlbQje/MmLpH5W9i7LF/fnxcpNFkcODuEISuDBFVTgDqpQAwYKnuEV3hzjvDjvzsesdMnJeg7gD5zPHyRij+8=</latexit>

(⇡,⇡)
<latexit sha1_base64="LHsmAvE2SqRHnpgdlALJF/Lhnyo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmbE7Rj04jGCWSAZQk+nJmnS0zN29whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HfuNJ1Sax/LBDBP0I9qTPOSMGis1S+2EnxL3pFMoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz2My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s7J3Wb64Py9WbmZx5OAQjqAEHlxBBe6gCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fSUuO1g==</latexit>

(⇡, 0)
<latexit sha1_base64="k0iMARFfzt/DVn/c1RxpZ5iaIHA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJu8HUMevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Cy7Z8g97RVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE177KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7rFzcn5dqN1kceTiCYyiDB1dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbi+NvQ==</latexit>

(0, 0)

<latexit sha1_base64="WKGtWDoLVYhv+qEHspfgjwmAESk=">AAACJXicbVDLSsNAFJ3UV42vqks3g0VwVZKCj4WLoi7cCBWsLTShTCY37dDJJMxMhBL6M278FTcuLCK48lecPgRtPTBwOOdc7twTpJwp7TifVmFpeWV1rbhub2xube+UdvceVJJJCg2a8ES2AqKAMwENzTSHViqBxAGHZtC/GvvNR5CKJeJeD1LwY9IVLGKUaCN1ShdeAF0mcgpCgxzat0QpDkrhayYJ9TwcgYxNEquUiUQo2wMR/qQ7pbJTcSbAi8SdkTKaod4pjbwwoVlsxik3m9quk2o/J1IzymFoe5mClNA+6ULbUEFiUH4+uXKIj4wS4iiR5gmNJ+rviZzESg3iwCRjontq3huL/3ntTEfnfs5EmmkQdLooyjjWCR5XhkMmgWo+MIRQycxfMe0RU4/pQNmmBHf+5EXyUK24p5WTu2q5djmro4gO0CE6Ri46QzV0g+qogSh6Qi/oDY2sZ+vVerc+ptGCNZvZR39gfX0DHTCmRQ==</latexit>

Massless Dirac
fermion spinons

<latexit sha1_base64="YVUVaGos2GF0MaqvieAYRNqkxOQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ae0oUymk3bIzCTMTIQS+hEu1Y249Xtc+DdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp50gusv9zhNVmsXy0UwS6gs8kixkBBsrdbJ+IFA0HVRrbt2dAS0TryA1KNAcVL/6w5ikgkpDONa657mJ8TOsDCOcTiv9VNMEkwiPaM9SiQXVfjY7d4pOrDJEYaxsSYNm6u+JDAutJyI4C4RtFtiM9aKdi/95vdSEN37GZJIaKsl8V5hyZGKUv4+GTFFi+MQSTBSz5yIyxgoTY0Oq2By8xa+XSfu87l3VLx8uao3bIpEyHMExnIIH19CAe2hCCwhE8Ayv8OZo58V5dz7mrSWnmDmEP3A+fwAVsZCF</latexit>

k

<latexit sha1_base64="7ySHgnIOpS6K/9bjeeyjfYaEFlY=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6wWcLspDcZMjuzzMxGwpLP8KhexKtf48G/cZLsQRMLGoqqbrq7woQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapotCgkkvVDokGzgQ0DDMc2okCEoccWuHwbuq3RqA0k+LRjBMIYtIXLGKUGCv5nRFRkGjGpeiWK27VnQEvEy8nFZSj3i1/dXqSpjEIQznR2vfcxAQZUYZRDpNSJ9WQEDokffAtFSQGHWSzkyf4xCo9HEllSxg8U39PZCTWehyHZ2Fsm2NiBnrRnor/eX5qopsgYyJJDQg63xWlHBuJpxHgHlNADR9bQqhi9lxMB0QRamxQJZuDt/j1MmmeV72r6uXDRaV2mydSREfoGJ0iD12jGrpHddRAFEn0jF7Rm/PkvDjvzse8teDkM4foD5zPH69lkp4=</latexit>"

<latexit sha1_base64="Aa/IqtL9UApUtmQMGSzjaGpBDF8=">AAAB63icbVDLSgNBEOz1GeMr6tHLYhA8SNgVX8egF48JmAckS5id9CZDZmaXmVkhLPkCj+pFvPpJHvwbJ8keNLGgoajqprsrTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDZozGPVDolGziQ2DDMc24lCIkKOrXB0P/VbT6g0i+WjGScYCDKQLGKUGCvVvV6p7FW8Gdxl4uekDDlqvdJXtx/TVKA0lBOtO76XmCAjyjDKcVLsphoTQkdkgB1LJRGog2x26MQ9tUrfjWJlSxp3pv6eyIjQeizC81DYZkHMUC/aU/E/r5Oa6DbImExSg5LOd0Upd03sTh93+0whNXxsCaGK2XNdOiSKUGPjKdoc/MWvl0nzouJfV67ql+XqXZ5IAY7hBM7AhxuowgPUoAEUEJ7hFd4c4bw4787HvHXFyWeO4A+czx9hRI3L</latexit>

