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• Note: The electron liquid in one dimension and the fractional

quantum Hall state both have quasiparticles; however, the quasi-

particles do not have the same quantum numbers as an electron.

What are quasiparticles ?

• Quasiparticles are additive excitations:
The low-lying excitations of the many-body system
can be identified as a set {n↵} of quasiparticles with
energy "↵

E =
P

↵ n↵"↵ +
P

↵,� F↵�n↵n� + . . .

In a lattice system ofN sites, this parameterizes the energy
of ⇠ e↵N states in terms of poly(N) numbers.



• Quasiparticles eventually collide with each other. Such
collisions eventually leads to thermal equilibration in a
chaotic quantum state, but the equilibration takes a long
time. In a Fermi liquid, this time diverges as

⌧eq ⇠ ~EF

(kBT )2
, as T ! 0,

where EF is the Fermi energy.

What are quasiparticles ?



• Quasiparticles eventually collide with each other. Such
collisions eventually leads to thermal equilibration in a
chaotic quantum state, but the equilibration takes a long
time. In a Fermi liquid, this time diverges as

⌧eq ⇠ ~EF

(kBT )2
, as T ! 0,

where EF is the Fermi energy.

What are quasiparticles ?

• This time is much longer than the ‘Planckian time’ ~/(kBT ),
which we will find in systems without quasiparticle ex-
citations.

⌧eq � ~
kBT

, as T ! 0.
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1. Random matrix quasiparticle model
          q=2, complex SYK

2. Matter without quasiparticles
          q=4, complex SYK

3.Connections to black holes 
            with AdS2 horizons

4. Connections to strange metals
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A simple model of a metal with quasiparticles

Pick a set of random positions
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Fermions occupying the eigenstates of a 
N x N random matrix

tij are independent random variables with tij = 0 and |tij |2 = t2

A simple model of a metal with quasiparticles

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj � µ

X

i

c
†
i ci

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

1

N

X

i

c
†
i ci = Q
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A simple model of a metal with quasiparticles

⇢(!) =
� 1

⇡ ImG(!)
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Feynman graph expansion in tij.., and graph-by-graph average,
yields exact equations in the large N limit:

G(⌧) ⌘ �T⌧

D
ci(⌧)c

†
i (0)

E

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = t2G(⌧)

G(⌧ = 0�) = Q.

G(!) can be determined by solving a quadratic equation.
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A simple model of a metal with quasiparticles

"↵ level
spacing ⇠ 1/N

⇢(!) =
� 1

⇡ ImG(!)
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Let "↵ be theN eigenvalues of the matrix tij/
p
N .

The fermions will occupy the lowest NQ eigen-
values, upto the Fermi energy EF . The single-
particle density of states is
⇢(!) = (1/N)

P
↵ �(! � "↵), and ⇢0 ⌘ ⇢(! = 0).
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A simple model of a metal with quasiparticles

Quasiparticle
excitations with
spacing ⇠ 1/N

There are 2N many
body levels with energy

E =
NX

↵=1

n↵"↵,

where n↵ = 0, 1. Shown
are all values of E for a
single cluster of size

N = 12. The "↵ have a
level spacing ⇠ 1/N .

Many-body
level spacing

⇠ 2�N⇠ Nt
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A simple model of a metal with quasiparticles
The grand potential ⌦(T ) at low T is (from the Sommerfeld expansion)

⌦(T )� E0 = N

✓
�
⇡2

6
⇢0T

2 +O(T 4)

◆
+ . . .

where ⇢0 ⌘ ⇢(0) is the single particle density of states at the Fermi level.
From ⌦(T ) we can obtain the many-particle density of states D(E)

D(E) ⇠ exp

 
⇡

r
2N⇢0(E � E0)

3

!
,

E > E0 , 1/N ⌧ ⇢0(E � E0) ⌧ N

and D(E) = 0 for E < E0. This is related to the asymptotic growth of the
partitions of an integer,

p(n) ⇠ exp(⇡
p

2n/3) .

Near the lower bound, there are large sample-to-sample fluctuations due to
variations in the lowest quasiparticle energies.
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Fermi liquid state: Two-body interactions lead to a scattering time
of quasiparticle excitations from in (random) single-particle eigen-
states which diverges as ⇠ T�2 at the Fermi level.

A simple model of a metal with quasiparticles
Now add weak interactions

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj � µ

X

i

c
†
i ci +

1

(2N)3/2

NX

i,j,k,`=1

Uij;k` c
†
i c

†
jckc`

Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U
2
. We

compute the lifetime of a quasiparticle, ⌧↵, in an exact eigenstate  ↵(i) of the

free particle Hamitonian with energy "↵. By Fermi’s Golden rule, for "↵ at the

Fermi energy

1

⌧↵
= ⇡U

2
⇢
2
0

Z
d"�d"�d"�f("�)(1� f("�))(1� f("�))�("↵ + "� � "� � "�)

=
⇡
3
U

2
⇢
2
0

4
T

2

where ⇢0 is the density of states at the Fermi energy, and f(✏) = 1/(e
✏/T

+1) is

the Fermi function.
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1. Random matrix quasiparticle model
          q=2, complex SYK

2. Matter without quasiparticles
          q=4, complex SYK

3.Connections to black holes 
            with AdS2 horizons

4. Connections to strange metals



The Sachdev-Ye-Kitaev (SYK) model
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The SYK model

This describes both a strange metal and a black hole!



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

The SYK model

H =
1

(2N)3/2

NX

i,j,k,`=1

Uij;k` c
†
i c

†
jckc` � µ

X

i

c
†
i ci

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

Q =
1

N

X

i

c
†
i ci

Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U2

N ! 1 yields critical strange metal.



The SYK model
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S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

Feynman graph expansion in Uijk`, and graph-by-graph average, yields ex-
act equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless and obey

⌃(z) = µ� ei(⇡/4+✓)

A

p
z + . . . , G(z) =

Ae�i(⇡/4+✓)

p
z

where A = (⇡/U2 cos(2✓))1/4. The value of ✓ is universally related to Q by
a Luttinger-Ward functional analysis similar to that used to establish the
Luttinger theorem of Fermi liquid theory:

Q =
1

2
� ✓

⇡
� sin(2✓)

4
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S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

The SYK model

X

A. Georges, O. Parcollet, and S. Sachdev,  PRB 63, 134406 (2001)

Feynman graph expansion in Uijk`, and graph-by-graph average, yields ex-
act equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless and obey

⌃(z) = µ� ei(⇡/4+✓)

A

p
z + . . . , G(z) =

Ae�i(⇡/4+✓)

p
z

where A = (⇡/U2 cos(2✓))1/4. The value of ✓ is universally related to Q by
a Luttinger-Ward functional analysis similar to that used to establish the
Luttinger theorem of Fermi liquid theory:

Q =
1

2
� ✓

⇡
� sin(2✓)

4
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The SYK model

At T > 0, we obtain a solution with a conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E

e2⇡E =
sin(⇡/4 + ✓)

sin(⇡/4� ✓)
.
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S. Sachdev, PRX 5, 041025 (2015)
A. Georges and O. Parcollet PRB 59, 5341 (1999)

Feynman graph expansion in Uijk`, and graph-by-graph average, yields ex-
act equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless and obey

⌃(z) = µ� ei(⇡/4+✓)

A

p
z + . . . , G(z) =

Ae�i(⇡/4+✓)

p
z

where A = (⇡/U2 cos(2✓))1/4. The value of ✓ is universally related to Q by
a Luttinger-Ward functional analysis similar to that used to establish the
Luttinger theorem of Fermi liquid theory:

Q =
1

2
� ✓

⇡
� sin(2✓)

4
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GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

The SYK model
There are 2N many body levels
with energy E. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state has
an entropy SGPS = Ns0, where

s0 < ln 2 is determined by
integrating

ds0
dQ = 2⇡E .

At Q = 1/2,

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

where G is Catalan’s constant.
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The SYK model

J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P. Saad, S. H. Shenker, D. Stanford, A. Streicher, and M. Tezuka, arXiv:1611.04650; 
S. Sachdev, PRX 5, 041025 (2015); R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, arXiv.1612.00849 ; 
A.M. Garcia-Garcia and J.J.M. Verbaarschot, arXiv:1701.06593; D. Bagrets, A. Altland, and A. Kamenev, arXiv:1702.08902;  

D. Stanford and E. Witten, arXiv:1703.04612; A. Kitaev and S.J. Suh, arXiv:1711.08467; Yingfei Gu and S. Sachdev, unpublished.

The low T expansion of the grand potential is

⌦(T )� E0 = N


�s0T �

1

2
(� + 4⇡2

E
2K)T 2 +O(T 3)

�
+ 2T ln

✓
U

T

◆
. . .

From the grand potential, we can obtain the low energy, the many-particle
density of states D(E)

D(E) =
1X

p=�1
e2⇡pE d

✓
E �

p2

2NK

◆

where NQ+ p is the integer fermion number, d(E) = 0 for E < E0, and

d(E) ⇠ exp (Ns0) sinh
⇣p

2N�(E � E0)
⌘
,

E > E0 , e�cN
⌧ �(E � E0) ⌧ N .

