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The cuprate superconductors



Ground state has long-range Néel order 

Square lattice antiferromagnet

H =
�

�ij�

Jij
�Si · �Sj

Order parameter is a single vector field �ϕ = ηi
�Si

ηi = ±1 on two sublattices

��ϕ� �= 0 in Néel state.
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Iron pnictides: 
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Iron pnictides: 
a new class of high temperature superconductors



Temperature-doping phase diagram of  the 
iron pnictides: 

Resistivity
∼ ρ0 +ATα

S. Kasahara, T. Shibauchi, K. Hashimoto, K. Ikada, S. Tonegawa, R. Okazaki, H. Shishido, 
H. Ikeda, H. Takeya, K. Hirata, T. Terashima, and Y. Matsuda, 

Physical Review B 81, 184519 (2010)

SDW

Superconductivity



N. D. Mathur, F. M. Grosche, S. R. Julian, I. R. Walker, D. M. Freye, R. K. W. Haselwimmer, 
and G. G. Lonzarich, Nature 394, 39 (1998)

under high-vacuum (&10!" Torr). Magnetization
was measured by the extraction method using the
hybrid steady field magnet at NRIM at 4.2 K up to
28 T.

Fig. 1 shows the magnetization curves of CeRh
#

Si
#

and CePd
#
Si

#
measured parallel to the c-axis

(M,) and the a-axis (M
!
), respectively. M

!
of

CeRh
#
Si

#
increases monotonously and no anomaly

was observed up to 28 T. M, and M
!

of CePd
#
Si

#
also show no anomaly. In contrast, M, of CeRh

#
Si

#
exhibits a sharp two-step metamagnetic

transition at H
"$

"25.4 T and H
"#

"26.0 T as
shown in the inset of Fig. 2. M, of CeRh

#
Si

#
at

25.7 T is 0.86!
%
/Ce, and the saturation value at

28.0 T is 1.63!
%
/Ce as shown in Fig. 1. The monot-

onously increasing component of M, might come
from the Van-Vleck and Pauli paramagnetism and
should not be directly concerned with the origin
of the metamagnetism. Magnetic moments turned
out to be 0.75!

%
/Ce and 1.49!

%
/Ce at 25.7 and

28 T, respectively, after eliminating the background
paramagnetic component from M,. Note that the
magnetization at 25.7 T is just half of the saturation

Fig. 1. Overview of the high field magnetization curves up to
28 T of CeRh

#
Si

#
and CePd

#
Si

#
single crystals at 4.2 K. Applied

magnetic field directions are parallel to the c- and a-axis for each
compound. The closed and open circles indicate M, and M

!
of

CePd
#
Si

#
, respectively, and the closed and open squares indicate

M, and M
!

of CeRh
#
Si

#
, respectively. The solid curve was

drawn as a guide to the eyes. The inset represents the crystal
structure of Ce¹

#
Si

#
(¹"Rh and Pd). J

&
, J

$
, J

#
and J

'
are

assigned by arrows.

Fig. 2. Comparison between the calculated and the experi-
mental M versus H curves in CeRh

#
Si

#
. The broken line and the

open circles represent the calculated and the experimental re-
sults after background subtraction, respectively. The inset shows
the dM,/dH versus H curve in the vicinity of the critical transi-
tion fields, 25.4 and 26 T.

moment. The magnetic moment parallel to the c-
axis was calculated to be 1.49!

%
/Ce at zero temper-

ature from the CEF analysis on the temperature
dependence of the magnetic susceptibility of CeRh

#
Si

#
[9], which agrees very well with our result. This

implies strongly that CeRh
#
Si

#
can be regarded as

a local spin system. Additionally, M
!

results to be
almost zero after eliminating the same paramag-
netic background component, which indicates the
existence of high anisotropy along the c-axis in
CeRh

#
Si

#
. The ANNNI (anisotropic next-nearest

neighbor-Ising) model [10] appropriately describes
such a highly anisotropic local spin system. Ac-
cording to this model, the amplitude of the local
spins of the Ce atoms are assumed to be $

#
. Four

sublattices and exchange constants J
&
, J

$
, J

#
and

J
'

are taken into account. J
&

and J
$

correspond to
the intralayer interactions, whereas J

#
and J

'
cor-

respond to the interlayer interactions (see inset of
Fig. 1). Although the complicated magnetic struc-
ture in Phase II is formed by k

$
and k

#
components,

we also assume that the k
$

component is respon-
sible for the metamagnetism.

