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SYK model: 
A solvable and generic 
0+1 dimensional CFT

<latexit sha1_base64="Gw0L2nM4K1bIXyni0nvPfabjvo0="></latexit>

Operators in a generic CFT1 are similar to

heavy (‘black hole’) operators in CFTD with D � 2

D. Chowdhury, A. Georges, O. Parcollet, and S. S.,  
Reviews of Modern Physics 94, 035004 (2022)



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
<latexit sha1_base64="yQteaZaLoEYlztplY68/SkIu+Hc="></latexit>

The Sachdev-Ye-Kitaev (SYK) model

<latexit sha1_base64="5HvB9s0savM8oVuT5ii1CiV2awU="></latexit>
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S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

The Sachdev-Ye-Kitaev (SYK) model

(                  Bootstrap  
equations!)
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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i! + µ ! 0



The complex SYK model

S. Sachdev and J. Ye, PRL 70, 3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015)

E = �0.26
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Solution of eigenvalue equation with E = 1 yields a tower of Oh.

G(⌧) ⇠ sgn(⌧)p
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Conformal Perturbation theory

S = SCFT +
X

h

�h

Z �

0
d⌧Oh(⌧)

whereGCFT = G⇤ ⇠ sgn(⌧)/
p
|⌧ | and hOh(⌧)Oh(0)i ⇠ 1/|⌧ |2h

(More 
bootstrap 
equations!)
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We define the three point function

vh(⌧1, ⌧2, ⌧0) = hc(⌧1)c†(⌧2)Oh(⌧0)i .

In the long time scaling limit, we can drop the bare first time on the right hand side, and obtain
the eigenvalue equation

Ev(⌧1, ⌧2, ⌧0) =

Z
d⌧3d⌧4K(⌧1, ⌧2; ⌧3, ⌧4)vh(⌧3, ⌧4, ⌧0) ,

where the kernel K is

K(⌧1, ⌧2; ⌧3, ⌧4) = �3U2
G⇤(⌧13)G⇤(⌧24)G⇤(⌧34)

2
,

with ⌧ij ⌘ ⌧i � ⌧j , and we are interested in the eigenvalue E = 1.
The functional form of the eigenfunction vh is dictated by conformal invariance. In a general

conformal field theory with scalar fields �1, �2, �3 with scaling dimensions h1, h2, h3 we have

h�1(x1)�2(x2)�3(x3)i ⇠
1

|x12|h1+h2�h3 |x23|h2+h3�h1 |x31|h3+h1�h2

In our case, we use the limit ⌧0 ! 1, where the analogous form implies v ⇠ sgn(⌧12)/|⌧12|1/2�h;
then the eigenvalue equation is

E = �3 tan(⇡h/2� ⇡/4)

2h� 1
= 1 .

There are an infinite number of solutions, and the lowest values are h = 2, 3.77354 . . ., 5.567946 . . .,
7.63197 . . ., . . . . Consequently, the low T behavior of the entropy is

S(T ) = N
⇥
s0 + � T + �2 T

2.77354... + . . .
⇤
.

We will have a particular interest in the h = 2 operator in the remaining discussion.



<latexit sha1_base64="UyzcdbiFTbu8OQGJi7+fIDQMo4M="></latexit>

Conformal Perturbation theory

S = SCFT +
X

h

gh

Z �

0
d⌧Oh(⌧)

whereGCFT ⇠ sgn(⌧)/
p

|⌧ | and hOh(⌧)Oh(0)i ⇠ 1/|⌧ |2h

<latexit sha1_base64="l6v79ehbvy0YeYsWiWQJNGGzTpY="></latexit>

It is su�cient to solve the eigenvalue equation as ⌧0 ! 1. Then, we can use the operator
product expansion to write

c(⌧1)c
†(⌧2) ⇠ sgn(⌧12)

"
1

|⌧12|1/2
+

X

h

ch

|⌧12|1/2�h
Oh(⌧1) + . . .