There are exponentially more low energy states than for the quasiparticle case, and
D(E) self-averages down to energies exponentially small in N .
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A simple model of a metal with quasiparticles
The grand potential ⌦(T ) at low T is (from the Sommerfeld expansion)

⌦(T )� E0 = N

✓
�
⇡2

6
⇢0T

2 +O(T 4)

◆
+ . . .

where ⇢0 ⌘ ⇢(0) is the single particle density of states at the Fermi level.
From ⌦(T ) we can obtain the many-particle density of states D(E)

D(E) ⇠ exp

 
⇡

r
2N⇢0(E � E0)

3

!
,

E > E0 , 1/N ⌧ ⇢0(E � E0) ⌧ N

and D(E) = 0 for E < E0. This is related to the asymptotic growth of the
partitions of an integer,

p(n) ⇠ exp(⇡
p

2n/3) .

Near the lower bound, there are large sample-to-sample fluctuations due to
variations in the lowest quasiparticle energies.
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where NQ+ p is the integer fermion number, d(E) = 0 for E < E0, and

d(E) ⇠ exp (Ns0) sinh
⇣p

2N�(E � E0)
⌘
,

E > E0 , e�cN
⌧ �(E � E0) ⌧ N .

There are exponentially more low energy states than for the quasiparticle case, and
D(E) self-averages down to energies exponentially small in N .
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The structure of d(E) suggests that the
low energy states have split into ⇠ eNs0

super-selection sectors
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2N�(E � E0)
⌘
,

E > E0 , e�cN
⌧ �(E � E0) ⌧ N .

There are exponentially more low energy states than for the quasiparticle case, and
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These results rely on a low energy the-
ory with emergent time reparameteriza-
tion (conformal) and U(1) gauge invari-
ance, which are spontaneously broken down
to SL(2,R) and global U(1) symmetries.
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No quasiparticles

The SYK model

A. Eberlein, V. Kasper, S. Sachdev, and 
J. Steinberg, PRB 96, 205123 (2017)

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)

• Rapid local thermal equilibration (of fermion correla-
tors) in a ‘Planckian’ time

⌧eq ⇠ ~
kBT

, as T ! 0.

Established by solution of Schwinger-Keldysh equations
for a quench.

• Presence of quasiparticles should slow down
thermalization, so all quantum systems obey

⌧eq > C
~

kBT
, as T ! 0.

Absence of quasiparticles , Fastest possible thermalization
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No quasiparticles

The SYK model

A. Eberlein, V. Kasper, S. Sachdev, and 
J. Steinberg, PRB 96, 205123 (2017)

                S. Sachdev, Quantum Phase Transitions, 
Cambridge (1999)

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)

• Rapid local thermal equilibration (of fermion correla-
tors) in a ‘Planckian’ time

⌧eq ⇠ ~
kBT

, as T ! 0.

Established by solution of Schwinger-Keldysh equations
for a quench.

• Presence of quasiparticles should slow down
thermalization, so all quantum systems obey

⌧eq > C
~

kBT
, as T ! 0.

Absence of quasiparticles , Fastest possible thermalization
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1. Random matrix quasiparticle model
          q=2, complex SYK

2. Matter without quasiparticles
          q=4, complex SYK

3.Connections to black holes 
            with AdS2 horizons

4. Connections to strange metals



Black 
holes

• Black holes have an entropy
and a temperature, TH =
~c3/(8⇡GMkB).

• The entropy is proportional
to their surface area.

• They relax to thermal equi-
librium in a time⇠ ~/(kBTH).



LIGO
September 14, 2015

• The ring-down is predicted by General Relativity to happen in a

time
8⇡GM

c3
⇠ 8 milliseconds. Curiously this happens to equal

~
kBTH

: so the ring down can also be viewed as the approach of a

quantum system to thermal equilibrium at the fastest possible rate.
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Black 
holes

• Black holes have an entropy
and a temperature, TH =
~c3/(8⇡GMkB).

• The entropy is proportional
to their surface area.

• They relax to thermal equi-
librium in a time⇠ ~/(kBTH).

Holography:
Quantum black holes “look like”  
quantum many-particle systems 

without quasiparticle excitations, 
residing  “on” the surface of the black hole



~x
⇣

Consider a charged black hole with the smallest 
possible mass: the extremal limit. Zoom in to the near-

horizon region at low energies. In this limit, the quantum 
theory lives in one space (   ) and one time dimension⇣



SYK models and black holes

charge
density Q

S2
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Holographic Metals and the Fractionalized Fermi Liquid

Subir Sachdev
Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA

(Received 23 June 2010; published 4 October 2010)

We show that there is a close correspondence between the physical properties of holographic metals

near charged black holes in anti–de Sitter (AdS) space, and the fractionalized Fermi liquid phase of the

lattice Anderson model. The latter phase has a ‘‘small’’ Fermi surface of conduction electrons, along with

a spin liquid of local moments. This correspondence implies that certain mean-field gapless spin liquids

are states of matter at nonzero density realizing the near-horizon, AdS2 ! R2 physics of Reissner-

Nordström black holes.

DOI: 10.1103/PhysRevLett.105.151602 PACS numbers: 11.25.Tq, 75.10.Kt, 75.30.Mb

There has been a flurry of recent activity [1–10] on the
holographic description of metallic states of nonzero den-
sity quantum matter. The strategy is to begin with a
strongly interacting conformal field theory (CFT) in the
ultraviolet (UV), which has a dual description as the
boundary of a theory of gravity in anti–de Sitter (AdS)
space. This CFT is then perturbed by a chemical potential
(!) conjugate to a globally conserved charge, and the
infrared (IR) physics is given a holographic description
by the gravity theory. For large temperatures T " !, such
an approach is under good control, and has produced a
useful hydrodynamic description of the physics of quan-
tum criticality [11]. Much less is understood about the low
temperature limit T # !: a direct solution of the classical
gravity theory yields boundary correlation functions de-
scribing a non-Fermi liquid metal [4], but the physical
interpretation of this state has remained obscure. It has a
nonzero entropy density as T ! 0, and this raises concerns
about its ultimate stability.

This Letter will show that there is a close parallel
between the above theories of holographic metals, and a
class of mean-field theories of the ‘‘fractionalized Fermi
liquid’’ (FFL) phase of the lattice Anderson model.

The Anderson model (specified below) has been a popu-
lar description of intermetallic transition metal or rare-
earth compounds: it describes itinerant conduction elec-
trons interacting with localized resonant states represent-
ing d (or f) orbitals. The FFL is an exotic phase of the
Anderson model, demonstrated to be generically stable in
Refs. [12,13]; it has a ‘‘small’’ Fermi surface whose vol-
ume is determined by the density of conduction electrons
alone, while the d electrons form a fractionalized spin
liquid state. The FFL was also found in a large spatial
dimension mean-field theory by Burdin et al. [14], and is
the ground state needed for a true ‘‘orbital-selective Mott
transition’’ [15]. The FFL should be contrasted from the
conventional Fermi liquid (FL) phase, in which there is a
‘‘large’’ Fermi surface whose volume counts both the con-
duction and d electrons: the FL phase is the accepted de-
scription of many ‘‘heavy fermion’’ rare-earth intermetal-

lics. However, recent experiments on YbRh2ðSi0:95Ge0:05Þ2
have observed an unusual phase for which the FFL is an
attractive candidate [16].
Here, we will describe the spin liquid of the FFL by the

gapless mean-field state of Sachdev and Ye [17] (SY). We
will then find that physical properties of the FFL are
essentially identical to those of the present theories of
holographic metals. Similar comments apply to other gap-
less quantum liquids [18] which are related to the SY state.
This agreement implies that nonzero density matter de-
scribed by the SY (or a related) state is a realization of the
near-horizon, AdS2 ! R2 physics of Reissner-Nordström
black holes.
We begin with a review of key features of the present

theory of holographic metals. The UV physics is holo-
graphically described by a Reissner-Nordström black
hole in AdS4. In the IR, the low-energy physics is captured
by the near-horizon region of the black hole, which has a
AdS2 ! R2 geometry [4]. The UV theory can be written as
a SUðNcÞ gauge theory, but we will only use gauge-
invariant operators to describe the IR physics. We use a
suggestive condensed matter notation to represent the IR,
anticipating the correspondence we make later. We probe
this physics by a ‘‘conduction electron’’ ck" (where k is a
momentum and " ¼ " , # a spin index), which will turn out
to have a Fermi surface at a momentum k ' jkj ¼ kF. The
IR physics of this conduction electron is described by the
effective Hamiltonian [4,7]

H ¼ H 0 þ H 1½d; c* þ HAdS (1)

H 0 ¼
X

"

Z d2k

4#2 ð"k + !Þcyk"ck"; (2)

with ck" canonical fermions and "k their dispersion, and

H 1½d; c* ¼
X

"

Z d2k

4#2 ½Vkd
y
k"ck" þ V,

kc
y
k"dk"*; (3)

with Vk a ‘‘hybridization’’ matrix element. The dk" are
nontrivial operators controlled by the strongly coupled IR
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ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d
with ad� bc = 1.
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• Reparameterization invariance is a defining property
of Einstein’s theory of gravity

• In imaginary time, AdS2 is the homogeneous hyper-
bolic space: two-dimensional surface of constant neg-
ative curvature. Its metric is invariant under SL(2,R)
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Their identical symmetries lead to the same 
low energy “Schwarzian” theory for the SYK 

model and extremal charged black holes !
A. Kitaev, 2015

J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857
R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, arXiv.1612.00849                             



SYK models and black holes

ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d
with ad� bc = 1.