Under increasing external magnetic field, the
magnetic structures in CeRh

#
Si

#
are assumed to

alter as follows:
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(refs 10, 11, 14, 42). For a three-dimensional ferromagnet, x ¼ 5=3,
in agreement with several nearly ferromagnetic d metals17,21. For an
antiferromagnet, x ¼ 3=2 in three dimensions and x ¼ 1 in two
dimensions11,14, provided that in both cases r0 and T are not too
low43. The former is indeed consistent with our findings in cubic
CeIn3, whereas the latter is closer to tetragonal CePd2Si2. The quasi
two-dimensional character of the spin-relaxation spectrum of
CePd2Si2 may be anticipated from the observed [110] direction of
the ordering wavevector Q observed at ambient pressure. As shown
in Fig. 4, the spin configuration for this case implies that the nearest-
neighbour spin coupling along the c direction is frustrated. This
leads to a weaker variation of ΓQþq when q is along the c axis than
when it lies in the basal plane, and hence to a quasi two-dimensional
behaviour for the magnetic interactions. We note that along the c
axis, if a slow q4 variation in ΓQþq survives in an even-power
expansion of ΓQþq in q, then the effective dimensionality is 5/2
and x ¼ 5=4. In this way, the exponent 3=2 � x � 1 observed in
CePd2Si2 can be interpreted naturally. But because of the reduced
dimensionality, an elementary treatment may in this case be
insufficient.

The magnetic interactions model also predicts that the magnetic
transition temperature collapses as jp � pcjy near pc (refs 10–14).
For a three-dimensional ferromagnet, the exponent y ¼ 3=4, in
agreement as before with observations in the d metals17,21. For an
antiferromagnet, y ¼ 2=3 in three dimensions, and y ¼ 1 in two
dimensions. The quasi-linear variation of TN(p) in CePd2Si2 and the
more rapid TN(p) in CeIn3 near pc are not inconsistent with these
predictions.

At sufficiently low temperatures, the incoherent scattering that
yields r(T ) is expected to go over to coherent scattering if the
quasiparticles attract. This can lead to bound states and super-
conductivity. We now examine the predicted order of magnitude of
Tc. Near nc, magnetic interactions are expected to dominate other
channels and for our samples, f � 1. In these circumstances, the
numerical solutions of the Eliashberg equations for the Tc of
antiferromagnets given in ref. 29 may be relevant. At nc, the expected
Tc depends strongly on Γ, which may be estimated from bulk
properties and neutron-scattering data30–32,34–36. In both CeIn3 and
CePd2Si2, we find Γ to be 30–50 K near pc. Ref. 29 then suggests
maximum values of Tc of a few tenths of a degree K at nc, in order
of magnitude agreement with our observations. With the same
parameters, we can also understand the order of magnitude of A in
equation (1) (ref. 41).

The estimates of Tc apply only very close to nc. In impure samples,
the extremely rapid fall of Tc(p) may be due to a drop in f, whereas
in pure samples, an anticipated sharp fall in gl and the contribution
of other interaction channels may take over. These effects may
naturally account for the difficulty of finding magnetically mediated
superconductors.

