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This describes both a strange 
metal and a black hole!

The complex SYK model
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U↵�;�� are independent random variables
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The complex SYK model
Key properties

• The ground state realizes a critical phase, over a range of
values of the chemical potential µ, or the charge density Q.

• The imaginary time fermion Green’s function obeys at times
|⌧ | � 1/J

G(⌧) ⇠
⇢

�⌧�2� ⌧ > 0
e�2⇡E(�⌧)�2� ⌧ < 0

, T = 0

where � = 1/4, and the particle-hole asymmetry E is known
exactly as a function of Q via a Luttinger relation.

• There is a universal ‘Luttinger relation’ between �1 < E <
1 and the total charge 0 < Q < 1
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Note: In an ordinary metal (Fermi liquid), there
is no particle-hole asymmetry at long times:

G(⌧) ⇠
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�⌧�1 ⌧ > 0
(�⌧)�1 ⌧ < 0

, T = 0
<latexit sha1_base64="5FaWClb1JvoWtI1nUOEAVpFkSNc="></latexit>

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

Yingfei Gu, A. Kitaev, S. Sachdev, and G. Tarnopolsky,   arXiv: 1910.14099
A. Georges, O. Parcollet, and S. Sachdev,  PRB 63, 134406 (2001)



The complex SYK model
Key properties

• There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

• There is an exact relationship between the entropy and the
particle-hole asymmetry

dS0

dQ = 2⇡E (⇤)

• All properties described so far apply to charged black holes
with AdS2 horizons, with E a dimensionless measure of the
electric field on the horizon. The relation (⇤) is obtained from
the Einstein-Maxwell equations (A. Sen, 2005).
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A simple model of a metal with quasiparticles

Quasiparticle
excitations with
spacing ⇠ 1/N
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Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

The SYK model
There are 2N many body levels
with energy E, which do not

admit a quasiparticle
decomposition. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state
has an entropy SGPS = NS0

with

S0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

< ln 2

where G is Catalan’s constant,
for the half-filled case Q = 1/2.
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SYK “derivation” of dS0/dQ = 2⇡E

• At T > 0, conformal invariance implies the electron Green’s
function

G(⌧) ⇠ e�2⇡ET⌧

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T

• This can be interpreted as a T -dependent chemical potential
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The entropy of an electronic system offers important insights 
into the nature of its quantum mechanical ground state. This 
is particularly valuable in cases where the state is difficult to 
identify by conventional experimental probes, such as conduc-
tance. Traditionally, entropy measurements are based on bulk 
properties, such as heat capacity, that are easily observed 
in macroscopic samples but are unmeasurably small in sys-
tems that consist of only a few particles1,2. Here, we develop 
a mesoscopic circuit to directly measure the entropy of just 
a few electrons, and demonstrate its efficacy using the well-
understood spin statistics of the first, second and third elec-
tron ground states in a GaAs quantum dot3–8. The precision of 
this technique, quantifying the entropy of a single spin-1/2 to 
within 5% of the expected value of kB!ln!2, shows its poten-
tial for probing more exotic systems. For example, entangled 
states or those with non-Abelian statistics could be clearly 
distinguished by their low-temperature entropy9–13.

Our approach is analogous to the milestone of spin-to-charge 
conversion achieved over a decade ago, in which the infinitesimal 
magnetic moments of a single spin were detected by transform-
ing them into the presence or absence of an electron charge14,15. 
Following this example, we perform an entropy-to-charge conver-
sion, making use of the Maxwell relation

⎛
⎝
⎜⎜⎜

⎞
⎠
⎟⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
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μ∂
∂ = − ∂

∂T
S
N (1)

p N p T, ,

that connects changes in entropy, particle number and tempera-
ture (S, N and T, respectively) to changes in the chemical potential,  
μ, a quantity that is simple to measure and control. The condition of 
fixed pressure, p, in equation (1) is met by working well below the 
Fermi temperature of the reservoir, TF ~ 100 K, where degeneracy 
pressure dominates16.

