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A simple model of a metal with quasiparticles
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Random matrix model
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The Sachdev-Ye-Kitaev (SYK) model



Complex SYK model
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The complex SYK model

S. Sachdev and J. Ye, 

PRL 70, 3339 (1993)
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

<latexit sha1_base64="p1ziTnWvE7csaHV6/oQwUCGOhrs="></latexit>

Conformal solution at µ = 0, G(⌧) ⇠ sgn(⌧)p
|⌧ |

.



The SYK model
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Conformal Perturbation theory

S = SCFT +
X
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gh

Z �

0
d⌧Oh(⌧)

whereGCFT ⇠ sgn(⌧)/
p

|⌧ | and hOh(⌧)Oh(0)i ⇠ 1/|⌧ |2h
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Conformal Perturbation theory

S = SCFT +
X
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<latexit sha1_base64="TxDkZmMoJrbiq1DRjVWy1+cM33c="></latexit>

Solution of eigenvalue equation with E = 1 yields a tower of operators
Oh with scaling dimensions h. Smallest non-trivial value is h = 2, and
O2 is the ‘boundary graviton’.

G(⌧) ⇠ sgn(⌧)p
|⌧ |

 
1 +

X

h

chgh

|⌧ |h�1
+ . . .

!



1.  SYK models

2.  Time reparameterization soft mode 

3.  Charged black holes 

4.  Spin glass of S=1/2 SU(2) spins


5.  Random t-J model
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Time reparameterization symmetry and 2D gravity

<latexit sha1_base64="7xxj17ZxKg9dsuBwu4JmXRfH1jc="> IJBEqSmViBWqNPbbBIbYRQqJMHteAr3kE50mxTLCZj3ZrLZPApdV56sb5vnd7UFSVCfGSQpHHSwqFuRqeLKTo7tzUckB5CXddzf8nsDtXD2zJ64YA3c38OJ1RSaEZ1ZltWlSa8dIa5UROGWIkzxYlrrruZHun1+3dGw7uetDrer3e/eEQJ8PBcDjsg9ft2bHjVOPpZPsffBEEWYJdP+BEqWOvN9ej3NRhwCninCnkSPCKxPQYpwLJojrhCZsrOx3l9vVSwE0UYrPB+ydKkWJ2d1k5J4lSZwleazdNP1HrMrO5SXac6ej+KGdinmFLDEpHUcZNrzNPIXyuSLze+BlOSICNkwUQzJDUARYMWlIUX1Mi1jNsKfS1PmUh+skHTBSYqjofcPnkeb/r3e32v+/vPHxcJa3hfOF86bQcz7nnPHS+dZ46R07QSBs/N35t/Lb1y9bvW39s/VkevX6t0vncWRlbf/0L/3FlHQ==</latexit>

After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as

Z =

Z
Dc↵a(⌧) exp
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For simplicity, we neglect the replica indices, and introduce the
identity

1 =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp

"
�N

Z �

0
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
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At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
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Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+NS(E0)�NSeff [f,�] ,

where E0 / N is the ground state energy.
The same Z is obtained for the boundary graviton of 2D gravity in AdS2.
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Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

N�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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Consequences of 2D-gravity for the dynamic spin susceptibility of SYK model

�L(!) =
P

n |h0|S+i |ni|2 �(~! � En + E0), (at T = 0)

�L(!) ⇠ tanh
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~!

2kBT

◆
1� C� ! tanh
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◆
� . . .

�
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• Exact evaluation of the path integral over f(⌧) and �(⌧) leads
to the many-body density of states

D(E) ⇠ 2eS0 sinh(
p

2N�E)

• Saddle-point shift leads to a correction to the Green’s func-
tion:

G(⌧) ⇠ sgn(⌧)p
|⌧ |

✓
1 +

↵G

|⌧ | + . . .

◆

There is a universal relationship between ↵G and �, the co-
e�cient of the Schwarzian and the linear-T entropy. This is
due to the connection between the h = 2 Oh operator and
the ‘boundary graviton’.



1.  SYK models

2.  Time reparameterization soft mode 

3.  Charged black holes 

4.  Spin glass of S=1/2 SU(2) spins


5.  Random t-J model
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Thermodynamics of quantum black holes:

Z
Dgµ⌫ exp
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Metric of  
spacetime
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In general, this summation is not well defined, because to the
uncontrollably large number of spacetime configurations.