Link to other highly correlated fermion systems?
Further evidence for the existence of magnetically mediated super-
conductivity in cerium heavy fermion compounds arose when
similar findings were reported in CeRh2Si2 (ref. 44) and CeCu2

(ref. 45). It is possible that these materials may also be understood in
terms of the magnetic interactions model discussed here. But a
detailed analysis is not yet possible. The metallurgical properties
of CeRh2Si2 and CeCu2 are complex and the transitions near nc

are more abrupt than those in CePd2Si2 or CeIn3. Moreover, in
CeRh2Si2 and possibly CeCu2 as well, there exist two or more
magnetic transitions that considerably complicate theoretical mod-
elling. More recently, superconductivity has also been observed in
CeNi2Ge2

46,47. This system has the same lattice and electronic
structure as CePd2Si2 and behaves at ambient pressure much as
CePd2Si2 does at pc. Thus, there is increasing evidence, since the
early observations in CePd2Si2 and CeRh2Si2, that superconductivity
may occur quite generally in the immediate vicinity of nc, in samples
of sufficiently high quality, at least when the magnetic transition is
continuous.

These considerations may also be important in the uranium-
based heavy fermion superconductors48–53. But in some of these
systems, magnetic interactions may compete with others that are
associated with incipient quadrupolar or higher multipolar
ordering52,53. Similarly, superconductivity observed on the border
of metal–insulator Mott transitions may also originate from mag-
netic binding9,54–56. But the magnetic transitions may not be con-
tinuous and moreover, subtle interactions associated with incipient
localization could be important in these systems9,56. Magnetic
couplings are also thought to arise in liquid 3He and play a key
role in the formation of the triplet p-wave superfluid state below a
few millikelvin (refs 3, 4, 57). Even in this relatively simple fermionic
system, however, the quasiparticle interactions may be complex
and, in particular, may reflect the tendency of the quantum liquid to
order in magnetic and spatially localized states.

It is interesting to consider how the low transition temperatures
of the cerium based heavy fermion superconductors might be
increased within the framework of the present magnetic pairing
model. The formula presented earlier for Tc suggests that it is
necessary to increase the bandwidth Γ of the magnetic relaxation
spectrum without simultaneously forcing a drastic reduction in the
parameter l which appears in the exponent. The bandwidth may be
increased by going over from narrow f band materials to broader d
band systems—and l, which depends on a momentum–space
average of 1=Γq (refs 10–14), may be prevented from dropping
excessively by reducing the dispersion along one axis, by reducing
the effective dimensionality. This also has the advantage of generally
increasing g, particularly in the anisotropic singlet case. In addition,
we note that for spin 1/2 particles, the magnitude of �1!�2, which
appears in the formula for Tc, has a quantum average that is three
times larger in the singlet state than it is in the triplet state. Both this
fact, and the effects of incoherent scattering, tend to favour anti-
ferromagnetic rather than ferromagnetic interactions.

The sum of these considerations would lead us to look for high
superconducting transition temperatures in d metal compounds of
reduced dimensionality on the border of antiferromagnetic order. It
is interesting that these properties are in fact similar to those of the
copper oxide superconductors. This may prove to be a coincidence,
as other factors beyond those given here may be of comparable or
even greater importance. Nevertheless, the search for a possible
interpretation of the behaviour of the copper oxides in terms of
some sort of magnetic-interactions model seems reasonable on the
basis of the findings summarized here. Several scenarios with similar
starting outlooks to the one we describe3–7,65–67 have been put
forward58–61,68, but even more exotic models may be required. As
yet there is no general agreement on the best way of thinking about
the copper oxides, but it is interesting that their spin liquid
properties9,69, and—in common with our phase diagrams—the
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Figure 4 The positions and spin alignments of the Ce atoms in the unit cells of the

twomaterials studied.a, The body-centred tetragonal unit cell of CePd2Si2 has the

antiferromagnetic orderingwavevectorQ along [110]. The Pdand Si atomsarenot

shown. Note that, by symmetry, the magnetic couplings along the c axis between

nearest neighbourswould actually vanish in this spin configuration.b, The simple

cubic unit cell of CeIn3 has Q along [111]. The In atoms (not shown) are located at