The Maxwell relation in equation (1) forms the basis of two theo-
retical proposals to measure non-Abelian exchange of Moore–Read 
quasiparticles in the ν =  5 / 2 state via their entropy9,10. Ref. 10 pro-
poses a strategy by which quasiparticle entropy could be deduced 
from the temperature-dependent shift of charging events on a local 
disorder potential—a thermodynamic equivalent of the measure-
ments that established the e/4 quasiparticle charge at ν =  5/2 (ref. 17).  
As a demonstration of the viability and the high accuracy achievable  

by this technique, we investigate a well-understood system with 
localized fermions in place of more exotic quasiparticles: a few-
electron GaAs quantum dot. The entropies of the first three electron 
states in the dot are measured by the temperature-dependent charg-
ing scheme laid out in ref. 10. Applying the language of quantum 
dots to equation (1), the entropy difference between the N −  1 and 
N electron ground states (Δ SN − 1 → N for Δ N =  1) is measured via the 
shift with temperature in the electrochemical potential, μN, needed 
to add the Nth electron to the dot.

The measurement relies on the mesoscopic circuit shown in 
Fig. 1a, using electrostatic gates to realize an electron reservoir in 
thermal and diffusive equilibrium with a few-electron quantum dot 
coupled to its right side. The occupation of the dot is tuned with the 
plunger gate voltage, Vp, and measured using an adjacent quantum 
point contact as a charge sensor18–20. Applying more positive Vp low-
ers μN, bringing the Nth electron into the dot when μN drops below 
the Fermi level of the reservoir, EF. The reservoir temperature, T,  
can be increased above the GaAs substrate temperature by Joule 
heating from current, Iheat, driven through a quantum point contact 
on the left side. Charge transitions on the dot appear as steps in the 
charge sensor conductance, Gsens(Vp), thermally broadened by the 
reservoir temperature (Fig. 1b,c). The gate voltage corresponding 
to the midpoint of the transition, Vmid, marks the electrochemical 
potential at which the probabilities of finding N −  1 and N electrons 
on the dot are equal.

When μN shifts with temperature, Vmid also shifts; it is the shift in 
Vmid with temperature that forms the basis of our experiment (Fig. 1c).  
In practice, charge noise limits the accuracy to which Vmid can be 
measured. To overcome this, the measurement is done with a lock-
in amplifier, oscillating the temperature using an a.c. Iheat and mea-
suring resultant oscillations in Gsens, which we label δ Gsens. As seen 
in the insets of Fig. 1b,c, the lineshape of δ Gsens is perfectly antisym-
metric when ∂S/∂N =  0, but asymmetric when ∂S/∂N ≠   0.

The temperature-induced shift in the dot chemical potential 
with respect to the reservoir EF can also be understood in terms 
of detailed balance. At Vmid, where probabilities for N and N −  1 
electrons on the dot are equal, the tunnel rates Γin =  ΓN − 1 → N and 
Γout =  ΓN → N − 1 must also be equal. These rates depend on the num-
ber of available states in the tunnelling process, and therefore on 
the degeneracies, dN − 1 and dN, of the N −  1 and N ground states21,22. 
The condition Γin =  Γout leads to a simple relationship between  
degeneracy and the thermally broadened Fermi function, f(μN −  EF, T):  
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dN − 1/dN =  f/(1 −  f). Using the Boltzmann entropy, SN =  kB ln dN, this 
relationship becomes Δ SN − 1 → N =  (μN −  EF)/T, clearly demonstrating 
the connection between entropy, temperature and the shift in μN at 
Vmid. Previous experiments have explored the relationship between 
tunnel rates and degeneracy using time-resolved transport spec-
troscopy and by coupling quantum dots to atomic force cantilever 
oscillations8,23–25. The approach presented here is a thermodynamic 
analogue, and extends entropy measurements to a wider set of 
applications where tunnelling processes may not be observable in 
real time.

The dot was tuned such that the source was weakly tunnel-cou-
pled to the reservoir with the drain closed. The conductance of the 
charge sensor was tuned to Gsens ~ e2/h, where it was most sensitive 
to charge on the dot. The addition of the first electron to the dot 
was marked by a decrease in Gsens that is consistent with a thermally 
broadened two-level transition (Fig. 2a):
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e V
1 d
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p
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arm, γ1 reflects the cross-capacitance between the charge sensor and 
plunger gate, and G2 is an offset. Figure 2a shows two such transition 
curves with thermal broadening set by Iheat. For Iheat =  0, Θ followed 

TMC down to approximately 100 mK (Fig. 2b), validating the approx-
imation of thermal broadening used throughout this experiment.