#

Inserting this into the defintion of v, we conclude that v ⇠ sgn(⌧12)/|⌧12|1/2�h as ⌧0 ! 1. Then
the eigenvalue equation simplifies to

E = �3 tan(⇡h/2� ⇡/4)

2h� 1
= 1 .

There are an infinite number of solutions, and the lowest values are h = 2, 3.77354 . . ., 5.567946 . . .,
7.63197 . . ., . . . . Consequently, the low T behavior of the entropy is

S(T ) = N
⇥
s0 + � T + �2 T

2.77354... + . . .
⇤
.

We will have a particular interest in the h = 2 operator. This operator is irrelevant
for U/N ⌧ T ⌧ U , but dangerously irrelevant for Ue

�Ns0 ⌧ T ⌧ U/N .



The Sachdev-Ye-Kitaev (SYK) model
<latexit sha1_base64="qYrrrVa3KRFfI9Q6hBonMog1ltQ="></latexit>

Z(Q, T ) = TrQ exp
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= exp(�F/T ) ; Entropy S = �
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.

⌘

Z 1

E�
0

D(E)e�E/T ; D(E) =
X

i

�(E � Ei) ; H | ii = Ei | ii

Main result from e↵ective theory of quantum gravity

D(E) ⇠ N�1 exp (Ns0) sinh(
p

2N�E) ; S = N(s0 + �T )�
3

2
ln

✓
N1/3U

T

◆

At Q = 1/2, we have

s0 =
Catalan

⇡
+

ln 2

4
= 0.464847699170805107492692486833 . . . .

and � = #/U is non-universal
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Conformal perturbations of saddle-point theory:

S = N(s0 + �T ) ) D(E) ⇠ exp
⇣
Ns0 +

p
2N�E

⌘

� = #/U is non-universal.

Exact path integral over Schwarzian quantum gravity theory:

S = N(s0+�T )�3

2
ln

✓
U

T

◆
� lnN

2
) D(E) ⇠ N�1 exp (Ns0) sinh(

p
2N�E)



Complex SYK model
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D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states
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S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E
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S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E
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Energy level
spacing ⇠ e�Ns0 !
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It is su�cient to solve the eigenvalue equation as ⌧0 ! 1. Then, we can use the operator
product expansion to write
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Inserting this into the defintion of v, we conclude that v ⇠ sgn(⌧12)/|⌧12|1/2�h as ⌧0 ! 1. Then
the eigenvalue equation simplifies to

E = �3 tan(⇡h/2� ⇡/4)

2h� 1
= 1 .

There are an infinite number of solutions, and the lowest values are h = 2, 3.77354 . . ., 5.567946 . . .,
7.63197 . . ., . . . . Consequently, the low T behavior of the entropy is

S(T ) = N
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We will have a particular interest in the h = 2 operator. This operator is irrelevant
for U/N ⌧ T ⌧ U , but dangerously irrelevant for Ue

�Ns0 ⌧ T ⌧ U/N .



<latexit sha1_base64="UyzcdbiFTbu8OQGJi7+fIDQMo4M="></latexit>

Conformal Perturbation theory

S = SCFT +
X

h

gh

Z �

0
d⌧Oh(⌧)

whereGCFT ⇠ sgn(⌧)/
p

|⌧ | and hOh(⌧)Oh(0)i ⇠ 1/|⌧ |2h

<latexit sha1_base64="l6v79ehbvy0YeYsWiWQJNGGzTpY="></latexit>

It is su�cient to solve the eigenvalue equation as ⌧0 ! 1. Then, we can use the operator
product expansion to write

c(⌧1)c
†(⌧2) ⇠ sgn(⌧12)

"
1

|⌧12|1/2
+

X

h

ch

|⌧12|1/2�h
Oh(⌧1) + . . .

