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Infinite-range model of a Fermi liquid

H = 1/2 Z twczcﬁ

1,7=1

cici +cjc; =0 | C.CT- + ch-cZ- = 04
r -

t;; are independent random variables with ¢;; = 0 and |t;;]% = t°

Fermions occupying the eigenstates of a
N x N random matrix



Infinite-range model of a Fermi liquid

Feynman graph expansion in ¢;; , and graph-by-graph average,
yields exact equations in the large NV limit:

Gliw) = ——— o - S0 =

G(r=0")=0.

GG(w) can be determined by solving a quadratic equation.
A

—Im G(w)

>

[ W

Fermions occupying eigenstates with a “semi-circular” density of states



Ordinary quantum matter: the Fermi liquid (FL)

e Fermi surface separates empty
and occupied states in mo-
mentum space.

Fermi

surface e Area enclosed by Fermi sur-

face = Q. Momenta of low
energy excitations fixed by
density of all electrons.

]fy e Long-lived electron-like quasi-
particle excitations near the

Fermi surface: lifetime of quasi-
> Kz particles ~ 1/T%.
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» Wiedemann-Franz law in a Fermi liquid:
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Inﬁnite-range model of a strange metal

H = NM 1/2 Z Z JZJ @Oécwc jBCic

1,J=1 a,8=1

ol T
Cia ]B T Cjﬁ (o 57/]5CV5

- E C Cza —

CinCiB + cjgcm =0 |

Ji; are iIndependent random variables with J—w = 0 and J—ZZJ = J?
N — oo at M = 2 yields spin-glass ground state.
N — oo and then M — oo yields critical strange metal

S.Sachdev and J.Ye, Phys. Rev. Lett. 70, 3339 (1993)



Infinite-range model of a strange metal

N

1

"= (2IV)3/2 Z Jijske Cjc}ckc@ B “Z C;'rci
i3,k =1 g
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cic; +cjc; =0 cicj- + ¢;

0 = %chcz

¢; = 0ij
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J4,5,6,11 6@

J8.9.12,14
® 14

Jij.ke are independent random variables with J;;.x¢ = 0 and |J;;.5¢|? = J?
N — oo yields same critical strange metal; simpler to study numerically
A. Kitaey, unpublished; S. Sachdev, arXiv:1506.051 | |




Infinite-range strange metals

Feynman graph expansion in J;; , and graph-by-graph average,
yields exact equations in the large IV limit:

Gliw) = ——— o ¢ S0 =—PEnGE

G(r=0")=0.

Low frequency analysis shows that the solutions must be gapless
and obey

for some complex A. Let us also define 2(z) = X(z) — p.

S.Sachdev and |.Ye, Phys. Rev. Lett. 70, 3339 (1993)



Infinite-range strange metals

At frequencies < J, the equations for G and X can be written as

/dTQG(Tl,TQ)i(TQ,Tg) = —0(11 — 73)

~

S(11,72) = —J2[G(11,72)]° G2, 71)

These equations are invariant under the reparametrization and
gauge transformations

T = f(o)
G(r1,72) = [f'(o1) ' (02)] " 9(71) G(o1,002)

i 7o) = [ (o "o —3/4 9 Yoq.0 A. Georges and O. Parcollet
(71,72) = [ (1) ] (02) g(o2) (01,02) PRB 59,5341 (1999)
A. Kitaev, unpublished

S. Sachdey, arXiv:1506.051 1 |

where f(o) and g(o) are arbitrary functions.

These equations and invariances have similarities to those of the
large N limit of quantum spins at the spatial boundary of a CFT?2

multi-channel Kondo problems
( b ) O. Parcollet,A. Georges, G. Kotliar, and A. Sengupta

PRB 58,3794 (1998)



Infinite-range strange metals

Local fermion density of states

w172 , w >0
plw) = —ImG(w) ~ { e=2E || =1/2 < 0.

£ encodes the particle-hole asymmetry

While £ determines the low energy spectrum, it is determined by
the total fermion density O:

Q= 2(3 — tanh(27E)) — ! tan ™ (627T5) .

T

S.Sachdev and |.Ye, Phys. Rev. Lett. 70, 3339 (1993)
A. Georges, O. Parcollet, and S. Sachdev Phys. Rev.B 63, 134406 (2001)



Infinite-range strange metals

At non-zero temperature, I', the Green’s function

also tully determined by &£.

iCe=i0 (A ZMT ’ ig)
T T
1—2A ;
(2nT) F(é—na i IiS)
27

in(rA + 6)
here A = 1/4 2re _ ST . j
where /4 and e sn(rA — ) 0]

G (w) =

GE(w)GA (w)

—1OIIII—5IIII-IIIIIII‘|LO

S.Sachdev and J.Ye, Phys. Rev. Lett. 70,3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)
A. Georges, O. Parcollet, and S. Sachdev Phys. Rev. B 63, 134406 (2001)



Infinite-range strange metals

The entropy per site, S, has a non-zero limit as T" — 0, and
can be viewed as each site acquiring the universal bound-
ary entropy of the multichannel Kondo problem.