<latexit sha1_base64="I7QRmuV8d4QNvMaI6k6shTGnHT0="></latexit><latexit sha1_base64="I7QRmuV8d4QNvMaI6k6shTGnHT0="></latexit><latexit sha1_base64="I7QRmuV8d4QNvMaI6k6shTGnHT0="></latexit><latexit sha1_base64="I7QRmuV8d4QNvMaI6k6shTGnHT0="></latexit>

Their identical symmetries lead to the same 
low energy “Schwarzian” theory for the SYK 

model and extremal charged black holes !

Starting both from the theory of SYK model, or from a semi-classical quan-
tization of the Einstein-Maxwell theory of extremal charged black holes, we
obtain the same low T expansion of the grand potential at large N :

⌦(T )� E0 = N
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1. Random matrix quasiparticle model
          q=2, complex SYK

2. Matter without quasiparticles
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c

lx
+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Strongly correlated metals comprise an enduring puzzle at the heart of condensed matter physics.
Commonly a highly renormalized heavy Fermi liquid occurs below a small coherence scale, while at
higher temperatures a broad incoherent regime pertains in which quasi-particle description fails. Despite
the ubiquity of this phenomenology, strong correlations and quantum fluctuations make it challenging to
study. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with random all-to-all
four-fermion interactions among N Fermion modes which becomes exactly solvable as N ! 1, exhibiting
a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence of quasi-
particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic hopping.
Combining the imaginary time path integral with real time path integral formulation, we obtain a heavy
Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find
linear in temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two
universal values as a function of temperature. Our work exemplifies an analytically controlled study of a
strongly correlated metal.

Prominent systems like the high-Tc cuprates and heavy
fermions display intriguing features going beyond the quasi-
particle description[1–9]. The exactly soluble SYK models
provide a powerful framework to study such physics. The
most-studied SYK4 model, a 0 + 1D quantum cluster of N

Majorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–25]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature
scale Ec ⌘ t

2
0/U0[21, 26, 27] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a

Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[28], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[29, 30] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l
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†

ix
c
†
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c
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c

lx
+
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hxx0i

X
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ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
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i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c

lx
+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
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Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X
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t
2
0

N
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i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
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⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|
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3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)
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The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
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2
0/U0[21, 27, 28] between a heavy Fermi liquid
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Fermi liquid, which is however highly renormalized by the
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work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.
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The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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t
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The density-density correlator is expressed as

DRn(x,t; x
0,t0) ⌘ i✓(t � t

0)h[N(x,t),N(x
0,t0)]i

=
i

2
hNc(x,t)Nq(x

0,t0)i, (10)

where Ns ⌘
N�S '
�'̇s

, Nc/q = N+ ± N�(keeping momentum-
independent components- See Sec.B). Adding a contact term
to ensure that limp!0 DRn(p,! , 0) = 0[31], the action (9)
yields the di↵usive form [32]

DRn(p,!) =
�iNK!

i! � D'p2 + NK =
�NKD'p

2

i! � D'p2 . (11)

From this we identify NK and D' as the compressibility and
charge di↵usion constant, respectively. The electric conduc-
tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD'

e
2

~ a
2�d(a is lattice spacing).

Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
and defines ✏c/q = 1

2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads (Sec. B)

iS ✏ =
X

p

Z +1

�1

d! ✏c,!(2i�!2
T

2
� p

2⇤3(!))✏q,�! + · · · , (12)

where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in Sec. B,
behaves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy dif-
fusion constant D✏ . This identification is seen from the corre-
lator for energy density modes "c/q ⌘

iN�S ✏
�✏̇c/q

,

DR"(p,!) =
i

2
h"c"qip,! =

�NT
2�D✏ p2

i! � D✏ p
2 , (13)

where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-

tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
T, t0,U0. Introducing generalized resistivities, ⇢' = ⇢, ⇢" =
T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
1
N

R⇣( T

Ec

) ⇣ 2 {', "}, (14)

where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (B2), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T
2, (15)

(a)

(b)

FIG. 3. (a): For t0,T ⌧ U0, ⇢'/" “collapse” to R'/"( T

Ec
)/N. (b): The

Lorentz ratio ⇢
T

reaches two constants ⇡2

3 ,
⇡2

8 , in the two regimes.
The solid curves are guides to the eyes.

where the temperature coe�cient of resistivity A⇣ =
R
00

⇣ (0)
2NE

2
c

is
large due to small coherence scale in denominator, charac-
teristic of a strongly correlated Fermi liquid. Famously, the
Kadowaki-Woods ratio, A'/(N�)2, is approximately system-
independent for a wide range of correlated materials[33, 34].
We find here A'

(N�)2 =
R
00
' (0)

2[S0(0)]2N3 is independent of t0 and U0!
Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary lin-
early with temperature: R⇣(T ) ⇠ c⇣ T . We analytically obtain
c' =

2
p
⇡

and c" =
16
⇡5/2 (Supplementary Information), implying

that the Lorenz number, characterizing the Wiedemann-Franz
law, takes the unusual value L = 

�T
!
⇡2

8 for Ec ⌧ T ⌧ U0.
More generally, the scaling form (B2) implies that L is a uni-
versal function of T/Ec, verified numerically as shown in
Fig. 3b. The Lorenz number increases with lower tempera-
ture, saturating at T ⌧ Ec to the Fermi liquid value ⇡2/3.

Conclusion – We have shown that the SYK model pro-
vides a soluble source of strong local interactions which,
when coupled into a higher-dimensional lattice by ordinary
but random electron hopping, reproduces a remarkable num-

Low ‘coherence’ scale

Ec ⇠
t20
U
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(a) (b)

Fig. 2. Schematic illustrations of the energy levels of the atomic and molecular states relevant to our protocol
(a) and the PA process (b) for N = 4 and nms = 1.

. . ., N th bands correspond to i = 1, 2, 3, . . . , N sites. We write the energy of the lowest molecular
band and that of the ith atomic band as Em and Ea,i.

Let us introduce a PA laser, which couples atomic bands i(≤ N ) and j(≤ N ) with the lowest
molecular band. The frequency of the PA laser is chosen as

ωPA
i,j = Em − E(2)

i,j − ν, (12)

where E(2)
i,j = Ea,i + Ea,j, and ν denotes the detuning. We consider a situation in which all the

combinations of the two atomic bands (i, j) are coupled via independent PA lasers as shown in
Fig. 2(b). For such a situation to be possible, |ν| has to be larger than the linewidth of the PA lasers
#PA and that of the molecular state #ms. In addition, the condition |ν| ≪ $min has to be satisfied,
where $min denotes the minimum level spacing in E(2)

i,j ≤ E(2)
N−1,N . The number of necessary PA

lasers is N (N − 1)/2. The PA process is described by the following Hamiltonian:

Ĥm1 = νm̂†m̂ + U
2

m̂†m̂†m̂m̂ +
∑

i,j

gij(m̂†ĉj ĉi + h.c.), (13)

where the atom–molecule coupling constant is given by

gij =
1
2

sgn(j − i)
∫

d r%i,j(r)wm(r)wa,i (r) wa,j (r) . (14)

%i,j(r) denotes the intensity of the PA laser while wm(r) and wa,i(r) represent the Wannier function
of the 1st molecular band and the ith atomic band. The absolute value of the detuning |ν| is assumed
to be much smaller than the onsite interaction U between two molecules in order to avoid double
occupancy of the molecules. For the same reason, U has to be much smaller than the minimum level
spacing$min in E(2)

i,j or sufficiently larger than the maximum level spacing$max in E(2)
i,j . Moreover,

the level spacing between the first and second molecular bands $MB is assumed to be larger than
$max in order to avoid accidental couplings between higher molecular bands and the atomic bands
via the PA lasers.