But in recent years, we have learnt how to evaluate
the summation for Einstein gravity in some cases,
and obtain the exact value of

thanks to connections to the Sachdev-Ye-Kitaev model.
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SBH =
A(T )c3

4G~
(~/(kBT ) is the length of the Euclidean time circle)
A(T ) is the area of the black hole horizon at a temperature T .
Interpretation: Black holes have finite number of quantum de-
grees of freedom, and black hole entropy is their entanglement
entropy across the horizon.

Gibbons, Hawking (1977)
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Thermodynamics of quantum black holes with charge Q:
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Dgµ⌫DAµ exp
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Gibbons, Hawking (1977)
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SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~
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1 +

2(⇡A0)1/2T

~c

◆

A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.
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Gibbons, Hawking (1977)
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SBH(T ! 0,Q) =
A(T )c3

4G~ =
A0c3

4G~
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A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.

Note the similarity to the large N entropy of the SYK model ! 
Sachdev PRL 2010



Reissner-Nordstrom black hole of 
Einstein-Maxwell theory
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total
charge Q
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AdS2 ⇥ S2
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Boundary
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A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.

Note the similarity to the large N entropy of the SYK model ! 
Sachdev PRL 2010
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A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.
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=

Z
Df(⌧)D�(⌧) exp (�Schwarzian boundary graviton + rotor action[f,�])
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A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge.
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⇡
Z

Dgµ⌫DAµ exp

✓
�1

~ S(1+1)
JTgravity of AdS2 and boundary[gµ⌫ , Aµ]

◆
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=

Z
Df(⌧)D�(⌧) exp (�Schwarzian boundary graviton + rotor action[f,�])

Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); 
Moitra, Trivedi, Vishal (2018) ; Gaikwad, Joshi, Mandal, Wadia (2018); Iliesiu, Turaci (2020) 
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S(T ! 0,Q) = SBH � 3

4
ln

✓
~c5
GT 2

◆

SBH =
A(T )c3

4G~ =
A0c3

4G~

✓
1 +

2(⇡A0)1/2T

~c

◆

A0 is the area of the charged black hole horizon at
T = 0, Q is the black hole charge. The lnT term
is the contribution of the boundary graviton.



Complex SYK model
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No quasiparticle
decomposition
of many-body states
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D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue
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D(E) ⇠ eS(E)

= eNs0+
p
2N�E

S(T ! 0) = N(s0 + �T )

A. Georges, O. Parcollet, and 
S. Sachdev, 


PRB 63, 134406 (2001)
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D(E) ⇠

2 eNs0
p

2N�E
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D(E) ⇠ 2 eNs0 sinh(
p

2N�E)

S(T ) = N(s0 + �T )� 3

2
ln

✓
U

T

◆

Many-body density of states



Many-body density of states

Supersymmetric black holes and SYK models
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D(E) ⇠ exp

✓
A0

4G
+ . . .

◆
�(E) + freg(E ��), � ⇠ R�1
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1.  SYK models

2.  Time reparameterization soft mode 

3.  Charged black holes 

4.  Spin glass of S=1/2 SU(2) spins


5.  Random t-J model
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Quantum generalization of the Sherrington-Kirkpatrick model to
S = 1/2 spins with SU(2) symmetry

H =
X

i<j

JijSi · Sj

[Siµ, Sj⌫ ] = i�ij✏µ⌫�Si� , S2
i = 3/4

Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.
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Two possible ground states
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Quantum generalization of the Sherrington-Kirkpatrick model to
S = 1/2 spins with SU(2) symmetry

H =
X

i<j

JijSi · Sj

[Siµ, Sj⌫ ] = i�ij✏µ⌫�Si� , S2
i = 3/4

Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.
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I. Spin glass order

lim
⌧!1

hSi(⌧) · Si(0)i = q > 0

where q is the spin glass order parameter.
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Two possible ground states

S. Sachdev and J. Ye, PRL 70, 3339 (1993)
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Quantum generalization of the Sherrington-Kirkpatrick model to
S = 1/2 spins with SU(2) symmetry

H =
X

i<j

JijSi · Sj

[Siµ, Sj⌫ ] = i�ij✏µ⌫�Si� , S2
i = 3/4

Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.
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II. SY spin liquid

�L(⌧) = hSi(⌧) · Si(0)i ⇠ 1/⌧ , ⌧ ! 1
= �G(⌧)G(�⌧) at M = 1

Obtained as M ! 1 in a model with SU(M) symmetry

Write Si ) f†
i↵fi� with ↵,� = 1 . . .M and

P
↵ f†

i↵fi↵ = M/2. Then

the large M saddle point equations are identical to those of SY(K).
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A
1 = 0.31.