0 <latexit sha1_base64="fyb0X3LCrm2dXOjWI2uot52lpXk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBItQQcuM+FoW3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YtrPQ6oGEwzn3cu89YcKZNq775RSWlldW14rrpY3Nre2d8u5eS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3U799iNVmknxYMYJDWI8ECxiBBsr+dVuwk7Qqf2Pe+WKW3NnQH+Jl5MK5Gj0yp/dviRpTIUhHGvte25iggwrwwink1I31TTBZIQH1LdU4JjqIJutPEFHVumjSCr7hEEz9WdHhmOtx3FoK2NshnrRm4r/eX5qousgYyJJDRVkPihKOTISTe9HfaYoMXxsCSaK2V0RGWKFibEplWwI3uLJf0nrrOZd1i7uzyv1mzyOIhzAIVTBgyuowx00oAkEJDzBC7w6xnl23pz3eWnByXv24Recj2+P6ZAm</latexit>

(⇡,�⇡)

<latexit sha1_base64="yNLnveSPfopF3Mx61dLj4yJbZSE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB1DvHiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPVS7Z91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/GT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwa52Xvqnx5f1GqVLM48nAEx3AKHlxDBe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDs4WNbg==</latexit>

B+
<latexit sha1_base64="s0dObGLdEFPS4sbpmBE5t/AQ1pg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4hXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHqrds26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/jp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaN87J3Vb68vyhVqlkceTiCYzgFD66hAndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBto2NcA==</latexit>

B�
<latexit sha1_base64="XcmfqZK1gPcsg+rMJr1wawjpeWU=">AAAB+XicbZBLSwMxFIXv+Kz1NerSzWARXJWZgo9lqRuXFewD2qFk0rQNzSRDcqdQhv4TNy4Uces/cee/MW1noa0HAh/n3EuSEyWCG/T9b2djc2t7Z7ewV9w/ODw6dk9Om0almrIGVULpdkQME1yyBnIUrJ1oRuJIsFY0vp/nrQnThiv5hNOEhTEZSj7glKC1eq5bU0ZJTj06InqopOm5Jb/sL+StQ5BDCXLVe+5Xt69oGjOJVBBjOoGfYJgRjZwKNit2U8MSQsdkyDoWJYmZCbPFy2fepXX63kBpeyR6C/f3RkZiY6ZxZCdjgiOzms3N/7JOioO7MOMySZFJurxokAoPlTevwetzzSiKqQVCNce8AULRllW0JQSrX16HZqUc3JSvHyulai2vowDncAFXEMAtVOEB6tAAChN4hld4czLnxXl3PpajG06+cwZ/5Hz+AH9Uk5U=</latexit>

Bosonic chargons

Include charge fluctuations at half-filling: confinement of SU(2) gauge theory

<latexit sha1_base64="8WrVwdJUrK7/CAr0KDNwujvSKNw=">AAACCHicbVC7TsNAEDyHVwivACWNRYREFdkIAmUEDWWQyEOKo+h8WSdHzmfrbg1EVn6Aiha+gg7R8hd8BP/AJXEBCSOtNJrZ1e6OHwuu0XG+rNzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9eTfzmPSjNI3mLoxg6Ie1LHnBG0UgNr6Z5V3eLJafsTGEvEjcjJZKh1i1+e72IJSFIZIJq3XadGDspVciZgHHBSzTElA1pH9qGShqC7qTTa8f2kVF6dhApUxLtqfp7IqWh1qPQN50hxYGe9ybif147weCik3IZJwiSzRYFibAxsiev2z2ugKEYGUKZ4uZWmw2oogxNQAVPg0lP9nGQegiP+MB7Zk9a4XJs8nHn01gkjZOyWymf3ZyWqpdZUnlyQA7JMXHJOamSa1IjdcLIHXkmL+TVerLerHfrY9aas7KZffIH1ucPPe6bJA==</latexit>

 s

<latexit sha1_base64="mgCuofIrm+ArKZWMj19jWciUWgA="></latexit>

SU(2) gauge-invariant order parameters of Higgs phases:

x-CDW : ⇢(⇡,0) = B⇤
a+Ba+ �B⇤

a�Ba�

y-CDW : ⇢(0,⇡) = B⇤
a+Ba� +B⇤

a�Ba+

d-density wave : D = i
�
B⇤

a+Ba� �B⇤
a�Ba+

�

d-wave superconductor : � = "abBa+Bb�

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1



Include charge fluctuations at half-filling: confinement of SU(2) gauge theory
(a)

(b)

(a)

(b)

or

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

<latexit sha1_base64="/+TdBeu+Rjak7sLKIrxZiU3Dbe4="></latexit>

Confining phase:
VBS order

<latexit sha1_base64="0kgAl0dEp0JLBG8zv2eR7Nu0bXU=">AAACGXicbZDLSgNBEEV7fMb4ioorN41BcBUmotGNEOLGZQTzgEwIPZ1K0qSnZ+iuUcOQL3HlVr/Cnbh15Uf4D3YeiCZeKLjcqqKK40dSGHTdT2dhcWl5ZTW1ll7f2NzazuzsVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0b92h1oI0J1i4MImgHrKtERnKGNWpl9TzLVlUBL1NMTd0ndVibr5tyx6I/Jz5osmarcynx57ZDHASjkkhnTyLsRNhOmUXAJw7QXG4gY77MuNKxVLADTTMbvD+mRTdq0E2pbCuk4/b2RsMCYQeDbyYBhz8z2RuF/vUaMnYtmIlQUIyg+OdSJJcWQjljQttDAUQ6sYVwL+yvlPaYZR0ss7RmwOFUXe4mH8ID3om3vJAWhhpbPHI15Uz3J5Qu5s5vTbLE0JZUiB+SQHJM8OSdFck3KpEI4ScgTeSYvzqPz6rw575PRBWe6s0f+yPn4Bm0ZoGU=</latexit>

hBi = 0



Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)
Include charge fluctuations at half-filling: confinement of SU(2) gauge theory

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

(a)

(b)

(a)