A PA molecule has many vibrational and rotational states. When $max < $̃, we can extend the
scheme described above to include couplings of two atoms with multiple molecular states, where $̃
denotes the minimum level spacing of the molecular states involved. The extended system is now
described by Eq. (10). When |νs| ≫ |gs,ij|, one can integrate out the molecular degrees of freedom
through the second-order perturbation theory with respect to the atom–molecule couplings, leading
to the effective Hamiltonian of Eq. (11). Notice that the precise condition for the second-order
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We suggest that the holographic principle, combined with recent technological advances in
atomic, molecular, and optical physics, can lead to experimental studies of quantum gravity.
As a specific example, we consider the Sachdev–Ye–Kitaev (SYK) model, which consists of
spin-polarized fermions with an all-to-all complex random two-body hopping and has been
conjectured to be dual to a certain quantum-gravitational system. Achieving low-temperature
states of the SYK model is interpreted as a realization of a stringy black hole, provided that
the holographic duality is true. We introduce a variant of the SYK model, in which the random
two-body hopping is real. This model is equivalent to the original SYK model in the large-N
limit. We show that this model can be created in principle by confining ultracold fermionic atoms
into optical lattices and coupling two atoms with molecular states via photo-association lasers.
This development serves as an important first step towards an experimental realization of such
systems dual to quantum black holes. We also show how to measure out-of-time-order correlation
functions of the SYK model, which allow for identifying the maximally chaotic property of the
black hole.
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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1. Introduction
The quantum nature of black holes is one of the most important subjects in theoretical physics since
the theoretical discovery of particle emissions from a black hole due to quantum effects [1,2], which
are often referred to as the Hawking radiation. Although there have been experimental searches for
quantum black holes at the CERN LHC motivated by the predictions on the basis of theories of TeV-
scale quantum gravity [3–5], no evidence of black-hole creation has been observed thus far [6–9].
In this paper, we present a completely different route to experimental studies of quantum gravity
by exploiting both the holographic principle and the unprecedented controllability of optical-lattice
systems loaded with ultracold gases1.

1 Our proposal is different from the sonic black hole [10,11], which models the Hawking radiation with the
emission of phonons, in the sense that we aim to build a real black hole in an actual quantum-gravitational
system.
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We suggest that the holographic principle, combined with recent technological advances in
atomic, molecular, and optical physics, can lead to experimental studies of quantum gravity.
As a specific example, we consider the Sachdev–Ye–Kitaev (SYK) model, which consists of
spin-polarized fermions with an all-to-all complex random two-body hopping and has been
conjectured to be dual to a certain quantum-gravitational system. Achieving low-temperature
states of the SYK model is interpreted as a realization of a stringy black hole, provided that
the holographic duality is true. We introduce a variant of the SYK model, in which the random
two-body hopping is real. This model is equivalent to the original SYK model in the large-N
limit. We show that this model can be created in principle by confining ultracold fermionic atoms
into optical lattices and coupling two atoms with molecular states via photo-association lasers.
This development serves as an important first step towards an experimental realization of such
systems dual to quantum black holes. We also show how to measure out-of-time-order correlation
functions of the SYK model, which allow for identifying the maximally chaotic property of the
black hole.
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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1. Introduction
The quantum nature of black holes is one of the most important subjects in theoretical physics since
the theoretical discovery of particle emissions from a black hole due to quantum effects [1,2], which
are often referred to as the Hawking radiation. Although there have been experimental searches for
quantum black holes at the CERN LHC motivated by the predictions on the basis of theories of TeV-
scale quantum gravity [3–5], no evidence of black-hole creation has been observed thus far [6–9].
In this paper, we present a completely different route to experimental studies of quantum gravity
by exploiting both the holographic principle and the unprecedented controllability of optical-lattice
systems loaded with ultracold gases1.

1 Our proposal is different from the sonic black hole [10,11], which models the Hawking radiation with the
emission of phonons, in the sense that we aim to build a real black hole in an actual quantum-gravitational
system.
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and without the loss of generality, a single MS gate
associated with a collective operator Sx of n qubits and
the sequence of UMS½ðπ=2Þ; 0$UiðϕÞUMS½−ðπ=2Þ; 0$,
with UiðϕÞ ¼ expðiϕσαi Þ an intermediate single-qubit
gate. In this protocol, shown in Fig. 2, by decomposing
UMS½ðπ=2Þ; 0$ and its inverse into two-qubit gates, we
realize that the only operations that do not cancel out are
those involving the ith qubit, in which UiðϕÞ is applied.
This implies that, instead of ðn2Þ two-qubit gates per
collective gate, we reduce the number of entangling gates
to n in the simulation of each HamiltonianHi; i.e., we have
a scaling of OðNÞ gates per interaction.
We may consider not only linear arrays of qubits but also

bidimensional lattices [60,61] in which the qubit connec-
tivity increases with a qubit having four nearest neighbors.
Thus, one can implement the Jordan-Wigner transforma-
tion as above while reducing the number of SWAP gates
needed in the protocol. Another extension, which may be
needed for the case of quantum field theories, is to consider
digital-analog quantum simulations [62–64]. In this man-
ner, we can exploit the concept of complexity-simulating-
complexity while merging digital and analog techniques in
a complementary fashion.
Conclusions.—We have proposed the digital quantum

simulation of Sachdev-Ye-Kitaev models. We encode the
SYK nonlocal fermionic model onto a multiqubit system
and show how to efficiently simulate its dynamics with
digital techniques and polynomial resources. We also
provide a protocol for studying the nonequilibrium behav-
ior, including the scrambling of information. Our proposal
could be implemented with state-of-the-art trapped ions and
superconducting circuits, paving the way towards the
realization in the laboratory of models that can illuminate
low-dimensional theories with holographic duals.
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FIG. 2. Engineering many-body interactions in superconduct-
ing circuits. We consider sets of two-qubit gates and their
inverses, which involve qubits l and j with the rest of the qubits
included in the σz strings of the interaction. Thus, a set of n two-
qubit gates takes on the role of the Mølmer-Sø rensen gate in the
trapped-ion protocol. Note that two-qubit gates between distant
qubits may be performed by a set of SWAP gates and an entangling
gate between nearest-neighbor qubits.
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i. Trapped ions.—The platform of trapped ions has been a
workhorse of quantum simulations for some time now
[48,49]. We focus on trapped ions as a candidate platform
for our protocol due to the possibility of performing
collective dynamics, the high fidelity of 0.999 of the two-
qubit gates [50,51], and the high number of gates, over 200,
achieved in simulations [49]. The efficient implementation of
exponentials of tensor products of Pauli matrices in trapped
ions relies on the Mølmer-Sørensen (MS) gate, involvingM
qubits and local rotations [52]. We consider the standard
expression UMSðθ;φÞ¼expf−iθ½cosðφÞSxþsinðφÞSy&2=4g,
and Sx;y ¼

PM
j¼0 σ

x;y
j . In order to make contact with the

literature in trapped ions, we use in this paragraph a different
basis, such that jgiz; jeiz → j~gix; j~eix, and the corresponding
mapping σz → ~σx, σx → ~σy, σy → ~σz. The tilded objects
refer to the ion implementation, while untilded ones come
from our algorithms. Having made this distinction, in fact
above and in what follows we obviate the tildes.
Since our quantum algorithm requires the simulation of

terms with two disjoint Jordan-Wigner tails, we consider
gates UA

MS and UB
MS associated with the disjoint collective

operators Sx;yA ¼
PlþM

l¼l σ
x;y
l and Sx;yB ¼

PjþK
l¼j σ

x;y
l , respec-

tively, and the entangling gate UljðϕÞ ¼ expðiϕσαl σ
β
j Þ. This

entangling gate can in turn be achieved in a standard way
by another MS gate and individual rotations, with no
impact on the complexity studied below [19]. We propose
then the following step shown in Fig. 1, that scales with
Oð1Þ in the number of fermions N:

U ¼ UA
MS

!
−
π
2
; 0
"
UB

MS

!
−
π
2
; 0
"
UljðϕÞUB

MS

!
π
2
; 0
"

×UA
MS

!
π
2
; 0
"
: ð14Þ

This results [19] in the desired terms, since the choice of the
intermediate entangling gate UljðϕÞ allows us to modify
the resulting interaction term:

U¼

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

exp
n
iϕ
h
aðMÞ

QlþM
i¼lþ1σ

x
i

ih
aðKÞ

QjþK
k¼jþ1σ

x
k

i
σαl σ

β
j

o
;

exp
n
iϕ
h
bðMÞ

QlþM
i¼lþ1σ

x
i

ih
bðKÞ

QjþK
k¼jþ1σ

x
k

i

×ϵxβδϵxαγσ
γ
lσ

δ
j

o
;

exp
n
iϕ
h
aðMÞ

QlþM
i¼lþ1σ

x
i

ih
bðKÞ

QjþK
k¼jþ1σ

x
k

i

×ϵxδβσαl σ
δ
j

o
;

exp
n
iϕ
h
bðMÞ

QlþM
i¼lþ1σ

x
i

ih
aðKÞ

QjþK
k¼jþ1σ

x
k

i

×ϵxγασ
γ
lσ

β
j

o
;

ð15Þ

for the cases M and K even, M and K odd, M even and K
odd, and M odd and K even, respectively, and with

aðnÞ ¼
#−1 for n ¼ 4k − 2; k ∈ N;

1 for n ¼ 4k; k ∈ N;

bðnÞ ¼
#
1 for n ¼ 4k − 3; k ∈ N;