O. Parcollet,A. Georges, G. Kotliar; and A. Sengupta Phys. Rev. B 58, 3794 (1998)
A. Georges, O. Parcollet, and S. Sachdev Phys. Rev.B 63, 134406 (2001)



Free spin has

entropy In(25 + 1) /



Kondo-screened

spin has /

no entropy




N. Andrei and C. Destri, PRL 52, 364 (1984).

A. M. Tsvelick, J. Phys. C 18, 159 (1985).

e .. [. Affleck and A. W. W. Ludwig, PRL 67, 161 (1991).
Crltlcally—screened S. Sachdev, C. Buragohain, and M. Vojta, Science 286, 2479 (1999).

spin has “irrational” entropy

4 )
CFT
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Infinite-range strange metals
The entropy per site, S, has a non-zero limit as 7" — 0, and
can be viewed as each site acquiring the universal bound-
ary entropy of the multichannel Kondo problem.

N. Andrei and C. Destri, PRL 52, 364 (1984).

A. M. Tsvelick, J. Phys. C 18, 159 (1985).

[. Affleck and A. W. W. Ludwig, PRL 67, 161 (1991).

S. Sachdev, C. Buragohain, and M. Vojta, Science 286, 2479 (1999).

T'his entropy obeys

Note that & and £ involve low-lying states, while Q de-
pends upon all states, and details of the UV structure

O. Parcollet,A. Georges, G. Kotliar, and A. Sengupta Phys. Rev. B 58, 3794 (1998)
A. Georges, O. Parcollet, and S. Sachdev Phys. Rev.B 63, 134406 (2001)
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Holography
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J. McGreevy

Key idea: = Implement r as an extra dimension,
and map to a local theory in d+2 spacetime dimensions.



Holography

12 "!
y
.

' < i J. McGreevy

For a relativistic CFT in d spatial dimensions, the
proper length, ds, in the holographic space is fixed by
demanding the scale transformation (i = 1...d)

x, ~Cxr; , t—C , ds—ds



Holography
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This gives the unique metric

J. McGreevy

ds® = S (—dt* + dr® + dz3)

72

This is the metric of anti-de Sitter space AdSg.o.



AdS/CFT correspondence at zero temperature

. 1 d(d+1
Einstein gravity Sg = /dd+2x\/—g [2_/432 <R+ ( )>]

AdSg.o
Minkowski

2
ds® = <£> [er — dt* + dfz}

r



AdS/CFET correspondence at non-zero temperature

1 d(d +1
Einstein gravity Sg = /dd+2x\/—g [2_%2 (73+ (d + )>]

CFTd_|_1 at
Hawking
temperature I’

/ of horizon

AdS-Schwarzschild
Minkowski

LN\ [ dr? ‘
ds? = (—) : f(r)dt® + dz*

r) Lf(r) _
with f(r)=1— (r/R)*™ ! and T = (d + 1)/ (47 R).



AdS/CFET correspondence at non-zero temperature

1 d(d +1
Einstein gravity Sg = /dd+2x\/—g [2_/432 (73+ (d + )>]

CFTd_|_1 at
Hawking
temperature I’

/ of horizon

AdS-Schwarzschild
Minkowski

V< i \

Entropy density of CFTy,1, S ~ T
Bekenstein-Hawking entropy density, Sgp ~ T¢




AdS/CFET correspondence at non-zero temperature

1 d(d +1
Einstein gravity Sg = /dd+2x\/—g [2_/432 (73+ (LJ; )>]

CFTd_|_1 at
Hawking
temperature I’

/ of horizon

AdS-Schwarzschild
Minkowski

R \
]’ <

For SU(N) SYM in d = 3, Sgg = (7?/2)N*T". But there is (still)
no confirmation of this from a field-theory computation on SYM.