(b)

or

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

<latexit sha1_base64="/+TdBeu+Rjak7sLKIrxZiU3Dbe4="></latexit>

Confining phase:
VBS order

<latexit sha1_base64="FuJqJDTMkIOMw8tNol1pwzrO2p8=">AAACHHicbZDLSsNAFIYnXmu9Rd0IbgaL4KqkotVlqRuXClaFppTJ5KQdnEzizIlaQn0UV271KdyJW8GH8B2cXhBvPwz8/OcczpkvSKUw6HnvzsTk1PTMbGGuOL+wuLTsrqyemSTTHBo8kYm+CJgBKRQ0UKCEi1QDiwMJ58Hl4aB+fg3aiESdYi+FVsw6SkSCM7RR2133JVMdCbROfT1yvoIr6rXdklf2hqJfpvLblMhYx233ww8TnsWgkEtmTLPipdjKmUbBJfSLfmYgZfySdaBprWIxmFY+/EGfbtkkpFGi7VNIh+n3iZzFxvTiwHbGDLvmd20Q/ldrZhgdtHKh0gxB8dGiKJMUEzrAQUOhgaPsWcO4FvZWyrtMM44WWtE3YImqDnZzH+EWb0Ro9+RVofqWzx8af83ZTrlSLe+d7JZq9TGpAtkgm2SbVMg+qZEjckwahJM78kAeyZNz7zw7L87rqHXCGc+skR9y3j4BNIih5g==</latexit>

hBi 6= 0

<latexit sha1_base64="0kgAl0dEp0JLBG8zv2eR7Nu0bXU=">AAACGXicbZDLSgNBEEV7fMb4ioorN41BcBUmotGNEOLGZQTzgEwIPZ1K0qSnZ+iuUcOQL3HlVr/Cnbh15Uf4D3YeiCZeKLjcqqKK40dSGHTdT2dhcWl5ZTW1ll7f2NzazuzsVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0b92h1oI0J1i4MImgHrKtERnKGNWpl9TzLVlUBL1NMTd0ndVibr5tyx6I/Jz5osmarcynx57ZDHASjkkhnTyLsRNhOmUXAJw7QXG4gY77MuNKxVLADTTMbvD+mRTdq0E2pbCuk4/b2RsMCYQeDbyYBhz8z2RuF/vUaMnYtmIlQUIyg+OdSJJcWQjljQttDAUQ6sYVwL+yvlPaYZR0ss7RmwOFUXe4mH8ID3om3vJAWhhpbPHI15Uz3J5Qu5s5vTbLE0JZUiB+SQHJM8OSdFck3KpEI4ScgTeSYvzqPz6rw575PRBWe6s0f+yPn4Bm0ZoGU=</latexit>

hBi = 0



Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

<latexit sha1_base64="0kgAl0dEp0JLBG8zv2eR7Nu0bXU=">AAACGXicbZDLSgNBEEV7fMb4ioorN41BcBUmotGNEOLGZQTzgEwIPZ1K0qSnZ+iuUcOQL3HlVr/Cnbh15Uf4D3YeiCZeKLjcqqKK40dSGHTdT2dhcWl5ZTW1ll7f2NzazuzsVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0b92h1oI0J1i4MImgHrKtERnKGNWpl9TzLVlUBL1NMTd0ndVibr5tyx6I/Jz5osmarcynx57ZDHASjkkhnTyLsRNhOmUXAJw7QXG4gY77MuNKxVLADTTMbvD+mRTdq0E2pbCuk4/b2RsMCYQeDbyYBhz8z2RuF/vUaMnYtmIlQUIyg+OdSJJcWQjljQttDAUQ6sYVwL+yvlPaYZR0ss7RmwOFUXe4mH8ID3om3vJAWhhpbPHI15Uz3J5Qu5s5vTbLE0JZUiB+SQHJM8OSdFck3KpEI4ScgTeSYvzqPz6rw575PRBWe6s0f+yPn4Bm0ZoGU=</latexit>

hBi = 0
<latexit sha1_base64="FuJqJDTMkIOMw8tNol1pwzrO2p8=">AAACHHicbZDLSsNAFIYnXmu9Rd0IbgaL4KqkotVlqRuXClaFppTJ5KQdnEzizIlaQn0UV271KdyJW8GH8B2cXhBvPwz8/OcczpkvSKUw6HnvzsTk1PTMbGGuOL+wuLTsrqyemSTTHBo8kYm+CJgBKRQ0UKCEi1QDiwMJ58Hl4aB+fg3aiESdYi+FVsw6SkSCM7RR2133JVMdCbROfT1yvoIr6rXdklf2hqJfpvLblMhYx233ww8TnsWgkEtmTLPipdjKmUbBJfSLfmYgZfySdaBprWIxmFY+/EGfbtkkpFGi7VNIh+n3iZzFxvTiwHbGDLvmd20Q/ldrZhgdtHKh0gxB8dGiKJMUEzrAQUOhgaPsWcO4FvZWyrtMM44WWtE3YImqDnZzH+EWb0Ro9+RVofqWzx8af83ZTrlSLe+d7JZq9TGpAtkgm2SbVMg+qZEjckwahJM78kAeyZNz7zw7L87rqHXCGc+skR9y3j4BNIih5g==</latexit>

hBi 6= 0
Phase A

(π,0) stripe 
Phase A

(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)
Include charge fluctuations at half-filling: confinement of SU(2) gauge theory

<latexit sha1_base64="LU67GPGbYHhCYmy5o+fOv64qRUY="></latexit>

Higgs phase.
SO(5)b broken.

d-wave superconductivity or
period-2 stripes or

d-density wave order.

<latexit sha1_base64="Fj0q+PyPRVoycQE2KDhgbnxLPJo="></latexit>

Confining phase.

SO(5)f broken.

Néel or

valence bond solid

order.