−1 for n ¼ 4k − 1; k ∈ N:
ð16Þ

and ϵαβγ the Levi-Civita symbol.
We note that for the generic and most complex inter-

action, Eq. (13), the Jordan-Wigner σz tails begin in sites l
and j and end in sites k and i, all corresponding to the ones
of the four-body interaction. Up to now, we have achieved a
many-body interaction involving l and j sites and two
corresponding tails starting in those sites and ending in
lþM and jþ K. The desired interaction can be easily
achieved by considering that lþM and jþ K correspond
to k and i, respectively, and by applying the corresponding
rotations in the kth and ith qubits to obtained the desired
Pauli matrices, as depicted in Fig. 1.
ii. Superconducting circuits.—The general framework of

superconducting quantum processors is an extremely active
area of research [53–57]. The number of gates achieved in
this quantum platform, bounded by system decoherence
and gate fidelities, is constantly improving and now reaches
up to 1000 quantum logic gates [56]. Moreover, single- and
two-qubit gates have been experimentally demonstrated
with fidelities at the fault-tolerant threshold for the surface
code [58]. The previous protocol for a generic interaction
can be taken directly for superconducting circuits if we
consider the application of the multiqubit MS gate via a
superconducting resonator, studied only theoretically [59].
As they are not yet available, we decompose the basic step
in Eq. (14) by breaking the MS gate into, in principle, ðn2Þ
single-qubit and two-qubit gates. These have been dem-
onstrated experimentally in superconducting devices with
high fidelities [58]. We consider for the sake of simplicity,

FIG. 1. Engineering many-body interactions in trapped-ion
qubits. Operation sequence of single-qubit and multiqubit gates,
inside a Trotter step, acting on trapped-ion qubits to generate a
generic interaction term (13). The single-qubit rotations Ri and
Rk act on qubits i and k, respectively, and the phase ϕ of the two-
qubit entangling gate,UijðϕÞ, must be chosen adequately in order
to produce the desired combination of αiαjαkαl in the interaction.
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We propose the digital quantum simulation of a minimal AdS=CFT model in controllable quantum
platforms. We consider the Sachdev-Ye-Kitaev model describing interacting Majorana fermions with
randomly distributed all-to-all couplings, encoding nonlocal fermionic operators onto qubits to efficiently
implement their dynamics via digital techniques. Moreover, we also give a method for probing
nonequilibrium dynamics and the scrambling of information. Finally, our approach serves as a protocol
for reproducing a simplified low-dimensional model of quantum gravity in advanced quantum platforms as
trapped ions and superconducting circuits.

DOI: 10.1103/PhysRevLett.119.040501

Holographic duality [1] posits the equivalence, subject
to conditions, of quantum gravity and ordinary quantum
field theories. The most celebrated such correspondence is
conjectured to exist between the N ¼ 4 supersymmetric
Yang-Mills theory in four dimensions and the type-IIB string
theory on AdS5 × S5 . Such dualities offer the exciting
prospect of probing quantum gravity effects by studying
thewell-defined equivalent quantum field theory. This is still
hard: The semiclassical gravity regime is located at strong
coupling and for a large number of local degrees of freedom
N ≫ 1 . Furthermore, a fully nonperturbative understanding
of the dual field theory is likely necessary to resolve themost
puzzling aspects of quantum black holes, such as the famous
information loss paradox [2]. We may therefore opt for
studying the dual field theory on the lattice, by rewriting
the problem in terms of a quantum many-body system
suitable for simulation on a classical computer [3,4]. Even
this powerful technique faces important challenges and
limitations, such as the sign problem [5], and the inappli-
cability of Euclidean lattice methods for intrinsically
Lorentzian physics. It is precisely the latter kind of problem
one needs to understand in order to describe black hole
formation [6] and evaporation.
It is essential to develop alternative avenues of dealing

with strongly coupled quantum many-body systems, both
for themselves as well as with an eye on quantum gravity. As
pointed out originally by Feynman [7], quantum systems are
vastly more computationally efficient at solving many-body
Hamiltonians than classical computer simulations. With the
recent advent of quantum technologies [8–12], it is then
natural to consider multiqubit systems that encode a dual
gravity theory via quantum simulation. Currently, four-
dimensional gauge theories such as the aforementioned
N ¼ 4 theory appear out of reach (see, however, [13] for

work on QCD in this context). Instead, we start by looking
elsewhere for simpler models which nevertheless have a
holographic interpretation.
Another reason to look for these holographically useful

models is that analog gravity simulation faces severe
challenges [14,15]: Any nonlinear gravity theory emerging
from some local nongravitational “substrate” will neces-
sarily have its bulk dynamics entirely frozen. As a result, its
bulk degrees of freedom may be entirely disregarded. The
restrictions of Refs. [14,15] are avoided in holographically
emergent gravity.
In this Letter, as a first step in this direction, we propose

the digital quantum simulation of a quantum field theory
with a holographic dual, namely, the Sachdev-Ye-Kitaev
(SYK) model [16–18]. We consider different variants of the
model, two in terms of Majorana fermions and two with
complex fermions. We then propose digital quantum algo-
rithms for simulating the SYK quantum dynamics and
protocols to test nonequilibrium aspects such as scrambling
[19], in particular, out of time order (OTO) four-point
correlation functions hW†ðtÞV†ð0 ÞWðtÞVð0 Þi, for initially
commuting unitariesW andV. Subsequently, we discuss the
feasibility and implementation of our proposal in suitable
quantum platforms such as trapped ions and superconduct-
ing circuits.
The holographicmodel.—TheSYKmodel, in its simplest

form, is governed by the quenched-disorder Hamiltonian

H ¼ 1

4 × 4!

XN

i;j;k;l¼1

Jijklχiχjχkχl; ð1Þ

where χi are Majorana fermions with fχi; χjg ¼ 2 δij,
located on a lattice of N sites and interacting via all-to-all
couplings Jijkl, sampled from a random distribution that is
usually taken to be Gaussian with variance 3!J2 =N3. While
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3

related, randomly-distributed functions over a character-
istic lengthscale ⇣. A screened Coulomb potential with
arbitrary range � and sign is then applied to the system.
This is similar in spirit to the setup of Ref. [24] – however,
here we consider an idealized case where the randomness
is introduced directly into the wavefunctions and is thus
fully controllable. The setup in Refs. [25] and [27] di↵ers
in details but the underlying mechanism for generating
random Js is essentially similar. In the following, we will
focus our discussion on the architecture of Ref. [24] but
expect our results to be broadly relevant to all solid-state
realizations of the SYK and SY models.

A. Setup

The wavefunctions of the N MZMs in Ref. [24] are 4-
component complex spinors �i(r) in the combined spin
and Nambu space. The reality condition on the MZMs,

�
y
⌧

y�j(r)
⇤ = �j(r), (6)

where � and ⌧ are Pauli matrices in spin and Nambu
space, respectively, leads to the following spinor structure

�j(r) =

✓
⌘j(r)

i�
y
⌘

⇤
j (r)

◆
, (7)

where ⌘j(r) are two-component complex spinors. We
consider the MZM wavefunctions to be randomly dis-
tributed both in real space (over some characteristic
lengthscale ⇣) and in spin space. Specifically, we dis-
cretize them on a lattice with spacing ⇣, writing

⌘j(r) ! ⌘j(rm)/⇣ , d
2
r ! ⇣

2
X

m

. (8)

The number of lattice sites m is therefore M ⇠ L
2
/⇣

2.
The discretized spinors

⌘j(rm) ⌘
✓

�
m
j1 + i�

m
j2

�
m
j3 + i�

m
j4

◆
(9)

are assumed to be composed of real, random uncorrelated
Gaussian variables �

m
j↵ [↵ = 1..4, j = 1..N , m = 1..M ].

Each spinor is normalized, 1 =
P

m |�j(rm)|2, which
specifies the variance of the random variables �

m
j↵ as

�
�

m
j↵

�2
=

1

8M
. (10)

The wavefunctions are orthonormal on average,

�ij =
X

m

�†
i (rm)�j(rm) = 2

X

m,↵

�
m
i↵�

m
j↵ 8 i, j (11)

because the �
m
i↵ are uncorrelated and have zero mean. We

can quantify the deviations from exact orthonormality by
calculating the variance

Var
�
2

X

m,↵

�
m
i,↵�

m
j,↵

�
=

1 + �ij

4M
. (12)

Thus the orthonormality becomes exact as M ! 1.

FIG. 2. Typical charge density distribution for a pair of
MZMs i,j, with the disorder length scale ⇣ = 1 and L = 21.