38

FIG. 1: Plot of the local dynamic spin susceptibility. The blue solid line is obtained from numerical solution of

the Schwinger-Dyson equations (2.13) for T/J = 0.1. The black dashed line is analytical result in (1.2) for

C�T ' 0.05 with three higher order terms in (1.3) included with their T = 0 expressions.

mode i.e. the boundary graviton in the holographic dual. Notice that this term has a prefactor

of ! without a corresponding factor of 1/T : this indicates the violation of scaling induced by an

irrelevant operator. We show a plot of Im�L in Fig. 1; it is curious that this resembles observations

in Refs. [13, 14], and it would be worthwhile to investigate this further, especially in systems with

greater randomness. Similar spectra should also apply to anomalous density fluctuations in the

model of Ref. [17], and density fluctuations have been investigated in momentum-resolved electron

energy-loss spectroscopy (M-EELS) [18, 19] but for ! � T .

In the limit of T ! 0, (1.2) predicts a discontinous spectral density at zero frequency. We have

computed higher order terms at T = 0 for the particle-hole symmetric case (see Eq. (5.10))

Im�L(!) ⇠ sgn(!)
h
1� C�|!|�

7

16
(C�)2|!|2 � C

0
|!|2.77354... +

37

48
(C�)3|!|3 � . . .

i
, (1.3)

where the |!|2 and |!|3 terms are non-linear corrections from the time reparameterization mode,

and C
0 mode is a linear contribution of a second irrelevant operator with scaling dimension h =

3.77354 . . .. The T > 0 form of the C
0 term can be deduced from imaginary part of (D24).

We have attempted to write this paper in a self-contained manner for condensed matter physi-

cists. We will begin in Section II by defining the models of interest, and recalling the leading

conformally invariant results. A diagrammatic analysis of the conformal perturbation theory is

presented in Section III, where we obtain the scaling dimensions of all primary operators, and iden-

tify the operators associated with time reparameterization and an emergent U(1) gauge invariance.

Section IV employs an alternative functional approach of Kitaev and Suh [7] which allows e�cient

treatment of particle-hole asymmetry, non-linear corrections and non-zero temperatures. Section V

4
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Numerical solution of SYK equations (SY, PRL 1993), compared with
conformal perturbation theory. C is a known number, and � is the

co-e�cient of the action for the ‘boundary graviton’ in holographic dual.
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Dynamic spin susceptibility of SY spin liquid at M = 1

�L(⌧) = �G(⌧)G(�⌧)
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the Schwinger-Dyson equations (2.13) for T/J = 0.1. The black dashed line is analytical result in (1.2) for

C�T ' 0.05 with three higher order terms in (1.3) included with their T = 0 expressions.

mode i.e. the boundary graviton in the holographic dual. Notice that this term has a prefactor

of ! without a corresponding factor of 1/T : this indicates the violation of scaling induced by an

irrelevant operator. We show a plot of Im�L in Fig. 1; it is curious that this resembles observations

in Refs. [13, 14], and it would be worthwhile to investigate this further, especially in systems with

greater randomness. Similar spectra should also apply to anomalous density fluctuations in the

model of Ref. [17], and density fluctuations have been investigated in momentum-resolved electron

energy-loss spectroscopy (M-EELS) [18, 19] but for ! � T .

In the limit of T ! 0, (1.2) predicts a discontinous spectral density at zero frequency. We have

computed higher order terms at T = 0 for the particle-hole symmetric case (see Eq. (5.10))
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where the |!|2 and |!|3 terms are non-linear corrections from the time reparameterization mode,

and C
0 mode is a linear contribution of a second irrelevant operator with scaling dimension h =

3.77354 . . .. The T > 0 form of the C
0 term can be deduced from imaginary part of (D24).

We have attempted to write this paper in a self-contained manner for condensed matter physi-

cists. We will begin in Section II by defining the models of interest, and recalling the leading

conformally invariant results. A diagrammatic analysis of the conformal perturbation theory is

presented in Section III, where we obtain the scaling dimensions of all primary operators, and iden-

tify the operators associated with time reparameterization and an emergent U(1) gauge invariance.