The data in Fig. 2c, and the corresponding fits, illustrate a mea-
surement of Δ S0→1 across the 0 →  1 electron transition. The lock-in 
measurement of δ Gsens, due to temperature oscillations δ T, yields 
the characteristic peak–dip structure seen in Fig. 2c. The expected 
lineshape of such a curve is δ Gsens =  δ∂

∂ TG
T
sens , with Gsens defined by 

equation (3). This lineshape depends explicitly on Δ S, recognizing 

(via equation (1)) that Θ
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As expected from Fig. 1b,c, δ Gsens(Vp) is antisymmetric around Vmid 
for Δ S =  0, and asymmetric for Δ S ≠   0. A fit of the data in Fig. 2c to 
equation (3) yields Δ S0 → 1 =  (1.02 ±  0.03)kB ln 2, closely matching the 
expected Δ S0→1 =  S1 −  S0 =  kB ln 2 for transitions between an empty 
dot with zero entropy (S0 =  0) and the two-fold degenerate one-elec-
tron state (d1 =  2) with entropy S1 =  kB ln 2.

It is important to note that Δ S is extracted from fits to equa-
tion (3) based solely on the asymmetry of the lineshape, with no 
calibration of measurement parameters (such as δ T or the lever 
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Fig. 1 | Measurement protocol. a, A scanning electron micrograph of 
a device similar to the one measured. Electrostatic gates (gold) define 
the circuit in a two-dimensional electron gas (2DEG), with grey gates 
grounded. The squares indicate ohmic contacts to the 2DEG. The 
temperature of the electron reservoir in the middle (red) is oscillated 
using a.c. current, Iheat, at frequency fheat through the quantum point 
contact (QPC) on the left. A portion of the 5-μ m-wide reservoir has 
been removed here for clarity. The occupation of the quantum dot, 
tunnel coupled to the right side of the reservoir, is tuned by Vp and 
monitored by Isens through the charge sensor QPC. Isens is split into d.c. 
and a.c. components, the latter being measured by a lock-in amplifier 
at 2fheat. b,c, Simulated d.c. charge sensor signal, Gsens, for a transition 
from N!− !1!→ !N electrons at two temperatures (TRed!> !TBlue), showing two 
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Fig. 2 | Entropy measurement for a single spin-1 / 2. a, Charge sensor 
data for N!= !0!→ !1 at two temperatures set by d.c. current through the 
QPC heater. b, The transition width, Θ, was linear in TMC above 100!mK, 
for Iheat!= !0. The lever arm α is calculated by fitting a straight line to this 
region. c, Lock-in measurement of δ Gsens with δ T!= !32!mK, determined from 
the calibration in d. Fits to δ Gsens (equation (3)) are shown with Δ S/kB 
as a free parameter (solid) and fixed at Δ S/kB!= !0 (dashed). d, Θ grows 
with d.c. current through the QPC heater. A fit to T2!= ! +aT bI RMC

2
heat
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QPC 
is used to convert between Iheat and δ T, where TMC is the mixing chamber 
temperature30. e, Entropy measurements were independent of the 
magnitude of Iheat oscillations over a large range. The top axis indicates the 
corresponding magnitude of δ T, while the right axis shows the entropy 
signal converted to a gate voltage shift per unit temperature. The error bars 
show 95% confidence intervals calculated with the bootstrap method.
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Electrons in clean macroscopic samples of graphene exhibit an astonishing variety of quantum
phases when strong perpendicular magnetic field is applied. These include integer and fractional
quantum Hall states as well as symmetry broken phases and quantum Hall ferromagnetism. Here we
show that mesoscopic graphene flakes in the regime of strong disorder and magnetic field can exhibit
another remarkable quantum phase described by holographic duality to an extremal black hole in
two dimensional anti-de Sitter space. This phase of matter can be characterized as a maximally
chaotic non-Fermi liquid since it is described by a complex fermion version of the Sachdev-Ye-Kitaev
model known to possess these remarkable properties.

Tensions between the laws of quantum mechanics and
classical gravity that are emblematic of the extreme en-
vironments occurring in the early universe and near hori-
zons of black holes constitute the most enigmatic mys-
teries in modern physics. A promising avenue to resolve
some of the paradoxes encountered in these studies, such
as the black hole information paradox, is the holographic
principle [1]. In holographic duality, quantum gravity
degrees of freedom in a (d + 1)-dimensional spacetime
“bulk” are represented by a many-body system defined
on its d-dimensional boundary.