the centre of the faces of the cubic unit cell.
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Lower Tc superconductivity in the heavy fermion compounds
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Generally, the ground state of a Ce heavy-fermion sys-
tem is determined by the competition of the indirect Ru-
derman Kittel Kasuya Yosida (RKKY) interaction which
provokes magnetic order of localized moments mediated
by the light conduction electrons and the Kondo interac-
tion. This last local mechanism causes a paramagnetic
ground state due the screening of the local moment of
the Ce ion by the conduction electrons. Both interac-
tions depend critically on the hybridization of the 4f
electrons with the conduction electrons. High pressure is
an ideal tool to tune the hybridization and the position
of the 4f level with respect to the Fermi level. Therefore
high pressure experiments are ideal to study the criti-
cal region where both interactions are of the same order
and compete. To understand the quantum phase transi-
tion from the antiferromagnetic (AF) state to the para-
magnetic (PM) state is actually one of the fundamen-
tal questions in solid state physics. Different theoretical
approaches exist to model the magnetic quantum phase
transition such as spin-fluctuation theory of an itinerant
magnet [10–12], or a new so-called ’local’ quantum criti-
cal scenario [13, 14]. Another efficient source to prevent
long range antiferromagnetic order is given by the va-
lence fluctuations between the trivalent and the tetrava-
lent configuration of the cerium ions [15].

The interesting point is that in these strongly corre-
lated electron systems the same electrons (or renormal-
ized quasiparticles) are responsible for both, magnetism
and superconductivity. The above mentioned Ce-115
family is an ideal model system, as it allows to study
both, the quantum critical behavior and the interplay of
the magnetic order with a superconducting state. Espe-
cially, as we will be shown below, unexpected observa-
tions will be found, if a magnetic field is applied in the
critical pressure region.

PRESSURE-TEMPERATURE PHASE DIAGRAM

In this article we concentrate on the compound
CeRhIn5. At ambient pressure the RKKY interaction
is dominant in CeRhIn5 and magnetic order appears at
TN = 3.8 K. However, the ordered magnetic moment of
µ = 0.59µB at 1.9 K is reduced of about 30% in com-
parison to that of Ce ion in a crystal field doublet with-
out Kondo effect [17]. Compared to other heavy fermion
compounds at p = 0 the enhancement of the Sommerfeld
coefficient of the specific heat (γ = 52 mJ mol−1K−2) [18]
and the cylotron masses of electrons on the extremal or-
bits of the Fermi surface is rather moderate [19, 20]. The
topologies of the Fermi surfaces of CeRhIn5 are cylin-
drical and almost identical to that of LaRhIn5 which is
the non 4f isostructural reference compound. From this
it can be concluded that the 4f electrons in CeRhIn5

are localized and do not contribute to the Fermi volume
[19, 20].

By application of pressure, the system can be tuned
through a quantum phase transition. The Néel temper-

FIG. 2. Pressure–temperature phase diagram of CeRhIn5 at
zero magnetic field determined from specific heat measure-
ments with antiferromagnetic (AF, blue) and superconduct-
ing phases (SC, yellow). When Tc < TN a coexistence phase
AF+SC exist. When Tc > TN the antiferromagnetic order is
abruptly suppressed. The blue square indicate the transition
from SC to AF+SC after Ref. 16.

ature shows a smooth maximum around 0.8 GPa and
is monotonously suppressed for higher pressures. How-
ever, CeRhIn5 is also a superconductor in a large pres-
sure region from about 1.3 to 5 GPa. It has been shown
that when the superconducting transition temperature
Tc > TN the antiferromagnetic order is rapidly sup-
pressed (see figure 2) and vanishes at a lower pressure
than that expected from a linear extrapolation to T = 0.
Thus the pressure where Tc = TN defines a first critical
pressure p!

c and clearly just above p!
c anitferromagnetism

collapses. The intuitive picture is that the opening of a
superconducting gap on large parts of the Fermi surface
above p!

c impedes the formation of long range magnetic
order. A coexisting phase AF+SC in zero magnetic field
seems only be formed if on cooling first the magnetic or-
der is established. We will discuss below the microscopic
evidence of an homogeneous AF+SC phase.