Gubser, Klebanov, Peet 96



AdS/CFET correspondence at non-zero temperature

1 d(d +1
Einstein gravity Sg = /dd+2x\/—g [2_/432 (73+ (LJ; )>]

CFTd_|_1 at
Hawking
temperature I’

/ of horizon

AdS-Schwarzschild
Minkowski

V" < 1 \

Correspondence in d = 1:
S = Spy = g T,

where ¢ = 127 L/k? is the central charge of the CFTs5.
Strominger 97



Charged black branes

o 1 dd+1) R
Einstein-Maxwell theory Spm = / A xy/—g [ (R + ( ) _ — F2>]

2k2

Quantum matter on
the boundary with

a variable charge
density Q of a global
U(1) symmetry.

e

AdS-Reissner-Nordstrom
T <

A. Chamblin, R. Emparan, C.V.Johnson, and R. C. Myers, 99



Charged black branes

o 1 dd+1) R
Einstein-Maxwell theory Spm = / A xy/—g [ (R + ( ) _ — F2>]

2k2

Quantum matter on
the boundary with

a variable charge
density Q of a global
U(1) symmetry.

e

AdS-Reissner-Nordstrom
T <

Realizes a strange metal: a state with an unbroken global U(1)
symmetry with a continuously variable charge density, O, at
I' = 0 which does not have any quasiparticle excitations.

A. Chamblin, R. Emparan, C.V.Johnson, and R. C. Myers, 99



General Relativity of charged black branes

charge
density O
AdS, x R¢
ds? = (d¢? — dt?)/(? + dx?
Gauge field: A = (£/()dt
¢ = oo x
—

e Near-horizon metric is AdS,, with near-horizon electric field £.



Quantum fields on charged black branes

AdS,; x R?

ds? = (d¢? — dt?)/¢? + dx?
Gauge field: A = (£/()dt

( =0

—

charge
density O

Dirac termion

of mass m

S|

Boundary Green’s tunction of ¢ at T'= 0

w— (1-24) ,w >0

(

ImG(w) ~ <

\\

where the fermion sca.

€

—2mE ‘w

—(1=24) ", < 0.

ing dimension A is a function of m

£ encodes the particle-hole asymmetry

T. Faulkner, Hong Liu, J. McGreevy, and D.Vegh, PRD 83, 125002 (201 1)



Quantum fields on charged black branes

Conformal mapping to T > 0

¢ = o

charge
density O

4% = [d¢? /(1 — C2/c3) — (1 — C2/CR)d?] /2 + diP
Gauge field: A =E&(1/( —1/(p)dt with (o = 1/(27T)

Dirac fermion
of mass m

S|

Boundary Green’s function of ¢ at 1" > 0
is fully determined by &£

1w
, I(A i
—iCe ( 27T Zg)

G (w) =

I TY1—2A ’

S Y € B,

21T
sin(mA + )
h 2w& _ .
L sin(mA — )
T. Faulkner, Hong Liu, J. McGreevy, and D.Vegh, PRD 83, 125002 (201 1)



General Relativity of charged black branes

Conformal mapping to T > 0 charge
¢ = Qo density O
ds? = [d¢? /(1 — C2/C3) — (1 — ¢2/C3)di?] /¢ + di®
Gauge field: A =E&(1/( — 1/(p)dt with (o = 1/(2nT)
(= ¢ x
—

e As T — 0, there is a non-zero Bekenstein-Hawking entropy, Spg.



General Relativity of charged black branes

Conformal mapping to T > 0 charge
¢ = Qo density O
ds? = [d¢2/(1 — C2/C3) — (1 — C/CR)di?] /G2 + di?
Gauge field: A =E&(1/( — 1/(p)dt with (o = 1/(2nT)
(= ¢ x
—

e As T — 0, there is a non-zero Bekenstein-Hawking entropy, Spx.

e Using Gauss’s Law, it can be shown that u(7) = —27&ET+ constant
as 1" — 0.

e Using a thermodynamic Maxwell relation (also obeyed by gravity),
A.Sen

hep-th/0506 177 OSRH ) ( Ol )
S. Sachdev = — | — = 27
1506.051 | | 0Q )+ 0T ) 5




General Relativity of charged black branes

Conformal mapping to T > 0 charge
¢ = Qo density O
ds? = [d¢2/(1 — C2/C3) — (1 — C/CR)di?] /G2 + di?
Gauge field: A =E&(1/( — 1/(p)dt with (o = 1/(2nT)
(= ¢ x
—

e As T — 0, there is a non-zero Bekenstein-Hawking entropy, Spx.

e Using Gauss’s Law, it can be shown that u(7) = —27&ET+ constant
as 1" — 0.

e Using a thermodynamic Maxwell relation (also obeyed by oravityw)
A Sen Avl\jo1 ((i)beyed by
hep-th/0506177 0SBH O ald entropy
S. Sachdev = — hidad = 2n& in higher-derivative
1506.0511 1 0Q )+ 0T ) 5 oravity.




J8.9.12,14
o4
12

0§ X (o)

1

Local fermion density of states
(w) ~ w1/2 , w >0
% o—27E ]w\_l/Q, w < 0.