Important new insights into these fundamental ques-
tions have been gained recently through the study of the
Sachdev-Ye-Kitaev (SYK) model [2, 3] which describes
a system of N fermions in (0+1) dimensions subject to
random all-to-all four-fermion interactions and is dual to
dilaton gravity in (1+1) dimensional anti-de Sitter space
AdS2 [4, 5]. Despite being maximally strongly interact-
ing this model is, remarkably, exactly solvable in the limit
of large N . It has been shown to exhibit physical proper-
ties characteristic of the black hole, including the exten-
sive ground state entropy S0 ⇠ N , emergent conformal
symmetry at low energy and fast scrambling of quan-
tum information that saturates the fundamental bound
on the relevant Lyapunov chaos exponent �T . Exten-
sions of this model also show interesting behaviors, in-
cluding unusual spectral properties [6–8], supersymme-
try [9], quantum phase transitions of an unusual type
[10–12], quantum chaos propagation [13–15], patterns of
entanglement [16, 17] and strange metal behavior [18].

In this letter we propose a simple experimental real-
ization of the SYK model with complex fermions in a
mesoscopic graphene flake with an irregular boundary
and subject to a strong applied magnetic field. Unlike
the earlier proposals in solid state systems [19, 20], which
targeted the Majorana fermion version of the model, our
proposed device does not require superconductivity or
advanced fabrication techniques and should therefore be

B

A B

δ1

δ2δ3

FIG. 1. Schematic depiction of the proposed device. Ir-
regular shaped graphene flake in applied magnetic field B

forms the (0+1) dimensional many-body system equivalent
to a black hole in (1+1) anti-de Sitter space. Inset: lattice
structure of graphene with A and B sublattices marked and
nearest neighbor vectors denoted by �j .

relatively straightforward to assemble using only the ex-
isting technologies. The proposed design is illustrated in
Fig. 1. Magnetic field B applied to graphene is known
to produce a variety of interesting quantum phases [21–
30]. At the noninteracting level the field simply reorga-
nizes the single-particle electron states into Dirac Lan-
dau levels with energies [31] En ' ±~v

p
2n(eB/~c) and

n = 0, 1, · · · . We argue that when the graphene flake
is su�ciently small and irregular the electrons in the
n = 0 Landau level (LL0) are generically described by
the SYK model. This remarkable property is rooted in
the celebrated Aharonov-Casher construction [32] which
implies that, in the absence of interactions, LL0 remains
perfectly sharp even in the presence of strong disorder
that respects the chiral symmetry of graphene. As we
shall see a flake with a highly irregular boundary, il-
lustrated in Fig. 1, is chirally symmetric. Electrons in
LL0, therefore, remain nearly perfectly degenerate, de-
spite the fact that their wavefunctions acquire random
spatial structure. When Coulomb repulsion is projected
onto these highly disordered states, random all-to-all in-
teractions between the zero modes are generated, exactly
as required to define the SYK model.
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• Measure the chemical potential of a SYK
graphene flake. A linear-in-T dependence of
µ as T ! 0 is direct evidence for an exten-
sive entropy at zero temperature.
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Electrons in clean macroscopic samples of graphene exhibit an astonishing variety of quantum
phases when strong perpendicular magnetic field is applied. These include integer and fractional
quantum Hall states as well as symmetry broken phases and quantum Hall ferromagnetism. Here we
show that mesoscopic graphene flakes in the regime of strong disorder and magnetic field can exhibit
another remarkable quantum phase described by holographic duality to an extremal black hole in
two dimensional anti-de Sitter space. This phase of matter can be characterized as a maximally
chaotic non-Fermi liquid since it is described by a complex fermion version of the Sachdev-Ye-Kitaev
model known to possess these remarkable properties.

Tensions between the laws of quantum mechanics and
classical gravity that are emblematic of the extreme en-
vironments occurring in the early universe and near hori-
zons of black holes constitute the most enigmatic mys-
teries in modern physics. A promising avenue to resolve
some of the paradoxes encountered in these studies, such
as the black hole information paradox, is the holographic
principle [1]. In holographic duality, quantum gravity
degrees of freedom in a (d + 1)-dimensional spacetime
“bulk” are represented by a many-body system defined
on its d-dimensional boundary.