At ambient pressure CeRhIn5 orders in an incommen-
surate magnetic structure [21] with an ordering vector
of qic=(0.5, 0.5, δ) and δ = 0.297 that is a magnetic
structure with a different periodicity than the one of the
lattice. Generally, an incommensurate magnetic struc-
ture is not favorable for superconductivity with d wave
symmetry, which is realized in CeRhIn5 above p!

c [22].
Neutron scattering experiments under high pressure do
not give conclusive evidence of the structure under pres-
sures up to 1.7 GPa which is the highest pressure studied
up to now [23–25]. The result is that at 1.7 GPa the in-
commensurability has changed to δ ≈ 0.4. The main dif-
ficulty in these experiments with large sample volume is
to ensure the pressure homogeneity. Near p!

c the control
of a perfect hydrostaticity is a key issue as the material
reacts quite opposite on uniaxial strain applied along the
c and a axis.

From recent nuclear quadrupol resonance (NQR) data
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Square lattice antiferromagnet

H =
�

�ij�

Jij
�Si · �Sj

J

J/λ

Weaken some bonds to induce spin 
entanglement in a new quantum phase



Square lattice antiferromagnet

H =
�

�ij�

Jij
�Si · �Sj

J

J/λ

Ground state is a “quantum paramagnet”
with spins locked in valence bond singlets
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Pressure in TlCuCl3
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−

��� ↓↑
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A. Oosawa, K. Kakurai, T. Osakabe, M. Nakamura, M. Takeda, and H. Tanaka, 
Journal of the Physical Society of Japan, 73,  1446 (2004).



TlCuCl3

An insulator whose spin susceptibility vanishes 
exponentially as the temperature T tends to zero.



TlCuCl3

Quantum paramagnet at 
ambient pressure



TlCuCl3

Neel order under pressure
A. Oosawa, K. Kakurai, T. Osakabe, M. Nakamura, M. Takeda, and H. Tanaka, 
Journal of the Physical Society of Japan, 73,  1446 (2004).



λλc

Quantum critical point with non-local 
entanglement in spin wavefunction

=
1√
2

����↑↓
�
−

��� ↓↑
��



S =

�
d2rdτ

�
(∂τ �ϕ)

2 + c2(∇r �ϕ)
2 + (λ− λc)�ϕ

2 + u
�
�ϕ2

�2�

λλc
CFT3

O(3) order parameter �ϕ

Description using Landau-Ginzburg field theory
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Hannu Mutka, and Martin Boehm, Phys. Rev. Lett. 100, 205701 (2008)

TlCuCl3 with varying pressure

Observation of 3→ 2 low energy modes,
emergence of new Higgs particle in the Néel phase,
and vanishing of Néel temperature at the quantum critical point
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Spin density wave theory in hole-doped cuprates
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Spin-fluctuation exchange theory of d-wave 
superconductivity in the cuprates

�ϕ

Fermions at the large Fermi surface exchange
fluctuations of the SDW order parameter �ϕ.



Pairing by SDW fluctuation exchange

We now allow the SDW field �ϕ to be dynamical, coupling to elec-
trons as

Hsdw = −
�

k,q,α,β

�ϕq · c
†
k,α�σαβck+K+q,β .

Exchange of a �ϕ quantum leads to the effective interaction

Hee = −1
2

�

q

�

p,γ,δ

�

k,α,β

Vαβ,γδ(q)c†k,αck+q,βc
†
p,γcp−q,δ,

where the pairing interaction is

Vαβ,γδ(q) = �σαβ · �σγδ
χ0

ξ−2 + (q−K)2
,

with χ0ξ
2 the SDW susceptibility and ξ the SDW correlation length.



BCS Gap equation

In BCS theory, this interaction leads to the ‘gap
equation’ for the pairing gap ∆k ∝ �ck↑c−k↓�.