<latexit sha1_base64="xX9cnZIh3Qt7pZs/Askcwe5Zk3o=">AAACA3icbVDJSgNBEO1xjXGLevQyGARPYcb9GPTiMQGzQDKEnp6apElPz9Bdo4YhR09e9Su8iVc/xI/wH+wsiCY+KHi8V0VVPT8RXKPjfFoLi0vLK6u5tfz6xubWdmFnt67jVDGosVjEqulTDYJLqCFHAc1EAY18AQ2/fz3yG3egNI/lLQ4S8CLalTzkjKKRqqpTKDolZwz7h7izpEimqHQKX+0gZmkEEpmgWrdcJ0Evowo5EzDMt1MNCWV92oWWoZJGoL1sfOjQPjRKYIexMiXRHqu/JzIaaT2IfNMZUezpWW8k/ue1UgwvvYzLJEWQbLIoTIWNsT362g64AoZiYAhliptbbdajijI02eTbGkxwsou9rI3wgPc8MHuyEy6HJp+5NOZJ/bjknpfOqqfF8tU0qRzZJwfkiLjkgpTJDamQGmEEyBN5Ji/Wo/VqvVnvk9YFazqzR/7A+vgGZ/iZCA==</latexit>r <latexit sha1_base64="EsKuvAsBnK96XYPlvaxfFFnoHnA=">AAACBXicdVDLSgNBEJz1GeMr6tHLYBA8hY1uot6CXjxGNCpkQ5iddJLB2dllplcNS86evOpXeBOvfocf4T84SVZQ0YKGoqqb7q4glsKg6747U9Mzs3PzuYX84tLyymphbf3CRInm0OCRjPRVwAxIoaCBAiVcxRpYGEi4DK6PR/7lDWgjInWOgxhaIesp0RWcoZXOdJu3C0W3VPH2vH2PuiV3DEu86sFu5ZCWM6VIMtTbhQ+/E/EkBIVcMmOaZTfGVso0Ci5hmPcTAzHj16wHTUsVC8G00vGpQ7ptlQ7tRtqWQjpWv0+kLDRmEAa2M2TYN7+9kfiX10ywe9BKhYoTBMUni7qJpBjR0d+0IzRwlANLGNfC3kp5n2nG0aaT9w3Y6FQP+6mPcIe3omP3pHtCDW0+XyHQ/8nFbqlcLVVOvWLtKEsqRzbJFtkhZbJPauSE1EmDcNIjD+SRPDn3zrPz4rxOWqecbGaD/IDz9glKvJoa</latexit>rc
<latexit sha1_base64="fd3TDUNOFrNz7t8btjKizSXK3oQ="></latexit>

L = i s�µDµ s

+ |DµBs|2 + r|Bs|2 . . .



Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

<latexit sha1_base64="G4VptCN1c3FZeehbHHhQarMLwOw="></latexit>

Confining phase:
Néel order

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

<latexit sha1_base64="v4FUTTyKf615/T7KoFfqxVi1Fgg="></latexit>

d-wave
superconductor

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)
Include charge fluctuations at half-filling: confinement of SU(2) gauge theory

<latexit sha1_base64="fd3TDUNOFrNz7t8btjKizSXK3oQ="></latexit>

L = i s�µDµ s

+ |DµBs|2 + r|Bs|2 . . .

<latexit sha1_base64="xX9cnZIh3Qt7pZs/Askcwe5Zk3o=">AAACA3icbVDJSgNBEO1xjXGLevQyGARPYcb9GPTiMQGzQDKEnp6apElPz9Bdo4YhR09e9Su8iVc/xI/wH+wsiCY+KHi8V0VVPT8RXKPjfFoLi0vLK6u5tfz6xubWdmFnt67jVDGosVjEqulTDYJLqCFHAc1EAY18AQ2/fz3yG3egNI/lLQ4S8CLalTzkjKKRqqpTKDolZwz7h7izpEimqHQKX+0gZmkEEpmgWrdcJ0Evowo5EzDMt1MNCWV92oWWoZJGoL1sfOjQPjRKYIexMiXRHqu/JzIaaT2IfNMZUezpWW8k/ue1UgwvvYzLJEWQbLIoTIWNsT362g64AoZiYAhliptbbdajijI02eTbGkxwsou9rI3wgPc8MHuyEy6HJp+5NOZJ/bjknpfOqqfF8tU0qRzZJwfkiLjkgpTJDamQGmEEyBN5Ji/Wo/VqvVnvk9YFazqzR/7A+vgGZ/iZCA==</latexit>r <latexit sha1_base64="EsKuvAsBnK96XYPlvaxfFFnoHnA=">AAACBXicdVDLSgNBEJz1GeMr6tHLYBA8hY1uot6CXjxGNCpkQ5iddJLB2dllplcNS86evOpXeBOvfocf4T84SVZQ0YKGoqqb7q4glsKg6747U9Mzs3PzuYX84tLyymphbf3CRInm0OCRjPRVwAxIoaCBAiVcxRpYGEi4DK6PR/7lDWgjInWOgxhaIesp0RWcoZXOdJu3C0W3VPH2vH2PuiV3DEu86sFu5ZCWM6VIMtTbhQ+/E/EkBIVcMmOaZTfGVso0Ci5hmPcTAzHj16wHTUsVC8G00vGpQ7ptlQ7tRtqWQjpWv0+kLDRmEAa2M2TYN7+9kfiX10ywe9BKhYoTBMUni7qJpBjR0d+0IzRwlANLGNfC3kp5n2nG0aaT9w3Y6FQP+6mPcIe3omP3pHtCDW0+XyHQ/8nFbqlcLVVOvWLtKEsqRzbJFtkhZbJPauSE1EmDcNIjD+SRPDn3zrPz4rxOWqecbGaD/IDz9glKvJoa</latexit>rc