Important new insights into these fundamental ques-
tions have been gained recently through the study of the
Sachdev-Ye-Kitaev (SYK) model [2, 3] which describes
a system of N fermions in (0+1) dimensions subject to
random all-to-all four-fermion interactions and is dual to
dilaton gravity in (1+1) dimensional anti-de Sitter space
AdS2 [4, 5]. Despite being maximally strongly interact-
ing this model is, remarkably, exactly solvable in the limit
of large N . It has been shown to exhibit physical proper-
ties characteristic of the black hole, including the exten-
sive ground state entropy S0 ⇠ N , emergent conformal
symmetry at low energy and fast scrambling of quan-
tum information that saturates the fundamental bound
on the relevant Lyapunov chaos exponent �T . Exten-
sions of this model also show interesting behaviors, in-
cluding unusual spectral properties [6–8], supersymme-
try [9], quantum phase transitions of an unusual type
[10–12], quantum chaos propagation [13–15], patterns of
entanglement [16, 17] and strange metal behavior [18].

In this letter we propose a simple experimental real-
ization of the SYK model with complex fermions in a
mesoscopic graphene flake with an irregular boundary
and subject to a strong applied magnetic field. Unlike
the earlier proposals in solid state systems [19, 20], which
targeted the Majorana fermion version of the model, our
proposed device does not require superconductivity or
advanced fabrication techniques and should therefore be
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FIG. 1. Schematic depiction of the proposed device. Ir-
regular shaped graphene flake in applied magnetic field B

forms the (0+1) dimensional many-body system equivalent
to a black hole in (1+1) anti-de Sitter space. Inset: lattice
structure of graphene with A and B sublattices marked and
nearest neighbor vectors denoted by �j .

relatively straightforward to assemble using only the ex-
isting technologies. The proposed design is illustrated in
Fig. 1. Magnetic field B applied to graphene is known
to produce a variety of interesting quantum phases [21–
30]. At the noninteracting level the field simply reorga-
nizes the single-particle electron states into Dirac Lan-
dau levels with energies [31] En ' ±~v

p
2n(eB/~c) and

n = 0, 1, · · · . We argue that when the graphene flake
is su�ciently small and irregular the electrons in the
n = 0 Landau level (LL0) are generically described by
the SYK model. This remarkable property is rooted in
the celebrated Aharonov-Casher construction [32] which
implies that, in the absence of interactions, LL0 remains
perfectly sharp even in the presence of strong disorder
that respects the chiral symmetry of graphene. As we
shall see a flake with a highly irregular boundary, il-
lustrated in Fig. 1, is chirally symmetric. Electrons in
LL0, therefore, remain nearly perfectly degenerate, de-
spite the fact that their wavefunctions acquire random
spatial structure. When Coulomb repulsion is projected
onto these highly disordered states, random all-to-all in-
teractions between the zero modes are generated, exactly
as required to define the SYK model.
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• Measure the chemical potential of a SYK
graphene flake. A linear-in-T dependence of
µ as T ! 0 is direct evidence for an exten-
sive entropy at zero temperature.
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Electrons in clean macroscopic samples of graphene exhibit an astonishing variety of quantum
phases when strong perpendicular magnetic field is applied. These include integer and fractional
quantum Hall states as well as symmetry broken phases and quantum Hall ferromagnetism. Here we
show that mesoscopic graphene flakes in the regime of strong disorder and magnetic field can exhibit
another remarkable quantum phase described by holographic duality to an extremal black hole in
two dimensional anti-de Sitter space. This phase of matter can be characterized as a maximally
chaotic non-Fermi liquid since it is described by a complex fermion version of the Sachdev-Ye-Kitaev
model known to possess these remarkable properties.

Tensions between the laws of quantum mechanics and
classical gravity that are emblematic of the extreme en-
vironments occurring in the early universe and near hori-
zons of black holes constitute the most enigmatic mys-
teries in modern physics. A promising avenue to resolve
some of the paradoxes encountered in these studies, such
as the black hole information paradox, is the holographic
principle [1]. In holographic duality, quantum gravity
degrees of freedom in a (d + 1)-dimensional spacetime
“bulk” are represented by a many-body system defined
on its d-dimensional boundary.

Important new insights into these fundamental ques-
tions have been gained recently through the study of the
Sachdev-Ye-Kitaev (SYK) model [2, 3] which describes
a system of N fermions in (0+1) dimensions subject to
random all-to-all four-fermion interactions and is dual to
dilaton gravity in (1+1) dimensional anti-de Sitter space
AdS2 [4, 5]. Despite being maximally strongly interact-
ing this model is, remarkably, exactly solvable in the limit
of large N . It has been shown to exhibit physical proper-
ties characteristic of the black hole, including the exten-
sive ground state entropy S0 ⇠ N , emergent conformal
symmetry at low energy and fast scrambling of quan-
tum information that saturates the fundamental bound
on the relevant Lyapunov chaos exponent �T . Exten-
sions of this model also show interesting behaviors, in-
cluding unusual spectral properties [6–8], supersymme-
try [9], quantum phase transitions of an unusual type
[10–12], quantum chaos propagation [13–15], patterns of
entanglement [16, 17] and strange metal behavior [18].