∆k = −
�

p

�
3χ0

ξ−2 + (p− k−K)2

�
∆p

2
�

ε2
p + ∆2

p

Non-zero solutions of this equation require that
∆k and ∆p have opposite signs when p− k ≈ K.



Increasing SDW order

++
_

_

Γ

d-wave pairing of the large Fermi surface

�ck↑c−k↓� ∝ ∆k = ∆0(cos(kx)− cos(ky))

�ϕ

K



Similar theory applies to the pnictides, and leads to s± pairing.

I. I. Mazin, D. J. Singh, M. D. Johannes, and M.-H. Du, Phys. Rev. Lett. 101, 057003 (2008).

Kangjun Seo, B. A. Bernevig, and Jiangping Hu, Phys. Rev. Lett. 101, 206404 (2008).
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Include the simplest allowed coupling between the two orders,
κ > 0, with a positive sign implying repulsion or competition be-
tween them.

Competition between superconductivity (SC) and spin-density wave (SDW) order
Phenomenological quantum theory of competing orders

E. Demler, S. Sachdev and Y. Zhang, Phys. Rev. Lett. 87, 067202 (2001).
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ing experiments on

Nd2−xCexCuO4 show

that at low fields
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quantum oscilla-

tions at high fields

show that xm = 0.165.
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Quantum criticality of the onset of antiferromagnetism in a metal

Metal with “large” 
Fermi surface s

Increasing SDW order

Metal with electron 
and hole pockets

Increasing SDW order��ϕ� = 0��ϕ� �= 0

 Theory with strong amplitude fluctuations of antiferromagnetic 
order parameter. Quantum critical theory is strongly-coupled in 
two (but not higher) spatial dimensions

M.A. Metlitski and S. Sachdev, Physical Review B 82, 075128 (2010)



Quantum criticality of the onset of antiferromagnetism in a metal

Metal with “large” 
Fermi surface s

Increasing SDW order

Metal with electron 
and hole pockets

Increasing SDW order��ϕ� = 0��ϕ� �= 0

 There is non-Fermi liquid behavior at the QCP not only at 
hotspots, but on entire Fermi surface.

M.A. Metlitski and S. Sachdev, Physical Review B 82, 075128 (2010)
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Metal with “large” 
Fermi surface s

Increasing SDW order

Metal with electron 
and hole pockets

Increasing SDW order��ϕ� = 0��ϕ� �= 0

 QCP has a strong log-square instability to the onset of 
unconventional superconductivity. 

M.A. Metlitski and S. Sachdev, Physical Review B 82, 075128 (2010)



Quantum criticality of the onset of antiferromagnetism in a metal

Metal with “large” 
Fermi surface s

Increasing SDW order

Metal with electron 
and hole pockets

Increasing SDW order��ϕ� = 0��ϕ� �= 0

 On some portions of the Fermi surface, there is 
competition between antiferromagnetism and 
superconductivity, while on others there is attraction.       
The net effect depends on details and could be small.

E.G. Moon and S. Sachdev, arXiv:1005.3312
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  Theory with important angular fluctuations 
(“hedgehogs” suppressed) of antiferromagnetic order 
parameter. Leads to intermediate phases with electron 
fractionalization and non-Fermi liquid behavior.

Non-Fermi liquid 
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U(1) gauge theory

Non-Fermi liquid 
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antiferromagnetism

SU(2) gauge theory

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, Phys. Rev. B 80, 155129 (2009).
Y. Qi and S. Sachdev, Phys. Rev. B 81, 115129 (2010).
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  Non-Fermi liquid phases are ultimately unstable to 
confinement and varieties of bond order
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  This gauge-theoretic formulation generically 
leads to competition between antiferromagnetism 
and superconductivity
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superconductivity has shifted the antiferromagnetic quantum-
critical point (QCP), and shrunk the region of 
antiferromagnetism. This QCP shift is largest in the cuprates
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Proposal: strongly-coupled quantum criticality of 
fluctuating antiferromagnetism in a metal
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