B. Interactions

The setup described in the previous section can be
thought of, more generally, as an idealized version of
the low-energy subspace of a non-interacting physical
Hamiltonian, which has the appropriate symmetries for
the topological class BDI (protecting N MZMs) and
strong random disorder consistent with those symme-
tries. Specifically, it is crucial that an antiunitary sym-
metry prohibits the formation of bilinear terms, so that
the next-to-leading order terms (the four-fermion interac-
tion terms) become dominant. This situation is described
by a generic Hamiltonian

H4 =
X

i<j<k<l

Jijkl�i�j�k�l (13)

where, for interactions of the density-density type be-
tween the underlying electrons, the coupling constants
Jijkl are given by

Jijkl =
1

3

⇣
J̃ijkl + J̃iljk � J̃ikjl

⌘
(14)

where

J̃ijkl = �
X

m,n

⇢
m
ij Vmn⇢

n
kl (15)

and

⇢
m
ij =

i

2
�†

i (rm)⌧z�j(rm) = �Im
h
⌘

†
i (rm)⌘j(rm)

i
(16)

is the charge density associated with the pair of MZMs
�i, �j . It is a purely real and anti-symmetric operator in
i,j (see Fig. 2 for a representative example), and Vmn is
the interaction potential acting between charge densities.
Only the totally anti-symmetric part of J̃ijkl contributes
to Eq. (13) [the anti-symmetry in (i, j) and (k, l) being
already ensured by the definition of the charge density].

SCL

TI

ζ

B

FIG. 2. Schematic depiction of the device proposed in Ref.
[31]: a 3D topological insulator (TI) covered by a thin layer
of an ordinary superconductor (SC). A hole with an irregular
shape is fabricated in the SC layer and threaded with mag-
netic flux �. The colored region represents the hole of linear
size L. The colorscale inside the hole illustrates the typical
charge density distribution associated with a pair of MZMs
with the characteristic disorder length scale ⇣.

and (4).
We thus consider N MZMs confined in a spatial re-

gion of size ⇠ L. We make a key simplifying assump-
tion, rooted in investigations of realistic model systems:
that wavefunctions �j(r) corresponding to the di↵erent
MZMs are well approximated by uncorrelated, randomly-
distributed functions over a characteristic length scale
⇣. A screened Coulomb potential with arbitrary range
� and sign is then applied to the system. This is simi-
lar in spirit to the setup of Ref. [31] – however, here we
consider an idealized case where the randomness is intro-
duced directly into the wavefunctions and is thus fully
controllable. The setup in Refs. [32] and [34] di↵ers in
details but the underlying mechanism for generating ran-
dom coupling constants is similar. In the following, we
focus our discussion on the architecture of Ref. [31] but
expect our results to be broadly relevant to all solid-state
realizations of the SYK and SY models.

A. Setup

The wavefunctions of the N MZMs in Ref. [31] are 4-
component complex spinors �i(r) in the combined spin
and Nambu space. The reality condition on the MZMs,

�
y
⌧

y�j(r)
⇤ = �j(r), (6)

where � and ⌧ are Pauli matrices in spin and Nambu
space, respectively, leads to

�j(r) =

✓
⌘j(r)

i�
y
⌘

⇤
j (r)

◆
, (7)

where ⌘j(r) are two-component complex spinors. We
consider the MZM wavefunctions to be randomly dis-
tributed both in real space (over a characteristic length

scale ⇣) and in spin space. To implement this random
structure, we discretize the wavefunctions on a lattice
with spacing ⇣ and M ⇠ L

2
/⇣

2 lattice points, writing

⌘j(rm) ⌘
✓

�
m
j1 + i�

m
j2

�
m
j3 + i�

m
j4

◆
. (8)

The discretized spinors are assumed to be composed of
real, uncorrelated random Gaussian variables �

m
j↵ [↵ =

1..4, j = 1..N , m = 1..M ]. Each spinor is normalized,
1 =

P
m |�j(rm)|2, which specifies the variance of the

random variables �
m
j↵ as

�
�

m
j↵

�2
=

1

8M
. (9)

The wavefunctions are orthonormal on average,

�ij =
X

m

�†
i (rm)�j(rm) = 2

X

m,↵

�
m
i↵�

m
j↵ 8 i, j (10)

because the �
m
i↵ are uncorrelated and have zero mean. We

can quantify the deviations from exact orthonormality by
calculating the variance

Var
�
2

X

m,↵

�
m
i,↵�

m
j,↵

�
=

1 + �ij

4M
. (11)

Thus the orthonormality becomes exact as M ! 1.

B. Interactions

The setup described above can be thought of, more
generally, as the idealized low-energy subspace of a non-
interacting Hamiltonian with the appropriate symme-
tries for the topological class BDI (protecting N MZMs)
and strong random disorder consistent with those sym-
metries. Specifically, it is crucial that an antiunitary
symmetry prohibits the formation of bilinear terms, so
that the four-fermion interaction terms become domi-
nant. This situation is described by a generic Hamil-
tonian

H4 =
X

i<j<k<l

Jijkl�i�j�k�l. (12)

For density-density interactions between the underlying
electrons, Ref. [31] showed that

Jijkl =
1

3

⇣
J̃ijkl + J̃iljk � J̃ikjl

⌘
(13)

where

J̃ijkl = �
X

m,n

⇢
m
ij Vmn⇢

n
kl. (14)

Here, Vmn is the interaction potential and

⇢
m
ij =

i

2
�†

i (rm)⌧z�j(rm) = �Im
h
⌘

†
i (rm)⌘j(rm)

i
(15)
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FIG. 8. Schematic of the SYK model realization in
the Fu-Kane superconductor. A 3D topological insulator
surface has been proximitized by depositing on it a thin film
of a superconducting material. An irregular-shaped hole in
the film serves to trap magnetic flux. For each magnetic flux
quantum trapped there is one Majorana zero mode localized
in the hole.

key challenge in this setting is to assemble N Majorana
modes in the same spatial region without producing bilin-
ear hybridization terms. This is achieved by engineering
a nanoscale hole in the superconducting film on the sur-
face of a TI. The hole serves to trap multiple vortices,
each binding a Majorana zero mode. The mechanism
behind this trapping has to do with the well known phe-
nomenon of vortex pinning: since the superconducting
order parameter � is suppressed to zero at the core of a
vortex it is energetically preferable to position the core in
a region where � was already suppressed by other e↵ects
(impurities for example). A hole in the superconductor
has � = 0 and thus serves as a perfect pinning center.
When su�ciently large it can trap many vortices, and
thus many Majorana zero modes.

Hybridization between the zero modes can be avoided
in this setup by tuning the chemical potential µ of the
TI to the so called neutrality point. The topologically
protected surface state in a TI is described as a single
massless Dirac fermion in 2D, familiar from the physics
of graphene [73]. At neutrality µ coincides with the Dirac
point. Importantly the Fu-Kane superconductor acquires
an extra symmetry at this special point [80] that acts ex-
actly like T̃ defined in Eq. (4.7). This symmetry then ex-
cludes any bilinear terms from the e↵ective Hamiltonian
describing the zero modes. If interactions are present be-
tween the underlying electron degrees of freedom then
the leading term in such an e↵ective description is a 4-
fermion SYK-like Hamiltonian (3.1). Using a combina-
tion of analytical and numerical tools Ref. [79] showed
that when the hole is engineered to have a highly ir-
regular shape Majorana wavefunctions acquire random
spatial structure and the screened Coulomb interaction
between electrons produces essentially random couplings
Jijkl, as required to implement the SYK model.

In comparison to the quantum wires experimental un-
derstanding of Majorana modes in the Fu-Kane super-

conductor remains significantly less developed. Results
reported in [30, 31] have yet to be reproduced by another
group or in another family of materials. This makes it
more di�cult to ascertain the prospects for realization of
the above proposal. On the other hand once the Fu-Kane
superconductor has been better understood and charac-
terized, it should be relatively easy to fabricate and probe
the device proposed in Ref. [79]. Also, the fact that bilin-
ear terms can be controlled by tuning a single parameter
(the chemical potential µ) confers some advantage over
the quantum wire realization, where the smallness of such
terms relies on an approximate symmetry of the system
that cannot be easily manipulated.

V. CONCLUSIONS AND OUTLOOK

In this review we focussed on proposals for experimen-
tal realizations of the SY or SYK model. All such pro-
posals currently on the table face significant challenges.
These include hurdles in materials synthesis, device fab-
rication, reproducibility and control. Nevertheless the
field evolves rapidly and this provides hope that some
version of the theoretically proposed devices could be ex-
perimentally realized in the near future.

Several measurements designed to make the connec-
tion to quantum black holes explicit have been proposed,
and they present their own challenges. Measurement of
out-of-time-ordered quantities, important for the identi-
fication of many-body chaotic behavior characteristic of
a black hole, constitutes a huge challenge in the atomic
physics setup and remains an unsolved problem for all
proposed solid state realizations. Spectroscopic or trans-
port identification of the emergent black hole physics is
more straightforward in principle but by no means free
of challenge.

Despite these technical hurdles, the key conceptual ad-
vances achieved over the past two years outline a clear
roadmap which, if successfully followed, should lead to
experimental insights to some of the most fundamen-
tal mysteries facing modern physics. The realization
that a simple, solvable quantum mechanical model ex-
hibits fundamental connections to quantum black holes
has brought quantum gravity into the realm of being po-
tentially experimentally testable. This exciting prospect
advances the decades-long quest, started already by Ein-
stein, to reconcile two fundamental theories of nature,
general relativity and quantum mechanics. That deep
ideas on the nature of quantum gravity could be ulti-
mately tested in a humble piece of solid replete with dis-
order and imperfections reinforces the modern belief in
the principle of emergence, that indeed “more is di↵er-
ent” [81].