<latexit sha1_base64="0kgAl0dEp0JLBG8zv2eR7Nu0bXU=">AAACGXicbZDLSgNBEEV7fMb4ioorN41BcBUmotGNEOLGZQTzgEwIPZ1K0qSnZ+iuUcOQL3HlVr/Cnbh15Uf4D3YeiCZeKLjcqqKK40dSGHTdT2dhcWl5ZTW1ll7f2NzazuzsVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0b92h1oI0J1i4MImgHrKtERnKGNWpl9TzLVlUBL1NMTd0ndVibr5tyx6I/Jz5osmarcynx57ZDHASjkkhnTyLsRNhOmUXAJw7QXG4gY77MuNKxVLADTTMbvD+mRTdq0E2pbCuk4/b2RsMCYQeDbyYBhz8z2RuF/vUaMnYtmIlQUIyg+OdSJJcWQjljQttDAUQ6sYVwL+yvlPaYZR0ss7RmwOFUXe4mH8ID3om3vJAWhhpbPHI15Uz3J5Qu5s5vTbLE0JZUiB+SQHJM8OSdFck3KpEI4ScgTeSYvzqPz6rw575PRBWe6s0f+yPn4Bm0ZoGU=</latexit>

hBi = 0
<latexit sha1_base64="FuJqJDTMkIOMw8tNol1pwzrO2p8=">AAACHHicbZDLSsNAFIYnXmu9Rd0IbgaL4KqkotVlqRuXClaFppTJ5KQdnEzizIlaQn0UV271KdyJW8GH8B2cXhBvPwz8/OcczpkvSKUw6HnvzsTk1PTMbGGuOL+wuLTsrqyemSTTHBo8kYm+CJgBKRQ0UKCEi1QDiwMJ58Hl4aB+fg3aiESdYi+FVsw6SkSCM7RR2133JVMdCbROfT1yvoIr6rXdklf2hqJfpvLblMhYx233ww8TnsWgkEtmTLPipdjKmUbBJfSLfmYgZfySdaBprWIxmFY+/EGfbtkkpFGi7VNIh+n3iZzFxvTiwHbGDLvmd20Q/ldrZhgdtHKh0gxB8dGiKJMUEzrAQUOhgaPsWcO4FvZWyrtMM44WWtE3YImqDnZzH+EWb0Ro9+RVofqWzx8af83ZTrlSLe+d7JZq9TGpAtkgm2SbVMg+qZEjckwahJM78kAeyZNz7zw7L87rqHXCGc+skR9y3j4BNIih5g==</latexit>

hBi 6= 0



Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

Phase A
(π,0) stripe 

Phase A
(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)

<latexit sha1_base64="0kgAl0dEp0JLBG8zv2eR7Nu0bXU=">AAACGXicbZDLSgNBEEV7fMb4ioorN41BcBUmotGNEOLGZQTzgEwIPZ1K0qSnZ+iuUcOQL3HlVr/Cnbh15Uf4D3YeiCZeKLjcqqKK40dSGHTdT2dhcWl5ZTW1ll7f2NzazuzsVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0b92h1oI0J1i4MImgHrKtERnKGNWpl9TzLVlUBL1NMTd0ndVibr5tyx6I/Jz5osmarcynx57ZDHASjkkhnTyLsRNhOmUXAJw7QXG4gY77MuNKxVLADTTMbvD+mRTdq0E2pbCuk4/b2RsMCYQeDbyYBhz8z2RuF/vUaMnYtmIlQUIyg+OdSJJcWQjljQttDAUQ6sYVwL+yvlPaYZR0ss7RmwOFUXe4mH8ID3om3vJAWhhpbPHI15Uz3J5Qu5s5vTbLE0JZUiB+SQHJM8OSdFck3KpEI4ScgTeSYvzqPz6rw575PRBWe6s0f+yPn4Bm0ZoGU=</latexit>

hBi = 0
<latexit sha1_base64="FuJqJDTMkIOMw8tNol1pwzrO2p8=">AAACHHicbZDLSsNAFIYnXmu9Rd0IbgaL4KqkotVlqRuXClaFppTJ5KQdnEzizIlaQn0UV271KdyJW8GH8B2cXhBvPwz8/OcczpkvSKUw6HnvzsTk1PTMbGGuOL+wuLTsrqyemSTTHBo8kYm+CJgBKRQ0UKCEi1QDiwMJ58Hl4aB+fg3aiESdYi+FVsw6SkSCM7RR2133JVMdCbROfT1yvoIr6rXdklf2hqJfpvLblMhYx233ww8TnsWgkEtmTLPipdjKmUbBJfSLfmYgZfySdaBprWIxmFY+/EGfbtkkpFGi7VNIh+n3iZzFxvTiwHbGDLvmd20Q/ldrZhgdtHKh0gxB8dGiKJMUEzrAQUOhgaPsWcO4FvZWyrtMM44WWtE3YImqDnZzH+EWb0Ro9+RVofqWzx8af83ZTrlSLe+d7JZq9TGpAtkgm2SbVMg+qZEjckwahJM78kAeyZNz7zw7L87rqHXCGc+skR9y3j4BNIih5g==</latexit>

hBi 6= 0
Phase A

(π,0) stripe 
Phase A

(0,π) stripe 

Phase B
d-wave SC 

Phase C
d-density 

(b)(a)
Include charge fluctuations at half-filling: confinement of SU(2) gauge theory