Section IV employs an alternative functional approach of Kitaev and Suh [7] which allows e�cient

treatment of particle-hole asymmetry, non-linear corrections and non-zero temperatures. Section V

4

Correction 
from the 
boundary 
graviton
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Numerical solution of SYK equations (SY, PRL 1993), compared with
conformal perturbation theory. C is a known number, and � is the

co-e�cient of the action for the ‘boundary graviton’ in holographic dual.
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Dynamic spin susceptibility of SY spin liquid at M = 1

�L(⌧) = �G(⌧)G(�⌧)
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G-⌃-Q theory for co-existence of spin glass and SY spin liquid

Quantum spin glass order parameter: Qab(⌧), a, b = 1 . . . n, n ! 0 replicas.
Qab is ⌧ independent for a 6= b.

Qab(⌧, ⌧
0) =

1

N

X

i

Sia(⌧) · Sib(⌧
0)

qEA = hSi(⌧)i · hSi(0)i = lim
n!0

1

n(n� 1)

X

a 6=b

Qab

q = lim
⌧!1

hSi(⌧) · Si(0)i = lim
n!0

lim
⌧!1

1

n

X

a

Qaa(⌧)



Maine Christos, Felix Haehl, SS, in progress
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G-⌃-Q theory for co-existence of spin glass and SY spin liquid

Quantum spin glass order parameter: Qab(⌧), a, b = 1 . . . n, n ! 0 replicas.
Qab is ⌧ independent for a 6= b.

Qab(⌧, ⌧
0) =

1

N

X

i

Sia(⌧) · Sib(⌧
0)

qEA = hSi(⌧)i · hSi(0)i = lim
n!0

1

n(n� 1)

X

a 6=b

Qab

q = lim
⌧!1

hSi(⌧) · Si(0)i = lim
n!0

lim
⌧!1

1

n

X

a

Qaa(⌧)
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F
N

=
MJ2

4

Z
d⌧ [Qab(⌧)]

2 � lnZf [Q]

Zf [Q] =

Z
DGab(⌧, ⌧

0)D⌃ab(⌧, ⌧
0)D�a(⌧) exp [�MI[Q]]

I[Q] = � ln det


��0(⌧ � ⌧ 0)�ab � i�a(⌧)�(⌧ � ⌧ 0)�ab � ⌃ab(⌧, ⌧

0)

�
� i

2

Z
d⌧�a(⌧)

+

Z
d⌧d⌧ 0


�⌃ab(⌧, ⌧

0)Gba(⌧
0, ⌧) +

J2

2
Qab(⌧ � ⌧ 0)Gab(⌧, ⌧

0)Gba(⌧
0, ⌧)
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Dope the quantum Sherrington-Kirkpatrick model

with mobile electrons

H =

X

i<j

h
�tijc

†
i↵cj↵ +H.c. + JijSi · Sj

i

Si =
1

2
c
†
i↵�↵�ci�

[ci↵, c
†
j� ]+ = �ij�↵� ,

X

↵

c
†
i↵ci↵  1

1

N

X

i↵

c
†
i↵ci↵ = 1� p

Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.

tij = 0, t
2
ij = t

2
, Di↵erent tij uncorrelated.
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2

a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
gued [21, 22] that for the case of SU(2), the spin glass
phase should persist up to a critical finite value of doping,
pc, corresponding to a quantum critical point separat-
ing the spin glass phase from a disordered Fermi liquid.
Near criticality, the model is predicted to exhibit SYK-
like criticality with a non-zero extensive entropy and a
linear-in-temperature resistivity [23]. In a weak-coupling
renormalization group, this critical point emerges when
the three fractionalized excitations in the t-J model be-
come degenerate in energy, leading to a zeroth order pre-
diction of pc = 1/3.