Speculatively, but most importantly, once an experi-
ment has produced a system which can be reliably identi-
fied as a quantum black hole, one can turn to empirically
investigating many subtle questions pertaining to quan-
tum gravity. The e↵ort to formulate such longstanding
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FIG. 1. (a) Device that approximates the SYK model using
topological wires interfaced with a 2D quantum dot. The dot mediates
disorder and four-fermion interactions among Majorana modes γ1,...,N

inherited from the wires, while Majorana bilinears are suppressed
by an approximate time-reversal symmetry. (b) Energy levels pre
hybridization. The dot-Majorana hybridization energy λ is large
compared to Nδϵtyp, where N is the number of Majorana modes
and δϵtyp is the typical dot level spacing; this maximizes leakage
into the dot. (c) Energy levels post hybridization. The N absorbed
Majorana modes enhance the energy ϵ to the next excited dot state via
level repulsion; four-Majorana interactions occur on a scale J < ϵ.

ensure that T commutes with the ground-state fermion parity
P = iγ γ̃ , as it must.

Consider now N topological wires “plugged into” a two-
dimensional (2D) disordered quantum dot [Fig. 1(a)], such
that the Majoranas γ1,...,N that are even under T hybridize
with the dot while their partners γ̃1,...,N decouple completely.
The full architecture continues to approximately preserve T
provided (i) the dot carries negligible spin-orbit coupling
and (ii) the B field orients in the plane of the dot so that
orbital effects are absent. Here the setup falls into class BDI,
which in the free-fermion limit admits an integer topological
invariant ν ∈ Z [44,45] that counts the number of Majorana
zero modes at each end; interactions collapse the classification
to Z8 [46,47]. In essence our device leverages nanowires to
construct a topological phase with a free-fermion invariant
ν = N : All bilinear couplings iMjkγjγk are forbidden by T
and thus cannot be generated by the dot under the conditions
specified above. We exploit the resulting N Majorana zero
modes to simulate SYK-model physics mediated by disor-
der and interactions native to the dot, similar in spirit to
Refs. [21,38].

Figures 1(b) and 1(c) illustrate the relevant parameter
regime. The dot-Majorana hybridization energy λ satisfies
λ ≫ Nδϵtyp, where δϵtyp denotes the typical dot level spacing.
This criterion enables the dot to absorb a substantial fraction of
all N Majorana zero modes as shown below. The dot’s disor-
dered environment then efficiently “scrambles” the zero-mode
wave functions, although we assume that their localization

length ξ exceeds the dot size L. More quantitatively, we take
the mean free path ℓmfp ≪ L to maximize randomness and the
dimensionless conductance g = kF ℓmfp > 1 such that L < ξ .
Turning on four-fermion interactions couples the disordered
Majorana modes with typical Jijkl’s that are smaller than
the energy ϵ to the next excited state (which as we will
see is enhanced by level repulsion compared to δϵtyp). This
separation of scales allows us to first analyze the disordered
wave functions in the noninteracting limit and then explore
interactions projected onto the zero-mode subspace. We next
carry out this program using random-matrix theory, which is
expected to apply in the above regime [48,49].

Random-matrix-theory analysis. We model the dot as a
2D lattice composed of Ndot ≫ N sites hosting fermions
ca=1,...,Ndot [50]. In terms of physical dot parameters we have
Ndot ∼(L/ℓmfp)2— that is, the fermions represent degrees of
freedom coarse-grained on a length scale of the order of the
mean free path. The Hamiltonian governing the dot-Majorana
system is H = H0 + Hint, with H0 and Hint the free and
interacting pieces, respectively. We employ a Majorana basis
and write ca = (ηa + iη̃a)/2, where ηa is even under T while
η̃a is odd (similarly to γi ,γ̃i). In terms of

) = [η1 · · · ηNdot ; γ1 · · · γN ]T , )̃ = [η̃1 · · · η̃Ndot ]
T , (4)

H0 takes the form

H0 = i

4
[)T )̃T ]

[
0 M

−MT 0

][
)
)̃

]
. (5)

Time-reversal T fixes the zeros above but allows for a
general real-valued (Ndot + N ) × Ndot-dimensional matrix M .
(The matrix is not square since we discarded the γ̃i modes
that trivially decouple.) One can perform a singular-value
decomposition of M by writing ) = O)′ and )̃ = Õ)̃′.
Here O,Õ denote orthogonal matrices consisting of singular
vectors, i.e., the matrix * ≡ OT MÕ only has nonzero entries
along the diagonal. Writing )′ = [η′

1 · · · η′
Ndot

; γ ′
1 · · · γ ′

N ]T and
similarly for )̃′, the Hamiltonian becomes

H0 = i

2

Ndot∑

a=1

ϵaη
′
a η̃

′
a, (6)

where ϵa ≡ *aa are the nonzero dot energies. Most impor-
tantly, γ ′

i=1,...,N drop out and form the modified N Majorana
zero modes guaranteed by T symmetry.

We are interested in statistical properties of the associated
Majorana wave functions in the presence of strong random-
ness. To make analytic progress we assume (for now) that
all elements of M in Eq. (5) are independent, Gaussian-
distributed random variables with zero mean and the same
variance, corresponding to the chiral orthogonal ensemble
[51,52]. This form permits Cooper pairing of dot fermions—an
inessential detail for our purposes—and also does not enforce
the strong-hybridization criterion λ ≫ Nδϵtyp. We will see that
the Majorana wave functions nevertheless live almost entirely
in the dot as appropriate for the latter regime.

The probability density for such a random matrix M

is [53] P (M) ∝ exp[− π2

8Ndotδϵ
2
typ

Tr(MT M)]. Because P (M) is

invariant under M → OT MÕ, the singular-vector matrices
O,Õ are uniformly distributed over the spaces O(Ndot + N )
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orbital effects are absent. Here the setup falls into class BDI,
which in the free-fermion limit admits an integer topological
invariant ν ∈ Z [44,45] that counts the number of Majorana
zero modes at each end; interactions collapse the classification
to Z8 [46,47]. In essence our device leverages nanowires to
construct a topological phase with a free-fermion invariant
ν = N : All bilinear couplings iMjkγjγk are forbidden by T
and thus cannot be generated by the dot under the conditions
specified above. We exploit the resulting N Majorana zero
modes to simulate SYK-model physics mediated by disor-
der and interactions native to the dot, similar in spirit to
Refs. [21,38].

Figures 1(b) and 1(c) illustrate the relevant parameter
regime. The dot-Majorana hybridization energy λ satisfies
λ ≫ Nδϵtyp, where δϵtyp denotes the typical dot level spacing.
This criterion enables the dot to absorb a substantial fraction of
all N Majorana zero modes as shown below. The dot’s disor-
dered environment then efficiently “scrambles” the zero-mode
wave functions, although we assume that their localization

length ξ exceeds the dot size L. More quantitatively, we take
the mean free path ℓmfp ≪ L to maximize randomness and the
dimensionless conductance g = kF ℓmfp > 1 such that L < ξ .
Turning on four-fermion interactions couples the disordered
Majorana modes with typical Jijkl’s that are smaller than
the energy ϵ to the next excited state (which as we will
see is enhanced by level repulsion compared to δϵtyp). This
separation of scales allows us to first analyze the disordered
wave functions in the noninteracting limit and then explore
interactions projected onto the zero-mode subspace. We next
carry out this program using random-matrix theory, which is
expected to apply in the above regime [48,49].
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2D lattice composed of Ndot ≫ N sites hosting fermions
ca=1,...,Ndot [50]. In terms of physical dot parameters we have
Ndot ∼(L/ℓmfp)2— that is, the fermions represent degrees of
freedom coarse-grained on a length scale of the order of the
mean free path. The Hamiltonian governing the dot-Majorana
system is H = H0 + Hint, with H0 and Hint the free and
interacting pieces, respectively. We employ a Majorana basis
and write ca = (ηa + iη̃a)/2, where ηa is even under T while
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We are interested in statistical properties of the associated
Majorana wave functions in the presence of strong random-
ness. To make analytic progress we assume (for now) that
all elements of M in Eq. (5) are independent, Gaussian-
distributed random variables with zero mean and the same
variance, corresponding to the chiral orthogonal ensemble
[51,52]. This form permits Cooper pairing of dot fermions—an
inessential detail for our purposes—and also does not enforce
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Electrons in clean macroscopic samples of graphene exhibit an astonishing variety of quantum
phases when strong perpendicular magnetic field is applied. These include integer and fractional
quantum Hall states as well as symmetry broken phases and quantum Hall ferromagnetism. Here we
show that mesoscopic graphene flakes in the regime of strong disorder and magnetic field can exhibit
another remarkable quantum phase described by holographic duality to an extremal black hole in
two dimensional anti-de Sitter space. This phase of matter can be characterized as a maximally
chaotic non-Fermi liquid since it is described by a complex fermion version of the Sachdev-Ye-Kitaev
model known to possess these remarkable properties.