<latexit sha1_base64="xX9cnZIh3Qt7pZs/Askcwe5Zk3o=">AAACA3icbVDJSgNBEO1xjXGLevQyGARPYcb9GPTiMQGzQDKEnp6apElPz9Bdo4YhR09e9Su8iVc/xI/wH+wsiCY+KHi8V0VVPT8RXKPjfFoLi0vLK6u5tfz6xubWdmFnt67jVDGosVjEqulTDYJLqCFHAc1EAY18AQ2/fz3yG3egNI/lLQ4S8CLalTzkjKKRqqpTKDolZwz7h7izpEimqHQKX+0gZmkEEpmgWrdcJ0Evowo5EzDMt1MNCWV92oWWoZJGoL1sfOjQPjRKYIexMiXRHqu/JzIaaT2IfNMZUezpWW8k/ue1UgwvvYzLJEWQbLIoTIWNsT362g64AoZiYAhliptbbdajijI02eTbGkxwsou9rI3wgPc8MHuyEy6HJp+5NOZJ/bjknpfOqqfF8tU0qRzZJwfkiLjkgpTJDamQGmEEyBN5Ji/Wo/VqvVnvk9YFazqzR/7A+vgGZ/iZCA==</latexit>r <latexit sha1_base64="EsKuvAsBnK96XYPlvaxfFFnoHnA=">AAACBXicdVDLSgNBEJz1GeMr6tHLYBA8hY1uot6CXjxGNCpkQ5iddJLB2dllplcNS86evOpXeBOvfocf4T84SVZQ0YKGoqqb7q4glsKg6747U9Mzs3PzuYX84tLyymphbf3CRInm0OCRjPRVwAxIoaCBAiVcxRpYGEi4DK6PR/7lDWgjInWOgxhaIesp0RWcoZXOdJu3C0W3VPH2vH2PuiV3DEu86sFu5ZCWM6VIMtTbhQ+/E/EkBIVcMmOaZTfGVso0Ci5hmPcTAzHj16wHTUsVC8G00vGpQ7ptlQ7tRtqWQjpWv0+kLDRmEAa2M2TYN7+9kfiX10ywe9BKhYoTBMUni7qJpBjR0d+0IzRwlANLGNfC3kp5n2nG0aaT9w3Y6FQP+6mPcIe3omP3pHtCDW0+XyHQ/8nFbqlcLVVOvWLtKEsqRzbJFtkhZbJPauSE1EmDcNIjD+SRPDn3zrPz4rxOWqecbGaD/IDz9glKvJoa</latexit>rc

<latexit sha1_base64="LU67GPGbYHhCYmy5o+fOv64qRUY="></latexit>

Higgs phase.
SO(5)b broken.

d-wave superconductivity or
period-2 stripes or

d-density wave order.

<latexit sha1_base64="Fj0q+PyPRVoycQE2KDhgbnxLPJo="></latexit>

Confining phase.

SO(5)f broken.

Néel or

valence bond solid

order.

<latexit sha1_base64="R81L/7fWKgl99+0glCQmdmcWXCA="></latexit>

Possible CFT.

DQCP with

SO(5)f⇥SO(5)b

symmetry.

<latexit sha1_base64="fd3TDUNOFrNz7t8btjKizSXK3oQ="></latexit>

L = i s�µDµ s

+ |DµBs|2 + r|Bs|2 . . .



1.  Confinement of the   -flux spin liquid             
     at half-filling 

2.  Ancilla theory of the pseudogap metal 

3.  Confinement of the pseudogap metal  

     at non-zero doping 

<latexit sha1_base64="ibv69x46tQiwHRvmlB4yfDqSmmE=">AAACBXicdVBNS8NAEN34WetX1aOXxSJ4Cklt1WPRi8eKtgpNkM122i5uNmF3opbQsyev+iu8iVd/hz/C/+C2VlDRBwOP92aYmRelUhj0vDdnanpmdm6+sFBcXFpeWS2trbdMkmkOTZ7IRF9EzIAUCpooUMJFqoHFkYTz6Opo5J9fgzYiUWc4SCGMWU+JruAMrXQapOKyVPbc3T2vUvWp53pjWLJbq9YOKtSfKGUyQeOy9B50Ep7FoJBLZkzb91IMc6ZRcAnDYpAZSBm/Yj1oW6pYDCbMx6cO6bZVOrSbaFsK6Vj9PpGz2JhBHNnOmGHf/PZG4l9eO8PuQZgLlWYIin8u6maSYkJHf9OO0MBRDixhXAt7K+V9phlHm04xMGCjUz3s5wHCLd6Ijt2TV4Qa2ny+QqD/k1bF9ffc2km1XD+cJFUgm2SL7BCf7JM6OSYN0iSc9Mg9eSCPzp3z5Dw7L5+tU85kZoP8gPP6AS+2mgg=</latexit>⇡



Paramagnon theory of the Hubbard model 
<latexit sha1_base64="qeGU5N6ugYbkWa0s666kaGBRU8c="></latexit>

H = �
X

i<j

tijc
†
i↵cj↵ + U

X

i

✓
ni" �

1

2

◆✓
ni# �

1

2

◆
� µ

X

i

c
†
i↵ci↵

<latexit sha1_base64="r/Ouy3KiyOZVCi4DqHO4tkOicsc="></latexit>

We use the operator equation (valid on each site i):

U

✓
n" �

1

2

◆✓
n# �

1

2

◆
= �2U

3
S2 +

U
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Then we decouple the interaction via

exp
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This yields the ‘Scalapino-Pines-Chubukov-Schmalian...’ theory for a ‘paramagnon
quantum rotor’ �i coupled to otherwise free fermions ci↵.