In this letter we propose a simple experimental real-
ization of the SYK model with complex fermions in a
mesoscopic graphene flake with an irregular boundary
and subject to a strong applied magnetic field. Unlike
the earlier proposals in solid state systems [19, 20], which
targeted the Majorana fermion version of the model, our
proposed device does not require superconductivity or
advanced fabrication techniques and should therefore be
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FIG. 1. Schematic depiction of the proposed device. Ir-
regular shaped graphene flake in applied magnetic field B

forms the (0+1) dimensional many-body system equivalent
to a black hole in (1+1) anti-de Sitter space. Inset: lattice
structure of graphene with A and B sublattices marked and
nearest neighbor vectors denoted by �j .

relatively straightforward to assemble using only the ex-
isting technologies. The proposed design is illustrated in
Fig. 1. Magnetic field B applied to graphene is known
to produce a variety of interesting quantum phases [21–
30]. At the noninteracting level the field simply reorga-
nizes the single-particle electron states into Dirac Lan-
dau levels with energies [31] En ' ±~v

p
2n(eB/~c) and

n = 0, 1, · · · . We argue that when the graphene flake
is su�ciently small and irregular the electrons in the
n = 0 Landau level (LL0) are generically described by
the SYK model. This remarkable property is rooted in
the celebrated Aharonov-Casher construction [32] which
implies that, in the absence of interactions, LL0 remains
perfectly sharp even in the presence of strong disorder
that respects the chiral symmetry of graphene. As we
shall see a flake with a highly irregular boundary, il-
lustrated in Fig. 1, is chirally symmetric. Electrons in
LL0, therefore, remain nearly perfectly degenerate, de-
spite the fact that their wavefunctions acquire random
spatial structure. When Coulomb repulsion is projected
onto these highly disordered states, random all-to-all in-
teractions between the zero modes are generated, exactly
as required to define the SYK model.
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Apply a temperature di↵erence�T ,
and measure the voltage di↵erence
�V , while no current is flowing.
The thermopower is
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Thermopower

Thermopower vanishes linearly as T ! 0
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Thermopower
A more realistic model

h = U/102

Ec =
h2

U
= U/104

Q = 1/3
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Thermopower

Regime of T -independent ⇥
for Ec < T < U is evidence
for SYK/black hole entropy
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Planckian metals 
and 

resonant SYK models 

Aavishkar Patel

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)



Cao et al., Nature 556, 80 (2018)

Twisted bilayer graphene

Flat bands
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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is

⇢ =
m⇤

ne2
1

⌧

with a universal scattering rate

1

⌧
⇡ kBT

~ ,

independent of the strength of interactions!
<latexit sha1_base64="uavrvti5VXDpli7XEXQPaTQIiyc="></latexit>



18 

Table 1  |  Slope of T-linear resistivity and Planckian limit in seven materials.

Material n 
(1027 m-3)

 m*
(m0)

A1 / d  
(! / K)

h / (2e2 TF)
(! / K)

⍺

Bi2212 p = 0.23 6.8 8.4 ± 1.6 8.0 ± 0.9 7.4 ± 1.4 1.1 ± 0.3

Bi2201 p ~ 0.4 3.5 7 ± 1.5 8 ± 2 8 ± 2 1.0 ± 0.4

LSCO p = 0.26 7.8 9.8 ± 1.7 8.2 ± 1.0 8.9 ± 1.8 0.9 ± 0.3

Nd-LSCO p = 0.24 7.9 12 ± 4 7.4 ± 0.8 10.6 ± 3.7 0.7 ± 0.4

PCCO x = 0.17 8.8 2.4 ± 0.1 1.7 ± 0.3 2.1 ± 0.1 0.8 ± 0.2

LCCO x = 0.15 9.0 3.0 ± 0.3 3.0 ± 0.45 2.6 ± 0.3 1.2 ± 0.3

TMTSF P = 11 kbar 1.4 1.15 ± 0.2 2.8 ± 0.3 2.8 ± 0.4 1.0 ± 0.3
 

 

Table 1 | Slope of T-linear resistivity vs Planckian limit in seven materials.  