Tensions between the laws of quantum mechanics and
classical gravity that are emblematic of the extreme en-
vironments occurring in the early universe and near hori-
zons of black holes constitute the most enigmatic mys-
teries in modern physics. A promising avenue to resolve
some of the paradoxes encountered in these studies, such
as the black hole information paradox, is the holographic
principle [1]. In holographic duality, quantum gravity
degrees of freedom in a (d + 1)-dimensional spacetime
“bulk” are represented by a many-body system defined
on its d-dimensional boundary.

Important new insights into these fundamental ques-
tions have been gained recently through the study of the
Sachdev-Ye-Kitaev (SYK) model [2, 3] which describes
a system of N fermions in (0+1) dimensions subject to
random all-to-all four-fermion interactions and is dual to
dilaton gravity in (1+1) dimensional anti-de Sitter space
AdS2 [4, 5]. Despite being maximally strongly interact-
ing this model is, remarkably, exactly solvable in the limit
of large N . It has been shown to exhibit physical proper-
ties characteristic of the black hole, including the exten-
sive ground state entropy S0 ⇠ N , emergent conformal
symmetry at low energy and fast scrambling of quan-
tum information that saturates the fundamental bound
on the relevant Lyapunov chaos exponent �T . Exten-
sions of this model also show interesting behaviors, in-
cluding unusual spectral properties [6–8], supersymme-
try [9], quantum phase transitions of an unusual type
[10–12], quantum chaos propagation [13–15], patterns of
entanglement [16, 17] and strange metal behavior [18].

In this letter we propose a simple experimental real-
ization of the SYK model with complex fermions in a
mesoscopic graphene flake with an irregular boundary
and subject to a strong applied magnetic field. Unlike
the earlier proposals in solid state systems [19, 20], which
targeted the Majorana fermion version of the model, our
proposed device does not require superconductivity or
advanced fabrication techniques and should therefore be

B

A B

δ1

δ2δ3

FIG. 1. Schematic depiction of the proposed device. Ir-
regular shaped graphene flake in applied magnetic field B

forms the (0+1) dimensional many-body system equivalent
to a black hole in (1+1) anti-de Sitter space. Inset: lattice
structure of graphene with A and B sublattices marked and
nearest neighbor vectors denoted by �j .

relatively straightforward to assemble using only the ex-
isting technologies. The proposed design is illustrated in
Fig. 1. Magnetic field B applied to graphene is known
to produce a variety of interesting quantum phases [21–
30]. At the noninteracting level the field simply reorga-
nizes the single-particle electron states into Dirac Lan-
dau levels with energies [31] En ' ±~v

p
2n(eB/~c) and

n = 0, 1, · · · . We argue that when the graphene flake
is su�ciently small and irregular the electrons in the
n = 0 Landau level (LL0) are generically described by
the SYK model. This remarkable property is rooted in
the celebrated Aharonov-Casher construction [32] which
implies that, in the absence of interactions, LL0 remains
perfectly sharp even in the presence of strong disorder
that respects the chiral symmetry of graphene. As we
shall see a flake with a highly irregular boundary, il-
lustrated in Fig. 1, is chirally symmetric. Electrons in
LL0, therefore, remain nearly perfectly degenerate, de-
spite the fact that their wavefunctions acquire random
spatial structure. When Coulomb repulsion is projected
onto these highly disordered states, random all-to-all in-
teractions between the zero modes are generated, exactly
as required to define the SYK model.
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shall see a flake with a highly irregular boundary, il-
lustrated in Fig. 1, is chirally symmetric. Electrons in
LL0, therefore, remain nearly perfectly degenerate, de-
spite the fact that their wavefunctions acquire random
spatial structure. When Coulomb repulsion is projected
onto these highly disordered states, random all-to-all in-
teractions between the zero modes are generated, exactly
as required to define the SYK model.
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A. Black Hole Thermodynamics

The discovery of Hawking radiation finalized a concep-
tual revolution of our understanding of black hole quan-
tum mechanics. Hawking radiation is thermal, like that
of a black body, so black holes have a temperature. Ear-
lier Jacob Bekenstein [10] has speculated that the sur-
face area of a black hole behaves analogously to an en-
tropy (for example it always increases); apparently this
was not merely an analogy. Surprisingly black holes, as
viewed by an outside observer, behave exactly as thermo-
dynamic systems [11]. They have static properties: en-
ergy, charge, entropy, temperature. They have dynamical
properties such as viscosity and conductivity. An outside
observer who does experiments on black holes views them
as chunks of materials with collective properties which
obey all the usual relations of thermodynamics.

Indeed, there is a wide variety of possibly black holes
in various gravitational theories, in various spacetime di-
mensions and with diverse matter content, and corre-
spondingly a wide variety of black hole “materials”. To
explain that diversity, one had to wait for a microscopic
theory of quantum black holes.

B. Black Hole Statistical Mechanics

In the mid-1990s string theory, a leading candidate
for a theory of quantum gravity, has reached the level
of development needed to provide a microscopic statisti-
cal mechanics description of a large class of black holes
[12]. Within string theory, gravitational interactions
emerge naturally within an inherently quantum mechan-
ical framework. It became possible then to discuss, in
great quantitative detail, static and dynamical proper-
ties of quantum black holes. The flurry of activity for the
next decade established a description of quantum black
holes which is, perhaps surprisingly, fairly conventional.
Within this framework black holes are described as quan-
tum many-body systems, composed of microscopic con-
stituents interacting strongly, to form a quantum liquid
whose thermodynamics forms the gravitational descrip-
tion of the system. In this sense gravity arises from
coarse-graining, exactly like a thermodynamic descrip-
tion of conventional materials.

The microscopic description makes it clear that black
holes obey the rules of quantum mechanics, in particular
they avoid Hawking’s information loss paradox [1]. Nev-
ertheless, it is still unclear how the paradox is avoided,
in other words how resolution of the paradox can be
phrased in a purely gravitational language. Recently this
set of questions was sharpened and cast in the language
of quantum information processing [2]. Understanding
black holes as quantum computers is an exciting current
direction in quantum gravity, which is expected to pro-
vide valuable clues on how a gravitational description
emerges for black holes, while avoiding information loss
and related puzzles.
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FIG. 1. Schematic representation of the holographic
duality A (0+1) dimensional many-body system, represented
here as a graphene flake in applied magnetic field, is holo-
graphically equivalent to a black hole in (1+1) anti-de Sitter
space.

C. Box 1: Gauge/Gravity Duality

The microscopic description of black holes is at its
most developed stage in the context of the AdS/CFT
correspondence, also known as the gauge-gravity or holo-
graphic duality. Here AdS refers to anti-de Sitter space
(see below) and CFT denotes conformal field theory. In
this set of examples, the black hole is immersed in a grav-
itational potential (arising due to a negative cosmological
constant), which acts to regulate some problematic long
distance behaviour unrelated to the questions we are in-
terested in. When thus regulated, it turns out the micro-
scopic description is in terms of well-known many-body
concepts, namely gauge theories of the form that con-
stitutes the standard model of particle physics, as well
as many other interesting systems appearing in the con-
densed matter context.

Twenty years and many thousands of detailed calcu-
lations later, we now have a very precise understand-
ing of how gauge theories reproduce properties of quan-
tum black holes immersed in AdS spaces. Note that
astrophysical black holes are well-described by classical
physics, whereas (small, cold) quantum black holes per-
haps play a role in the early evolution of the universe,
but that avenue of investigation has many uncertainties.
Through the gauge/gravity duality we now face the ex-
citing prospect of accessing quantum black holes experi-
mentally, in a new and extremely surprising context.

This precise correspondence and the possibility for ex-
perimental realization raise an urgent question, namely:
when does a quantum many-body systems describe black
holes in a theory of gravity? Which aspects of the physics
require a gravitational description? Or, put more pro-
saically: given some material, what would one measure
to discover if it is usefully described as a black hole in a



Quantum matter without quasiparticles

                S. Sachdev, Quantum Phase Transitions, 
Cambridge (1999)

• Rapid local thermal equilibration (of fermion correla-
tors) in a ‘Planckian’ time

⌧eq ⇠ ~
kBT

, as T ! 0.

• Presence of quasiparticles should slow down
thermalization, so all quantum systems obey

⌧eq > C
~

kBT
, as T ! 0.

Absence of quasiparticles , Fastest possible thermalization
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Quantum matter without quasiparticles

• Planckian dynamics is realized in the ‘solvable’ SYK

models

• Black holes thermalize in a time ⇠ ~/(kBTH), where TH

is the Hawking temperature.

• A Schwarzian theory of a time reparameterization mode,

with SL(2,R) symmetry, describes the quantum dynam-

ics of

– the SYK models

– black holes with near-extremal AdS2 horizons
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