#

Inserting this into the defintion of v, we conclude that v ⇠ sgn(⌧12)/|⌧12|1/2�h as ⌧0 ! 1. Then
the eigenvalue equation simplifies to
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The Sachdev-Ye-Kitaev (SYK) model
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The disorder-averaged partition is exactly this G-⌃ theory:

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NI)

I = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

Saddle-point equations for G(⌧1 � ⌧2) and ⌃(⌧1 � ⌧2):

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �J2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.



<latexit sha1_base64="wE5NviGR1NIB6Sf37lBuz7deG+g="></latexit>

G-⌃
path

integral

A. Georges and O. Parcollet
PRB 59, 5341 (1999) 

A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)
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At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4
e�i�(�1)+i�(�2) G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4
e�i�(�1)+i�(�2) ⌃(�1,�2)

where f(�) and �(�) are arbitrary functions.
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where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ]. The conformal group is
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,

vanishes for g(⌧) = (a⌧ + b)/(c⌧ + d) a SL(2,R) transformation (ad � bc = 1).

The couplings K, �, and E can be related to thermodynamic derivatives.
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Complex SYK model
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Many-body density of states
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No exponentially large
degeneracy, but exponentially
small level spacing!
No quasiparticle decomposition:
wavefunctions change chaotically
from one state to the next.
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Charged  
black holes

S.S., arXiv:2205.02285
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Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdS2) at low energies!
The isometry group of AdS2 is the 0+1 dimensional conformal group SL(2,R).
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Can we find a quantum simulation of the inside of a black hole whose D(E)

matches the Bekenstein-Hawking entropy computed outside the black hole?

Yes, for charged black holes:

• For generic black holes in 3+1 dimensions, the SYK model yields:
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where A0 is the horizon area at T = 0. There is

no degeneracy, but an exponentially small level

spacing down to the ground state.
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• For generic charged black holes in 3+1
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terms of A0 = 2GQ2/c4 the horizon
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where A0 is the horizon area at T = 0. There is

no degeneracy, but an exponentially small level

spacing down to the ground state.

Saad, Shenker, Stanford (2019)
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ment entropy of evaporating black holes.
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There is no degeneracy, but an expo-
nentially small level spacing down to
the ground state.
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Properties of a strange metal:

1. Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.

2. Specific heat ⇠ T ln(1/T ) as T ! 0.

3. Optical conductivity
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4. Photoemission: nearly “marginal Fermi liquid” electron spectral density:
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with gij` independent random numbers with zero mean.
Leads to fully self-consistent Migdal-Eliashberg equations
⌃ ⇠ g2G G�, ⌃� ⇠ g2G G in a SYK-like large N limit.
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Quantum criticality of Ising-nematic ordering in a metal
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Phase diagram as a function of T and J
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Fermi surface coupled to a critical boson
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Transport—a perfect metal!
Conservation of momentum and
fermion-boson drag imply:
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But resistivity and optical conductivity are like a Fermi liquid,
with residual resistivity ⇠ v2.



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 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A marginal Fermi liquid but NOT a strange metal
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Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02;
Transport insensitive to g; Marginal Fermi liquid self energy and T ln(1/T ) specific heat.



Fermi surface coupled to a critical boson:  
No spatial disorder 

A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson: 
Interaction disorder     

A marginal Fermi liquid AND a strange metal

Fermi surface coupled to a critical boson: 
Potential disorder    

A marginal Fermi liquid but NOT a strange metal
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Summary
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• SYK: a solvable toy model without particle-like excitations, exhibit-

ing thermalization and many-body chaos in a time of order ~/(kBT ),
independent of microscopic energy scales.

• Toy SYK model captures the correct universal low energy quantum

theory of charged black holes, and provides a Hamiltonian realization

of black hole microstates.

• Linear-T resistivity, T ln(1/T ) specific heat, ⇠ 1/! optical conductiv-

ity, and marginal Fermi liquid electron spectrum all arise from a SYK-

like model with spatially random interactions in a two-dimensional

quantum-critical metal.
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