Comparison of the measured slope of the T-linear resistivity in the T = 0 limit,  

A1 , with the value predicted by the Planckian limit (Eq. 1; penultimate column), 

for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two 

electron-doped cuprates (PCCO and LCCO) and the organic conductor 

(TMTSF)2PF6 , as discussed in the text (and Supplementary Information).     

The ratio α of the experimental value, A1
☐ = A1 / d, over the predicted value,       

is given in the last column. Although A1
☐ varies by a factor 5, the ratio m* / n  

(~1/TF) is seen to vary by the same amount, so that α = 1.0 in all cases,        

within error bars. 
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For a dispersionless SYK model

⌦
c↵(⌧)c

†
↵(0)

↵
⇠ e�(e/U)2⇡ T⌧ ⇥

✓
T/U

sin(⇡T ⌧)

◆1/2

Fermions have energy e = �µ, and
for |e| ⌧ U , we have the

particle-hole asymmetry E = e/U with = 0.41.
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Flat band metal

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)



• All electrons in the (flat band) SYK model have the
same e

• In a more realistic metal, the electrons have a dispersion
ek (k is momentum), and ek = 0 is the Fermi surface.
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Adding dispersion

ek < 0
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Fermi surface
with ek = 0

<latexit sha1_base64="fk5vhRT3sRQezwm4hk3U0Zrl/5c="></latexit>

ek > 0
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For a dispersionless SYK model
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Flat band metal

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)



Planckian metal ansatz
with dispersion

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)

For a strongly-interacting metal with
underlying quasiparticle dispersion ek

(k is the momentum)

D
ck(⌧)c

†
k(0)

E
⇠ e�(ek/U)2⇡ T⌧ ⇥

✓
T/U

sin(⇡T ⌧)

◆1/2

The exponential pre-factor determines
the particle-hole asymmetry

with = 0.41.
At ek = 0 we have a ‘remnant Fermi surface’

with a particle-hole symmetric spectral function.
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No free parameters—everything is determined
by the (underlying) quasiparticle dispersion ek,

and the interaction strength U .
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A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)

Resistivity of a Planckian metal as T ! 0

From the Kubo formula,

� =
e2m⇤v2F

2T

Z 1

�1

de

2⇡

Z 1

�1

d!

4⇡

h
ImGR

SYK

⇣
e,

!

T

⌘i2
sech2

⇣ !

2T

⌘

where the Fermi surface is defined by ek = 0, vF = rkek on the
Fermi surface, and

m⇤ =
d VFSH
FS |vF |

,

with d the spatial dimensionality, and VFS is the volume enclosed by
the Fermi surface. For a circular Fermi surface, this is the usual m⇤.

Evaluating the integrals, we find

⇢ =
m⇤

ne2
2.71

kBT

~ , using E = e/U ,

where n = VFS/(2⇡)d is the density.
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Aavishkar Patel A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)

Resistivity of a Planckian metal as T ! 0

⇢ =
m⇤

ne2
2.71

kBT

~

Note that all explicit dependence on U has cancelled out!

Choosing = 0.41 as in the SYK model, we have the prefactor
2.71 = 1.11.
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U↵�;��(ka) is a random function of ↵��� (as before)
ek has a bandwidth W .

The random ki dependence of U allows only resonant interactions
with ek1 + ek2 = ek3 + ✏k4 .

U(k1, k2, k3, k4)U⇤(k5, k6, k7, k8) =

U2
h
�(k1 + k2 � k3 � k4 � k5 � k6 + k7 + k8)

i

⇥
h
�(ek1 + ek2 � ek3 � ✏k4) + �(ek5 + ek6 � ek7 � ek8)

i
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t
U

A lattice SYK model

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999);  Yingfei Gu, Xiao-Liang Qi, D. Stanford,  JHEP (2017) 125

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119, 216601 (2017); Pengfei Zhang, PRB 96, 
205138 (2017); Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, PRX 8, 031024 

(2018); Aavishkar A. Patel, John McGreevy, Daniel P. Arovas, Subir Sachdev, PRX 8, 021049 (2018) 
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• Disordered Fermi liquid for T < W 2/U with
resistivity ⇠ T 2.

• Incoherent, bad metal for W 2/U < T < U with
linear-in-T resistivity ⇠ (h/e2)(T/(W 2/U)).
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Resonant SYK model
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We examine a model with weaker W . U , but impose a
resonance condition.

This leads to a solution which obeys the Planckian ansatz as T ! 0.