Free  
holes of  
density 

1+p

Paramagnon theory of the Hubbard model 
Hubbard  
model of 

hole density 
1+p

Paramagnon 
rotors

<latexit sha1_base64="Ge6l04LvMEFIbWkycTePF+1uqEs=">AAACAHicdVDLSgMxFM3UV62vqks3wSK4KjNt1XZXdOOygn1gZyiZNNOGJpkhyQhl6MZvcKtrd+LWP3Hpn5hpR7CiBy4czrmXe+/xI0aVtu0PK7eyura+kd8sbG3v7O4V9w86KowlJm0cslD2fKQIo4K0NdWM9CJJEPcZ6fqTq9Tv3hOpaChu9TQiHkcjQQOKkTbSXeL6HLqtMZ0NiiW7bNcaDacKDZnDkEb9rFKpQidTSiBDa1D8dIchjjkRGjOkVN+xI+0lSGqKGZkV3FiRCOEJGpG+oQJxorxkfvEMnhhlCINQmhIaztWfEwniSk25bzo50mP120vFv7x+rIO6l1ARxZoIvFgUxAzqEKbvwyGVBGs2NQRhSc2tEI+RRFibkJa2+DzN5Ptx+D/pVMrOebl6Uys1L7N08uAIHINT4IAL0ATXoAXaAAMBHsETeLYerBfr1XpbtOasbOYQLMF6/wJo75dz</latexit>

�

<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>

�

      

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="epJgImgoky8q8o41KED5VcZRFNY="></latexit>

Hparamagnon =
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Free  
holes of  
density 

1+p

Paramagnon theory of the Hubbard model 
Hubbard  
model of 

hole density 
1+p

Ancilla 
qubits

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>

�

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="epJgImgoky8q8o41KED5VcZRFNY="></latexit>
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<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Paramagnon theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>

�

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="epJgImgoky8q8o41KED5VcZRFNY="></latexit>
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<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Paramagnon theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>

�

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="epJgImgoky8q8o41KED5VcZRFNY="></latexit>
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<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Paramagnon theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>

�

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="epJgImgoky8q8o41KED5VcZRFNY="></latexit>
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<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Paramagnon theory of the Hubbard model 
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qubits
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hole density 
1+p

Free  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1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>

�

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="epJgImgoky8q8o41KED5VcZRFNY="></latexit>
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†
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X
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<latexit sha1_base64="Lt4MqxD9res994/fTN5N4/U3TDM="></latexit>

Hparamagnon =
X

p

"pc
†
p↵cp↵ + JK

X

i

c†i↵
⌧↵↵0

2
ci↵0 · S1i �

eJK
X

i

c†i↵
⌧↵↵0

2
ci↵0 · S2i + . . .

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="8NWZSPrHhV4UB01wlnu35Q5zXNc="></latexit>

Each rotor has eigenvalues g`(`+ 1)/2, degeneracy 2`+ 1, ` = 0, 1, 2 . . .
Restrict to the ` = 0, 1 states, and represent each rotor by 2 “ancilla qubits”,

S = 1/2 spins S1i and S2i, with an antiferromagnetic coupling J? = g

Li = S1i + S2i

�i =
1p
3
(S2i � S1i)

Paramagnon fractionalization theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵



<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="8NWZSPrHhV4UB01wlnu35Q5zXNc="></latexit>

Each rotor has eigenvalues g`(`+ 1)/2, degeneracy 2`+ 1, ` = 0, 1, 2 . . .
Restrict to the ` = 0, 1 states, and represent each rotor by 2 “ancilla qubits”,

S = 1/2 spins S1i and S2i, with an antiferromagnetic coupling J? = g

Li = S1i + S2i

�i =
1p
3
(S2i � S1i)

Paramagnon fractionalization theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

<latexit sha1_base64="LsS3OiSal5k+095/MFZPKgWxqwc="></latexit>

Schrie↵er-Wol↵ transformation at large J? yields U ⇠ J2
K/J?

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="Lt4MqxD9res994/fTN5N4/U3TDM="></latexit>
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†
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X
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2
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eJK
X
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2
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<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="RN2yjk3EYDyCVjh9OpI3o2M4tI8="></latexit>

0

<latexit sha1_base64="Zcjpn7pcgKgArvXOqPQ4UFGSaM0="></latexit>

JK
Kondo 

RG

Paramagnon fractionalization theory of the Hubbard model 
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qubits

Hubbard  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hole density 
1+p

Free  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density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

<latexit sha1_base64="LsS3OiSal5k+095/MFZPKgWxqwc="></latexit>

Schrie↵er-Wol↵ transformation at large J? yields U ⇠ J2
K/J?

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="Lt4MqxD9res994/fTN5N4/U3TDM="></latexit>

Hparamagnon =
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†
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X
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2
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X

i
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2
ci↵0 · S2i + . . .



<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

Paramagnon fractionalization theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

<latexit sha1_base64="PTOr3rnSXoPMIgIvYToW5MpLUq0="></latexit>

A FL* state is realized when the antiferromagnetic Kondo coupling dominates
over J?, and the c� and S1 form a heavy Fermi liquid state (as found in the heavy

fermion compounds) of hole density (1 + p) + 1 = 2 + p = p mod 2!
The S2 must form an ‘odd’ spin liquid which does not break translational
symmetry, to obtain a metal with a non-Luttinger volume Fermi surface.

<latexit sha1_base64="LsS3OiSal5k+095/MFZPKgWxqwc="></latexit>

Schrie↵er-Wol↵ transformation at large J? yields U ⇠ J2
K/J?