Known ‘equation of state’
determines £ as a function of O

Microscopic zero temperature
entropy density, S, obeys

0S
@ — 27'('5




J8.9.12,14
o4
12

0§ X (o)

1

Local fermion density of states

p(w) ~ { i

Known ‘equation of state’
determines £ as a function of O

W , w >0
e 27 w712 w < 0.

Microscopic zero temperature
entropy density, S, obeys

0S
@ — 27'('5

Finstein-Maxwell theory
+ cosmological constant

Horizon area Aj,; Boundary
AdSQ X Rd area Ab§

harge
e diS)/c” t dd density Q

Gauge field: A = (£/()dt

L= @FO&Daw + mgw

Local fermion density of states
W , w >0

—1/2
p(w) ~ { p—27E ’w‘—1/27 w < 0.

‘Equation of state’ relating &£
and O depends upon the geometry
of spacetime far from the AdS,

Black hole thermodynamics
(classical general relativity) yields

OSBH
— 2
70 &€

S|

A.Sen, arXiv:hep-th/0506177; S. Sachdeyv, arXiv:1506.051 |



Finstein-Maxwell theory
+ cosmological constant

i7j7k7€:]-
ol P
Horizon area Aj,; Boundary
AdSQ X Rd area Ab§
2 2 2 2 —9 Charge
e diS)/c” t dd density Q

Jle 1%, 14 Gauge field: A = (£/()dt

@14
®]2

S|

0§ X (o)

L = YI'*Dyt) + miy)
Local fermion density of states Local fermion density of states

w=1/2 w > 0 { w12 , w >0
~ ) W) r~ 9 -
p(w) { =27 || =1/2 4y < 0. plw) e 2 |w|7H2 w < 0.

‘Equation of state’ relating &£
and O depends upon the geometry
of spacetime far from the AdS,

Known ‘equation of state’
determines £ as a function of O

ack hole thermodynamics
ical general relativity) yields

Microscopic zero temperat

. donsitv. S. ob Evidence for
en ropy@ §ns1 y, S, obeys| , dS, gravity

50 = 2mé dual of H

S. Sachdev, arXiv:1506.051 1 |
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(slightly less)
strange metal

Hole Electron
Fermi liquid Fermi liquid
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Transport in Strange Metals

universal constraints on transport

[Hartnoll, others] hyd rOdyna o ‘ [Donos, Gauntlett 1506]

[Lucas, Sachdev PRB]

long time dynamics;

few conserved quantities “‘renormalized IR fluid”
emerges
perturbative ‘
: limit
memory matrix R holography
[Lucas JHEP]
appropriate microscopics matrix large N theory;
for cuprates non-perturbative computations

figure from |[Lucas, Sachdev, Physical Review B91 195122 (2015)]

S. A. Hartnoll, P. K. Kovtun, M. Miiller, and S. Sachdev, PRB 76, 144502 (2007)



Transport in Strange Metals

Recall that in a Fermi liquid, the Lorenz ratio L = x/(Tc), where k is
the thermal conductivity, and o is the conductivity, is given by

7 772/@29
3e?




Transport in Strange Metals

Recall that in a Fermi liquid, the Lorenz ratio L = k/(To), where k is
the thermal conductivity, and o is the conductivity, is given by

I WQk%
3e?

In contrast, for a strange metal with a “relativistic” Hamiltonian, L
diverges as the charge density @ — 0, and then the impurity momentum
relaxation time 7y, — 00:

Hijp 1
L = > 5
170G (14 Q27imp/(Hogq))

where H is the enthalpy density. This divergence happens because at
Q = 0, x diverges as Timp — 00, while 0 = 0@, an intrinsic, finite,
“quantum critical” conductivity.

S. A. Hartnoll, P. K. Kovtun, M. Miiller, and S. Sachdev, PRB 76, 144502 (2007)
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Tbath (K)

|Crossno et al, submitted|
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Wiedemann-Franz
|Crossno et al, submitted| obeyed



Dirac Fluid in Graphene

Wiedemann-Franz Law Violations in Experiment

Tbath (K)

Wiedemann-Franz
[Crossno et al, submitted] violated !



(submitted) Observation of the Dirac fluid
and the breakdown of the Wiedemann-Franz law in graphene

Jesse Crossno,''? Jing K. Shi,! Ke Wang,! Xiaomeng Liu,' Achim Harzheim,! Andrew Lucas,! Subir Sachdev,!*3
Philip Kim,"» 2 * Takashi Taniguchi,* Kenji Watanabe,* Thomas A. Ohki,’ and Kin Chung Fong®: T
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