U(k1, k2, k3, k4)U⇤(k5, k6, k7, k8) =

U2
h
�(k1 + k2 � k3 � k4 � k5 � k6 + k7 + k8)

i

⇥
h
�(ek1 + ek2 � ek3 � ek4) + �(ek5 + ek6 � ek7 � ek8)

i

This implies o↵-site interactions with correlations
which decay with a power-law in space.
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Resonant SYK model

k1
<latexit sha1_base64="NSYvDK9j+dhw43fhavs0cnFt7V4=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjK0h8WSZdbq9UalCi3TSqFJs9mo1c6hnSklkKE9LH4MvBDHAeEKMyRl37Yi5SRIKIoZmRcGsSQRwhM0In1NOQqIPPOmNJIpdZL06jk80aYH/VDo4gqm6vfhBAVSzgJXdwZIjeVvbyH+5fVj5TechPIoVoTj5SI/ZlCFcBEB9KggWLGZJggLqs+GeIwEwkoHVdB5fD0N/yfdsmlXzPJ1tdS6yJLJgyNwDE6BDeqgBa5AG3QABiPwAB7Bk3FvPBsvxuuyNWdkM4fgB4y3Tz7Qkos=</latexit>

k2
<latexit sha1_base64="gq4/ytB8e9IMO4npFiy1OpOuTTI=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjIsD4sly6zV641KFVqmlUKTZrNRq51DO1NKIEN7WPwYeCGOA8IVZkjKvm1FykmQUBQzMi8MYkkihCdoRPqachQQeeZNaSRT6iTp1XN4ok0P+qHQxRVM1e/DCQqknAWu7gyQGsvf3kL8y+vHym84CeVRrAjHy0V+zKAK4SIC6FFBsGIzTRAWVJ8N8RgJhJUOqqDz+Hoa/k+6ZdOumOXraql1kSWTB0fgGJwCG9RBC1yBNugADEbgATyCJ+PeeDZejNdla87IZg7BDxhvn0Bfkow=</latexit>

k3
<latexit sha1_base64="TtMtm8cpCbGVhpyGPtz0rnfcuNo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjKsDIsly6zV641KFVqmlUKTZrNRq51DO1NKIEN7WPwYeCGOA8IVZkjKvm1FykmQUBQzMi8MYkkihCdoRPqachQQeeZNaSRT6iTp1XN4ok0P+qHQxRVM1e/DCQqknAWu7gyQGsvf3kL8y+vHym84CeVRrAjHy0V+zKAK4SIC6FFBsGIzTRAWVJ8N8RgJhJUOqqDz+Hoa/k+6ZdOumOXraql1kSWTB0fgGJwCG9RBC1yBNugADEbgATyCJ+PeeDZejNdla87IZg7BDxhvn0Huko0=</latexit>

k4
<latexit sha1_base64="oGIPiSW8tSR2hITAQXd7lOjGsyw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjKsDosly6zV641KFVqmlUKTZrNRq51DO1NKIEN7WPwYeCGOA8IVZkjKvm1FykmQUBQzMi8MYkkihCdoRPqachQQeeZNaSRT6iTp1XN4ok0P+qHQxRVM1e/DCQqknAWu7gyQGsvf3kL8y+vHym84CeVRrAjHy0V+zKAK4SIC6FFBsGIzTRAWVJ8N8RgJhJUOqqDz+Hoa/k+6ZdOumOXraql1kSWTB0fgGJwCG9RBC1yBNugADEbgATyCJ+PeeDZejNdla87IZg7BDxhvn0N9ko4=</latexit>

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)

Interactions with ek1 + ek2 6= ek3 + ek4 are non-resonant: we

“integrate these out” in a RG procedure, and assume that their

main e↵ect is a renormalization of the quasiparticle dispersion ek,
which we have already accounted for.

Keep only the

interactions resonant in the bare quasiparticle energy
with ek1 + ek2 = ek3 + ek4 and account for them with a

self-consistent SYK-like analysis.

This is precisely the e↵ective Hamiltonian method, when low

energy states are separated from high energy states by a gap; we

are assuming it can also apply in a gapless system.
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• Experimental routes to measuring zero tem-
perature entropy S0 of SYK (charged black
holes):

– Linear-in-T behavior of chemical poten-
tial µ at low T .

– Non-zero thermopower ⇥ / dS0/dQ at
low T .

• Resonant SYKmodels described Planckian/strange
metal transport in correlated materials at
low T .
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