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="ocLQ3nRRNwrFQbmyRNG4KyqN33g="></latexit>

Small Fermi surface.
Size 2 + p ⇠= p

Trial wavefunctions in the paramagnon fractionalization theory 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?
<latexit sha1_base64="yz/LUtIYo8Hx4ePhKVF2H2ZlJOI="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="ocLQ3nRRNwrFQbmyRNG4KyqN33g="></latexit>

Small Fermi surface.
Size 2 + p ⇠= p

Trial wavefunctions in the paramagnon fractionalization theory 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?
<latexit sha1_base64="yz/LUtIYo8Hx4ePhKVF2H2ZlJOI="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="ocLQ3nRRNwrFQbmyRNG4KyqN33g="></latexit>

Small Fermi surface.
Size 2 + p ⇠= p

Trial wavefunctions in the paramagnon fractionalization theory 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?
<latexit sha1_base64="yz/LUtIYo8Hx4ePhKVF2H2ZlJOI="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="ocLQ3nRRNwrFQbmyRNG4KyqN33g="></latexit>

Small Fermi surface.
Size 2 + p ⇠= p

Trial wavefunctions in the paramagnon fractionalization theory 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?
<latexit sha1_base64="yz/LUtIYo8Hx4ePhKVF2H2ZlJOI="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i

<latexit sha1_base64="p/xVw2bkUUD+Sfs1V84Rs6znlSw="></latexit>

Pseudogap metal =

Kondo Lattice Heavy

Fermi Liquid

�
Spin Liquid

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵



Trial wavefunctions in the paramagnon fractionalization theory 
density 

1+p{

{<latexit sha1_base64="7AxdXvKW1bGu3IVeRFFkbHQBSpg="></latexit>

Trivial insulator

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FL

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+<latexit sha1_base64="AmB4sMIjpJKklcPaI5CUbouZqn0="></latexit>

Large Fermi surface.
Size: 1 + p

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?

<latexit sha1_base64="ekHljhBbTZaw28cMd9Vf5UdaenY="></latexit>

Large Fermi surface of size 1 + p

|FLi = |Rung singlets of S1,S2i
⌦ |Slater determinant of ci

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="ocLQ3nRRNwrFQbmyRNG4KyqN33g="></latexit>

Small Fermi surface.
Size 2 + p ⇠= p

Trial wavefunctions in the paramagnon fractionalization theory 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?
<latexit sha1_base64="yz/LUtIYo8Hx4ePhKVF2H2ZlJOI="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i

<latexit sha1_base64="p/xVw2bkUUD+Sfs1V84Rs6znlSw="></latexit>

Pseudogap metal =

Kondo Lattice Heavy

Fermi Liquid

�
Spin Liquid

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>
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1.  Confinement of the   -flux spin liquid             
     at half-filling 

2.  Ancilla theory of the pseudogap metal 

3.  Confinement of the pseudogap metal  

     at non-zero doping 
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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<latexit sha1_base64="Hf7oAKrMtju7SO8vriWnNy2d1zs=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapgR+9qVunFZwT6wHUomTdvQTGZIMkIZ+hduXCji1r9x59+YaUdQ0QOBwzn3knOPH3GmtON8WLm19Y3Nrfx2YWd3b/+geHjUUWEsCW2TkIey52NFORO0rZnmtBdJigOf064/u0r97j2VioXiVs8j6gV4ItiYEayNdDcIsJ76ftJcDIslx647FbdeQ47tLJGSulstl5GbKSXI0BoW3wejkMQBFZpwrFTfdSLtJVhqRjhdFAaxohEmMzyhfUMFDqjykmXiBTozygiNQ2me0Gipft9IcKDUPPDNZJpQ/fZS8S+vH+txzUuYiGJNBVl9NI450iFKz0cjJinRfG4IJpKZrIhMscREm5IKpoSvS9H/pHNhuxX78uay1GhmdeThBE7hHFyoQgOuoQVtICDgAZ7g2VLWo/Viva5Gc1a2cww/YL19Av73kSc=</latexit>B

<latexit sha1_base64="61Slf0APWJ6tELEG0HrG/Qtr2Xo=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapgR+9oVu3FZwT6wHUomTdvQTGZIMkIZ+hduXCji1r9x59+YaUdQ0QOBwzn3knOPH3GmtON8WLm19Y3Nrfx2YWd3b/+geHjUUWEsCW2TkIey52NFORO0rZnmtBdJigOf064/a6Z+955KxUJxq+cR9QI8EWzMCNZGuhsEWE99P2kuhsWSY9ediluvIcd2lkhJ3a2Wy8jNlBJkaA2L74NRSOKACk04VqrvOpH2Eiw1I5wuCoNY0QiTGZ7QvqECB1R5yTLxAp0ZZYTGoTRPaLRUv28kOFBqHvhmMk2ofnup+JfXj/W45iVMRLGmgqw+Gscc6RCl56MRk5RoPjcEE8lMVkSmWGKiTUkFU8LXpeh/0rmw3Yp9eXNZalxldeThBE7hHFyoQgOuoQVtICDgAZ7g2VLWo/Viva5Gc1a2cww/YL19AgCLkSg=</latexit>

C

<latexit sha1_base64="/5awHISjOMJUFR7+B+3JXOGVdCM="></latexit>

d-wave superconductivity.
Charge density wave.

<latexit sha1_base64="uVFaGjr/IFgPPmf+nlyVfgDt3+w="></latexit>

Pseudogap Metal (FL*)
with hole pocket Fermi surfaces
and underlying ⇡-flux spin liquid <latexit sha1_base64="oTyPvwxvWpn7cDZjkscjSiE/ir4="></latexit>

Arrow B

Condensation of z↵ in dual CP1

U(1) gauge theory.

<latexit sha1_base64="8h1+2sIuSfXN+zKwmmADMJSNAtk="></latexit>

Arrow C

SU(2)s⇥U(1)a gauge theory
in ancilla model

<latexit sha1_base64="L1I4q0cmqQUAcANcTKkW1gvqp38="></latexit>

Arrow A

Condensation of B
in SU(2) gauge theory.