Dynamical Spin Response at T = 0. We first present
results on the nature of the spin correlations at T = 0,
providing evidence that the spin glass phase shown to
exist at p = 0 is stable for small values of doping, up to a
critical value of doping near p = 1/3. Using the Lanczos
algorithm, we calculate the spectral function at T = 0,

�
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|h n| S
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⇥ [�(! � (En � E0)) � �(! + (En � E0))] ,
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where numerically the delta functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt!1

1
N

P
i
hSi(0)Si(t)i = q 6= 0, is re-

flected by a q�(!) contribution to the dynamical struc-
ture factor S(!), which is related to the spectral function
at T = 0 by �00(!) = S(!) � S(�!). For a finite system
size, the exact delta function in S(!) is replaced by a peak
at low frequency, whose width approaches 0 in the ther-
modynamic limit and whose total spectral weight gives
q. Therefore, the spin glass contribution to �00(!) for fi-
nite systems is given by a low frequency peak, and was
analyzed for this model at p = 0 in [8]. Above pc, a dis-
ordered Fermi liquid is expected to have a low-frequency
behavior of �00(!) ⇠ !.

The spectral function for the random t-J model, calcu-
lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low-frequency for dopings p . 0.4 suggests the
presence of spin glass order in this range of doping. How-
ever, a large-N analysis of this hump must be performed
in order to verify that the hump asymptotes to a delta
function in the thermodynamic limit. To do this, we first
subtract o↵ a background contribution to account for the
rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
term �

00(!) ⇠ sgn(!) as |!| ! 0 at T = 0 (which general-
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FIG. 1. The spectral function �00(!) of the random t � J
model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.
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and this fits well near criticality
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a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
gued [21, 22] that for the case of SU(2), the spin glass
phase should persist up to a critical finite value of doping,
pc, corresponding to a quantum critical point separat-
ing the spin glass phase from a disordered Fermi liquid.
Near criticality, the model is predicted to exhibit SYK-
like criticality with a non-zero extensive entropy and a
linear-in-temperature resistivity [23]. In a weak-coupling
renormalization group, this critical point emerges when
the three fractionalized excitations in the t-J model be-
come degenerate in energy, leading to a zeroth order pre-
diction of pc = 1/3.

Dynamical Spin Response at T = 0. We first present
results on the nature of the spin correlations at T = 0,
providing evidence that the spin glass phase shown to
exist at p = 0 is stable for small values of doping, up to a
critical value of doping near p = 1/3. Using the Lanczos
algorithm, we calculate the spectral function at T = 0,
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⇥ [�(! � (En � E0)) � �(! + (En � E0))] ,
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where numerically the delta functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt!1

1
N

P
i
hSi(0)Si(t)i = q 6= 0, is re-

flected by a q�(!) contribution to the dynamical struc-
ture factor S(!), which is related to the spectral function
at T = 0 by �00(!) = S(!) � S(�!). For a finite system
size, the exact delta function in S(!) is replaced by a peak
at low frequency, whose width approaches 0 in the ther-
modynamic limit and whose total spectral weight gives
q. Therefore, the spin glass contribution to �00(!) for fi-
nite systems is given by a low frequency peak, and was
analyzed for this model at p = 0 in [8]. Above pc, a dis-
ordered Fermi liquid is expected to have a low-frequency
behavior of �00(!) ⇠ !.

The spectral function for the random t-J model, calcu-
lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low-frequency for dopings p . 0.4 suggests the
presence of spin glass order in this range of doping. How-
ever, a large-N analysis of this hump must be performed
in order to verify that the hump asymptotes to a delta
function in the thermodynamic limit. To do this, we first
subtract o↵ a background contribution to account for the
rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
term �

00(!) ⇠ sgn(!) as |!| ! 0 at T = 0 (which general-
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FIG. 1. The spectral function �00(!) of the random t � J
model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.
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• Quasiparticle lifetime in the Fermi liquid
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Planckian metal
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• SYK: a solvable model without quasiparticle excita-

tions, exhibiting thermalization and many-body chaos

in a time of order ~/(kBT ), independent of micro-

scopic energy scales.

• Low energy theory of time reparameterizations is the

theory of the boundary graviton in 2D quantum grav-

ity on AdS2.

• Boundary graviton leads to:

– Dynamic spin susceptibility⇠ sgn(!) [1� c|!|+ . . .]

– Universal�3/2 ln(1/T ) correction to Bekenstein-

Hawking entropy of low T charged black holes

in Einstein gravity.

• Spin S = 1/2 SU(2) quantum Sherrington-Kirkpatrick

model display co-existence of spin glass order and

SY(K) spin liquid behavior

• Random t-J model has a quantum phase transition

where spin glass order vanishes, with Planckian metal

criticality.
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